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Abstract

In this paper, we introduce codes equipped with pomset block metric. A Singleton type bound
for pomset block codes is obtained. Code achieving the Singleton bound, called a maximum
distance separable code (for short, MDS (PP, r)-code) is also investigated. We extend the
concept of I-perfect codes and r-perfect codes to pomset block metric. The relation between
I-perfect codes and MDS (PP, r)-codes is also considered. When all blocks have the same
dimension, we prove the duality theorem for codes and study the weight distribution of MDS
pomset block codes when the pomset is a chain.
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1 Introduction

The codes equipped with a metric differ from the Hamming metric has been studied for years.
Poset metric was introduced by Brualdi (see [2]) in 1995. The concept of poset metric was
motivated by Niederreiter’s generalization of a classical problem on coding theory (see [10]
and [11]). In [7], Hyun and Kim introduced the concept of 7-perfect codes and described
the MDS poset codes in terms of /-perfect codes. They also studied the weight distribution
of an MDS poset code and proved the duality theorem. Feng et al. (see [4]) introduced the
block metric, by partitioning the set of coordinate positions of IF; into families of blocks.
Later, Alves et al. introduced poset block metric (see [1]) and studied NRT block metric
(see [12]). By extending their observations, Dass et al. studied poset block codes and defined
a maximum distance separable poset block code. Moreover, they extended the concept of
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I -balls to poset block metric and described r-perfect and MDS (P, r)-codes (see [3]). When
all the blocks have the same dimension, they showed that MDS (PP, 7r)-codes are the same
as I -perfect codes for some ideals /.

Recently, Irrinki and Selvaraj (see [8]) introduced pomset metric and enhanced the concept
of order ideals. Construction of pomset codes are obtained and their metric properties like
minimum distance and covering radius are determined. In [9], Irrinki and Selvaraj studied
I-perfect codes under pomset metric by extending the concept of /-balls in poset metric.
Moreover, they established a Singleton type bound for codes with pomset metric and investi-
gated the connection between MDS codes and /-perfect codes. When the pomset is a chain,
they proved the duality theorem and determined the weight distribution of MDS pomset
codes.

A linear error-block code is a natural generalization of the classical error-correcting code
and has applications in experimental design, high-dimensional numerical integration and
cryptography. The construction of linear error-block codes with the largest rate, k/n, and
the minimum distance d is an important problem in coding theory. The support of x € IE*‘;
given by supp(x) = {i : x; # 0} is a set. The poset weight w,(x) of x is defined as
wp(x) = | < supp(x) > | and dp(x, y) = wp(x — y) is a well defined metric on ]FZ One
can get different metric on IF;’ by varying posets such as Rosenbloom-Tsfasman (RT)-metric
if P is a chain, Hamming metric if P is an antichain and so on. In 2008, Firer et al. ([1])
presented the family of metrics called poset-block metric that generalizes all the previous
ones. But the poset metric does not accodomate Lee metric for any particular poset. For an
element!/ € Z,,,the Lee weight of / is defined as wy, (/) = min{/, m —I/} whereas the Hamming
weight of any [ # 0 is 1. Moreover, the Hamming weight of x = (x1, x2,...,x,) € Z], is
sum of the Hamming weights of the non-zero coordinates, so that it counts the number of
non-zero positions whereas Lee weight adds Lee weight of non-zero coordinates in x. Thus,
the support of x € ZI; with respect to Lee weight is to be defined as suppy (x) = {k/i :
k = wp (x;), k # 0} which is a multiset. The pomset metric is a generalization to Lee metric
when the pomset is an antichain. In this paper, we combine the pomset and block structure to
obtain a further generalization called the pomset block metric. Pomset block codes reduces
to the pomset codes with 7 = [1]" and thus reduces to Lee metric with chain pomset. In
some sense, it is a generalization to poset-block metric. By researching pomset-block codes,
we give a much general method to handle Lee metric and error-block codes over Z,,. This
paper aims to introduce pomset block codes and extend the concept of I-perfect codes to the
case of pomset block metric. A Singleton type bound for pomset block codes is established
and the relationship between MDS codes and /-perfect codes is investigated. We also prove
the duality result for /-perfect code when all the blocks have the same dimension. When
the pomset is a chain and all the blocks have the same dimension, we determine the weight
distribution of an MDS (IP, 7 )-code.

2 Preliminaries

In this section, we introduce some basic notations and useful results of a pomset block metric.

A collection of elements which may contain duplicates is called a multiset (in short,
mset). Girish and John defined a multiset relation and explored some of basic properties
(see [5] and [6]). They also defined a partially ordered multiset as a multiset relation being
reflexive, antisymmetric and transitive, chains and antichains of a partially ordered multiset.
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Formally, if X is a set of elements, a mset M drawn from the set X is represented by a
function count Cps : X — Z4 where Z represents the set of non-negative integers. For
each a € X, Cys(a) indicates the number of occurrences of the element a in M.

Anelement a € X appearing p times in M is denoted by p/a € M and thus Cy(a) = p.
If we consider k/a € M, the value of k satisfies k < p. The mset drawn from the set
X ={ai,a,...,a,}is represented as M = {p1 /a1, p2/az, ..., pn/an}. An mset is called
regular if all its objects occur with the same multiplicity and the common multiplicity is
called its height. The cardinality of an mset M drawn from X is |[M| = )___y Cp(a). The
root set of M denoted by M* is defined as M* = {a € X : Cy(a) > 0}.

Let M and M, be two msets drawn from a set X. We call M| a submset of M> (M| C M)
if Cp,(a) < Cup,(a) for all a € X. We call M, a proper submset of M, (M| C M») if
there exists at least one a € M;‘ such that Cy, (@) < Cpm,(a). Two msets M| and M> are
equal (M| = My) if M| € M and My C M.

Let M’ be asubmsetof M. Anelementa € M’ is said to have full count with respect to M
if Cppr(a) = Cpr(a). M’ is said to have full countif foralla € M"* onehas Cyy(a) = Cy(a);
otherwise, M’ is said to be with partial count.

Let M| and M, be two msets drawn from a set X. Addition (sum) of M, and M
denoted by M = M; ® M> is defined as Cy(a) = Cpy,(a) + Cp,(a) forall a € X.
Subtraction (difference) of M, from M denoted by M = M| © M5 is defined as Cy(a) =
max {CMl (a) — Cum,(a), 0} for all @ € X. The union of M| and M, is an mset denoted by
M = My U M> such that for alla € X, Cy(a) = max{Cpy, (a), Cym,(a)}.

The mset space [ X 1! is the set of all msets drawn from X such that no element in an mset
occurs more than [ times. If M, M, € [X]', the mset sum would be modified as

acX

Cumyem,(a) =min {l, Cy, (a) + Cy,(a)} foralla € X.

Let M € [X]' be an mset, the complement M€ is an element of [X]' such that Cyc(a) =
[ —Cpyla)foralla € X.

Let M| and M; be two msets drawn from X, the Cartesian product of M| and M, is
also an mset defined as

My x My = {pq/(p/a,q/b) : p/a € M1,q/b € Mp}.

Denote by Cj (a, b) the count of the first coordinate in the ordered pair (a, b) and by C»(a, b)
the count of the second coordinate in the ordered pair (a, b).

