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Abstract

Using characterizations of ovals, KM-arcs and elliptic quadrics recently described in polar
coordinates, we construct some families of LCD, self-orthogonal, three-weight and four-
weight linear codes. We also demonstrate some applications to quantum codes.
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1 Introduction

In the projective plane PG(2, g), where g is even, a KM-arc of type t (also known as a
(g + t,t)-arc of type (0,2,1)) is a set H of ¢ + t points meeting every line in 0,2 or ¢
points. When ¢t = 2, the set H is called a hyperoval. Hyperovals are well-studied objects in
geometry as they have important applications in symmetric cryptography and coding theory.
In standard coordinates, hyperovals can be represented by so-called o-polynomials. From
hyperovals and o-polynomials, many good linear codes were obtained, cp. [20, Chapter 12],
[29,43]. The more general KM-arcs were introduced in [32] and further studied in [19, 26, 41,
42]. It appears that linear codes from KM-arcs were not considered before in the literature.

In the projective space PG (3, q) with ¢ > 2, an ovoid V is a set of ¢g> + 1 points no
three of which are on the same line. The classical example of an ovoid is an elliptic quadric,
whose points come from a non-degenerate elliptic quadratic form. Linear codes from points
of ovoids in standard coordinates were considered in [20, Chapter 13], [22].
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In this paper, we study linear codes using a newly developed representation of KM-arcs,
hyperovals and elliptic quadrics in polar coordinates. This representation was initiated by
investigations in [1-4]. Characterizations for KM-arcs and hyperovals were obtained via
power sums in [5] and [7], which we will demonstrate to be expedient for constructing linear
codes with special properties.

Linear codes with complementary duals (LCD codes) were introduced by Massey in [36].
In recent years, LCD codes became an attractive research interest as they offer solutions
to many cryptographic problems, for example against side-channel attacks and fault non-
invasive attacks [17]. On the other hand, linear codes with few weights have applications in
secret sharing schemes [8, 16] and authentication codes [21, 23]. Using polar presentation
of KM-arcs, we obtain new constructions of LCD codes with few weights.

A quantum error-correcting code is a code that protects quantum information from cor-
ruption by noise in a way that is similar to how a classical error-correcting code protects
information on the classical channel. The theory of stabilizer codes allows the construction
of quantum error-correcting codes using classical codes that are self-orthogonal with respect
to symplectic, Euclidean and Hermitian inner products.

One of the main problems in quantum coding theory is to find quantum stabilizer codes with
optimal parameters. Recently Ball et al. [11, 13, 14] described quantum MDS (maximum
distance separable) codes using methods of finite geometry. We further demonstrate the
potential of these methods in constructing quantum error-correcting codes. We construct
Euclidean and Hermitian self-orthogonal codes based on arcs and other combinatorial objects,
which lead, in turn, to quantum codes.

In general, databases of known linear and quantum codes (cp. [27] and external links
therein) are only available forg < 10. Consequently, there is an increasing interest in studying
codes over large finite fields, cp. [37, 38]. Constructions of LCD codes, self-orthogonal
codes and quantum codes we provided in this paper are considered over large finite fields
of characteristic 2. Examples of codes we obtained are either new or with good parameters
compared to the literature.

The paper is organized as follows. In Sect.2, we recall preliminary results from coding
theory and finite geometry. In Sect. 3, we consider LCD codes obtained from finite geometries.
In Sect. 4, we describe a large family of Euclidean self-orthogonal codes derived from ovals
and obtain some examples of quantum codes from this family. In Sect. 5, we consider three-
weight and four-weight LCD codes derived from KM-arcs.

2 Preliminaries
2.1 Linear codes, LCD and self-orthogonal codes

Let I, be a finite field of ¢ elements. A linear [n, k]-code C over [F; is a k-dimensional
vector subspace of ;. A generator matrix G of C is a k x n matrix whose rows form a basis
of C. The weight wt(c) of a codeword ¢ € C is the number of nonzero components of c. Let
A; denote the number of codewords with Hamming weight i in C. The weight enumerator
of C is defined by

AR =14+ A1z+ Ao+ + Anza-

The sequence (1, Ay, Az, ..., Ap) is called the weight distribution of the code C. The min-

imum weight d of all nonzero codewords in C is called the minimum weight of C. An
[n, k, d]-code is an [n, k]-code with the minimum weight d.
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Linear codes from arcs and quadrics

We say that two codes are equivalent if one can be obtained from the other by a permutation
of the coordinates.

Given a linear code C of length n over F, (resp. F,2), its Euclidean dual code (resp.
Hermitian dual code) is denoted by C + (resp. C LHY The codes C1 and C1# are defined
by

n—1
ct = {(bo,bl, coba1) €F2 ) “bici = 0,¥(co, 1, ... Cum1) € c] :
i=0

n—1

cti = {(bo,bl,.--,bnl) € ng : Zbic? =0,VY(co,C1,...,Cn1) € C] ,
i=0

respectively.

A linear code C over Fy is called a Euclidean linear complementary dual code (or for
short, Euclidean LCD code) if C N C1 = {0}. A linear code C over qu is called a Hermitian

linear complementary dual code (Hermitian LCD code) it C N C LH — {0}. The following
lemma characterizes of Euclidean and Hermitian LCD codes.

Lemma 1 If G is a generator matrix for the [n, k]-linear code C, then C is a Euclidean (resp.
Hermitian) LCD code if and only if the k x k matrix GGT (resp. GGT ) is nonsingular.

