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Abstract

Let p be a prime with 5|(p — 1). Let S be a set of all repeated-root cyclic codes C = (g(x)),
(x3 —1)|g(x), of length 5 p over a field field F p» whose Hamming distances are at most 7. In
this paper, we present a method to find all maximum distance separable (MDS) symbol-pair
codes in S. By this method we can easily obtain the results in Ma and Luo (Des Codes
Cryptogr 90:121-137, 2022) and new MDS symbol-pair codes, so we remain two possible
MDS symbol-pair codes for readers.
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Mathematics Subject Classification 94B05 - 94B15

1 Introduction

Symbol-pair codes introduced by Cassuto and Blaum [1] are designed to protect against pair
errors in symbol-pair read channels. Cassuto and Litsyn [3] constructed cyclic symbol-pair
codes using algebraic methods and showed that there exist symbol-pair codes whose rates are
strictly higher, compared to codes for the Hamming metric with the same relative distance.
Yaakobi et al. [16] studied b-symbol read channels and generalized some of the known results
for symbol-pair codes to those for b-symbol read channels. Dinh et al. [9-11] investigated
the symbol-pair weight distributions of repeated-root constacyclic codes etc.
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The minimum symbol-pair distance plays an important role in determining the error
correcting capability of a symbol-pair code. In general, a code over I, of length n with size
M and minimum pair-distance d), is called an (n, M, d;,) symbol-pair code. An (n, M, d),)
symbol-pair code can correct up to [ (d,, — 1)/2] pair errors (see [1, Proposition 3]). Chee et
al. [4] gave the Singleton-type bound for symbol-pair codes relates the parameters n, M and
dy.

Lemma 1.1 [4] (Singleton Bound) Let g be a prime power and 2 < d, < n. If C is an
(n, M, d,) symbol-pair code over Fy, then M < q"~+2 If M = q" =92, then it is called
an maximum distance separable (MDS) symbol-pair code.

A g-ary MDS symbol-pair code with parameters (n, M, d)) is simply called an MDS
(n, dp) symbol-pair code.

There are several works that have contributed to the constructions of MDS symbol-pair
codes. Chee et al. [4, 5] obtained many classes of MDS symbol-pair codes from classical
MDS codes and interleaving method of Cassuto and Blaum [1]. Moreover, they obtained
nontrivial MDS symbol-pair codes with length (g2 + 2¢)/2 by employing classical MDS
codes and Eulerian graphs of certain girth. Kai et al. [12] constructed MDS symbol-pair codes
with d, = 5 based on constacyclic codes. Later Kai et al. [13] derived three families of MDS
symbol-pair codes by using repeated-root constacyclic codes. Ding et al. [7] obtained MDS
symbol-pair codes with d, = 6, whose lengths from 6 to g? + 1, moreover, they found some
MDS symbol-pair codes with d;,, > 7 utilizing elliptic curves. Then they investigated MDS
b-symbol codes [8]. Li et al. [14] gave a number of MDS symbol-pair codes with d;, = 7 by
analyzing some linear fractional transformations. Chen et al. [6] obtained MDS symbol-pair
codes with d, = 8 of length 3p from repeated-root cyclic codes. Recently, Ma and Luo
[15] constructed two classes of MDS symbol-pair codes with d,, = 10 and d, = 12 from
repeated-root cyclic codes of length 3 p over IF,. However, it becomes difficult to find MDS
symbol-pair codes possessing comparatively large length and minimum pair-distance.

In this paper, let p be a prime with 5|(p — 1). Let S be a set of all repeated-root cyclic
codes C = (g(x)), (x> — 1)|g(x), we present a method to find MDS symbol-pair codes of
length 5p over F),. Moreover, by the method we can easily obtain the results in [15]. This
paper is organized as follows. In Sect. 2, basic notations and results about cyclic codes and
symbol-pair codes are provided. In Sect. 3, an unique class of MDS symbol-pair codes with
d, = 12 among all repeated-root cyclic codes whose Hamming distance is equal to 6 are
investigated. In Sect. 4, we conclude this paper with remarks.

2 Preliminaries

In this section, we review some basic notations, results on cyclic codes, and symbol-pair
codes over a finite field, which will be used to prove our main results in the sequel.

2.1 Cyclic code

Let I, be a finite field with g elements, where ¢ = p®, p is a prime and s is a positive
integer. Let C be an [n, [] linear code over F, i.e., it is an /-dimensional subspace of IFZ.
If for each codeword (cg, 1, ...,cn—1) € C, (ch—1, o, ..., Ccn_2) is also in C, then we call
C a cyclic code. We identify a codeword ¢ = (cg, €1, ..., €n—1) in C with the polynomial
c(x) =co+cix+eaxt+ -+ x" Lin F,[x]/{x" — 1). A code C of length n over
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Cyclic codes of length 5p with MDS symbol-pair 1875

IF, corresponds to a subset of Fy[x]/(x" — 1). Then C is a cyclic code if and only if the

corresponding subset is an ideal of I, [x]/(x" — 1). Hence there exists a monic divisor g(x)
of x" — 1 € Fy[x] such that

C=(g()={f(x)gx) (modx"—1): f(x) € Fylx]}.