A submset R of M x M is said to be an mset relation on M if every member (p/a, q/b)
of R has count Ci(a, b) - C2(a, b). An mset relation R on an mset M is said to be reflexive if
m/a Rm/aforallm/a € M;antisymmetricifm/a Rn/bandn/b Rm/aimply m = n and
a = b;transitiveif m/a Rn/bandn/b R k/cimply m/a R k/c. An msetrelation R is called
a partially ordered mset relation (or pomset relation) if it is reflexive, antisymmetric and
transitive. The pair (M, R) is known as a partially ordered multiset (pomset) denoted by
P.

LetP = (M, R) and m/a € M. Then m/a is a maximal element of PP if there exists
non/b € M (b # a) such that m/a R n/b; m/a is a minimal element if there exists no
n/b € M (b # a) such that n/b R m/a. IP is called a chain if every distinct pair of points
from M is comparable in IP. P is called an antichain if n/b R m/a implies a = b.

A submset I of M is called an order ideal (or simply an ideal) of P if k/a € I and
q/b Rk/a (b # a)imply q/b € I. An ideal generated by an element k/a € M is defined
as

(k/a) ={k/a}U{q/be M :q/bRkj/aand b # a}.
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An ideal generated by a submset S of M is defined by (S) = |J (k/a). We use Z(PP)
k/aeS

(resp. Z" (IP)) to denote the set of all ideals of P (resp. of cardinality r). An ideal [ is said to

be an ideal with full count if C;(a) = Cy(a) for all a € I*, otherwise, I is said to be an

ideal with partial count. We denote the set of all maximal elements in an ideal 7 by M (I).

Example 2.1 Let us consider the case M = {2/1,2/2,2/3} and R be a V-shape poset i.e.,
1 <2,1 < 3and 2,3 are incomparable. Then the maximal elements of pomset P = (M, R)
are 2/2 and 2/3 and the minimal element is 2/1. The ideals of PP with cardinality 1 is
I1 = {1/1}, with cardinality 2 is I, = {2/1}, with cardinality 3 are I3 = {2/1, 1/2} and I4 =
{2/1,1/3}, with cardinality 4 are Is = {2/1,2/2},Is = {2/1,2/3}and I = {2/1, 1/2, 1/3},
with cardinality 5 are Ig = {2/1,2/2,1/3} and Io = {2/1, 1/2,2/3}, with cardinality 6 is
Lo ={2/1,2/2,2/3} respectively.
Proposition 2.1 ([8]) Let P = (M, R) be a pomset. Then
(1) forany I €e " (P) and 0 < s < r < |M|, there exists J € T°(P) such that J C I.
) forany I e T"(P) and 0 < r < s < |M|, there exists J € I°(P) such that I C J.

For a given pomset P = (M, R), we define the dual pomset P= (M, ﬁ) as follows:

PP and P have the same underlying set M and p/a R q/b in P if and only if ¢ /b R p/ain P.

Proposigion 2.2 ([9)) Let M € [XY be a regular mset with height I. Let P be a pomset on
M and P be its dual pomset. Then the order ideals of P are precisely the complements of the
order ideals of P, that is, Z(P) = {I¢ : I € Z(P)}.

Consider Z,, = {0, 1, ..., m — 1}, the ring of integers modulo m for m > 4. We consider
a pomset P defined on an mset M = {[ 2| /1, (%] /2,....| 2] /s} € [XIL5] where
X =[s].
N
Let 7 : [s] — Nbe amap such that n = ) 7 (i). The map 7 is said to be a labeling of
i=1
the pomset P, and the pair (P, ) is called a pomset block structure over [s]. Denote 7 (i)

by k; and take V; as free Z,,-module Z],Z forall 1 <i <s.Define V as
V=VieV,® - --aV;

which is isomorphic to Z7,. Each u € 7}, can be written as u = (u1, u2, ..., us) where
u; € Z'f;;, 1 <i <s. The Lee block support of u € ZJ, is defined as

supp(L,m (W) = {s,-/i L8 = w,m W), si # 0} ,
where
e, (i) = max {min {u;,,m —u;, }: 1 <t <@}

The (P, )-weight of u € ZJ, is defined to be the cardinality of the ideal generated by
supp(r,x)(u), that is

W, W) = |(suppr. )|
The pomset block distance between two vectors u, v € Z!, is defined as
de,qz)(u, v) = we,7)(u —v).

Now we prove that the above pomset block distance is a metric on Z,.
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Theorem 1 Let P be a pomset on a regular mset M = {| % | /1, | 2| /2,.... | %] /s} and

S
7 ¢ [s] > Nsuch that n = ) 7w (i) be a labeling of P. Then the pomset block distance
i=1
dwp (., .) is a metric on Z},.

Proof 1t is obvious that dp )(u, v) > 0 and d(p r)(u,v) = O if and only if u = v. Let
u,v,w € Zj. Since supp (U — v) = suppu,») (v — u), we have dp ) (v,u) =
dp 7y (u, v). It remains to show that dp »)(u,v) < dp )W, w) + de, ) (w,v). Since
de,z) (U, v) = we,7) (U —v) = we ) —w—+ w — v), it suffices to show that the (P, m)-
weight satisfies the inequality wep, ) (x +¥) < w7 (x) +we ) (y) forall x, y € Z},. We
only need to prove that w(z »)(x; + ¥i) < w 7)(X;) + wr,7)(y;) foralli € [s]. Note that

WL, (xi + yi) = max {min{x;, + yi,,m —x;, —y;,}: 1 <1 <7w(@)}.

Suppose that w(r ) (x; + y;) = min{x;; + i, m — x;; — yi; }.

e Casel Assumex; , yi, < L%J and x;, +y;, < L%J.Wehave WL, (Xi+yi) = xi; + Vi, -
On the other hand, one has min{x;,, m —x;,} = x;; < w 7)(x;) andmin{y;,, m—y; } =
Yii < w(,x)(yi). Therefore, wg ) (x; + yi) = iy + Yiy < w7 () + w7 (3i)-

e Case2 Assume x;,, y;, < |5 | and x;, 4+ yi, > | % |. Then wiz ) (xi +yi) = m —x;, —
Vii < Xip + Yip S we,m (5) + we,m ().

e Case 3 Assume x;;,y;, > | %] and x;; + yi; < [%]. We have w »)(xi + yi) =
xi,+yi, —m < |4 |. Onthe other hand, one has min{x;,, m—x;, } = m—x;, < w7 (x;)
and min{y; ,m — y;;} = m — yi; < w,x)(Vi)- S0, w7 () + W i) = m—
xiy +m =y, > | % ] and hence wir ) (xi + i) < | %] = w.o (i) + w, ) (3i).

e Case 4 Assume x;,, y;; > | % | and x;; + yiy > [ %] Then w n)(xi + yi) = 2m —
Xip — Yiy S w,n) X)) + we,qx) (i)

e Case 5 Assume x;, < L%J, Vi, > L%J and x;, +y;, > L%J.Wehave w7 +yi) =
m — x;; — yi;. On the other hand, one has min{x;;, m — x;,} = x;; < w »)(x;) and
min{y;;, m—y;,} =m—y;; < w7 V). S0, wr,n) X)) F+w ) (Vi) = xi +m—y; >
m — Xxj; — Yiy = W(L,x) X + i)

e Case 6 Assume x;, < L%J, Vi, > L%J and x;, + y;, < L%J Then w7y (xi + yi) =
Xip +yip —m <X +m =y, S we o))+ we g (i)

