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Abstract

In this paper we first provide two new constructions for Cayley sum graphs, namely, norm-
coset graphs and trace-coset graphs, and determine their second largest eigenvalues using
Gaussian sums. Next, a connection between Cayley sum graphs and complex codebooks is
established. Based on this, infinite families of asymptotically optimal complex codebooks are
explicitly constructed. The derived Cayley sum graphs and codebooks either include some
known constructions as special cases or provide flexible new parameters.
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1 Introduction

The Cayley sum graph, also known as the addition Cayley graph, is a variant of the well-
studied Cayley graph, see [1, 10, 21] for example.

Let I' = (V(I'), E(I")) be a graph with n vertices which might contain loops, i.e., edges
that connect a vertex to itself. We say I is K-regular if every vertex is incident to exactly
K edges, where each loop is counted only once. The adjacency matrix of I', denoted by
A(TI'), is a square matrix whose columns and rows are indexed by vertices of I" such that
the (u, v)-entry is equal to the number of edges incident to # and v. Eigenvalues of A(I")
are called eigenvalues of I" as well. It is readily seen that A(/") is a symmetric real matrix
and thus all eigenvalues of I” are real numbers. By the Perron-Frobenius theorem, it can be
proved that if I" is a K-regular graph, then all eigenvalue of I" are in the interval [—K, K]
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and the largest eigenvalue is exactly K, which is also called the trivial eigenvalue of I". For
notation convenience, let K = A; > A» > -.- > X, > —K denote all the eigenvalues of I"
and let

M) := max |A;]
2<i<n

denote the second largest eigenvalue (in absolute value) of I". In what follows, I" is always
assumed to be a regular graph.

Here we would like to mention that the value A(I") can be seen as a measure of “random-
ness” of I" in graph theory. Indeed, if A(I") is relatively smaller than the largest eigenvalue
of I, then I" has various properties as those of Erdés-Rényi random graphs, which is a
consequence of the well-known expander-mixing lemma. This is a fundamental fact in the
theory of pseudo-random graphs. For further details of pseudo-random graphs, see a survey
paper [26]. On the other hand, if A(I") is relatively smaller than the largest eigenvalue of I,
then accordingly the Cheeger constant of I is large, implying that I” is highly-connected.
To be precise, the Cheeger constant h(I") of I is defined as

[0S]
min ——,
scv) |S|
0<ISI<5

h(I") =

where 05 denotes the set of edges such that one vertex of the edge lies in S and another
vertex in V(I') \ S. A relationship between Cheeger constant and the eigenvalue A(I") is
established by the following Cheeger inequality (see e.g. [24, Theorem 2.4]).

() > w
- ) .

ey
This is a significant attribution of expander graphs and has wide applications in coding
theory [45]; cryptography [55]; communication networks [5]; and more. For more details on
expander graphs, see e.g. [24].

Constructing regular graphs with small nontrivial eigenvalues (in absolute value) is one
of the central issues in the study of pseudo-random graphs and expander graphs. It typi-
cally provides important examples (or counterexamples) to various problems in graph theory
and combinatorics [2, 3, 22, 27, 37]. In fact, the Cayley sum graph is a good candidate of
generically constructing such desired regular graphs.

Definition 1 (Cayley sum graphs) Let (G, @) be an abelian group and D € G. Then the
Cayley sum graph CayS(G, D) is a graph with vertex set G such that two vertices x, y are
adjacentif and only if x @ y € D.

Here we would like to follow the terminology Cayley “sum” graphs as in the literature (see
e.g. [6]). However, as we mentioned before, the operation @ could be specifically expressed
as addition “+”, multiplication “.”, or their combinations.

In this paper, we provide two new constructions for Cayley sum graphs, namely norm-coset
graphs and trace-coset graphs, and determine their second largest eigenvalues using the eval-
uation of the modulus of Gaussian sums. It is also shown that the new constructions include
some existing graphs (e.g. projective norm graph in [3]) as special cases. Furthermore we
establish a connection between Cayley sum graphs and the maximum cross-correlation ampli-
tude of complex codebooks. Based on the newly constructed graphs and newly established
connection, infinite families of complex codebooks are derived. The resulted codebooks have
flexible new parameters (see Table 1) and asymptotically achieve the Welch bound or Lev-
enshtein bound accordingly. In addition, the alphabet size of these codebooks is rather small.
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Table 1 The parameters of codebooks, where ¢ is a power of a prime p

Reference (N, K) Imax Alphabet size
[40, 52] (N, N) 0 N
[40, 52] (N,N - 1) T N-1
[58] (qlfql_lfl,ql_l)forl>2 q’%l ql+l
ki (1yk S
[23] ((q—l)k+m,m)wheren1:w,k>2 A g+1
vk k=1 k=1

[23] (g —DF+¢* 1 gFDfork >2,q >4 ke 4t

t t—1 =l
Construction 5 (£ _3 +q¢" 1= 1,47 = 1) wheret > 1, v|(g — 1) q?,lz_l P%l"‘z
Construction 6 (22 + ¢'~! —1,4'"~! — 1) where r > 1, ulg e @™ =D +2

Moreover, by virtue of a number-theoretic result, we show that the provided constructions
(as well as many existing constructions) can produce asymptotically optimal codebooks with
almost all possible length.