The g(x) is called the generator polynomial of C.

A cyclic code is called simple-root cyclic code if gecd(n, p) = 1 and a repeated-root cyclic
code if p|n. Castagnoli et al. in [2] studied the Hamming distance of repeated-root cyclic
codes by using polynomial algebra, they showed that the Hamming distance of a repeated-
root cyclic code C can be expressed in terms of dg (C;), where C; are simple-root cyclic codes
fully determined by C.

Let C = (g(x)) be a repeated-root cyclic code of length £p°® over F,, where £ > 1 is
a positive integer such that gcd(€, p) = 1 and s is a positive integer. Suppose that g(x) =
Hlemi(x)e" is the factorization of g(x) over F,, where m;(x),i = 1,...,s are distinct
monic irreducible polynomials of multiplicity ¢;. Fixing an integer 7, 0 < ¢ < p* — 1, we
define C; = (g,(x)) a simple-root cyclic code of length £ over F,, where g, (x) is the product
of those irreducible factors m;(x) with ¢; > ¢. If this product is equal to xt—1,1ie., C,
contains only the zero codeword, then d7 (C;) = oo. If all ¢; satisfy ¢; < ¢, then g;(x)=1
and dy (C;) = 1.

The following lemma will be used to determine the Hamming distance of repeated-root
cyclic codes C, which obtained from [2].

Lemma 2.1 [2] Let C = (g(x)) be a repeated-root cyclic code of length £ p® over ¥, where
p is a prime with gcd(¢, p) = 1 and s is a positive integer. Then

dy(C) = min{P; -dy(C;) : t € T},

where foreacht € T =1{t : 0 <t < p* — 1}, t =tg+t1p+ -+ t,_1 p* ! is the p-adic
representation and Py, = [ (tw + 1) = wy ((x — 1)").

2.2 Symbol-pair codes

For x = (xo, x1,...,Xy_1) € IFZ, the symbol-pair read vector of x is
7p(x) = ((x0, x1), (x1,X2), ..., (Xp—1, X0))-
For a code C C IFy, there is the symbol-pair code generated by C:
7p(C) = {mp(x) : x € C}.

Let x = (x0, X1, ..., xp—1) and y = (Yo, Y1, ---» Yu—1) € IFZ. Recall that the Hamming
weight of the vector x is defined as wy (x) = |{i : x; # 0,0 <i < n — 1}| and the Hamming
distance between x and y is defined as dy (x,y) = [{i : x; # y;,0 <i < n — 1}|. Define
the symbol-pair weight of x as

wy(x) =wy (T, (x)) = {(x;, xi41) : (i, xip1) #(0,0),0 <i <n -1},
define the symbol-pair distance between x and y as

dy(x,y) =d(mp(x), mp(y))
= [{i : (x5, Xi+1) # iy yi+1), 0 <i <n—1}|,

where the subscripts i + 1 are reduced modulo n.
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1876 F.Li

An (n, M, d),) symbol-pair code 7, (C) generated by C C Iy has size M and minimum
symbol-pair distance d,, where d, = min{d,(x,y) : x,y € C,x # y}. Similar to the
classical case, if C is a linear code, then the minimum symbol-pair distance of 7, (C) is the
smallest symbol-pair weight of nonzero codewords of 7, (C), that is

d,(C) = min{w,(x) : x € C, x #0}.
It is known in [1] that for any O < dy (C) < n,
du(C)+1 =dp(C) <2du(0).

Let S = {(xj, xi+1) : 0 <i < n — 1} be the set from the vector x. There are two subsets
of §:

So = {(xi, xi+1) € S : x; # 0}
and
St ={(xi, xiy1) € S : x; =0, x;41 # 0}.
It is obvious that wy (x) = |Sp| and

wy(x) =[Sl + L, 2.1

where L = |S]|. In fact if x = (xg, x1,...,x4—1) € ]FZ is viewed as a cycle of length
n, then L is the number of a sequence of 0’s in the cyclic of x. For example, in x =
(1,0,0,1,0,0,0,1,0,1) and y = (0,1,0,0,1,0,1,0,1,0) € FI° we have L = 3 and
L = 4, respectively.

In this paper, we will utilize repeated-root cyclic codes to obtain a class of new MDS
symbol-pair codes. A simple notation is given below.

Definition 2.2 The support of a polynomial f(y) = Zf;& a;y' is the set
supp(f) ={i :a; #0,0 =i =€ —1},

and denote the number of elements in supp(f) by N.