This completes our proof. O

The metric dp, 7)(., .) on Z, is called a pomset block metric. The pair (Z);,, dp, 7)) is
said to be a pomset block space. A subset C of (Z};,, dp z)) with cardinality K is called an
(n, K, d) (P, w)-code, where Z, is equipped with the pomset block metric dgp 7)(., .) and

d =dp 7 (C) =min {we ) —c):c . e}

is the (P, )-minimum distance of C. If C is a submodule of Z}, with cardinality m*, we call
C alinear (n, m*, d) (P, )-code. The dual of an (n, K, d) (P, 7)-code C is defined as

Cl:{veZ’:n:c-v:c1v1+-~-—|—cnvn:0f0rallceC}.
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3 Pomset balls and MDS (P, )-codes
3.1 r-balls

Let P be apomseton M = {| %] /1. |%]/2....,|% ] /s} and 7 be a labeling on P. For
u € Z7, and a non-negative integer r, the (P, 7r)-ball with center « and radius r is the set

B,(u) = {v €Zy dp (U, v) < r}.

The (P, r)-sphere with center u € Z, and radius r denoted by S, () is defined as the set of
all those vectors of Z!', whose pomset block distance is equal to 7, that is,

Sr(u) = {v e Zy :dp ) (u, v) = r}.
For simplify, B, (1) and S, («) are also called r-ball and r-sphere centered at u respectively.

Definition 1 A (P, 7r)-code C is said to be an r-error correcting (P, v )-code if the (P, )-balls
centered at the codewords of C are pairwise disjoint.

Definition2 A (P, )-code C is said to be an r-perfect (P, w)-code if the (P, 7r)-balls of
radius r centered at the codewords of C are pairwise disjoint and their union covers the entire
space Z;,.

We now consider the cardinality of an r-ball B, (1) centered at u € Z},,. It follows from the

r
definition that |B,(u)| = 1+ Y_ |Si(u)|. Let I be an ideal in the pomset P with cardinality
i=1

i having exactly j maximal elements M (I) = {C;(a1)/a1, Ci(az)/az, ..., Ci(aj)/a;}.
Then, the set

A ={v=(v1,v2,...,0) € Z v, =0ift ¢ I*;
v, =ta,—a <v, <a,1<i#£l<kift e M(I)",a=C;(@);
v, € L, 1 <i <k, ift € I"\ M(I)*}

i

gives all vectors v in Z” such that (supp(r »)(v)) = I. By the definition of A;, we have
Y K
|A[]| = m'em\MO* ]_[1 N, where Ny, is defined as follows:

e If misodd, N, = 2Cr(a) + DX — 2C1(ar) — Dka;
Q2Cy(ap) + D — 2Cr(a) — D .
e Ifmiseven, N, = ) ifCra) =% ]
Q2Cr(ar) + D* — 2Cr(a;) — Dk, otherwise.

Note that for two distinct ideals /1 and I, A;, N A, = &. Denote by Zj. the collection of all
min{i,n} )
ideals in P with cardinality i having exactly j maximal elements, then [ J I} =7'(P)
j=1

min{i,n}
and |J |J Ay gives all those vectors of (P, 7)-weight i. Hence
=1 1eTi
J
r min{i,n} r min{i,n} j
[B(u)] =1 -I—Z Z Z A7l =1 -|-Z Z Z mtel*\Mu)* HNaz
i=1 j=I IeI’;ﬁz =1 j=I IeI’;éQ
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3.2 I-balls

Let (P, ) be a pomset block structure on Z],, and let I be a submset of M. For u € Z],, the
I-ball centered at u is defined as

Bi(u) = {v € Zy, : suppL.q)(u —v) I} .
For I € Z(IP), the I-ball centered at u is equal to the set
Bi(uw)={veZ): (suppirxu—v)<I}.
Similarly, the /-sphere centered at u is defined as
Sr(u) = {v € Zy, : (suppr, ) —v)) = I} .

We denote the /-ball (resp. /-sphere) centered at 0 by By (resp. S;). Whenever required, we
shall use the notation Bj p r)(u) (resp. Sy p,)(u)) instead of By (u) (resp. Sy (u)).

Definition 3 Let (P, 7) be a pomset block structure on Z;, and I be an ideal of P. A (P, )-
code C C ZI;, is said to be [-perfect if the /-balls centered at the codewords of C are pairwise
disjoint and their union is Z},, that is,

Zp, =|_| Biw.
ueC

The following proposition is a generalization of [9, Proposition 3] where the metric was
considered as pomset metric. The proof is on similar lines and therefore we omit it.

Proposition 3.1 Let (P, ) be a pomset block structure on Z},,. If I is an ideal with full count
inP, then
(1) By is a submodule of Z,, of dimension ), k;.
iel*
(2) Foru € Z}},, Bi(u) is a coset of By containing u, that is, Bj(u) = u + Bj.
(3) Foru,v € Z, Bj(u) and B;(v) are either disjoint or identical. Moreover

By(u) = By (v) if and only if supp, . (u —v) C 1.
4) Byep = Bf‘P where P is the dual pomset of P.

Remark 3.1 (a) The (P, m)-ball centered at u € Z!, with radius r is the union of /-balls
centered at u with I € Z" (IP), that is,

Bw= J Biw.

1€T7 (P)

(b) Let u, v be two vectors in ZJ,. If u and v belong to the same /-ball for some I € Z" (IP)
with full count, then dp »)(u, v) <r.

(c) Let u, v be two vectors in Z, and let I be an ideal of IP with partial count. If B;(u) N
Bj(v) = ¥, the inequality dp 7)(u, v) > |I] is not necessarily true.

The following result can be easily obtained from the definition of /-perfect codes which
is similar to the case of poset block metric (see [3], Lemma 4.1).

Lemma 3.1 Let (P, ) be a pomset block structure on Z},. Let C C Z be a linear (n, mk, d)
(P, w)-code and 1 be an ideal of P with full count. Then the following statements are
equivalent:
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(1) Cisan I-perfect code;
2 Y ki=n—kand|CNBf|=1;
iel*

3) ICNBiw)| =1 forallu € Zy,,.

Writing u € Z), as (u1, uz) whereu; € @ Vjandur € @ V;, we get the following.
JEI iel*
Proposition 3.2 Let (IP, w) be a pomset block structure on Z, and I be an ideal of P with
full count. Then, an (n, m*, d) (P, w)-code C is I-perfect if and only if there exists a function
fireVi—> @V
JEI iel*

such that
C= [(v,f(v)) veE & Vj’.
j¢re

Proof LetC be an [-perfect (n, mk, d )-code. Thenforanyv € & V; thereexists c € C such
JEI*

that (v, 0) € Bj(c) which implies that ¢ — (v, 0) = (0, u) and hence ¢ = (v, u). Suppose

that there exists another element ¢/ = (v, w) € C. Then ¢ — ¢/ = (0, u — w) € B; which

implies that ¢ € B;(c’), a contradiction to the fact that C is I-perfect. Thus, the function

f: ® Vi— @ V,whichsendsv € @ V;totheuniqueu € @ V;suchthatc = (v, u)
Jrr iel* Jer iel*

is well-defined. Moreover, =mk =|C|. We have C = {(v, f):ve & Vj}.
JEr*

5 Vi

] *
On the other hand, if there exists such a function, then C N By (v, u) = {(v, f(v)} for any

(u, v) € Z},. We obtain that C is [-perfect by Lemma 3.1. O

Theorem 2 Let (P, ) be a pomset block structure on Zj,, and I be an ideal with Jull count in
P. Alinear (n, mk, d) (P, )-code C is I-perfect ifand only if C* is an I-perfect (P, 7 )-code
where P is the dual pomset of P.