The remainder of this paper is organized as follows. In Sect. 2, we present preliminary
notations and results in finite fields. Sections 3 and 4 are devoted to explicitly constructing
Cayley sum graphs and estimating their second largest eigenvalues. In Sect. 5, a relationship
between complex codebooks and Cayley sum graphs is establish. Asymptotically optimal
complex codebooks and some discussions are provided in Sect. 6. Finally this paper is
concluded in Sect. 7.

2 Preliminaries

In this section we recall some mathematical foundations which are useful in the subsequent
statements.

Let (G, @) be an abelian group of order |G| suchthata @ b = b @ a forany a, b € G.
We also simply use G rather than (G, @) to denote a group if the operation @ is clear or
not necessarily claimed. A character x on G is a group homomorphism from G to the
multiplicative group of the complex field C* such that Va, b € G, we have x(a ® b) =
x(@)x(b) and |x (a)| = 1. For every a € G, let ©a denote the inverse element of a in G
and thus a @ b = c is equivalent to a = ¢ © b. Moreover we have x(©a) = x(a) for
each character x. If a character x such that for any a € G, x(a) = 1, then x is called the
principal character of G and denoted by x¢. The set of all characters of G forms an abelian
group, called the character group of G and denoted by G. The inverse of X in G is X where
x(g) == x(g) for all g € G. It is well-known that |5| = |G]|. The reader is also referred
to [4] for more details of group theory. We remark that in the sequel the operation & could
specifically be addition “+", multiplication “-", or their combinations in the corresponding
settings.

Let F, denote the finite field with g elements, where ¢ is a prime power. Let IF;‘ and g

be the additive and multiplicative group of Fy respectively, where Fy = Fg\{0} = { g :0<
i < g — 2}isacyclic group of order ¢ — 1 and g is called a primitive element of F,. For
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t > 1, let Fyr denote an extension field of I, which has the same structure as a linear space
over IF;, of dimension ¢. Let Tryi /g be the trace function from qu to IF, defined as

Tryi /g () i=x +x9 44 x4

for any x € Fg:. This is a linear mapping from Fy to Fy, that is, for any x, y € F, and
a € Fy, we have Tryr /, (x) € Fy, Tryr g (x +y) = Trge /g (x) + Trye 1y (v) and Trye g (ax) =
aTryi /4 (x). Let Nryi ), denote the norm function from F: to F; such that

o AHgtg g
Nrgijq(x) = x 7974 q

for any x € . This is a group homomorphism from IFZ, to Iy, that is, for any x, y € IF;,,
we have Nrgr/, (x) € F; and Nrgr/, (xy) = Nrgr /4 (x)Nry: 4 (v). Notice that both Tr,/, and
Nr,: /4 are surjective.

Definition 2 (1) An additive character  of F, is a homomorphism from IF;I" to C* such
that ¥ (x + y) = ¥ (x)¥(y) for any x, y € F;. Denote the set of all additive characters
of F, as I[::;;F.

(2) A multiplicative character x of F; is a homomorphism from IF;; to C* such that x (xy):
x(x)x (y) for any x, y € Fy. Denote the set of all multiplicative characters of Fy as [F}.

In addition, if ¥ (x) = 1 (resp. x(x) = 1) for all x € F,, then we call it the principal
additive (resp. multiplicative) character of I, denoted by vy (resp. xo). More generally,
suppose that g = p* where p is a prime and s > 1 is an integer. Let £, denote a primitive nth

complex root of unity and g denote a primitive element of IF;. Then we have Fi = (Y, (x) =
“ . a eFy)and F = (p(¢") = £, : 0 < b < g —2). Clearly, [Fj | = |F| = ¢
and |IFZ| = |IFZ| =q—1.

Tr,s
r*/p
9%

Definition 3 Let ¢ € IE,‘;F and x € I/Fg. Then the Gaussian sum G, (v, x) is defined as
Go (W, ) = ) Y )x(x). 2
xe]FZ
Lemma 1 [33]

(a) If Y and x are principal, then G, (Y, x) =q — L.

(b) If ¥ is principal and x is non-principal, then G, (¥, x) = 0.
(¢c) If ¥ is non-principal and x is principal, then G4 (¥, x) = —1.
(d) If¥r and yx are non-principal, then |G, (¥, x)| = /4.

2.1 The second largest eigenvalue of Cayley sum graphs

From Definition 1, it is readily seen that CayS(G, D) is |D|-regular and each vertex is
involved in at most one loop. The following lemma, which is well known in graph theory
(e.g. [1, 6, 29]), shows that A(CayS(G, D)) could be expressed by character sums over G.
We provide a complete proof of this result below for the reader’s convenience.

Lemma2 Let (G, ®) be an abelian group of order n and D € G. Then

A(CayS(G, D)) = max |[x(D)|. 3)
x€G\{xo}
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Proof We first claim that each eigenvalue of CayS(G, D) can be expressed by a charac-
ter sum. Let A = A(CayS(G, D)) be the adjacency matrix of CayS(G, D) and for each
character y € G letv, = (x (g)T_ .. Then we have

geG”
T 0 T
Avy = (Z x(de g)) = (Z x(d)x(g)> = (Z x(d))ﬁ = x(D)Vy; (4)
deD geG deD geG deD

__\T
where v, = ( X (g)) . Similarly,
geG

AV, = (Z m)vx = x(D)vy. ©)

deD
Now we obtain

A%y, = Atavy) L oyavy 2 [x D)y,
which means that |x (D)|? is an eigenvalue of A? and v, is an eigenvector with respect to
| X(D)|2. Notice that AZ is symmetric and the set of vectors {v,} yeG forms an orthogonal
basis of C". This implies that the multiset {|x (D)|> : x € 6} comprises all eigenvalues of
A?. Equivalently, every eigenvalue of A (in absolute value) could be expressed in the form of
|x (D)]. Also notice that xo(D) = |D| corresponds to the largest eigenvalue, then the lemma
follows. O

As a consequence of the proof of Lemma 2 we can obtain the whole spectrum of
CayS(G, D) (see also [29, Propositions 1 and 2]).