3 MDS symbol-pair codes

In this section, we always assume that p is a prime number and 5|(p — 1). There is an
irreducible factorization over [F :

4
P —1=]]a -,
i=0

where ¢ ia a primitive 5-th root of unity in ¥ ,.
Let

4
S = {c =) g =[Jae=¢Hipzjo=ji=pn=j>jsx 1} 3.1)
i=0

be a set of nontrivial cyclic codes with length 5p over F .
First, we shall find MDS symbol-pair codes from all repeated-root cyclic codes of length
5p with dg (C) < 7 defined as (3.1).
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Cyclic codes of length 5p with MDS symbol-pair 1877

Theorem 3.1 IfC = (g(x)) € S,dy(C) <7, and C is an MDS symbol-pair code. Then there
is a unique possible code as follows: dy (C) = 6 and

g) = — D’ — O x — D — e = ¢h. 3.2)

Proof Suppose that C = (g(x))isa [Sp, I, dg(C)] cyclic code with MDS symbol-pair. Then
d,(C) =5p —1+2with] =5p — deg(g(x)), so

d,(C) = deg(g(x)) + 2. (3.3)

In (3.1), ()c5 — 1)|g(x) and deg(g(x)) > 5. Recall that d,,(C) < 2dy(C). Then dy (C) > 4.

By Lemma 2.1, dy(C) = min{P, - dy(C;) :t = 1,2, ..., p — 1}, where C; = (g;(x)), it
is clear that go(x) = x> — 1 and Py - dy (Co) = 00. So we only consider 1 <t < p —1and
P=t+1.

(1) Suppose that dyy (C) = 4. Then d,(C) < 8.

If t = 1, then dy (C1) > 2 and g (x) has at least one factor: x — 1, this means jo > 2.

If t =2, then dy (C2) > 2 and g (x) has at least one factor: x — 1, this means jo > 3.

Thus jo > 3 and j; > jo» > j3 > js > 1 and deg(g(x)) > 7, which is a contradiction.

(2) Suppose that dg (C) = 5. Then d,(C) < 10.

If 1 = 1, thendy(Cy) > 3 and g (x) has at least two factors: x — 1 and x — ¢, this means
Jjo>2and j; > 2.

If t = 2, then dyy (C2) > 2 and g»(x) has at least one factor: x — 1, this means jo > 3.

If t = 3, then dy (C3) > 2 and g»(x) has at least one factor: x — 1, this means jo > 4.

Thus jo >4, j1 > 2,and j, > j3 > js > 1,and deg(g(x)) > 9, which is a contradiction.

(3) Suppose that dg (C) = 7. Then d,(C) < 14.

Ift =1, then dy (C;) > 4 and g1(x) has at least three factors: x — 1, x — ¢, and x — ;'2,
this means jo > 2, j1 > 2, j» > 2.

If t =2, thendy (C2) > 3 and g»(x) has at least two factors: x — 1 and x — ¢, this means
jo>3and j; > 3.

If t = 3, then dy (C3) > 2 and g»(x) has at least one factor: x — 1, this means jo > 4.

If t = 4, then dy (Cs4) > 2 and g2(x) has at least one factor: x — 1, this means jj > 5.

If t =5, then dy (Cs) > 2 and g (x) has at least one factor: x — 1, this means jo > 6.

Thus jo > 6, j1 > 3, j» > 2,and j3 > j4s > 1, and deg(g(x)) > 13, which is a
contradiction.

(4) Suppose that dyy (C) = 6. Then d,(C) < 12.

If t = 1,thendy (C1) > 3 and g (x) has at least two factors: x — 1 and x — ¢, this means
jo>2and j; > 2.

If t = 2, then di7 (C3) > 2 and g»(x) at least one factor: x — 1, this means jy > 3.

If t = 3 and ¢ = 4, then either g3(x) or g4(x) has at least one factor: x — 1, this means
Jo=5.

Thus jo > 5, j1 = 2,and j» > j3 > js > 1. Then

gx) = (x — 1Mo (x — )i (x — )i (v — )T (x — ¢!,

where for 0 < i < 4, j/ is a positive integer, and deg(g(x)) = 10 + Z?:o Ji-
By (3.3), we have

4
dp(€) =10+ j/+2 <12,

i=0
it can only have
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Hence if C = (g(x)) € S and C is an MDS symbol-pair code, then there is a unique
possible code as follows: dg (C) = 6 and
g0) = =D’ = O’ = ¢ x — e — ¢,
This is completed the proof. O

Next, we shall verify that the code in Theorem 3.1 is just MDS symbol-pair with dy (C) =
6.
Suppose that c¢(x) is a nonzero code polynomial of C = (g(x)) € S. Then g(x)|c(x) and
c(x) can be written as the form c(x) = Z?:o x' Vi (x?), for convenience, we write
c(x) = Vo), Vi), Va(r), V3(x), Va(x)),

where V;(x7) is a polynomial of x. Let N; = |supp(Vi(x))],0 < i < 4, where each
supp(V; (x°) is in Definition 2.2.

Byc(l) =ci) =--- = c(§4) = 0, we obtain a system of 5 equations over [, as
follows:

@)% @) @t Vo)
@heht..oeh? Vi)
. : . . =0. (CX)
@HhHt L @hHt) v
It is easy to check that the coefficient matrix of (3.4) is nonsingular. Then

Vo() =Vi(l) = --- = V4(1) =0,

itis implied that (x> = 1D)|Vi(x>) foreach 0 < i < 4. Suppose that Vi(xd) = 27:0 aj (xS)j,
it follows from V;(1) = O that a9 = —(a; + ... + ay).