A linear code C is called Euclidean self-orthogonal (resp. Hermitian self-orthogonal)
if C € €t (resp. C € C+H). The following lemma provides a characterization for self-
orthogonal codes.

Lemma2 If G is a generator matrix for an [n, k]-linear code C, then C is a Euclidean (resp.
Hermitian) self-orthogonal code if and only if GGT = 0 (resp. GGT = 0).

The code C is called Euclidean self-dual (resp. Hermitian self-dual) if C = C L (resp.
C =Cth).

2.2 Polar coordinates

In this paper we consider finite fields only in characteristics 2. Let F' = Fp» be a finite field
of order ¢ = 2™. Consider F as a subfield of K = Fy:, where n = 2m, so K is a two
dimensional vector space over F. Let F* and K* denote the multiplicative group of F and
K, respectively. The conjugate of x € K over F is

x =x9.
Then the trace and the norm maps from K to F are
T(x)=Trg/rx) =x+x =x+x1,
N(x) = Ng/p(x) = xX = x' 7.
The unit circle of K 1is the set of elements of norm 1:

S={uekK |ui=1).

Therefore, S is the multiplicative group of (¢ + 1)st roots of unity in K. Since F NS = {1},
each non-zero element of K has a unique polar coordinate representation x = Au withA € F*
and u € S. For any x € K* we have A = +/xx and u = /x/x.
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One can define a nondegenerate bilinear form (-, -) : K x K — F by
(x,y) =T(xy) =xy+Xy.
Then the form (-, -) is alternating and symmetric, that is, (a, a) = 0 and (a, b) = (b, a).

Following [25], consider an element i € K with property 7(i) = i + i? = 1. Then
K = F(i) and i is a root of a quadratic equation

P4z74+8=0,

where § = N(i) € F. Any element z € K can be represented as z = x + yi, where x, y € F.
For z = x + yi we have x = (i, z), and y = (1, z).

2.3 Affine and projective planes in polar presentation

In [1, 2] (see also [10] and references therein), the polar representation of PG (2, q) was
introduced using the field K. Consider pairs (x : z), where x € K,z € F,x #0orz # 0,
and we identify (x : z) with (Ax : Xz), A € F*. Then points of PG (2, q) are

{x: D) |xeK}U{m:0)|uces}
Fora € K, B € F, (o, B) # (0, 0), we define the lines [« : 8] in PG (2, g) as
[a:Bl={(x:2) € PG(2,q) | {a, x)+ Bz =0}

Pairs [« : B8] and [La : AB] with A € F* define the same lines. The point (x : z) is incident
with the line [« : B]if and only if (&, x) + fz = 0. Theelement u, = (u : 0), u € S, will be
referred to as the point at infinity in the direction of u#. So [0 : 1] indicates the line at infinity.

We define an affine plane AG(2,q) = PG(2, ¢)\[0 : 1], so points of this affine plane
AG(2,q) are {(x : 1) | x € K}. Associating (x : 1) with x € K we can identify points of
the affine plane AG (2, g) with elements of the field K, and we write AG(2, g) = K. Lines
of AG(2, q) = K are of the form

L(u,pn)=1{x € K| (u,x)+u=0}

where u € S and u € F (cp. [10, subsection 2.1]).

2.4 Hyperovals, ovals, and Vandermonde sets

We recall sets with the following property first considered by Gécs and Weiner [26] (and
subsequently by other authors in [15, 39]). Let 1 <t < q.AsetT = {y1,...,y} S Fy is
called a Vandermonde set if

w(T) =) ' =0,

yeT

forall 1 <k <t —2.ThesetT is a super-Vandermonde set if it is a Vandermonde set and
;—1(T) = 0. Some examples of Vandermonde sets can be found in [39, Proposition 1.8].

In the projective plane PG (2, g), where g is even, an oval is a set of g + 1 points, no three
of which are collinear. Any line of the plane meets the oval O at either 0, 1 or 2 points and
is called exterior, tangent or secant, respectively. All the tangent lines to the oval O concur
at the same point N, called the nucleus of O. The set H = O U N becomes a hyperoval.
Conversely, by removing any point from hyperoval one gets an oval.
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In [5], it was shown that if O is an oval with points in AG (2, g) = K and nucleus 0, then
O is a super-Vandermonde set. Also, a hyperoval with points in K is a Vandermonde set.

3 LCD codes over [Fg and F 2, g even

In this section, we consider LCD codes obtained from sets of points in PG (2, ¢) identified as
elements from finite fields. Particular cases are ovals and Vandermonde sets. With a similar
approach, we will also consider LCD codes obtained from elliptic quadrics in PG (3, g).

3.1 LCD codes from sets of points in IF

Let V :={vi,..., v/} be asetof size r in K = F > with the property

! Lo+
() Yvi=0and ) v!" #0.
i=1 i=1
Foreach 1 <i <t, letx;, y; € F be such that v; = x; + y;i.
Theorem 1 Fora € IE‘ZZ, let

X1 x2x3...x 0
A=|y1y253...5 0
111...1«

1. Ifa € FZ such that a +t # O, then the [t + 1, 3]-linear code Cp» (V) over I, with
generator matrix A is a Euclidean LCD code.

2. Ifa e IFZZ such that 091! + ¢ # 0, then the [t 4 1, 3]-linear code Cp (V') over qu with
generator matrix A is a Hermitian LCD code.