Corollary 1 Let I} = {x € G: x(D) = 0}, I, = (G \ {xo}) \ I1. Then the multiset of all
eigenvalues of CayS(G, D) are

{xo(D)} U {x (D) =0: x € h} U{x[x(D)|: x € 2}.

Here for x € I, eigenvectors corresponding to x(D) are vy and Vy, and for x € D,
eigenvectors corresponding to | x (D)| are u = [x(D)|vy £ x(D)V, respectively.

Remark 1 To enumerate all eigenvalues with multiplicity, we shall enumerate characters
consisting of (1) xo, (2) x with x(D) = 0, (3) x such that x =, (4) one of {x, x} with
X # X. In fact, when I, contains a character x with x = %, then x (D) is a non-zero real
number and only one of {|x (D)|, —|x (D)|} can be an eigenvalue since if x (D) > 0 (resp.
x (D) < 0) then —|x(D)| (resp. |x (D)]) cannot be an eigenvalue since the corresponding
eigenvector is 0. Also if x # X then uf and u% are in fact linearly dependent since

uh = [x(D)lvy + x(D)¥x = X (D)¥y + x(D)vy = 'XED;' +
uz = [XD)vy — X (DWs = x(D)f¥y — x(Dyvy = — XN
’ x(D) "

3 Norm-coset graphs

In this section, we present our first construction of Cayley sum graphs, namely, norm-coset
graphs, and investigate their second largest eigenvalues.
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1320 S. Satake, Y. Gu

First we define norm-coset graphs and then prove that they are Cayley sum graphs. For
notations, we will use the capital letter to denote an element in the extension field (i.e.
Y € F 1) in order to distinguish it with the lowercase letter denoting x € Fy.

Definition 4 Let ¢ be a prime power and ¢+ > 2 be an integer. Let v be a divisor of ¢ — 1
and H* be a subgroup of order v of the multiplicative group Fy. Then the norm-coset graph

NFqXU .y~ 1s a graph with vertex set (s / H ™) xIF;'H ={x,Y):XeF;/H*,Y € F' .}
such that two vertices (X7, Y1), (X2, Y») are adjacent if and only if quH/q Y1+ 1) €

X] X = X1 X2.

We would like to mention that the norm-coset graphs defined above actually include
several known graphs as special cases, as described below.

(1) If the subgroup H* is of order one (i.e., v = 1), the graph NFqX,U,;,Hx turns out to be
the so-called projective norm graph NG, ;, which was introduced by Alon, Ronyai and
Szabd [3] and provides good bounds for Turdn numbers and Ramsey numbers [2, 3].

(2) If t = 2, the graph N I”fv’ ;.= turns out to be the so-called product-coset graph G*,
which was introduced by Lentz and Mubayi and used to prove sharp bounds for multi-
colored Ramsey numbers [27].

(3) If t = 2 and H* is of order one (i.e., v = 1), the graph NI";UJ,HX turns out to be the

so-called sum-product graph S Py, which was defined by Solymosi [46] and employed
to prove Garaev’s theorem [19] in additive combinatorics.

To the best of our knowledge, these known graphs have been independently considered in
graph theory and additive combinatorics, which have not yet been pointed out and investigated
in terms of Cayley sum graphs. In the following Proposition 1 we will show that these
known graphs (as special cases of norm-coset graphs) are in fact Cayley sum graphs over the
corresponding abelian groups, which provides a unified view to compute their eigenvalues
as well. In particular, our result improves upon the existing eigenvalue estimation on A(S P,)
for sum-product graphs. Precisely, Solymosi proved that A(SP;) < /3¢ in [46], while the
Proposition 1 below yields that A(SP;) = ./q.

In the following proposition, we claim that NI7, ,, ; yx is a Cayley sum graph and deter-
mine the exact value of A(N T, , ; px) accordingly.

Proposition 1 Suppose that G = (Fi/H*) x IF;S_I and D = {(x,Y) € (Fi/H*) x

IF‘;H : Nrgi-1,,(Y) € x}. Then NFq>,<v,t,H>< is a Cayley sum graph CayS(G, D), and

t—1

x =t
}L(NFq’UYtYHX) =qZ.
Proof Itis easy to see that G = (F,/H™) x IF;H is an abelian group of order '~ (g — 1) /v
under the operation (x7, Y1)® (X2, Y2) = (&1 X2, Y1+Y2) = (X1x2, Y1 +Y>). By Definition 4,
two vertices (X7, Y1) and (X3, ¥») are adjacent if and only if (x7, Y1) @ (X2, Y2) = (x1x2, Y1+
Y») € D, that is, qu,_1/q(Y1 + Y») € Xx1x3. Thus according to Definition 1, NF;U . H is
a Cayley sum graph CayS(G, D). Now we claim that for each non-zero ¥ € IF‘;L,_1 , there
exists a unique corresponding (X, Y) € D. Indeed, given Y, the value y = Nrgi-1,,(Y) € IF‘;;
could be first uniquely determined; next, foreach y € FZ, there exists a unique cosetx =y €
[F;/H* containing y, since all the cosets in Fy /H* form a partition of F'7. Based on this,

we have |D| = |1F;r,_, \ {0}] = ¢’ — 1, which is the degree of each vertex in NL e