Theorem 3.2 Let g(x) be defined as (3.2) and C = (g(x)). Then C is an MDS symbol-pair
codes with dy (C) = 6.

Now we give some lemmas to prove Theorem 3.2.
Lemma3.3 Ifwg(c(x)) = 6, then wy(c(x)) = 12.
Proof We divide into three cases to investigate w, (c(x)) with wy (c(x)) = 6.

Case 1: If c(x) = (Vi(x?), Vj(xs)) with (N;,N;) = 4,2)and 0 < i < j < 4.
Since wy (x'V;(x°)) = wgy(V;(x>)), without loss of generality, we consider c(x) =
(Vo(x®), Vi(x>)) with 1 <k < 4.

Suppose that k € {2, 3}. Then L = 6 and w),(c(x)) = 12.

Suppose that k = 1. Let Vo(x%) = ag + a1x> + axox>? + azx™3 with 1 < rj <1 <
r3 < pand Vi(x%) = by (x* — 1), 1 < r4 < p. Then

c(x) = ag + a1x>" + ayx™? 4 a3x™3 + x(=by 4+ byx*)
=ay —bix +a;x> + arx " + azx>3 + b € F;[x].
The first, the second and the third formal derivative of c(x) respectively gives
D (x) = by 4+ 5r1a1x”" 7 + 5rax°2 7! + 5r3a3x73 7!
+(5r4 + Dbx™,
P (x) = 5r1(5r1 — Darx™ 2 + 5r2(5r2 — Dayx™2 72
+5r3(5r3 — Darx™ 72 + 5(5r4 + Drabix> 71,
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and

¢ (x) = 5r1(5r1 — DGy — 2)arx™ 7 + 525 — D(5r2 — ayx™? 73
+5r3(5r3 — 1)(5r3 — 2)a1x”3 73 4+ 5(5r4 + 1)(5rg — Drabix™ 72,

Since (x —1)3 and (x —¢)? are divisors of ¢(x), it follows from ¢V (1) = ¢V (z) = P (1) =
¢ (1) = 0, note that ag = — (a1 + a» + a3), that

B(ay,az, a3, b)) " =0, (3.5)
where B = (B, B2, B3, By),and for 1 <i <3,

ri
B — ri¢”! (3.6)
T ri(5r; — 1) '

ri(5ri — 1)(5r; — 2)

and
r4

Ba=| L5n+D |’ 3.7

ra(25r — 1)
We make some elementary transformations:

1 0 0 0
B~ 0 0 0 1
05(rp —r1) 5(r3 —r1) Sra+1 1"

0 0 25(r3 — r2)(r3 —ry) A

where A = (5r4 + 1)(Sr4 — 5r; — 5rp +2). Since 1 < r; < rp < r3 < p, we can verfy
that the matrix B is nonsingular, thus a; = a» = a3 = by = 0, which contradicts with that
bl,aj €F;,0§j§3.

Suppose that k = 4, that is

c(x) = ag — bix* + a1 x> + apx > 4+ azx> + b7t e IF"’I;[x],

similarly, by ¢(1) = 0 and ¢(V(1) = ¢V () = @ (1) = ¢P (1) = 0, then we derive a
contradiction.
Hence if ¢(x) = (V;(x%), V;(x%)) with (N;, N;) = (4,2), then w,(c(x)) = 12.

Case 2: If c(x) = (Vo(x°), Vi(x>)), 1 < k < 4, with (Ng, Ni) = (3, 3).
Let Vo(x%) = ag + a1x> + apx®2 with 1 <rj < < p and Vie(xd) = by + b1 x> +
byx>* with 1 < r3 < r4 < p, where ag = —ay — a and by = —by — b>. Then

c(x) = ag + a1x>" + axx™? 4 xF (b + b1 x> 4 byx')
= ag + box* + a1 x> + ap x> 4+ b3 4 byt ¢ F’;[x].

It is obvious that if k € {2, 3}, then L = 6 and w,(c(x)) = 12.
Suppose that k = 1. Then

c(x) = —(a1 +a2) — (b 4+ b)x + arx™ + apx>? + by x>t 4 byl
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1880 F.Li

by cV(1) = V(@) =@ (1) = ¢®(1) = 0, we have
ai
a |
by | — 0.
by

(B1, B2, B3, By)

where B|, By, By are defined as (3.6), (3.7) and Bé is given by changing r4 into r3 in B4. Note
that1 <r; < rpand1 < r3 < rq, wecan obtain that the determinantof B = (Bj, By, Bg, By)
is not equal to 0. Hence k = 1 is impossible.

Suppose that k = 4, then

c(x) = —(a1 +az) — (b1 + b)x* + a1 x> + arx™? + by 4 by,
similar to the argument with k = 1, we know that k = 4 is also impossible.