Proof We have

t

t t t t
in = Z(i, Vi) = Z(viiq + v?i) = (Z v,-) i1+ (Z v?) i=0,
i=1 i=1 i=1

i=1 i=1

t t
andso ) x? = 0. Since Y v; = 0, it follows that
] :

i i=1

t t t

2 2,2 2 _
Y= 3o+ Y =0
i=1 i=1 i=1

t
andso Y yl.2 = 0. Also,
i=1

l

t t t

q q
E X;yi = E xiy; = E Xi Yi
i=1 i=1 i=1

t t
= (Lov)iov) =Y i+ o) i + o)
i=1

i=1
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q+1. q+1l

(1q+v i1 4 v, —|—v 9§)

Il
I M~

2 Jrem )

Il
o/-\

= +0=
Log+1
wherea = Y vf™ #0.
i=1
. If @ € F7 such thata + 7 # 0, then
0Oa O
AAT =1a0 0O
000+t

is nonsingular, since o + ¢ # 0 if and only if & + ¢ # 0. It follows that Co (V) is a
Euclidean LCD code over .
2. Ifa € F?, such that adt! 41 £ 0, then

. Oa 0
AAT =1a0 0
00t +1¢

is nonsingular, and so Cy (V) is a Hermitian LCD code over Iqu.
O
Corollary 1 Let V be a super-Vandermonde set of size g + 1 in K. Then for o € F4\{0, 1},
the code Cy (V) is a Euclidean LCD code over F . Similarly, fora € FZZ such that a9+ # 1,
the code Cy (V) is a Hermitian LCD code over qu.

Corollary 2 Let O be an oval of g + 1 points in K with nucleus at 0. Then for a € F4\{0, 1},
the code Cy (O) is a Euclidean LCD MDS code over F.

Remark 1 According to [20, Section 12.2], the code Cy(O) in Corollary 2 has parameters
[q + 2, 3, g] and weight enumerator
2)(g> -1 —1)?
1Jr(qu );q )Z‘,Jrq(q2 ) )

The dual of C, (O) has parameters [q + 2, g — 1, 4].

Remark 2 A particular case of Corollary 2 is when O is the hyperconic. The resulting code
Co (0) is equivalent to the code constructed in [18, Lemma 1].

Corollary 3 Let O be an oval of ¢ + 1 points in K with nucleus at 0. Then for o € IF:;Z such

that ad+! # 1, the code Cy(O) is a Hermitian LCD MDS code over qu with parameters
lg +2,3,49]

Proof The parity-check matrix for the dual code Co (O)* is A. Any three columns of A are
linearly independent, thus the minimum distance of Cy (O)tis greater than 3. Hence C, (0)*+
has a minimum distance 4 by the Singleton bound. This implies Cy (O)1 is an MDS code
with parameters [q 42, g — 1, 4]. It follows that Cy (O) is also an MDS code with parameters
[g +2,3,q] O
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Example 1 Ovals are super-Vandermonde sets of size g + 1. However, it was shown in [5]
that there are Vandermonde sets of size ¢ + 1 which are not ovals. Forq = 8,let A, u € F*
such that 1 + A3 + 3 = 0. Let

H:={l,0,0, A, Ao, A, ib, o, U},

where w € S such that w® = 1, =# 1. Then H is a Vandermonde set but not an oval, as the
line L(1, 0) intersects H in three points 1, A and w.
For « € Fg\{0, 1}, the code C,(H) over Fg is a Euclidean LCD code with parameters
[10, 3, 6]. This code is almost optimal (since [10, 4, 6]g is an optimal code according to [27]).
For o € F§, such that a?t! =£ 1, the Hermitian LCD code Cy(H) over Fe4 also has
parameters [10, 3, 6]. To our knowledge, this code is new.

3.2 LCD cyclic codes from the elliptic quadric

In standard coordinates, a classical ovoid V can be defined as the following set of points:
V =1{0,0,1,0} U{(x,y,x* +xy+ay’, 1):x,y e F},

where a € I, such that the polynomial x% + x + a has no root in ;. Such ovoid is called
an elliptic quadric, as the points come from a non-degenerate elliptic quadratic form.

Let E D K D F be a chain of finite fields, |E| = ¢*, |K| = ¢2, |F| = ¢, q = 2. We
note that PG (3, ¢) can be represented using the field £ = Fq4 (cp. [10]). In [6, Theorem 4],
it was shown that the set

O=wekE | u’ =1

determines an elliptic quadric in PG(3, ¢). In [6, Theorem 5], it was shown that an ovoid
code C obtained from an elliptic quadric in PG (3, q) is equivalent to a cyclic code over I,
with parameters [q2 + 1,4, q2 — ¢g]. In the following theorem, we extend this result further
by showing that this code C is an LCD code.

Theorem 2 An ovoid code C obtained from an elliptic quadric in PG (3, q) is equivalent to
an LCD cyclic code over I, with parameters (g% +1,4,4% —ql.

Proof In the proof of [6, Theorem 5], it was shown that Clisa cyclic [q2 +1, q2 —3, 4]-code
with generator polynomial (for a definition see [30, Chapter 4])

g(r) = (x — ) (x — yHx — y)x — y?),

where y € E such that yqz“ = 1. Let g*(x) = x9€® g (x~1) be the reciprocal of g(x). We
note that y‘13+‘12+‘1+1 =1, and so

g @) = = =y =y =y
=1 —xp)(1 —xyD)(1 —xy?)(1 = xp?)
= =0T )y -0 —x) = g(x).