Next we are going to determine the value of A(NFqu ) Notice that G = {bey):

NS Fﬁx, v e IE‘;F,_I} where (v ® ¥)(x,Y) = v(x)y(Y) forall (x,Y) € G. According
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Cayley sum graphs and their applications to codebooks 1321

to Lemma 2, we have

MNT )
:mw” Z:w®¢xiyﬂmerH&weF;mu®¢¢w®¢ﬂ.
(x,Y)eD

By the assumption of D,

Y weYE =Y v@®Y()
(x.Y)eD (x.Y)eD
= Y v
YeF! 1 \(0},
y:qut—l/q(Y)

= Y v o).

Ye]FZr_l

Now we define a new multiplicative character x’ of F, by letting x'(x) := v(x). This

is well-defined since for any x,y € FZ and v € IFZ/HX, we have x'(xy) = v(xy) =
V(X -y) = vX)v(y) = x'(x)x’(y). It follows by the definition of D that the condition
(x.Y) € D implies that X = Nr -1, (Y) in the quotient group [y /H*. Then we have

> v, (YY) = Y x (N1, (V)Y (Y)

YeF* YelF*
q q

t—1

> (X o Nty ) (V)Y (Y)

YeF*
q

t—1

t—1

which is a Gaussian sum G,i-1 (¥, x o Nrgi-1,,) since x' o Nrgi-1, is a multiplicative
character of F -1 as well. Notice that the character x o Nrgi-1,, is principal if and only if
x'is principal. According to the definition of x’, the multiplicative character x’ o Nr /-1, is

non-principal if and only if v is non-principal. Thus by Lemma 1, we have A(N I"qx.v L) =

max{0, 1, q%} = q%, as required. O

According to the discussion in the proof, we can determine the whole spectrum of

N quv o which immediately follows from Lemma 1 and Corollary 1 (with Remark 1).

X

Corollary 2 Let g be an odd prime power. Then the graph NFq,u,t.Hx

(with multiplicity 1), :I:q% (with multiplicity %(q’_1 - 1)(% — 1), respectively), 0 (with
-1

has eigenvalues g' ' —1

multiplicity % — 1) and 1 (with multiplicity %(q — 1), respectively).

By Proposition 1 we obtain the following propositions regarding graph-theoretic properties
of norm-coset graphs such as diameter (i.e. the maximum length of the shortest path) and

Cheeger constant.

-, . x .
Proposition 2 The diameter OfNFq,v,t,HX is 2.
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1322 S. Satake, Y. Gu

Proof Chung [10] proved that if I" is a K -regular graph with n vertices then the diameter of
I' is at most log(n — 1)/ log(K /A(I")). Since NFqXU ¢ H¥ isa(g'—' — 1)-regular graph with

g'~ (g — 1)/v vertices and )‘(qui(v,t,HX) = q%, the diameter is at most

t — log(v) _ t —log(v)

=lyo)y T t—140()
Notice that a graph I'" has diameter 1 if and only if I" is a complete graph, and hence the
diameter of NI * oot H is 2 since it is not a complete graph. O

(1)The following bound of h(NI” qx’u ol immediately follows from the Cheeger inequality

Proposition 3 For the Cheeger constant we have

h(NT*

qutH><)Z

4 Trace-coset graphs

In this section, we present our second construction of Cayley sum graphs, namely, trace-coset
graphs, and determine their second largest eigenvalues.
We first define trace-coset graphs and then show that they are Cayley sum graphs.

Definition 5 Let g be a prime power and ¢ > 2 be an integer. Let u be a divisor of q and H*
be a subgroup of order u of the additive group IF+ Then the trace-coset graph TF it HE is
a graph with vertex set (IF;/H*') X IFZ L ={xY):x€ ]F*/H"‘ y € IFZH} such that two
vertices (X1, Y1), (X2, Y2) are adjacent if and only if Trqr—l/q(Y] Y2) €e x1 +x2 = x1 + x2.

The trace-coset graph defined above can deduce some known graphs as described below.

(1) If r = 2, the trace-coset graph TI"q «.1, g+ turns out to be a sum-coset graph G, which
was introduced by Lentz and Mubay1 ‘and used to prove sharp bounds for multicolored
Ramsey numbers [27].

(2) If t =2 and H is trivial (i.e., u = 1), the graph TF ;. p+ turns out to be the sum-
product graph S P [46].

In the following, we claim that I, ,, ; g+ is a Cayley sum graph and determine the exact
value of A(T I, , ; g+) as well.