Case 3: If c(x) = (Vo(x7), V;(x7), V;(x%)) with (No, N;, Nj) = (2,2,2)and | <i <
j<4
Let Vo(x°) = a1 (x> — 1), V;(x°) = ax(x¥? — 1), and V;(x°) = a3(x¥3 — 1). Then

c(x) = a1 (" = 1) +xlar(x™? — 1) + xlaz(x — 1)
= —a; —ax’ —az3x! + a1 x> + apx > 4 a3 € IFZ[x].
Note that 1 <i < j <4, then
@ ) €e{(1,2),(1,3),(1,4),(2,3), (2,4, 3,4}
The first and the second formal derivative of c¢(x) respectively gives
V() = —iax™' — jazx’ =+ 5r1a1 x> 7 4 (5 + Dagx>2 !
+(5r3 + asx™ 3
and
cP(x) = —i(i — Daxx'"% = j(j — Dazx! =2 + 5r1(5r1 — Dajx>172
+(5r2 + i) (512 + i — Daxx™ ™72 4+ (5r3 4 j)(5r3 + j — Dazx™3 72,

(1) Suppose that (i, j) = (1,2). Since (x — 1)° and (x — ¢)? are divisors of ¢(x),
D) = W) =@ (1) = 0. Then

ay
(B1,B2,B3) | a2 | =0, (3.8)
as
where
r p) r3
By = rig! s By = r B3 = r3¢ . (3.9
ri(5ry — 1) r2(5ry + 1) r3(5r3 + 3)
We make some elementary transformations:
1 0 0
(Bi,By,By) ~ |0 1-¢7! ¢—¢!

05(rp —r1)+25(3—r1) +4
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Cyclic codes of length 5p with MDS symbol-pair 1881
Note that 1 < r, 2, r3 < p are positive integers, we conclude that
1—¢! c—¢!
5(m—r)+25063—r)+4
=5r3—5r1 +4— (52— 571 +2)¢ + (5r2 = 5r3 = 2)¢ 1 #0.
The solution of Eq. (3.8) has only zero, which is a contradiction.
(2) Suppose that (i, j) = (1,3). By ¢V (1) = ¢V (z) = ¢P (1) = 0, then
ap
(B1, B2, By) | a2 | =0, (3.10)
as
where By, B; are defined as (3.9) and
r3
B = 3?2 (3.11)
r3(5r3 +5)
(3) Suppose that (i, j) = (1,4). By ¢V (1) = ¢V (z) = P (1) = 0, then
ai
(B1, B2, Bg) | a2 | =0, (3.12)
as
where B, B; are defined as (3.9) and
r3
By = r3e3 (3.13)
r3(5r3 +7)
(4) Suppose that (i, j) = (2,3). By cP (1) = ¢ (z) = ¢@ (1) = 0, then
ai
(B1, B, By) | a2 | =0, (3.14)
as
where B, Bg is defined as (3.9), (3.11), respectively, and
)
Bé = e (3.15)
r2(5r + 3)
(5) Suppose that (i, j) = (2,4). By ¢V (1) = ¢V (z) = ¢P (1) = 0, then
ai
(B1, By, By) | a2 | =0, (3.16)
as
where By, Bé, and By is defined as (3.9), (3.15), and (3.13), respectively.
(6) Suppose that (i, j) = (3,4). By ¢V (1) = ¢V (z) = ¢@ (1) = 0, then
a
(Bi,By,By) | ax | =0, 3.17)
as
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1882 F.Li

where By and By is defined as (3.9) and (3.13), respectively, B} is replaced r3 by 5 in B}
defined as (3.11).

Similar to the case i = 1 and j = 2, the solutions of (3.10), (3.12), (3.14), (3.16) and
(3.17) are zero, which are contradictions.

Hence if wy (c(x)) = 6, then w,(c(x)) = 12. ]

Lemma3.4 Ifwg(c(x)) =7, then wy(c(x)) > 12.

Proof We divide into three cases to investigate w, (c(x)) with wy (c(x)) = 7.

Case 1: If c(x) = (Vo(x7), Vi(x3)), 1 <k < 4, with (Ng, N) = (4, 3).
Let Vo(x3) = ag + a1 + arx™? + azx™3 with 1 < rf <r <13 < p and Vi (x) =
bo + b1x>* + byx's with 1 < r4 < rs < p. Then
c(x) = ap + a1 x> + axx>? + azx>? + x¥(bo + b1 x> + byx ')
= ag + box* + a1 x> + apx>? + azx> + by 4 st ¢ F;[x].

