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Abstract

A pair (C, D) of group codes in R[G] is called a linear complementary pair (abbreviated
to LCP) if C & D = R[G], where R is a finite Frobenius ring, and G is a finite group. We
provide a necessary and sufficient condition for a pair (C, D) of group codes in R[G] to be
LCP. Furthermore, we prove that if (C, D) is an LCP of group codes in R[G], then C and
D~ are permutation equivalent.
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1 Introduction

Linear complementary pairs of codes over finite fields which are a class of special properties
have been of interest and extensively studied due to their rich algebraic structure and wide
applications in cryptography. LCP of codes were introduced in [15], and then they were
further studied in [3] and [4]. They showed that these pairs of codes can help improve the
security of the information processed by sensitive devices, especially against so-called side-
channel attacks (SCA) and fault injection attacks (FIA). The most generic and efficient known
protection against SCA is achieved with masking: every sensitive data (that is, every data
processed by the algorithm from which a part of the secret key can be deduced) is bitwise
added with a uniformly distributed random vector of the same length or several ones, called
globally a mask. If the sensitive data and the mask belong respectively to two supplementary
subspaces C and D of a larger vector space, it is possible to deduce the sensitive data from the
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resulting masked data. And it is shown that the level of resistance against both SCA and FIA
depends on drcp(C, D) = min{d(C), d(D1)} in which is called the security parameter,
where d(C) is the minimum distance of the code C and d(D>) is the dual distance of the
code D. This method is called Direct Sum Masking (DSM), and the pair (C, D) is called a
complementary pair of codes. Note that the linear complementary dual (LCD) codes amount
to the special case when D = C, in which case the security parameter is simply the minimum
distance of C. We refer to [15] for further information on complementary pairs of codes over
finite fields and their uses.

Let I, be the finite field with ¢ = p™, where p is a prime and m > 1 is an integer.
Carlet et al. [4] showed that if (C, D) is an LCP of codes, where C and D are both cyclic
or 2D cyclic codes of length n over F; and gcd(n, g) = 1, then C and D~ are permutation
equivalent. In [9], Giineri et al. showed that the same result holds if C and D are m D cyclic
codes for m € N. If G is any finite group, a right ideal of IF,[G] is called a group code.
In [2], Borello et al. obtained the most general statement for any finite group (also without
a restriction on the order of the group) by showing that if (C, D) is LCP of group codes
(2-sided ideals) in [F;[G], then C and DL are permutation equivalent. Just recently, Giineri
et al. [8], this result has been extended to finite chain rings. Namely, they proved that for an
LCP of group codes (C, D) in R [G], where R is a finite chain ring and G is any finite group,
C and D™ are permutation equivalent. Note in particular that this implies d(C) = d(D").
Hence, there is an LCP of 2-sided group codes over finite chain rings which has as good a
security parameter as the 2-sided group code with the best minimum distance.

The purpose of this paper is to examine LCP of group codes over finite Frobenius rings. In
Sect. 2, we recall the necessary background materials on finite Frobenius rings R, linear codes,
group codes and LCP of codes. Then we give a decomposition of R[G] by using the Chinese
Remainder Theorem. In Sect. 3, we first give two necessary and sufficient conditions for a pair
of linear codes over finite local Frobenius rings to be LCP. Then we give a characterization
of LCP of group codes in R[G], where R is a finite local Frobenius ring and G is any finite
group. In addition, we show that if (C, D) is an LCP of group codes in R[G], then C and
D are permutation equivalent. By means of the results of the Sect. 3, in Sect. 4, we give a
characterization of LCP of group codes in R[G], where R is a finite Frobenius ring and G is
any finite group. Our main contribution is the extension of the result in [8] to finite Frobenius
rings. Namely, we shown that if (C, D) is an LCP of group codes in R[G], then C and D+
are permutation equivalent. Hence the security parameter for an LCP of group codes (C, D)
in R[G] is simply d(C).

2 Preliminaries

Throughout the work we shall assume that all rings are commutative, finite and have a
multiplicative unity.

2.1 Finite Frobenius rings

In this subsection, we first recall definitions and properties of finite Frobenius rings R,
necessary for the development of this work. For more details, we refer to [5, 6, 13, 14, 16].
Then we will give a decomposition of R[G] for a finite group G.

A finite commutative ring R is called a Frobenius ring if the R-module R is injective.
Alternatively, we can say a finite commutative ring is Frobenius if R/J(R) is isomorphic
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LCP of group codes over finite Frobenius rings 697

to soc(R), where J (R) is the Jacobson radical and soc(R) is the socle of the ring R. Recall
that the Jacobson radical is the intersection of all maximal ideals in the ring and the socle
of the ring is the sum of the minimal R-submodules. A ring is a local ring if it has a unique
maximal ideal.

Throughout this paper, let R denote a Frobenius ring. Then there exist ideals my, ..., m;
are relatively prime in pairs and ]—[‘;:] m; = {0}. By the ring version of the Chinese
Remainder Theorem, the canonical ring homomorphism A : R — mi':l R/m;, defined
by r — (r +my,...,r +my), is an isomorphism. Denote the rings R/m; by R; for
1 < j <s.Then

R =R; X Ry x--- X Ry.