Proposition 4 Suppose that G = (Ff/H*) x IF;H and D = {(x,Y) € (Ff/H") x
Froy o Trge l/q(Y) € X}. Then TT

—1

MITS, p)=q7

ot H is a Cayley sum graph CayS(G, D), and

Proof 1t is easy to see that G = (F; JHT) x ]FZH is an abelian group of order ¢ (¢’ —

1)/u under the operation (x1, Y1) ® (X2, Y2) = (x1 + X2, Y1Y2) = (x1 + x2, Y1Y2). By
Definition 5, two vertices (X1, y;) and (X7, y2) are adjacent if and only if (X7, yl)@ (2, ) =
(x1 + x2, y1y2) € D, thatis, y; y» € x| + x2. Thus according to Definition 1, TF et H isa
Cayley sum graph CayS(G, D). Next we claim that foreach Y € IE‘Z,_I , there ex1sts aunique
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Cayley sum graphs and their applications to codebooks 1323

corresponding (¥, ¥) € D. In fact, given Y, the value y = Trpi-1,,(Y) € IE‘;r is uniquely
determined; also for each y € I, there exists a unique coset¥ = y = IF;]" /H™ containing y,
since all the cosets in I /H™ form a partition of ). This implies | D| = |IFZ,71 |=¢'~1—1,
which is the degree of each vertex in TFquu’ g+ A well.

Now we would like to determine )»(TF;r ’Z,H+). Notice that G = {(u®x) : n e

\u

IE‘;/HJF, X € Iﬁ:} where (1 ® x)(x,Y) = u(x)x(Y) for all (x,Y) € G. According to
Lemma 2, we have

+
A (Trq,tt,t,H+>

=max 1| > W@ V)| :ueFg/HY x €F\\ n®x # Ho® xo
x.,Y)eD

By the assumption of D,
Y weNE Y=Y u@x®)

(x.Y)eD x,Y)eD
= Y ux)
YeF*,_,,
y=Tr -1, (Y)
= > wTr,M)x@).
YE]FZ:—I

Defining an additive character ¢’ of F, by letting /' (x) = (x) we have

Yo (T M) x) = 3 9/ Ty (VX )

YeF*, Y eF*
q q

t—1

> (W o Trymry,) Nx(Y)

Y eF*
q

t—1

which is a Gaussian sum Gyr-1 W' o Trye-1/4s x) since ¥’ o Tryi-14 is in fact an additive
character of F /1. Notice that the character ¥ o Tryi-1,, is principal if and only if Y is
principal. By the definition of ¥/, the additive character ¥ o Tr,i-1,, is non-principal if and

only if u is non-principal. Thus by Lemma 1, we have A(TFq“;t’l’HJr) =max{0,1,¢g 2 } =

=1 .
g 7, as required. O

As in Corollary 2 we can determine the whole spectrum of 71" 4
q,u,t,H

Corollary 3 Let g be an odd prime power. Then the graph T I' has eigenvalues ' ' —1

q.u,t,Ht
(with multiplicity 1), :l:q% (with multiplicity %(q’_1 - 2)(% — 1), respectively), 0 (with
multiplicity g'~' — 2) and £1 (with multiplicity %(% — 1), respectively).

The following propositions determine the diameter and estimate the Cheeger constant of

+
TFq,u,t,H*'

oge . + .

Proposition 5 The diameter of TFq,u,t,H+ is 2.
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1324 S. Satake, Y. Gu

: + : -1 -1
Proof Since TFq,u,z,H+ isa (g

— 1)-regular graph with (¢'~" — 1)(g/u) vertices and

—1
k(TF;u f )= th, the diameter is at most

t — log(u) _s. t — log(u)

Slyo)y T or—14o()
Notice that a graph G has diameter 1 if and only if G is a complete graph, and hence the
diameter of TI"quu , p+ 18 2 since it is not a complete graph. O

According to the Cheeger inequality (1), we have

Proposition 6 For the Cheeger constant we have

3
T g —q? —1
h (Trq’u’t’m) -1 -1 —

5 A connection between codebooks and Cayley sum graphs

In this section, we recall the basics of codebooks and establish a connection between code-
books and Cayley sum graphs.

5.1 Codebooks

An (N, K) codebook C = {¢y,...,en} C CK consists of N complex vectors of length K
over an alphabet such that ||¢;||; = 1 forall 1 <i < N, which is also termed as a signal set
or a frame. The alphabet size of C refers to the number of elements in the alphabet. Define
the maximum cross-correlation amplitude 1,4, (C) of an (N, K) codebook C as

Inax(C) := max_[(¢;, ¢;j)l, (6)

1<i<j<N

where (¢;, ¢;) denotes the inner product of the complex vectors ¢; and ¢;. For a given K, it is
desirable to construct an (N, K) codebook C with as large N and small 1, (C) as possible
due to the practical applications in a variety of areas such as code-division multiple-access
communication systems [20, 36]; quantum computing [39]; compressed sensing [8, 17, 30—
32, 42, 44, 53]; coding theory [7, 13]; and many more. In the literature, a lower bound on
Lnax (C) with respect to N and K was proved in [50], known as the Welch bound.

Theorem 1 ([50], Welch bound) For any (N, K)-codebook C with N > K, we have

Iae(©) > Lyt (N, K) = | —K 7
max( )_ wel( s )— mv ()

where the equality holds if and only if}cicﬂ = ,/ﬁfor all1 <i # j <N.

A codebook achieving the Welch bound is usually called a maximum-Welch-bound-equality
(MWBE) codebook [52]. Itis also known as the equiangular tight frame [9] in frame theory and
equivalent to the line packing in Grassmannian spaces [11]. In the literature, certain families of
MWBE codebooks were deterministically constructed via discrete Fourier transform matrices
[40, 52]; extended codes from any ideal two-level auto-correlation sequences [20, 52, 54];
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conference matrices [11, 47]; difference sets in groups [14, 15, 25, 52]; Steiner systems [18],
and so on.