Since g*(x) = g(x), by [33, Theorem 4], ¢+ is an LCD code. Therefore C is also an LCD
code. O

Remark 3 By [20, Theorem 13.6], the weight enumerator of C is

1+ (g2 = q)(@* + D27~ + (g — (g + D27
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4 Euclidean self-orthogonal linear codes from ovals in F2, g even
4.1 Self-orthogonal codes from the unit circle
LetS={ue K |uitl =1} = (w) = {1, w, ..., w?} be the unit circle. We note that
S 0 ifi#0 (modgq+1),
= 1 ifi=0 (modgqg+1).
Let L :=1{l;,...,}},where 1 <l <gforeachl <i <t.Letv:= (vy,...,v) € S'.

Let G be the matrix whose (i, j)-entry is (v;, w/=Dl), where | <i <1,1 <j <g+1,
that is,

(v, 1) <v1, wl'> <U1, w‘m)
G = (v2, 1) <v2, le) <v2, waz)
e 1) (v wh) - (o, wh)
Let C be the linear code over IF; with generator matrix G.

Theorem 3 Ifl; # 1 andl;+1; # q+1foreachi # j, thenC is a Euclidean self-orthogonal
code over Iy with parameters [q + 1, t].

Proof 1.For 1 <i < t,letr; be the i-th row of G. For (cy, ..., ¢;) € F', we have

ciri+cory - +or; =0
t
if and only if " ¢; (v;, u'") = 0 for each u € S. Foru € S, let
i=l1

t

t
P(u) = Zc,- <v,<, ul"> = Zci(vlflul" + vjulih)
i=1

i=1

t '
= E civ?ul" + E civ;ulid
i=1 i=1

t t
= vy ) + Y civivg, (),

i=1 i=1
where each v; is a homomorphism from S to K* defined by
Yiix — xt

From the conditions on L, the set ¥ := {v; | i € {l1,..., 1, ql1,...ql:}} consists of
pairwise distinct homomorphisms and by Artin’s Lemma [34, Lemma 2.33], ¥ is a linearly
independent set. In particular, if P(u) = O for each u € S, then ¢; = 0 for each i. This
implies that the rows of G are linearly independent and so rank(G) = .

2.For1 <i <t,since 1 <[; <gq, we have

Z<vi, ul"> = Z (viqul" + viulfq> = v? Zul" + v; Zul"q =0.

uesS uesS ueS uesS
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This implies 3" (v, ull)’ = 0.For 1 <i,j <t,i # j,

uesS
Z(Ui, ul"><v/~, ul/> = Z(viul” + vfuly(vjuli + v?ul/)
ues ues
= v;v;j Z ulid i 4 ydy; Zul‘+l-f‘1
ues ues
+v; v;{ Z whiatli 4 vl‘?v? Z ylitli
uesS uesS
=0,

from the assumption on L. It follows that GG is the zero matrix and so C is a Euclidean
self-orthogonal code over F. O

Extended codes from Theorem 3 are also self-orthogonal codes. For suitable parameters,
we can further obtain self-dual and near-MDS codes, as seen in the following example.

Example2 Letm =3 sothatg = 8.Letv = (a,b,c,d) € S*and L = {1, 2,3, 4}. Let

(@.1) {a,w) ... (a,w?) 0

(b, 1) <b, w2) <b, w! >0
G=|{1) (c, w3> <c, w24> 0
(d, 1) <d, w4) <d, w32) 0

1 1 1 1

The code C over F; with generator matrix G is a self-dual linear code. Furthermore, C is
near-MDS when it has parameters [10, 5, 5]. Based on calculations from GAP [40] package
GUAVA [9], we include some suitable vectors v for this to occur.

v = (1, 1,1, w') is not suitable for any i.
v=(1,1,w, w'), wherei =1,2,7,8.
v=(l,w,w, wi), where i =0, 2.

v=(1,w, w2, w') is not suitable unless i = 2.
v = (1, w, w3, w') is not suitable for any i.
v=(,w,w* w), wherei = 0,2,6.

ANk W=

Remark 4 We note that if v = (a, b, ¢, d) is a suitable vector, then so is (az, b2, c?, dz). To
show that this is true, let g; ; be the (i, j)-entry of G. Let G’ be the matrix whose (i, j)-entry
is gi i Since the map x > x2 is a permutation of S, up to permutations of columns, G’ is
equal to the matrix

(az, 1> <a22, w2 <a22, w]? 0
(b2, 1) (b2, w?) ... (b2, w'®) 0
<cz, 1) <cz, wi) . (ci, wi‘;) 0
(@*, 1) {@* w?) ... (d*, w??)0

Remark 5 Linear codes over Fg with parameters [10, 5, 5] are optimal according to [27]. In
Example 2, the code C is self-dual, which is not the case for the code presented in [27]. A
self-dual [10, 5, 5]g code was described in [28] as a random code. Example 2 is a constructive
example of a self-dual [10, 5, 5]g code.
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4.2 Self-orthogonal codes from ovals

Generalising Theorem 3, in this subsection we construct linear codes from arbitrary ovals.
For aset X C Z, denote X, := {x (mod n) | x € X}.
Recall that g = 2™. Let

m—1

£ = szxj >0]x;€{0,1,9}
j=0

Lemma3 Let O C K be an oval with r}zucleus‘at 0. Letv,w e Kandi,j e &, i #j. If
{i+Jj.ig+jlp_y CE then ) <v, u‘)(w, uf> =0.
(@]

ue

Proof We recall from [5, Theorem 4.7] that ) u' = 0 for each i € £. The proof follows
ueO
from the calculation

Z <v, ui><w, uj> = Z(vuiq + v7uy(wul? + wiul)
ueO

ueO
= Z(kuiﬁjq T vl wut 9 w9 ity
ueO
= vw Z Wi 4y Z Wi oyt Z Wit oyl Z Wit
ueO ueO ueO ueO
m}

Definition 1 A subset L of £ is called admissible if {I; +1;,1l;q + ; }42-1 C € whenever
l,',lj elL,l; 7+—lj.