Proof Let C be an I-perfect (P, w)-code. By Lemma 3.1, 7€ i§ an ideal in P with full count

and satisfies that Y k; = k. Consider the /¢-ball centered at 0 € C. If there exists another
ielc*

element 0 # ¢ € C* in B @) thenc € B}:(]P’,n) by Proposition 3.1. Let v € ZJ,. Since

C is an I-perfect code, there exists a unique ¢’ € C such that v € By p 7)(c¢’) which implies

that v = ¢’ + u for some u € By (p). S0, c-v =c-c’ +c-u = 0. Since v is arbitrary, we

have ¢ = 0. Therefore, [C+ N BICV(@”)‘ = 1 and hence C* is I¢-perfect by Lemma 3.1. O

Theorem 3 Let C be an r-error correcting (P, w)-code where r € N is a multiple of L%J
Then for any c,c’ € C, ¢ # ¢’ and 1, I' € I"(P) with full count, one has c — ¢’ ¢ Bjgy.

Proof Assume that there exist ¢, ¢’ € C, ¢ # ¢’ and I, I’ € Z"(IP) with full count satisfies
c—c’ € Bjgp.Denote by pp,. the projection of Z!, on blocks corresponding to I* and take
u=c—pp,(c—c')eZ). Then

/ m *
(e 1. ©) = wem (P (€= = | 5 |11 =111 =7
Analogously, we have

d@.xy(u, ) = weq (€ =) = ppulc =) <weq (ps,.(c =)
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m
<1 2] ==
2
This yields that u € B,(c) N B,(c), a contradiction to the fact that C is r-error correcting. O
Theorem 4 Let C be a (P, )-code. If for any ¢, ¢’ € C, ¢ # ¢’ and I, 1" € I"(P), one has
¢ —c" & Bygyp. Then C is r-error correcting.

Proof Assume that C is not an r-error correcting code. Then there exist ¢, ¢’ € C, ¢ # ¢’ and
u € Zp such thatu € B,(c) N By (¢"). Asdp ) (u,¢) < r and dp »)(u, ¢’) < r, we have
[{(supp(r.m)(u —c))| < rand |{(suppr ) —c’))| < r. Therefore, there exist I, I’ € I" (P)
such that (supp( »)(u — ¢)) € I and (supp(r,»)(u — ¢’)) € I’ by Proposition 2.1. Hence

supp(L,z)(c — ') = supp . (c —u+u—c'
C supp(L.x)(c —u) ® suppyu—c) <1l

This implies that ¢ — ¢’ € Bjg, a contradiction. O
The following can be easily obtained from the definitions of r-ball and 7-ball.

Proposition 3.3 Let P be a pomset on M = {| % | /1, | %] /2,....| %] /s} and (P, 7) a
pomset block structure on 7, such that " (IP) = {I}. Let C be a (P, )-code. Then C is an
r-perfect (P, w)-code if and only if C is an I-perfect (P, iw)-code.

In the remainder of this section, we consider an ideal of P with partial count. Before this,
we give some basic facts on the partition of Z{, when 7 is a positive integer.
Lete € [|2] —1].Let E=[—€,e]and E' ={e + 1,e +2,...,m —e — 1}. Set

S={v=(,....v) €Z}, v € Efor1 <i <t}.
Letu:(ul,...,ut)eS\{(_)}.Takew:(wl,...,w,)eSsatisfying

0, ifu,-:O,
wi=1€—(w—1), ifl <u <e,
—€—(u;+1),if —e <u; <-—1.

Then there exists at least one j € [r] such thatu; + w; € E’. Thus u +w ¢ S. On the other
hand, we have u + w € u + S and u € u + S. Hence we have the following result.

Proposition3.4 Letu € S\ {0}. Then SN (u+ S) # B and S # u + S.

Suppose that m is divisible by 2¢ + 1. Let

T:{v:(vl,...,v,)ezﬁn:vi:t,-(28+1), 0<t < 26"11 —lforlgigz}.
It is known that i(2e + 1) + B ¢ E for all 8 € E whenever 1 < i < %H — 1. It is also
known thati(2e + 1) + E, j(2¢ + 1) + E are disjoint for 0 < i # j < 555 — 1 (see [9]).

Lemma 3.2 Suppose that m is divisible by 2¢ + 1. Then we have the followings:

(1) Foranyve Sand0#u €T, we have v +u ¢ S.
(2) Letu #w € T, we have u + S and w + S are disjoint. Furthermore, | | (u+ S) = Z,.

ueT
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Proof (1) Letv = (vi,...,v;) € Sand 0 # u = (uy,...,u;) € T. Then there exists
i € [t]suchthat u; = t;(2e + 1) # 0. Note that 1 < f; < %H — 1. It follows from
vi+u =vi+t(2e+1)¢ Ethatu +v ¢ S.

(2) Letu = (uy,...,ur), w=(wy,...,w;) € T.Suppose that (u+S)N(w+S) # #. Then
there exist v = (vy,...,v) € Sand v’ = (v{,...,v)) € Ssuchthatu + v =w+ v
Since u # w, there exists i € [¢] such that u; # w;. Thus u; + v; = w; + vlf, which
contradicts to the fact that u; + E and w; + E are disjoint. The result then follows.

Corollary 3.1 Ifm is not divisible by 2¢ + 1, then the translates of S can not form a partition
of Zt,.

We now let I € Z(P) be an ideal with partial count. Suppose that I, = {l1, 2, ..., [} C
I'* is the collection of the elements in I* which has partial count in I and suppose that
Iy = {r1,r2,...,rs} is the collection of the elements in /* which has full count in /.
Then A + § = |I*|. Since the pomset block metric is translation invariant, that is, for all
u,v,w € Zh,dwp (1, v) = dp ) (u+w,v+w), we have that By (1) = u + B;. Note that

B; = {v:(vl,vg,...,vs) eZl v, =0ift ¢ I*
—a <, <a,a=Ci(t),1 < j<kift €l
Vi, € Iy 1 < j < ki, ift € Ip) 3.1)
and hence

PRI
1Bl = (14 2C1 ()" (14 2C 1 (la)!0 - - (14 2C ()i m?<'s

Remark 3.2 1t follows from (3.1) that By is not a subgroup of Z' .

With the notations given above, we have the following result which can be easily obtained
by counting argument.