As pointed out by Sarwate in [40], it is very hard to explicitly construct MWBE codebooks
in general. Hence there have been a number of attempts to construct codebooks nearly meet-
ing the Welch bound, that is, the maximum cross-correlation amplitude 7,4, (C) is slightly
higher than the corresponding Welch bound, but asymptotically achieves it when N is large
enough. In this paper, we say an infinite family of (N, Ky)-codebooks {Cy}n>1 iS asymp-
totically optimal with respect to the Welch bound if limy_, oo [nax (C)/Iwer (N, K) = 1. In
the literature, asymptotically optimal codebooks have been constructed by using codes and
signal sets [40]; almost difference sets [14—16, 56, 57]; binary sequences [54]; multivariate
polynomials over finite fields [41]; and so forth.

In [47], it was proved that if N > K 2 no complex (N, K)-codebook could achieve the
Welch bound 7,/ (N, K) in (7). Regarding this case, an improved lower bound on 7,4, (C)
was provided in [28], which is termed as the Levenshtein bound in the literature.

Theorem 2 ([28], Levenshtein bound) For a complex (N, K)-codebook C with N > K 2

Inax(C) > Liey(N, K) = M ®)
max = dlev s = (N—l)(K—‘rl)

We say an infinite family of (N, Ky ) codebooks {Cn}n>1 is asymptotically optimal with
respect to the Levenshtein bound if limy_, oo 1nax (C)/Il1ev (N, K) = 1. In the literature, there
are known constructions of optimal or asymptotically optimal codebooks with respect to the
Levenshtein bound, see [23, 35, 38, 41, 49, 51, 58, 59] for example.

5.2 A generic construction of codebooks from abelian groups

In this subsection we briefly review a constructing method for codebooks proposed by Ding
and Feng in [15] and widely adopted such as in [16, 25, 52, 56, 57]. Define a set of n vectors
in CX by virtue of an abelian group and its K -element subset described as follows.

Definition 6 ([15]) Suppose that G is an abelian group of order n and G= {x0, X1, ---» Xn—1}
is its character group, where yq is the principal character. Let D = {d;,d>,...,dx} € G
Then define the set of n vectors in CX as

C(G, D) :={co,c1,...,Cn—1} 9)

where

¢ = %(xxdl), i(@d)s s i)y VO<i<n—1. (10)

It was proved in [15] that I,,4, (C(G, D)) can be calculated by character sums.

Theorem 3 ([15])

e ©(G, D) =  max \XXDDN_ o Ix(D)]

n an
0<ij<n—1 K xeG\xo} K

where for a character x of G, x(D) := Y scp x(d).
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A slight modification of the construction in Definition 6 was also appeared in the literature
such as [23, 34, 35, 41, 49, 58]. Here we provide a general expression and analysis of it. Let
e,=(0,...,0,1,0,...,0) € {0, l}K denote a unit-norm vector such that the ith coordinate
of e; is 1 and all the other coordinates are 0. Denote £x := {e; : 1 <i < K}, which forms a
standard basis of the K -dimensional Hilbert space.

Lemma3 The set C(G, D) U Ek isan (n + K, K)-codebook such that

Inax C(G, D) UEx) = max | ——, max X2
VK xeG\x) K

. (12)

Proof Let a and b be two distinct vectors in C(G, D) U Ek. In terms of |(a, b)|, there are
three possible cases as follows.

(1) Ifa, b € C(G, D), then according to Theorem 3, we have |(a, b)| < % max |y (D)].
x€G\{xo}

(2) Ifa,b € &k, it is easy to see that |(a, b)| = 0.

(3) Ifa € C(G, D) and b € &k, without loss of generality, we may assume that

a=c; = () xi(d), ..., xilde))T INK

andb = e;, where 0 <i < N —1land 1 < j < K. Since x is a character, we have
|xi(dj)] = 1 and hence |(a, b)| = |cie! | = [xi(d))/VK| = 1/VK.

Thus the lemma follows. O

In terms of this framework, it is required to find appropriate abelian groups G and the
corresponding subsets D such that the value 1, (C(G, D)) or 1,4 (C(G, D) U k) is small
enough to meet the Welch bound or Levenshtein bound. However it is in general not an easy
task. In the next subsection we provide a feasible way to find such pairs (G, D) from a graph
theoretic perspective.

5.3 A connection between codebooks and Cayley sum graphs

In this subsection we establish a connection between complex codebooks and Cayley sum
graphs in terms of eigenvalues.

According to each Cayley sum graph CayS(G, D) we could exploit the pair G and D to
constructaset C(G, D) of n vectors in CX by using Definition 6. From Lemma 2 and Theorem
3 we could see that evaluating the maximum cross-correlation amplitude 7,4, (C(G, D)) of
the codebook C(G, D) is in fact equivalent to estimating the eigenvalue A(CayS(G, D)) of
the Cayley sum graph CayS(G, D). Specifically we have

Corollary 4 Let G be an abelian group and D be a K -element subset of G. Then the codebook
C(G, D) U &k satisfies that

{ 1 MCayS(G, D)) }
VK K '

Here we would like to remark that Corollary 4 could also be obtained from Cayley
(directed) graph Cay(G, D), which is a directed graph with vertex set G and edge set

{(x,y) : x ©y € D}, by using a similar argument of that every eigenvalue of Cay(G, D)
could be expressed by the form of x (D) for x € G.