Example 3 We describe some examples of admissible sets.

1. If L is an admiss_ible set, then any of its subsets is an admissible set.

2. Theset Ly = {2' | 0 <i < m — 1} is an admissible set.

3. The set L, = {i(q —Dl<ic< %} is an admissible set. This follows from the fact

m—1
that, modulo q2 — 1, nonzero multiples of (g — 1) are of the form ) 2/x j» Where
j=0
xj €{l,q}.
4. For m = 3, the set L3 = {20, 49} is an admissible set. Furthermore, L3 cannot be
extended to a larger admissible set.

Theorem4 Let O :={uy, ..., ug11} S K beanoval withnucleus at0. Let L := {ly, ..., I;}
be an admissible set of size t. Let v := (v1,...,v;) € K, where v; # 0 for each i. Let
C(O, v, L) be the linear code over ¥, spanned by the vectors

rii= (0i(u1), 0;(u2), ..., 0;(ug+1)),

where 1 <i <t, and 6;(u;) = <v,>, ulj’ > Then C(O, v, L) is a Euclidean self-orthogonal
code.

Proof By [5, Theorem 4.7], for 1 <i < ¢, we have

Z 0; (u) = Z <v,-, ul"> = Z (v?uli + viul"q) = v? Z ult + v, Z ulid =0,

ueO ueO ueO ueO ueO
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since /; € £. This implies ) 6; w)?=0.Forl < i,j<t,i# j, by Lemma 3,

ueO
> 6w = 3 (v, ) (v, u) = 0.
ue® ueQO
It follows that C(O, v, L) is a Euclidean self-orthogonal code. O

Remark 6 We note that using the set L, we obtain linear codes equivalent to codes con-
structed in Theorem 3.

Example 4 1Let m = 3 and recall the set L3 = {20, 49} from Example 3. Let S = (w) be the
unit circle and let v = {1, w8}. Then the code C = C(S, v, L3) isa[9, 2, 7]-code. The dual
of C has parameters [9, 7, 2] and so C is a near-MDS code.

Let S = {wy, ..., wgy1} be the unit circle. We recall from [12] that if & is odd, then the
code

1
Ci = {(h(un) +hwn?, ... h(wg41) +h(wg)? | h € K[X],degh < i(k - 1)}
isalg +1,k, g + 2 — k] generalized Reed-Solomon code over F.
1
Letl = S(k = 1). Since k < g + 1, we have / < %.

Lemma4 The matrix

(L wy) (1, wz) ... (1, wg1
i, wy) {wa) ... (i, wgs
<1,w%) (1,w§> .. l,ng
ood) o) oo ]

@
[

is a generator matrix of C1.
Proof Let
(X)) =ho+mX+--- X
Foreach0 <i </, let
hi = x; 4 y;i?.
For each w € S, we have

h(w) + hw)? = (1, h(w)) = i(l hiwi> - Xl:<1,x,~wi + yii"wi>

i=0 i=0
l

)
= (ho +h{) + Z<1 x,-wi> + Z(l yiiqwi>
i=1

i=1

= (ho+h8)+ix,-(l,w")+iyi (i, w).
i=1 i=1
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which shows that each codeword in C; is a linear combination of rows of the matrix G;. O

Let C = C(S, v, L) be the linear code over I, defined in Theorem 3, which is a special case
of Theorem 4. Let
[ ;= max l;.

1<i<t

Theorem 5 Ifl < q/2, then C is a Euclidean self-orthogonal subcode of a [qg+ 1,21+ 1, g +
1 — 2l], generalized Reed-Solomon code.

Proof Foreach 1 <i <t,letx;,y; € F be such that v; = x; + y;i. Then the vector

r; = (0;(w1), 0;(w2), ..., O; (wg+1)),

is a linear combination of (2/; — 1)-th row and (2/;)-th row of the matrix G| in Lemma 4.
The proof now follows. O

Remark7 For q even, Theorem 5 shows that generalized Reed-Solomon codes with odd
dimension contain Euclidean self-orthogonal subcodes. To our knowledge, this was not con-
sidered before in the literature. For ¢ odd, some Euclidean self-orthogonal codes contained
in generalized Reed-Solomon codes are described in [24].

4.3 Quantum codes from self-orthogonal codes

It is well known that quantum codes can be constructed from self-orthogonal linear codes.
We recall from [35] (also [30, p. 667]) the following result.

Theorem 6 Let g be a prime power and let Cy be a q-ary [n, k1, d]-linear code which
contains its Euclidean dual CIJ'. Suppose C| can be enlarged to an [n, ko, dy]-linear code
Cr withky > k1 + 1, i.e. C1 € Cy. Then a pure g-ary quantum code of parameters [[n, ki +
ko —n, min{dy, [(1 + 1/q)d21}]] can be constructed.