Theorem 5 If m is divisible by 2C;(l;) + 1 for all l; € 1, then the I-balls centered at the
elements in

D:{v:(vl,vz,...,vs)eZZ:v,:(_)iftelf;

v, = jQ2C (1) + L1<i<kiftely

m
DO0O<j<z7F7—"-—
2011 + 1
Uy € Ly 1 < i <ky, ift € [s1\ I*}
> ki

ki
I n _ m ie[sI\I*
partition the space 7.,. Moreover, we have |D| = tl‘[ (72& (t)+1> micls
P

el
Corollary 3.2 If m is not divisible by 2C;(j) + 1 for some j € I,, then no collection of
I-balls will partition Zj,.

Remark 3.3 LetC C Z be an (n, K, d) (P, w)-code.

(1) If C is an r-perfect code, then for any I € Z" (P), the I-balls centered at the codewords
of C are disjoint.

(2) Ifa(P, m)-code Cis I-perfect for some I € Z" (IP) with partial count, we can not guarantee
that C is r-perfect since there may existanideal I’ € Z" (P) with partial countand u, v € C
such that B/ (1) N By (v) # @ (Example 3.1 will illustrate a counterexample).
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(3) Letm be a prime and let / be an ideal of [P with partial count, then C can not be I-perfect
(P, ) for any I € Z(P) with partial count.

Example 3.1 Let P = (M, R) be a pomset where M = {3/1, 3/2} and

R=1{(9/(3/1,3/1),9/(3/2,3/2)}.

Let 7 be a labeling of the pomset P such that 7(1) = 2 and 7(2) = 1. For
I = {1/1,3/2}, by the above discussion, we can find an /-perfect (P, 7)-code C =
{(0,0,0), (3,0,0), (0,3,0),(3,3,0)} < Zé. Consider I' = {2/1,2/2} e I*(P). We

observe that (2,1,0) € Bp((3,0,0)) U Bp((0,3,0)). Since B,(u) = |J Biw),C
177 (P)

is not 4-perfect. If IP is a chain pomset with order relation 3/2 R 3/1, then T4(P) = {I} and
C is a 4-perfect (P, )-code now.

Here is an example for a code being r-perfect but not /-perfect for any I with partial
count.

Example 3.2 Let P = (M, R) be a pomset where M = {2/1,2/2} and
R ={(4/(2/1,2/1),4/(2/2,2/2)}.

Let 7 be a labeling of the pomset P such that 7 (1) = 7(2) = 1. Letr = 1. We have Z!(P) =
{I, L} where I} = {1/1}, I = {1/2}. Then B;(0) = {(0,0), (0, 1), (1,0), (0, 4), (4, 0)}.
Consider the (P, w)-code C = {(0,0), (1,2), (2,4),(3,1),(4,3)} < Zg. It is routine to
verify that C is 1-perfect code. On the other hand, C can not be [-perfect for any I € Z(IP)
with partial count by the above discussion.

3.3 MDS (P, m)-code

Theorem 6 (Singleton Bound) Let (P, w) be a pomset block structure on Z, and C < Z},

be an (n, K, d) (P, w)-code. Denote by r = L%J Then
2

— 1 Kl = ki. 32
nogn K12 s, )k 62
iel*
Proof Let I € Z(P) be an ideal of P with |/*| = r. We may assume that [ is full count,
otherwise one can increase the counts of the maximal elements with partial count in / to
|5 ] Take u,v € C.If u; = v; for all i € [s]\I*. Then dp(u,v) < |I| <d—1,
a contradiction. This means that any two distinct codewords of C will differ in at least one
n— Z kl‘
position outside /*. Therefore there exists an injective map from C to Z,, ‘" which implies
thatlog,, K <n— Y k;.Hence [log,, K1 <n— )_ k;. From this, we get inequality (3.2).
iel* iel*
O

Remark 3.4 Note that when k; = 1 for all 1 <i < s, inequality (3.2) would be

n — [log,, K1 > \fi;lJ .
1]

This is the Singleton bound for pomset code, see [9, Theorem 2].
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Definition 4 Let (P, ) be a pomset block structure on Z},. A (P, 7)-code C is said to be a
maximum distance separable (MDS) (IP, r)-code if it attains the Singleton bound.

Example 3.3 Let P = (M, R) be apomseton M = {2/1,2/2,2/3,2/4} and
R={4/(2/1,2/1),4/(2/2,2/2),4/(2/3,2/3),4/(2/4,2/4),4/(2/1,2/2),4/(2/3,2/4)}.

Let w be a labeling of the pomset P such that 7(1) = #(3) = land 7 (2) = 7 (4) = 2.
Consider the (P, )-code C C Zg generated by the following matrix:

1 0 2 2 0 1
02411 0)°

Then the code C is a linear (P, 7r)-code of length 6 with d(p ) (C) = 7. We have LdT_jJ =3.
The ideals in P such that |[I*| = 3 are

1{2/1, 1/2,1/3},{2/1,1/2,2/3},{2/1,2/2,1/3},{2/1,2/2,2/3},
{1/1,2/3,1/4},{1/1,2/3,2/4},{2/1,2/3,1/4},{2/1,2/3, 2/4}}.

Thus
ma ki=4=n—k.
1Ty 1+1=3 Z ' "
iel*
Therefore C is an MDS code.

Remark 3.5 Let C be an MDS (n, K, d) (P, w)-code. Note that there always exists an ideal

I € Z(P) with full count whose cardinality is | 2 |- U‘ 7 J suchthat 3" ki = n—[log,, K.
2 iel*

Oterwise, assume that / € Z(IP) is an ideal with partial countsuchthat ) k; = n—Tlog,, K.
iel*

By increasing the counts of the maximal elements with partial counts in /, one can get the ideal

J with full count whose cardinality is L%J . \_‘f;j J and satisfies that ) k; = n— [log,, K.
2 iel*

Letm be a prime, thatis, Z,, is afield. Let C be a linear (n, mk, d ) (P, )-code. A generator
matrix G and a parity check matrix H of C are defined as in the classical case. The parity
check matrix H can be viewed as H = [H| H, --- Hg] where H; is an (n — k) X k; matrix.
The set of blocks H;,, Hy,, ..., H, is called linearly independent if, for o;; € V,,

Hj o1 + Hpop + -+ Hpap = 0

deduces o; = 0 for all i € [r]. Otherwise the block set Hy,, Hy,, ..., H is called linearly
dependent.

LetP = (M, R) be a pomset defined on the multiset M = {L%J/l, L%J/Z e L%J/s}
We can define a corresponding poset P with the underlying set {1, . .., s} whose order relation
is given by

a <bin P ifand only if p/a R q/b in P.

Given a subset Q C [s], we denote by < Q > p the smallest ideal of P containing Q. With
these notations, we have the following.
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Theorem 7 Let m be a prime. Let C be a linear (n, m*, d) (P, 7)-code and let H be a parity
check matrix of C. Then C has a codeword c¢ such that |(supp(L,ﬂ)(c))*‘ =t if and only if
there exists an ideal I of P with |I*| = t satisfying that the blocks of H corresponding to I'*
are linearly dependent.