It is obvious that if k£ € {2, 3}, then L = 7 and w) (c(x)) = 14.
Suppose that k = 1. Then

c(x) = ag + box + a1 x> + arx>? 4+ a3x> + b x> 4 byx Vst

then w,(c(x)) > 12 except (r4, r5) € {(r1,72), (r1,73), (r2, r3)}. Without loss of generality,
we assume that 4 = r{ and rs = rp. That is

c(x) = ag + box + a; x> + bix " 4 aox2 4 byx™2 ! 4 a3,

in this case L = 4 and w(c(x)) = 11. But, this is impossible. The details are the below.
The i-th 1 <i < 4, formal derivative of c(x) respectively gives

V() = b+ 5r1a1x>" ™! + 5ra,x°7 71 4 5r3a3x73 7]
+(5r1 + Db1x™ 4 (5r2 + Dbyx™2,

P (x) = 5r1(5r1 — Darx™ 72 + 5r5(5r2 — Dayx™27% + 5r3(5r3 — Dayx™ 72
+5(5r1 + Dribix™ = 455, + Drabyx ™71,

D) = 5r1(5r1 — 1)(5r1 — 2)arx™ 7 + 5r3(5r2 — 1)(5r2 — 2)a1 x> 73
+5r3(5r3 — 1)(5r3 — 2)a1x™3 73 + 5(5r1 + 1)(5r1 — Drib1x>172
+5(5r2 + 1)(5r2 — Drabyx™ 72,

and
“4) _ 5r1—4 5ry—4
cV(x) = 5r1(5r; — 1)(5r1 —2)(5r1 — 3)a1x + 5r2(5ry — 1)(5r2 — 2)(5rp — 3)ajx

+5r3(5r3 — 1)(5r3 — 2)(5r3 — 3a1x>3~* + 5571 + D(5r1 — D(Gr1 — 2)rbix>1 3
+5(5r2 4+ 1)(5r2 — 1)(5r2 — 2)rabpx 273,
Since (x —1)3 and (x —¢)? are divisors of ¢(x), it follows from ¢V (1) = ¢V (z) = @ (1) =
(1) = ¢® (1) = 0, note that ag = —(a; + a» + a3) and bg = —(by + by), that

B
<ﬁ a‘;) (a1, a2, a3, b1, by) " =0, (3.18)

where B is defined as (35), o = (rz, r, r2(5r2+ 1), r2(25r22 — 1))T, ﬂ = (r1(5r1 — 1)(5r1 —
2)(5r1—=3), r2(5r2—1)(5r,—2)(5r2—3), r3(5r3—1)(5r3—2) (5r3—3), 11 (25r12— 1)(5r1—2)),
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and as; = r2(25r22 — 1)(5rp — 2). By make some elementary transformations, note that
1<ri<rm<ri<pandl <rq4 <rs < p, we can check that the matrix <§ a(;) is
nonsingular, hence the solution of (3.18) is zero, which is a contradiction.
Suppose that k = 4. Then
c(x) = ag + box* + a1 x> + arx 2 4+ a3 + x4 4 byt

then w ), (c(x)) > 12 except r; = 1 and (r4,r5) = (r2 — 1,73 — 1). That is

S5r—1

c(x) = ag + box* + a1x® + bix + apx™? + byx3 ! 4 a3x3,

using arguments similar to the above, D)y =cW) = DD =D =) =0,
we derive a contradiction.

Hence if c(x) = (Vo(x3), Vi(x7)), 1 < k < 4 with (No, Nx) = (4, 3), then wp(c(x)) >
12.

Case 2: If c(x) = (Vo(x7), Vi(x)), 1 < k < 4, with (Np, Ni) = (5, 2). It is easy to see
that L > 5 and wy(c(x)) > 12.

Case 3: If c(x) = (Vo(x°), V;(x%), V;(x*)) with (No, Ni, Nj) = (2,2,3)and | <i <
j=4

Let Vo(x3) = a1 (x> — 1), Vi(x®) = ap (x> — 1), and V; (x°) = by + b1x™"3 + byx'4,
where 1 <r3 <rs < p. Then

c(x) = a1 (x> = 1)+ x'ar (x> — 1) + x7 (bg + b1x7"? + byx™™)
= —a; —arx’ + box’ + a1x>" + apx 2 4 by 4 byxt € F;[x].
Note that 1 <i < j <4, itis easy to check that w,(c(x)) > 12 except
(i, ) €{(1,2),(1,4), 3, H}.

In the following, we discuss the subcases: (1)i = 1l and j = 2;(2)i = 1 and j = 4; (3)

i=3and j =4.
The first, the second, and the third formal derivative of c¢(x) respectively gives

W) = —iapx'~! + jbox/~! +5ra1x" " 4 (5ry 4 DapxO2 !
+5r3 + b1 T (Sry 4 by T
@ (x) = —i(i — Daxx'"2 4+ j(j — Dbox? ™2 4 5r1 (571 — Dayx>1 72
+5ry + )5y + i — Daox™2 12 4 (5r3 + ))(5r3 + j — Dbyx™3 2
+(5rg + )(Bra + j — Dbpx 472,
@) = =i = DG = Darx' 3+ j(j — D — Dbox? > +5r15r1 = D(5r — 2)aix> 73
+(Sra +i)(Sra +i = 1)(5ry + i — 2)apx>2 T3
+Grs+ j)Gra4+ j — DGr3 + j — )b a3 73
+(5ra+ )Gra+j — D(Sra+ j — 2)bpx™ 73,
(1) Suppose that (i, j) = (1,2). Since (x — 1)° and (x — ;)2 are divisors of c(x),
D) =cV@)=c@A) =P (1) = 0. Then

(B1, Bz, B3, By) =0, (3.19)
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where
rl &)
rig! r
B = B = .2
! (G5 — 1) B ra(5r2 + 1) ’ (3.20)
ri(5ry — 1)(5r1 —2) ry(5rp + 1)(5rp — 1)
and
r3 ry4
r3¢ ra
B = B = . .21
. r3(5r3 +3) » P ra(5rs +3) @3:21)
r3(5r3 +2)(5r3 + 1) ra(5ra +2)(Sra + 1)

Note that r1, r2, r3 < r4 < p are positive integers and ¢ is a primitive 5-th root of unity in
[}, by making some elementary transformations, we obtain (By, Bz, B3, By) is nonsingular.
The solution of Eq. (3.19) has only zero, which is a contradiction.