Example5 Letm = 3 sothatg = 8. Let v = (vy, v2, v3, v4) € S*and L = {1,2,3,4}. Let

(v, 1) (v, w) ... v1 wé)
G — (vp, 1) <v2, U2 w

(v3, 1) (v3 3 {vz,w

(vg, 1) év .. {vg, w32§

Let C be the linear code over [Fg with generator matrix G. Denote the i-th row of G by r;.
Let D be the subspace of C generated by a subset d of the rows of G. We have the following
diagram of containment:

C D D
N N
ct c Dt

Let C; = Ct and C; = D*. Using Theorem 6, we obtain some quantum codes over [Fg in
Table 1. We also include codes from [27] over F4 for comparison.
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Table 1 Quantum codes over Fg d

of length 9 v Parameters [27]
{r3} [, w, w?, wl] [[9. 4, 3113 [[9. 4, 2114
{ri,m} (1, w,wd 1 119, 3,311 (09, 3, 314
Table 2 Quantum codes over Fg P 2
of length 10 d A4 arameters [27]
{rs} (1, w, w, w’] [[10, 4, 3]l3 [[10,4, 3114
{ry, rs} (1, w, w*, w) [[10, 3, 3]]g [[10, 3, 3]]4
{ra, rq, r5} [, w, w3, w [[10, 2, 4]]g [[10,2, 4]14
Table 3 Quantum codes over Fyg of length 17
d v Parameters [27]
{ry, 13,14, 15,77, 18} (ow, wd, w’, wh w!d w3, w0 (117, 3, 61116 ([17,3,5 - 6]l
{ri,ra, 13,15, I6} 1w, w,w, 1, w3 w w [[17, 4, 5116 [[17, 4, 5114
{ri,r2, 13,17} (w, wd, w? wd wl® w3 wi (117, 5,416 ([17,5,4 — 5114

{ry.r4, 15} ,w, wh, wl w2 w, wd, w’] ([17,6, 31116 ([17, 6,4 — 5114

Example 6 Recall from Example 2 the linear code C over Fg with generator matrix

(vy, 1) (vl w) (vl,w? 0
(va, 1) (v . <v2, w! > 0
G = (v3, 1) <v3, > .. <v3, w24> 0
(vg, 1) <v4, ) .. (v4, w32> 0
1 1 1 1

Denote the i-th row of G by r;. Let D be the subspace of C generated by a subset d of the
rows of G. Let C; = C* and C; = D*. Using Theorem 6, we obtain some quantum codes
over [Fg, as described in Table 2.

Example7 Let m = 4 so that ¢ = 16. Let S = (w) be the unit circle. Let v =
(vi,v2,...,v8) € S¥and L ={1,2,...,8}. Let

(vy, 1) (v, w) ... <v1,w16>
G = (v2, 1) {v2, w?) ... (v2, w?)

(vg, 1) (vg, w¥) ... (s, wlzg)

Let C be the linear code over [Fj¢ with generator matrix G. Denote the i-th row of G by
r;. Let D be the subspace of C generated by a subset d of the rows of G. Let C; = C*+
and C; = D*. Using Theorem 6, we obtain some quantum codes of length 17 over Fyg, as
described in Table 3.

Example8 Let m = 4 so that ¢ = 16. Let S = (w) be the unit circle. Let v =
(vi,v2,...,v8) € S¥and L ={1,2,...,8}. Let
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Table4 Quantum codes over F¢ of length 18

d v Parameters [27]
{r1, 3,15, 16, I8, 9} [,w, wd, w3, w?, wb, w, w] [[18,3, 6]l16 [[18,3,5 — 6114
{r1.r2,r5, 77, 19} (1w, wd wd, wd w0 w0 w4 (18,4, 51116 ([18,4,5 — 6]l
{r2,rs, 16, T9} [1,w, 1, wl, wt w4 wd w4 [[18, 5, 4116 [[18,5, 5114
{r4,rs, 9} (1w, w? w’, wl, w3, w w’] (18,6, 41116 (18,6, 5114
(i, 1) (v, w) ... (v, w'®) 0
(v2, 1) (v2, w?) v2, w¥) 0

(vg, 1) <v3, w8> (vg, wlzg) 0

1 ... 1 1
Let C be the linear code over [Fj¢ with generator matrix G. Denote the i-th row of G by
r;. Let D be the subspace of C generated by a subset d of the rows of G. Let C; = C*+

and C; = D*. Using Theorem 6, we obtain some quantum codes of length 18 over Fyg, as
described in Table 4.

Remark 8 In Examples 5, 6, 7 and 8, the choices for d and the coordinates of v (excluding the
first two coordinates) are random. In Tables 1, 2, 3 and 4, we only included random choices
that produce quantum codes with highest distance within our GAP calculations. We also note
that different choices of d and v can result in codes with same parameters.

Remark 9 In general, there are no databases for quantum codes over F, for ¢ > 4. The
quantum codes over Fg and [F1¢ we obtained in Examples 5, 6, 7 and 8 are new, to our
knowledge.

5 Linear codes from KM-arcs
5.1 Three-weight codes from KM-arcs

We recall that in the projective plane PG (2, q), where g is even, a KM-arc of type t is aset H
of ¢ +t points meeting every line in 0, 2 or ¢ points. If H is a KM-arc of type t in PG (2, q),
2 <t < gq,then

1. g is even and ¢ is a divisor of ¢, cp. [32];

2. each point of H is on exactly one ¢-secant and every other line through this point is a
2-secant of H, cp. [32];

3. there are g/t + 1 different 7-secants to H, and they are concurrent at a unique point called
the t-nucleus of H, cp. [26];

4. all other lines contain 0 or 2 points of H, cp. [32].