Proof Let ¢ = (ci,c2,+++,¢;) € C satisfying |(suppr.)(0))*| = . Let I =
(supp(L.)(c)). Then¢; # 0 fori € M(I)* and ¢; = 0 fori ¢ I*. It follows from

Hici + Hoco + -+ Hiey =0

that the blocks of H corresponding to /* are linearly dependent.
On the other hand, we suppose ch_lt the set of blocks Hj,, Hy,, ..., H, are linearly
dependent and suppose that there exist 0 # «;, € V). such that

Hj o + Hpopy + -+ + Hljal,\ =0.

Let I be an ideal of P whose root setis I* =< {l;,...,I} >p. Take ¢ = (¢1,¢2, ..., ¢5) €
Zj, such that

o = | % ifi € [A],
=10, otherwise.

Then Hc = 0 which implies that ¢ € C. Furthermore, (suppr. z)(c))* = I*. This completes
the proof. O

Corollary 3.3 Let m be a prime. Let C be a linear (P, w)-code and let H be a parity check
matrix of C. Then

min {|(supp(z.) (€)*]. c ey =1
if and only if
J
t=min\j: 1 €IP)satisfies |I*| = (... 1;}, rank{Hy, ... Hy} < ) ki
i=1
Since

d . *
{mJ < min {|(supp(r=)()*|, ¢ € C},
%]

we have the following.

Remark 3.6 Let m be a prime. Let C be a linear (P, w)-code and let H be a parity check
matrix of C. Then

d . . d
\‘L’;JJ <min{ j: 1 € Z(P) satisfies | I*| = {l1, ..., [}, rank{Hy,, ..., Hj;} < .X;kli

by Corollary 3.3. The equality holds if and only if d is divisible by L%J

Theorem 8 Let (P, w) be a pomset block structure on Z,, and C C Z}, be an (n, mk, d)
(P, r)-code. Then C is an MDS (P, w)-code if and only if C is I-perfect for some ideals

18| 7]
l el 211 with full count.
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Proof Suppose that C is an MDS (P, rr)-code. Denote by r = Ld 1 J Then

%]
—k = ki.
" IEI(IPrgl)al);* —rZ

3| |

Let I be an ideal of P with full count whose cardinality is r - L%J suchthatn —k = Y k;.
iel*

Assume there exist two codewords ¢, ¢’ € C such that the /-balls centered at ¢ and ¢’ have

nonempty intersection. It follows from Proposition 3.1 that B;(c) = B;(c’). Thenc € Bj(c)

which implies that {(supp(r )(c — ¢’)) C I. Therefore

dem(e ) =i=|3]: h JlJ 2] gy =er

a contradiction. Thus, any two /-balls centered at distinct codewords of C must be disjoint.

Hence, |_| B;(c) is a disjoint union and it contains |C| - |Bf| = m" elements which implies
ceC
that C is I-perfect.

Conversely, let C be an I-perfect code for some I € 7" 151 with full count. It follows

from Lemma 3.1 that ) k; = n — k and hence
iel*

max E ki=n—k
1eZ(®),|I*|=r
iel*

This completes the proof. O

Remark 3.7 An (n, m*, d) MDS (P, 7r)-code C is I-perfect for all I € Z” (IP) with full count
such that Y k; =n — k where r = L J LL'"JJ

iel*

Since an ideal of IP with partial count is always contained in an ideal of P with full count,
we have the following.

Corollary3.4 Let C C Zj, be an (n, K,d) (P, m)-code. Let I be an ideal of P such that
|[I*| = [ [Z] J Then I-balls centered at the codewords of C are disjoint.

Here we give an example to show the existence of a (P, 7)-code which is MDS but not
I-perfect for any I € Z(PP) with partial count.

Example 3.4 Let P = (M, R) be a pomset where M = {2/1,2/2} and

R=1{4/2/1,2/1),4/(2/2,2/2),4/(2/2,2/1)}.

Let 7 be a labeling of the pomset P such that 7(1) = 2 and 7(2) = 1. Consider the
(P, m)-code C < Zg generated by the following matrix:

0 1 3

1 2 0/
Then the code C is a linear (P, r)-code over Zs of length 3 with dp )(C) = 3. We have
{”’“P’UT‘CJHJ — 1. The ideals of P such that |7*| = 1 are I; = {1/2} and I, = {2/2)

2
which implies that C is an MDS (PP, 7r)-code. The partial count ideal in Pis I; = {(1/2)} and
I, = {1/1,2/2}. Itis routine to verify that /;-balls centered at the codewords of C are disjoint
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and the union of /;-balls contains 75 elements. Take u = (0, 1,3) and v = (1,2,0) € C. It
is easy to see that By, (u) N By, (v) # ¢. Therefore, for any ideal / of P with partial count,
the code C is not /-perfect.

If 7 is an ideal of P with partial count, then an I-perfect code is not necessarily an MDS
code, as we can see in the next example.

Example 3.5 Let P = (M, R) be a pomset where M = {3/1, 3/2} and

R ={(9/(3/1,3/1),9/(3/2,3/2)}.

Let m be a labeling of the pomset P such that (1) = 1 and 7 (2) = 2. Consider the
(P, w)-code C C Zg defined by C = {(0, 0, 0), (0, 3, 0), (0, 0, 3), (0, 3, 3)}. Consider an
ideal I = {3/1, 1/2} of P which has partial count. It is routine to verify that C is I-perfect.

On the other hand, we have that d(p »)(C) = 3. Then L%J = 0. Therefore C is not
2
MDS.

Example 3.6 Let P = (M, R) be a pomset where M = {3/1,3/2} and

R =1{(9/(3/1,3/1),9/(3/2.3/2),9/(3/1,3/2)}.

Let  be a labeling of the pomset P such that 7 (1) = 7(2) = 1. Consider the (P, 7)-code

CcC Zg defined by C = {(0, 0), (1, 3)}. Consider I = {3/1, 1/2} of P which has partial count.

It is routine to verify that C is I-perfect. Note that dp )(C) = 6. Then L%J =1.
2

The ideals of P such that |I*| = 1 are I} = {1/1} and I, = {2/1}. Therefore C is an MDS

(P, 7)-code.

By comparing Examples 3.5 and 3.6, we speculate that being a chain pomset may be a
necessary condition for an 7-perfect code to be an MDS code. We will prove this conjecture
later (Theorem 11).

4 Duality and weight distribution

In this section, we consider the case for an (n, K, d) MDS (PP, 7 )-code when all the blocks
have the same dimension. Let (P, ) be a pomset block structure on Z7, such that ky = k> =
- -+ = kg = t. Then the Singleton bound becomes

d—1
n—[log, K1>t- \‘mJ 4.1
1%]

4.1 Duality
In what follows, we characterize (n, K, d) MDS (P, )-codes when all the blocks have the
same dimension.

Theorem 9 Let P be a pomset on M = {L%J /1, L%J /2, ..., L%J /s} and P be its dual
pomset on M. Let it be a labeling of the pomset P withky =k, =--- =ks =t andC be a
linear (n, m*, d) (P, 7)-code. The the Sfollowing statements are equivalent:

(1) Cisan MDS (P, )-code;
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(2) Cisan I-perfect (P, w)-code forall I € In%k' L3] (P) with full count;
(3) C* is an I-perfect (B, m)-code for all I € 7113 ) (®B) with full count;
4) ¢t is an MDS (P, w)-code;

(5) For any ideal I with full count of P and x € 71},

m!" R G =1 5] > - |2].
Bmncl=1 " flil=1-[3] <255 3] adxe UBi©. 4,
0, il =112 <= |2] andx ¢ UCB,(C).