(2) Suppose that (i, j) = (1,4). By ¢V (1) = ¢V (¢) = @ (1) = ¢ (1) = 0, then

ai

/ ’ a
(Bla BZ7 B37 B4) bl = O, (3.22)

by

where By, B; are defined as (3.20) and
r3 r4
I r3§3 ;o 7’453
By = r3(5r3 +7) +Bi= ra(Sra +7) -(3.23)
r3((5r3 +5)(5r3 +4) + 6) r4((5r4 + 5)(5r4 + 4) + 6)

(3) Suppose that (i, j) = (3,4). By cP (1) = ¢V (z) = ¢@ (1) = ¢ (1) = 0, then

ai
I pl opl az
1

by
where B and Bj, B is defined as (3.20) and (3.23), respectively, and

r
r¢?
r(5ry +5)
r2((5r2 + 1)(S5r2 +5) +6)

B =

Similar to the case i = 1 and j = 2, the solutions of (3.22) and (3.24) have zero, a
contradiction.
Hence if wg (c(x)) =7, then wy(c(x)) > 12. ]

Lemma3.5 Ifwy(c(x)) =8, then wy(c(x)) > 12.
Proof If w(c(x)) = 8. Suppose that c(x) = (Vo(x°), Vi(x>)), 1 < k < 4, with (Ng, Ny) €

{(2,6), (3,5), (4,4)}. Then w)(c(x)) > 12. We only need to consider the following two
cases.
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Case 1: If c(x) = (Vo(x7), V;(x%), V;(x%)) with (No, N;, Nj) = (3,3,2)and | <i <
Jj <4

Let Vo(x7) = ag+a1x°" +arx>2 with1 <rj <rp < D, Vi(x%) = bo+ b1 x> 4+ byx>'
with1 <73 <r4 < p,and V;(x%) = b3(x>5 —1), where ag = —aj —az and by = —by —bs.
Then

c(x) = ap + a1x”" + axx " 4 x'(bo + b1x>" + box>*) + x7 b3 (x5 — 1)
= ag + box' — byx! + a x> 4 bix 3 4 b3x 3 o aa x4 byx ¥4 € ]F;[x].

Note that 1 <i < j <4, then
@ j)e{d,2),(1,3),(1,4),(2,3),2,4), 3, 4)}.

We can quickly check that dj, (c(x)) > 12 except (i, j) € {(1,2), (1,4)}.

(1) Suppose that (i, j) = (1,2). We can now see that if i = r3 and ro = ry, then
wp(c(x)) = 8 + 3 = 11; otherwise, wy(c(x)) > 12. Without loss of generality, we assume
thatry =r3 =1and r» =rq4 = 2. Then

c(x) = ap + box — b3x2 + a1x5 + b1x6 +b3x7 +a2x10 + bzx11 S ]F;[x].

By cV(1) = cM(@) = cP1) = 1) = c® (1) = 0, note that ag = —(a; + a») and
bg = — (b1 + by), we have

1 21 2 1 ap
2t 2 ¢ ||
9 311 4 by | =0,

2
2 24 433 7 by
2 126 9 198 21 b3

it is easy to verify the solution of the above equation is zero, which is a contradiction.

(2) Suppose that (i, j) = (1,4). We can easily observe that w,(c(x)) > 12 except the
case rf = r3 = 1 and rp = rq4 = 2. In a similar way, by V(1) = ¢V (¢) = P () =
(1) = ¢® (1) = 0, this is also a contradiction.

Case 2: If c(x) = (Vo(x3), Vi (x°), V; (x3), Vi(x3)) with (No, Ni, Nj, Ny) = (2,2,2,2)
and1 <i < j<k<4.

Let Vo(x%) = aj (x> — 1), Vi(x) = ax(x¥2 — 1), V; (x7) = a3 (x> — 1), and Vi (x°) =
as(x>™ — 1). Then

c) = a1 = 1) +ax (2 = 1) + asx! (7 = 1) + agx* (7 - 1)
= —a; —ax' —azx! — agx® + a1 x> + apxO Tt 4 azx 3t 4 agx k.
(3.25)
Notethat 1 <i < j <k < 4. Then
G, j, k) e{d,2,4),1,3,4),2,3,4),1,2,3)}.