We further note that, by direct counting, the number of 2-secants and O-secants are W
andg — % + @, respectively.

Letn :=q+t.LetH ;= {uy, ..., u,} beaKM-arc of type ¢ with points in K and nucleus
at 0. For each i, we rewrite u; = x; + y;i. Let C be an [n, 3]-code over [, with generator
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matrix

X1 X2 ... Xp

G=|y1y2.---n
1 1...1

We will assume ¢ > 2, since the case t = 2 (corresponding to hyperovals) was considered in
[20]. In the next theorem, we study the weight enumerator and the minimum distance of of
c+t.
Theorem7 Lett > 2. Then C is a three-weight [n, 3, g]-code over I, with weight enumer-
ator

AR =14 Ay 2" 4 Ay 2 + An7",

where
A= -1 (T +1).
(g+1)
Aan = (q - 1)%,
and

Anz(q—1>(q—§+@>.

The minimum distance of C is 3.

Proof By [20, Theorem 2.36] (also compare [20, Section 12.2]), the only possible weights
of Cisn,n —2,n —t. Let the weight enumerator of C be

AR) =14 A2+ A" 2 + A7

For convenience, we denote A,_;, A,_2, A, by X, Y, Z, respectively. We note that C is a
projective code, that is, the minimum distance of C- is greater than 2 (cp. [20, p. 85]). The
first three Pless power moments of C (compare [20, Section 2.3], [31, Section 7.3]) give the
following system of equations

1+X4+Y+Z=¢g3

(n—DX+m—2)Y+nZ=q*(@q—1)n

n—02X+n—22Y +n*Z=q(@—Dnlgn—n+1)
Solving the system gives us the weight enumerator of C.

‘We now consider the weight enumerator Al (z) of the dual CL, whichisa [g+t,g+1t—3]-
code. From the MacWilliams Identity,

34l B n l—z )
¢°AT(2) =1+ (g — D2) A(71+(q—1)z

(1—2)1 (1—2z)"2
1+ (g — D)z)4 (14 (g — D)2

=(1+(q—1)z)"<1+X

(I-2z)" )
(I+(@—D"
=(1+@—-DD2"+X1—-29(1+ (g — D2)
+Y(1=2"2(1+(@—-D)*+2Z(1—2)"
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‘We have
1+ (g — D) =Z '.1)(q - i,

ZA—-2)" = f((i>Z(—Z)i.
i=0

Also, following the calculations in [20, p. 316, 317], we have

XA-20+@q-D' =>"[ > (‘f) (;)(—1)"@1 -1/ | x2,

1=0 \i+j=I

n

YA -2"20+@-b2*=) | X (”:Z)C)(—l)"(q—l)f v,

1=0 \i+j=I
It follows that

PAT =nlg-D+0@-D-X+Q@g—1)—(n—2)Y —nZ
=0,

3, (MY, 2 t N2 . q
q Ay = (2)(4 D"+ (<2>(q D" —gqt@—1)+ <2>> X
+ <(q— D2 — (=220 —1) + (";2>>Y+ <;>z

=0,

3,10 n 3 t 3 t 2 q q
Ar = -1 —1)’ - —1 1 - X
q° Az <3)(61 )+<<3)(q ) q<2)(q )+<2>t(q ) <3>)
n—2 2 n—2 n—2 n
— -1 2(g —1) — Yy — Z.
+(O(1>(‘1 )+<2>(q )<3)> (3)
6q3A§‘ =@ +¢*P = 3¢°1 — 4g*? — ¢*P +2¢° + 5¢* + 3412 — 2¢* — 2471

=q¢%(q— D@+ — D)t —2).

Since t > 2, we have Aé‘ > 0 and so the minimum distance of C1 is 3. O

Then

Remark 10 From [20, Theorem 2.36], alternatively one can easily see that the numbers A,,_;,
Ap—2, A, are (g — 1) times the number of ¢-secants, 2-secants and 0-secants to a KM-arc.
We thank one of the reviewers for pointing this out.

Remark 11 When ¢t = 2, calculations for the weight enumerator in Theorem 7 still hold. In
this case, C is a two-weight code with weight enumerator

(g+2)(gq+1D
2

I+(@-1 +(q@-1

q(q -D Zq+2
— .
We have Aé‘ = 0 and by the Singleton bound, the minimum distance of C is 4.

Remark 12 The case ¢ = 8,t = 4 produces a linear code C over Fg with parameters
[12, 3, 8]. This code is almost optimal according to [27]. The dual C © has parameters
[12,9, 3] which is almost-MDS.
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5.2 Four-weight LCD codes from KM-arcs

Recallg =2", F =F;, K =Fp». Letr = 2" where h | m.Let F' =F,,and K’ = F,.
We recall the relative trace map Trpp : F — F’, where

Trep(x) = x4 FxU7 X fox

Let Vi :={x e F | Trp/p(x) = 1}.

We recall from [7, Theorem 4] a construction of KM-arcs in polar coordinates, which is
equivalent to the construction of Gécs and Weiner [26]. Assume m /h is odd. Let H' C K’ be
an oval with nucleus at 0. Let V, := ¢V; for some ¢ € K*. Then H :={Au | 1/L € V,,u €
H'’} is a KM-arc in K of type t = ¢ /r with t-nucleus at 0.

Let n := g + t and let the elements of H be v;, where 1 < i < n. For each i, let
v; = x; + yii. We can apply Theorem 1 to obtain LCD codes over F; and F 2 from the set
H as follows.