Proof (1) < (2) follows from Theorem 8, (2) < (3) follows from Theorem 2 and (3) < (4)
follows from Theorem 8. We only need to show that (1) is equivalent to (5).

Assume that C is an MDS (IP, r)-code. Let I be an ideal of P with full count such that
[ =1- L%J and x € Z7,. There are two cases.

e Case I Suppose that[-| %2 | < =% .| 2 |. Note that no two codewords of C belong to the
same I-ball. Otherwise, there exist ¢, ¢’ € C, ¢ # ¢ such that ¢ € B;(c’). This implies
that (supp.»)(c — ¢’)) € I and thus

d@,x)(c, ) = |(suppr,=)(c — )|

sm=r 5] <0 (5= oy ) 5] =en

a contradiction. By Proposition 3.1, any two /-balls are either disjoint or identical and
hence

1, ifx € | Bi(o),

i ceC
[Bi(x)NC| = 0,ifx ¢ U By(c).

ceC

e Case 2 Suppose that [ - I_%J > ":k . L%J Since I is full count with |I*| = [, there
exists an ideal J of PP with full count such that |J*| = "t;k and J C [I. It follows from
Theorem 8 that C is J-perfect. Note that B; is a submodule of B;. The number of cosets
of By in By is m'"~"% By Lemma 3.1, every B; (u) contains exactly one element of C.

Therefore, | By (x) N C| = m!—"+k,

Conversely, assume that for any ideal / of P with full count and x € Z},, we have (4.2).

Let I € 7"7 131 (P) be an ideal of P with full count and u € Z". By (4.2), we have
|B;(u) N C| = 1 which yields that C is I-perfect by Lemma 3.1. Therefore, C is I -perfect for

alll e T s with full count. It follows from Theorem 8 that C is an MDS (PP, 7r)-code.
O

Example 4.1 Let P = (M, R) be a pomset where M = {2/1,2/2,2/3} and

R=1{4/2/1,2/1),4/(2/2,2/2),4/(2/3,2/3),4/(2/1,2/2),4/(2/3,2/2)}.

Let 7 be a labeling of the pomset P such that 7(1) = 7(2) = 7 (3) = 2. Consider the
(P, m)-code C < Zg generated by the following matrix:

o1 1 2 2 3
1 0 0 2 2 3
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Then the code C is a linear (IP, 7)-code over Zs of length 6 with dp 7)(C) = 5. We have
[ B JJ = 2. The full count ideal in P such that |[I*| = 2is I = {2/1, 2/3}. It follows that

max ki=4=n—k.
1€Z(P),|I*]|=2 l; !

Hence C is an MDS (P, )-code. Moreover, C is [-perfect.

LetP = (M, Ry) and Q = (M, R») be two pomsets on M. We say that Q is finer than P
if p/a Ry q/b in P implies that p/a Ry q/b in Q.

Lemma4.1 Let Py and IP; be two pomsets on M = {| % | /1, [ %] /2,....| %] /s} and =
be a labeling of the pomset Py withky = ky = = ks = t. If P, is finer than Py, then every
MDS (Py, m)-code is an MDS (P, )-code.

Proof Suppose that C is an MDS (n, K,d) (P, m)-code. Then n — [log, K| = t -
Lid(ﬂml’f)m(j)_l J Since P, is finer than Py, we have dp, »)(u, v) < dp,.) (,v) for any
2

u, v € Zy,. Therefore d(p, 7)(C) < d(p,,x)(C) and hence
n — [log,. K] m
d@, (€)= 1> dp, () — 1 > % . bJ _

This implies that Ld”})z’[t ’m( j:)_l J > 1= “Otg'” K1 By the Singleton bound, C is an MDS (P, 77)-
2

code. m]

Corollary 4.1 An MDS block code is also an MDS pomset block code for every pomset defined
on the set of blocks when all blocks have the same dimension.

Proposition 4.1 Let (P, ) be a pomset block structure on Z)}, withky =ky = --- =k; =t
and C be an (n, m*, d) (P, r)-code. If C is ("t;k . L%J )-perfect (P, 7)-code, then C is an
MDS (P, mr)-code.

Proof By Theorem 9, it is sufﬁcient to show that Cis an [-perfect code forall I € T 18]
—k |_ J with full count. Suppose that there
exist ¢, ¢’ € C ¢ # ¢ such that B;(c) = B;(c) Then ((supp(r,»)(c —¢’)) € I. Since C
is (”:k - | % | )-perfect, the distance between two codewords of C is at least ”I;k 3]+
Then

n—k
t

m , n—k |m
5]+ 1=deme e =in="—"|3].
a contradiction. O

Theorem 10 Let (P, ) be a pomset block structure on Z}}, withky = ko = --- = ks = t and
n—[log,y K1 m

Cbean (n,K,d) (P, m)-code. If C is I-perfect for every ideal I € T 1] (P), then

Cis an MDS (P, )-code.

nfﬂogm Kl \m

13 J(IP’) C is I-perfect. To prove C is an
7 JJ > %. Suppose that there

exist two distinct codewords u, v € C such that dp ) (u, v) < % . L%J Denote by
J = (supp,»)(u — v)). It follows form Proposition 2.1 that there exists an ideal / with

Proof Assume that for any ideal / € 7
MDS (P, )-code, it is sufficient to show that L
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n— Hogm K

cardinality - |% | such that J € I. Then u — v € B; € B; which implies that

u e Br(v),a contradiction to the fact that C is I-perfect. Therefore d > M %]

and hence Ld,;lj > n—Mog, KT m]
L] !

4.2 Weight distribution

In what follows, we consider a (P, w)-code C whose blocks have the same dimen-
sion ¢ and P is a chain pomset on M = {|%]/1.|%]/2.....|%]/s} such that
|2 ]/1R |%]/2R ...R|%]/s.

Note that every ideal [/ in the chain pomset P has the form [ =
{L&]/1.[%]/2,....| %] /G =1, p/i} where 1 < p < |%] and p/i is the unique
maximal element in /. Moreover, for any integer 1 <r < - L% , there is only one ideal /
in P whose cardinality is r, that is, |Z" ()| = 1 and hence B,(u) = Bj(u) for any u € Zj,.

Theorem 11 Let (P, ) be a chain pomset block structure on Zj;, withky = ky = --- = ks =
t. Then for any K such that [log,, K1 is divisible by t, every I -perfect (n, K, d) (P, w)-code
Cis an MDS (P, )-code.

Proof LetC C Z]!, be an I-perfect (n, K, d) (P, w)-code. Then | | B;(c) = Z}}, andd > |I|.
ceC
From this, we have |C| - |Bf| = m".

e Case 1 If I is an ideal with full count, then |I*| = "_10# and |7| = = log”’ 1%
It follows from Theorem 10 that C is an MDS (P, 77)-code.
e Case 2 If I is an ideal with partial count, then |/| = |J| 4 [ for some ideal J with full

countand 1 </ < | % | — 1. Since C is I-perfect, we have
Cl-1Bil=1Cl- @+ 1) Byl =K - Q@+ 1) -m" " =m",

yielding to

‘J*|:E_long
t

—log,, 21 +1).