Imax(c(G, D) U 5[() = max
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It is worth noting that Corollary 4 shows an interesting relationship between the maximum
cross-correlation amplitude of a complex codebook and the second largest eigenvalue of a
Cayley sum graph. For a positive integer n, let G, be an abelian group of order n and D,, be
a K,-element subset of G,,. It follows by the Welch bound and the Levenshtein bound that
for an infinite family {(G,, Dp)},>1 such that |D,| = K,, = o(n) as n — oo, we have

1
Inax (C(Gn. Dy) U Ex) = Q(F) (13)
On the other hand, if K,, = o(n), we could have the following bound (see e.g. [26, p. 217]):
MCayS(Gy, Dy)) = 2(/ Kn). (14)

By Corollary 4, we could see that in the regime of K, = o(n) the Cayley sum graph
CayS(G,, D,) achieves the optimal order of magnitude with respect to the bound (14) if
and only if the codebook C (Gn, D,) attains the optimal order of magnitude with respect to
the bound (13). This implies that

Lnax (C(Gm Dn) ) gK) o

lim inf =K1,

n—00 Lyer(n + Ky, Ky)

or

N Imax(C(Gn’ Dn) ) gK)
lim inf = K2,
n—00 liev(n + Ky, Ky)

where k| and k7 are constants such that k1 > 1 and x > 1 according to Theorems 1 and 2
respectively. Recall that if k1 = 1 (resp. ko = 1), the codebook C(G,,, D,) U &k is said to be
asymptotically optimal with respect to the Welch bound (resp. Levenshtein bound), which,
however, is not easy to be deterministically constructed in general.

Remark 2 According to Ding and Feng [15], the codebook C(G, D) with a difference set D
of G is optimal with respect to the Welch bound. Hence any Cayley sum graph CayS(G, D)
with difference set D of G gives rise to an optimal codebook. On the other hand there seems
to be no known construction of optimal codebooks with respect to the Levenshtein bound
via specific Cayley sum graphs, which would be an interesting open problem.

6 Explicit codebooks from Cayley sum graphs

In this section we derive asymptotically optimal codebooks based on the newly constructed
Cayley sum graphs in Sects. 3 and 4 as well as the established relationship between Cayley
sum graphs and codebooks in Sect. 5. The derived codebooks include some existing code-
books as special cases. Furthermore, a discussion on the derived codebooks is also provided
based on a number-theoretic result.

6.1 Codebooks from norm-coset graphs

By means of norm-coset graphs, Proposition 1 and Corollary 4 bring forth the Construction 5
below.

Construction5 Let t > 2 be an integer, g be a power of a prime p and v be a divisor
of g — 1. Let H* be a subgroup of order v of the multiplicative group IFZ. Suppose that
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Table 2 Codebooks from

Construction 5 when ¢ = pisa i=r N K Imax Twet Twet/Tmax

prime, f =3and v =2 7 195 48 0.145833  0.125643  0.86155
11 725 120 0.0916667  0.0834484  0.910346
13 1182 168  0.077381  0.071489  0.923858
17 2600 288  0.0590278  0.0555769  0.941539
19 3609 360 0.0527778  0.0500139  0.947631
23 6347 528 0.0435606  0.0416732  0.956672
29 12614 840  0.0345238  0.033336  0.965594
31 15375 960  0.0322917  0.031252  0.967805
37 26010 1368  0.0270468  0.0263168  0.97301
41 35300 1680  0.0244048  0.0238102  0.975637
43 40677 1848  0.0232684  0.0227278  0.976768
47 53015 2208  0.0212862  0.0208337  0.978742
53 75842 2808  0.0188746  0.0185188  0.981145

G = (F;/H”) x F;H and D = {(x,Y) € (F;/H*) x F;,,, : Nryi-1,,(Y) € ¥} € G.
Then, the codebook C(G, D) U Ek is an (n + K, K)-codebook such that n = (q" —q'~ ") /v,
K=¢q"!'—1and

=1

2
Inar(C(G, D) UER) = T
The alphabet size of the codebook C(G, D) U &k is p(q — 1)/v + 2.

Remark 3 Concerning n + K = (¢' — ¢ ™")/v+¢'~' —1and K = ¢'~' — 1, the Welch
bound in Theorem 1 gives

qf _ qt—l
(@' +@=Dg" ' =20 = 1)

Ift > 3 is fixed and v = 0(q) as ¢ — 00, the complex codebooks from Construction 5 are
asymptotically optimal in the sense that

Tyer(n + K, K):\/

. Inax(C(G, D) U Ek) .
lim = lim
n—oo  lyan+ K, K) g—00 \/ 7 —q
(g'+—Dg' "1 -2v)(g'~T-1)

=1.

Table 2 below shows numerical examples of codebooks from Construction 5.
We also remark that by virtue of sum-product graphs (i.e. norm-coset graphs with ¢ = 2

and v = 1), the above Construction 5 can deduce codebooks as obtained in [49], which are
asymptotically optimal with respect to the Levenshtein bound.