Theorem 8 Let o € FZ Let C = Cy(H) be a linear code over [F, with generator matrix
X1 x2...x, 0

G=|y1y2...m0
11...1a«a

Then C is a four-weight Euclidean LCD [n + 1, 3, g]-code. The weight enumerator of C is

A@) =14 Apey 2"+ Apc1 27+ A2 4 A2

where
(4
yP— 1>(t+1),
At = (g — 1)"(”’—;”,
N
Av=(g-D(q-1).
and
Anvi =g - DTL0.

n
Proof 1. Since H' is an oval, it is a Vandermonde set, and so Y v; = 0. In view of Theorem
i=1
n
1, to prove that C is a Euclidean LCD code it is sufficient to prove that ) U?H # 0. We

i=1
have

n

ZU?H = Z 22 Z ul*l,

i=1 1/reVe ueH’

We first show that Y A2 % 0, by showing that Y 1972 # 0. For A € Vj, we have
1/xeV, reV]

Tre () =297 429/ 4. 407 4 =1.
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Rewrite
-1

D= 3 ARl 2 302 (W’ -+A+l)r

reVy reVy reVy
h=1
We note that r = 2 so thatr — 1 = " 2/. Then
i=0

h—1 i
r—1 2
Azx%‘z(kq/’2+~-~+x+1) =7 2[] (Aq/’2+~-~+x+1) .

Let A% be a term in the expansion of A. Then

0<d<27——2—2
ror

From parts 1 and 2 of the proof of [7, Lemma 7], for d in this range, A4 £ 0 if and
reV]
only if d = q/r — 1. Since the term A4/"~! appears in the expansion of A, it follows that

3" A972 £ 0. Then
rEV]

1 1 _
Z AzZZmchzz}\.qz#o

1/reV, reV) reV)

On the other hand, since H' is an oval, >, uwtl £ 0. Foru e H C K’, we have

2 . .
u" = u, and since m/h is odd,

m/h
uq+1 =u +1 — MH_].
Then

Z ua+! — Z Wt £0.

ueH’ ueH’

By Theorem 1, it follows that C is a Euclidean LCD code.

2. Let H be the set of points in PG (2, g) with homogeneous coordinates given by the
columns of G. Then H = H U {(0 : 0 : 1)}. Since H is a KM-arc of type ¢, every line in
PG (2, q) intersects Hat0,1,20r7+ 1 points. By [20, Theorem 2.36], the only possible
weights of C aren + 1,n,n — 1, n — t and so C is a four-weight code.

Let ¢ be a codeword of C. Then

¢ = [b1 by b3]G,

where by, by, b3 € F,. We observe that the i-th coordinate of ¢ is zero if and only if the
point (x; : y; : 1) is on the line L determined by the equation byx + boy + b3 = 0. In
particular, for / € {0, 1,2, ¢t 4+ 1}, the codeword ¢ has weight n + 1 — [ if and only if the
line L contains / points of H . On the other hand, triples (b1, b2, b3) and (Ab1, Aby, Ab3) with
A € Iy determine the same line. It follows that the number of codewords of C with weight
n+1—1isequal to (¢ — 1) times the number of /-secants to H.

We note that the number of (¢ + 1)-secants, 2-secants, 1-secants and O-secants to H are

141, q(q+t) ,q— q and q(q D) respectively. The weight enumerator of C now follows from

counting the /- secants to H. O
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Theorem 9 Leta € FZZ. Let C = Cy(H) be a linear code over qu with generator matrix

X1 x2...x, 0

G=|y1y2...m0
11...1a«

Then C is a four-weight Hermitian LCD [n + 1, 3, g]-code. The weight enumerator of C is

AR) =14+ Ap 2"+ A1 2+ A+ A

where
2 q
Anr =@ =1 (2 +1),
q+1)
Apr = (@* - T
2
A== ( -1+ @-p@+n).

and

Avri =@ =1 (¢* =@ +0 (- 2)).
Proof Similar to part 1 in the proof of Theorem 8, it can be shown that C is a Hermitian LCD
code. In the remainder of the proof, we show that C is a four-weight code and calculate the
weight enumerator of C.

Let H be the set of points in PG (2, ¢g*) with homogeneous coordinates given by the
columns of G. We note that the homogeneous coordinates of points from H can be chosen
from F,. Since H is a KM-arc of type ¢ in PG(2, q), every line in PG(2, g?) intersects
H at 0,1,2 or ¢ + 1 points. By [20, Theorem 2.36], the only possible weights of C are
n+1,n,n—1,n—tandso C is a four-weight code.

We now consider the number of [-secants to H in PG(2, qz), forl/ € {0,1,2,r + 1}.
Since two points of H determine a unique line in PG (2, ¢%) (which is lifted from a line

in PG(2, q)), the number of (¢ + 1)-secants to H is equal to the number of z-secants to
— t
H C PG(2,q), which is % + 1. Also, the number of 2-secants to H is %
For each point P of H\{(0: 0 : 1)}, there are g* — q lines intersecting H at only P. Also,
there are g2 — g/t lines intersects H atonly (0 : 0 : 1). Hence, the total number of 1-secants
to H is

q
¢ =S+ @ -+,
It follows that the number of O-secants to H is

- @+n@*-1).

\S)

Similar to part 2 in the proof of Theorem 8, for/ € {0, 1, 2, ¢ 4+ 1}, the number of code_words
of C with weight n 4+ 1 — [ is equal to (g% — 1) times the number of /-secants to H. The
weight enumerator of C now follows. m}
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