Since 1 </ < |%|—1,wehave0 < log,, (2[+1) < 1. Note that 22X 4 1og (21+1) €
Z.. Therefore,

lo
log,, K +log,, 21 + 1)

lo log,, K
:{ &n K +logm(21+l)J {gfmJ+Llogm(21+l)J+l
_ logm
— |

Hence |J*| > 2 — Pog%K—‘ On the other hand, d > |I| = |J| + [ implies that

t

ﬁ > |J*|—|— E J Thus,

|7z
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Since [log,, K1 is divisible by ¢, we have

By the Singleton bound, C is an MDS code.

[m}

Remark 4.1 The above theorem holds for any ideal I € Z(IP) no matter that / has full count
or partial count.

Let I be an ideal of . We denote by I, (I resp.) the collection of the elements in I*
which has partial count (full count resp.) in /. From the proof of Theorem 11, we obtain a
corollary.

Corollary 4.2 Let (P, ) be a pomset block structure on 7!, with ki = ky = - - -

Let I be an ideal of P with partial count. Suppose that I, = {l,l»,...,1;} € I* and
A
1 < Y log,2Cr(l;) + 1) < 1. Let C be an (n, K, d) (P, w)-code such that [log,, K is

i=1
divisible by t and L‘Ll,,%jJ > |Iy|. If C is I-perfect, then C is MDS.
2
Let I € Z(IP) be an ideal with partial count. Here is an example illustrates that an /-perfect
(P, )-code is not necessarily an MDS code. But when we give some restrictions on I, an
I-perfect code could be an MDS code.

Example 4.2 Let P = (M, R) be a pomset where M = {4/1,4/2} and
R =1{(16/(4/1,4/1),16/(4/2,4/2)}.

Let 7 be a labeling of the pomset P such that 7 (1) = 7(2) = 1. Consider the (P, 7)-code

C C Z3 defined by C = {(0, 0), (0, 3), (0, 6)}. Then dp ) (C) = 3 and V(PJ[)'L('CJ)_I J _o.
2

Therefore C is not MDS. Let I = {4/1, 1/2} be an ideal of P with partial count. It can be

easily seen that C is I-perfect.

If we define C' = {(0, 0), (2, 3), (4, 6)}. It is routine to verify that C’ is an I-perfect code.
By Corollary 4.2, C' is an MDS (P, 7)-code. In fact, d(p.»)(C’) = 5 and L%J = 1.
2
The ideal of IP such that |[I*| = 1 has root set {1} or {2}. It follows from k; = k, = 1 that C’
is an MDS (P, 7r)-code.
Furthermore, when P is chain pomset such that 4/1 R 4/2, we can see that both C and C’
are MDS (P, r)-codes.

Denote by A, (p,7)(C) the number of codewords of (P, )-weight r in C, that is,

A (©) = |{c e Ciwpx(c) =r}].

Note that an ideal / of P is full count if and only if [/| =1 | % |.

Lemma4.2 Let (P, w) be a pomset block structure on 7, where P is the chain pomset on
M = {L%J /1, L%J /2,..., L%J /s} and 7t is a labeling of the pomset P with ki = ky =
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-+ = ks = t. Let C be an MDS linear (n, m*, d) (P, 7)-code and let I € T(P) be an ideal
of P. Then

1. if 11| < &0 . 3],
|B; NC| = { mi=n+k, ifll|=1-|2]>@8. |m],
@p+ DYm 1 =1 [ J+p><”,—"> 2] 1=p=[3]-1

Proof Let I be an ideal with cardinality [-| 2 [ +p > “5 .| 2 | where 1 < p < | 2] —1.
Then [ is partial count with |I*| = [ + 1. By Proposition 2.1, there exists an ideal J with
cardinality ”I;k . L%J such that J C 1. It follows from Theorem 9 that C is J-perfect and
|Bj(x)NC| = 1foranyx € Z,.Let K = I © J. The translates x + By, x € By are disjoint
and their union covers Bj. Therefore,

|B1 NCl=|Bg| = @p+1)mIT7I=171=Dr
n—k
— (2p+1)’m([+1_7_1)’=(2p+l)’mtl—n"'k.
This completes the proof. O

Theorem 12 Let (P, ) be a chain pomset block structure withky = ky = --- = kg =t and
C be an MDS linear (n, m*, d) (P, w)-code. Then

1, ifr =0,

0, fl<r<d-—1,
A © =1 (m' = %] =) )mil=Ht iy =1 %] 2 d,

(31_])mtlfn+k’ lfr:lL%J+1 >d.

(@p+1' = @p =1 )m"="+* ifr =1 [+ p>dand2 < p<|%] - 1.

Proof If r < d — 1, then the result is trivial. So we assume that r > d. Suppose that
I"(P) = {I} and I"~'(P) = {J}. Then

Ay 2)(C) = B NC| — |B,_1 NC| = |B; NC| — By NC].

e Case I Assume thatr =1 - L%J Then I has full count, J has partial count and |I*| =
|J*| = 1. By Lemma 4.2,

'
|[BjNC|—|ByNC| = mit—n+k _ (2 [%J _ 1) k=t

=i (o - (2 5] 1))

e Case 2 Assume that r = [ - L%J + 1. Then I has partial count, J has full count and
[J*¥] =|I*| — 1 =[. By Lemma 4.2,

|B1 ﬂCl _ |BJ N Cl — 3l‘mtlfn+k _ mtlfn+k — (3[ _ l)mtlfn+k.

e Case 3 Assume thatr =1 | % |+ p where2 < p < | 2| — 1. The / and J have partial
countand [I*| = |J*| =1+ 1. By Lemma 4.2,

|B;NC|—|B;NC| =Qp+ D'm'= — @2p — 1)!m!!—"+*
— ((2p 4 1)[ _ (2p _ l)l)mtl_n+k.

@ Springer



Block codes in pomset metric 3283

Remark 4.2 Note that when pomset block metric is defined on Z; and Z3, pomset block and
poset block weights coincide. The weight distribution of an MDS (P, i)-code for the case
when all blocks have the same dimension is determined (see [3, Theorem 5.2]). Consider
two special cases of hierarchical pomset. When the hierarchical pomset is a chain pomset,
Theorem 12 gives the weight distribution of an MDS (IP, r)-code for the case when all blocks
have the same dimension. When the hierarchical pomset is an antichain pomset and all blocks
have dimension 1, pomset block weight is the traditional Lee weight. As our best knowledge,
the Lee weight distribution of an MDS code has not been obtained for general case.

Remark 4.3 Whent = 1, Case 2 and Case 3 in Theorem 12 would coincide which is exactly
Theorem 9 in [9].

5 Conclusion and further consideration

The pomset metric is a generalization of poset metric and gives rise to Lee metric if the
underlying pomset is an antichain. In this paper, we introduce MDS pomset block codes and
extend the concept of /-perfect codes to the case of pomset block metric.

After the introduction of pomset block codes, it would be interesting to construct
Macwilliams type identities for any linear code with chain block pomset and bound for
covering radius of product codes. By carefully checking relevant results on pomset codes
and poset block codes, we may have a chance to explore further properties of pomset block
codes.
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