6.2 Codebooks from trace-coset graphs

Now we present our second construction for codebooks based on Proposition 4 and Corol-
lary 4.
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Table 3 Codebooks from Construction 6 when ¢ is a square of a prime p andr =3, u = p

p q N K Imax Lyel Lyel / Imax
7 49 19200 2400 0.0204167 0.0191155 0.936269
11 121 175680 14640 0.00826503 0.00791539 0.957697
13 169 399840 28560 0.005901737 0.00570314 0.963796
17 289 1503360 83520 0.00346025 0.00336304 0.971908
19 361 2606400 130320 0.0027701 0.00270013 0.97474
23 529 6716160 279840 0.00189037 0.00185063 0.97898
29 841 21218400 707280 0.00118906 0.0011691 0.98321
31 961 29552640 923520 0.00104058 0.00102421 0.984266
37 1369 71218080 1874160 0.000730461 0.000720792 0.986763
41 1681 118681920 2825760 0.000594884 0.000587764 0.98803
43 1849 150427200 3418800 0.000540833 0.000534655 0.988577
47 2209 234224640 4879680 0.000452694 0.000447955 0.989533
53 3481 426085920 7890480 0.000355999 0.000352688 0.990701

Construction 6 Lett > 2 be an integer; q be a prime power and u be a divisor of q. Let H
be a subgroup of order u of the additive group ;. Suppose that G = (FS /H™) x IF:,,
and D = {(X,Y) € (]F;}'/Hﬂ X ]F:;H : Trye1,,(Y) € X} C G. Then, the codebook
C(G, D) Ué&k isan (N + K, K)-codebook such that N = (¢' — q)/u, K = ¢'~' — 1 and
t—1
qT
Iinax (C(G, D) U Ek) = ﬁ
The alphabet size of the codebook C(G, D) U Ek is p(qt_] -1+ 2

Remark 4 Concerning n = (¢' — ¢)/u and K = ¢'~! — 1, the Welch bound in Theorem 1
gives

q'—q
I K,K)= )
wet (0 4 K, KO \/(q’ +ug'~" —ug —2u)(g'" = 1)

If + > 3is fixed and u < g (equivalently, u = o(g) as ¢ — 00), the complex codebooks
from Construction 6 are asymptotically optimal in the sense that

Lnax (C(G, D)USK) li |

im =1.
n—oo  [yq(n+ K, K)

q—)OO
(q"+uq'~ '*uq 214)(q’ -1

Table 3 below presents numerical examples of codebooks derived from Construction 6.

As in the first construction, by virtue of sum-product graphs (i.e. trace-coset graphs with
t =2 and u = 1), the above Construction 6 can produce asymptotically optimal codebooks
with respect to the Levenshtein bound as in [49].
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6.3 A further discussion

In this section, we shall further discuss the parameters of asymptotically optimal codebooks
derived from Cayley sum graphs (Constructions 5 and 6) with the aid of a number-theoretic
result. Specifically, we have the following result.

Theorem 7 Let p; denote the ith prime (where py = 2, p» =3, p3 =5,...)andt >3
be a fixed integer. Suppose that p; — pi—1 = o((pi—1))) (i — ©0) for some real number
0 < I < 1/2. Then for sufficiently large i and every K with (pi—1)' "' —1 < K < (p;)'~'—1,
we have a ((p;)' — 1, K) codebook which is asymptotically optimal with respect to the Welch
bound.

By the following theorem on prime gaps, we see that Theorem 7 provides asymptotically
optimal codebooks for almost all possible length K.

Lemma 4 [12] For each real number 0 < | < 1/2 and sufficiently large x > 0, the number
of primes p; < x such that p; — pi—1 < (p,-_l)l is at least x /(log x) — O (x!1=G/Dltey ywhere
& > 0 is an arbitrarily small real number.

To prove Theorem 7, we need the following lemma which is a direct consequence of
Lemma 3.

Lemma5 Let G be an abelian group of order n and D € G. Let 1 <k < K and D' C D
with |D'| = k. Then C(G, D\ D) U&g_y isan (n + K — k, K — k)-codebook such that
1 max IX(D)|+k}
VK =k e\t K-k
Proof of Theorem 7 For simplicity, we shall focus on Construction 5 for the case that v = 1.

According to this construction, there exist asymptotically optimal (n; + K;, K;) codebooks
with

MM@KLD\D5U&>HSmM{

ni=p)' =)' K= -1
Let Gi =F), xF . and D; = {(x.¥) € (F}) x Ff ;- Nr,ym1, (Y) = x}. Let
k be any integer with 1 < k < (p;)'™! — (pi—1)'~! and D’ C D; with |D’| = k. By the
assumption of p;, we have k = o((pl-)%). It suffices to prove that the (n; + K; — k, K; —k)
codebook C(G;, D; \ D") U €&k, is asymptotically optimal with respect to the Welch bound.
In fact, it follows from Lemma 5 that

_ )T o)D)
T () —o((p)'T)

Imax (C(Gu Di \ D/) U SK;—k)

where the right-hand side is asymptotically equal to 1/( p,-)% as i — oo. Thus a simple
calculation shows that
I Imax(C(Gi, D; \ D/) U 5K,~—k)
1m su =
i—00 Lyer(ni + Ki — k, Ki — k)

’

proving the theorem. O

We remark that similarly to the above argument, the desired codebooks in Theorem 7 can
be derived from Construction 6 and many existing constructions as well.
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7 Conclusion

In this paper we constructed two families of Cayley sum graphs and estimated their second
largest eigenvalues based on Gaussian sums. Next we established a connection between com-
plex codebooks and Cayley sum graphs. Accordingly, infinite families of complex codebooks
were derived, which have flexible new parameters, small alphabet size, and are asymptotically
optimal with respect to the Welch bound or the Levenshtein bound. It would be of interest
to explore more on the established relationship between Cayley sum graphs and codebooks,
such as to consider explicitly constructing good Cayley sum graphs in the spirit of complex
codebooks.
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