(1) Suppose that (i, j, k) = (1,2, 4). It follows from (3.25) that w, (c(x)) > 12 except
rn=ry=r3=1.
If@,j,k)=(1,2,4)andr; =rp, =r3 =1, then

2

c(x) = —a; — apx — azx? — asx* + a1 x> 4+ apx® + azx’ + aax " € F;‘,[x].
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By V(1) = cW(z) = @ (1) = ¢ (1) = 0, we have

1 11 r4 ay
ol B SENTe al_,
4 6 8 rqy(Sra+17) a3 | 7
122442 g as

where u = r4((Srq4 + 4)(5r4 + 5) + 6). The solution of the above equation has only zero,
which is a contradiction.

(2) Suppose that (i, j, k) = (1, 3, 4). It follows from (3.25) that w, (c(x)) > 12 except
rir=r=1landrs =rqs < p.

If (@i, j, k) =(1, 3, 4), ri1 =rp =1, and r3 = r4, then

c(x) = —a; —apx — azx> — asx* + a1 x> + apx® + azx>3 3 4 a3t € ]F;[x].

A similar argument to the above, by D) = c(l)({) =c?@1) =B (1) =0, we conclude
that if (i, j, k) = (1,3,4) andr; = rp = 1 and r3 = r4 < p is impossible.

(3) Suppose that (i, j, k) = (2, 3, 4). It follows from (3.25) that w, (c(x)) > 12 except
rir=landr =r3=r4 < p.

If (i, j, k) =(2,3,4),r1 = 1,and r, = r3 = r4, then

c(x) = —a; — arx® — azx> — agx* + a1x° + a2t 4 apxd2 3 4o gu0 T € F’;[x].

A similar argument to the above, by D) =cW) = @) = ¢D(1) = 0, we know
thatif (i, j, k) = (2,3,4) and r; = 1 and r, = r3 = r4 is impossible.

(4) Suppose that (i, j, k) = (1,2, 3). It follows from (3.25) that w, (c(x)) > 12 except
rN=rp=1r3<porr =r3=r4 < porry =ry < p,r3 =rq < p.But the three cases
are not happen.

Hence if wg (c(x)) = 8 then w) (c(x)) > 12. ]

Now we are ready to complete the proof of Theorem 3.2.

Proof From Lemmas 3.3,3.4,3.5, we know that for0 # c(x) € C,if6 < wgy(c(x)) < 8,then
wp(c(x)) > 12. Furthermore, if wg (c(x)) > 9, then by (2.1), it is easy to verify that no such
codeword c(x) in C exists such that w,(c(x)) < 12. Hence we conclude that d,,(C) = 12.
Therefore, if g(x) = (x — ) (x — 2)%(x — ) (x — ) (x — %), then C = (g(x)) is a
(5p, 12) MDS symbol-pair code. This completes the proof of Theorem 3.2. O

Example3.6 Letp = 11and g(x) = (x —1)°(x —3)?(x —9) (x —5)(x —4). Then C = (g(x))
is a [55, 45, 6] cyclic code. By Theorem 3.2, its minimum symbol-pair distance is 12. The
code C is an MDS symbol-pair code.

Example 3.7 Let p = 3land g(x) = (x—1)°(x—4)2(x —16)(x —2)(x—8). ThenC = (g(x))
is a [155, 45, 6] cyclic code. By Theorem 3.2, its minimum symbol-pair distance is 12. The
code C is an MDS symbol-pair code.

Suppose that 3|(p — 1). Let
S ={C=(g(x):g(x) = (x — DP(x — ) (x — P2, p>jo>j1 = o> 1}

be a set of nontrivial cyclic codes of length 3p over FF;,, where w is a primitive 3-th root of
unity in IF;,. From the proof of Theorem 3.1 and the results in [15], we have the following
results.
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Theorem 3.8 LetC = (g(x)) € §' and dy (C) = 5. Then there is a unique MDS symbol-pair
code of length 3p over I, as follows:

g) = (x — D*(x — )’ (x — 0.

Let C = (g(x)) € S" and dy(C) = 6. Then there is a unique MDS symbol-pair code of
length 3p over IF, as follows:

gx) = (x — D>(x — )’ (x — 0?)?.
Furthermore, by the proof of Theorem 3.1, we know the following results.

Proposition3.9 (1) IfC = (g(x)) € S,du(C) = 8, and C is an MDS symbol-pair code of
length 5p over IF,. Then there is a unique possible code as follows:

g =@ —-DTx =03 —H = — ¢,

Q) IfC = (gx)) € §',dy(C) =7, and C is an MDS symbol-pair code of length 3 p over
IF),. Then there is a unique possible code as follows:

g0) = (x — DO(x — ) (x — 0?3

Question 3.10 In Proposition 3.9, are two codes MDS symbol-pair codes?

4 Concluding remarks

Let p be a prime and 5|(p — 1). Let S be a set of all repeated-root cyclic codes C = (g(x)),
(x> —1g(x), of length 5p over a field field IF,. In this paper, we provided a method to find
MDS symbol-pair codes in § whose Hamming distance is 6. By the method we can easily
obtain the results in [15] and new MDS symbol-pair codes of length £p over I ,, where £ is
a positive integer with £|(p — 1) and xt = 1)]gx).
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