By the Chinese Remainder Theorem the inverse map is an isomorphism. We denote the
inverse of this map by CRT. For Frobenius rings we can say more. Namely, we have the
following theorem which can be found in [5].

Theorem 2.1 Let R be a Frobenius ring, then
R ZCRT(Ry, Ry, ..., Ry),

where R; is a local Frobenius ring forall 1 < j < s.

Let G = {g1, ..., gu} be a finite group and denote by R[G] (or R;[G]) the group ring of
G over R (or R}). Hence the elements of R[G] (or R;[G]) are of the form Z:‘ | dg; &i Where

ag; € R (or Z, lagl g, where a(/) € Rj).Itis clear that the map W : R[G] — R", defined
by Y7 ag & —> (ag,. dg,, .. agn) is a R-module isomorphism.
We define two operations over R{[G] X - -- x Rg[G] as follows:

n n n n
(it Sattn )+ (L o060
i= i=1 = i=1
<Z(a(1) + b(]))gi, B Z(a(s) b(S) ) ,

and
n n n
| 1
DOTE S ) (Zw z)
i=1 i=l1 i=1
(1) (1) ; () 1,(5) .
(e Za b Y Z“,b s
i=1 \j=1 i=1 \j=1
whereai,{),b(’) € Rjforalll <j <.

It is easy to prove that the R{[G] X - -- x Rg[G]is an algebra.

Theorem 2.2 Let R = Ry X Ry X - - - X Ry is a Frobenius ring where R is a local Frobenius
ring for 1 < j <s. If G is a finite group, then

R[G] = R1[G] x - -+ x R([G].
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Proof Suppose that G = {g1, ..., gn}. Then we define a map ® from R[G]to R{[G] X - - - X
R;[G] as follows:

® : R[G] — Ri[G] x - -+ x Rs[G]
n n n
S rue— (S Sova)
i=1 i=1 i=1

where ry, = (rg,;),...,réj)) €R andrg) €Rjforl <i<nandl <) <s.
It is easy to check that @ is an isomorphism from R[G] to R{[G] X - -+ x R[G]. O

From now on, we denote the inverse of the map & by CRT. The above theorem can be
rewritten in the following form.

Theorem 2.3 Let R = Ry X Ry X - - - X Ry is a Frobenius ring where R is a local Frobenius
ring for 1 < j <s. If G is a finite group, then

R[G] = CRT(R[G], ..., R{[G]).

2.2 Linear codes, group codes and LCP of codes

In this subsection, we recall the definitions and properties of linear codes, group codes, and
LCP of codes (see [1, 2, 8, 17]).

A nonempty subset C € R” is called a linear code of length n over a finite Frobenius ring
R if itis a R-submodule of R".

For two vectors a = (aj,as,...,a,) and b = (b1, by, ..., b,) in R", we define the
Euclidean inner product as [a, b] to be [a, b] = Z:‘: 1aib;.

Let C be a linear code over R. We define the Euclidean dual code of C as

Ct={aecR"|[a,b]=0forallb e C}.

Remark 2.4 In [17], it is proved that for any linear code C of length n over a finite Frobenius
ring R,

IC|-|C*| = |R|".

Definition 2.5 Let C and D be two linear codes of length n over R. If C N D = {0} and
C+D = R",orequivalently Cé® D = R", then we call such (C, D) an linear complementary
pair (LCP) of codes over R.

Note that the linear complementary dual (LCD) codes amount to the special case when
D=Ct

A right ideal of R[G] (or R;[G]) is called a group code in R[G] (or R;[G]) (see [8] for
group codes over finite chain rings). Throughout this paper, ideals will be 2-sided and they
will be referred to as group codes.

In addition, the group ring R[G] (or R;[G]) carries a symmetric non-degenerate G-
invariant bilinear form (-, -) which is defined by

(mw:{l ifa=b=0,

0 otherwise.

Here G-invariance means that (ug, vg) = (u, v), forall u, v € R[G] and all g € G. Via
the R-module isomorphism R[G] = R!C!, the above form corresponds to the usual Euclidean
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LCP of group codes over finite Frobenius rings 699

inner product. With respect to this form we may define the dual code C* of a group code C
in R[G] as usual. Obviously, the dual code C+ of a group code C is also a group code in
R[G].

Definition 2.6 Let C and D be two group codes in R[G].IfCN D = {0} and C+ D = R[G],
or equivalently Cé@ D = R[G], then we call such (C, D) an linear complementary pair (LCP)
of group codes in R[G].

Two group codes Cy and C; over R[G] (or R;[G]) are permutation equivalent provided
there is a permutation of coordinates which sends C; to C5. Then two group codes C and C»
are permutation equivalent if and only if there a permutation matrix P such that C; = C1 P,
where C1 P = {y|ly = xP for x € C1}.

3 LCP of group codes over finite local Frobenius rings

In this section, let R be a finite local Frobenius ring with unique maximal ideal m. We know
that F, = R/m is a field. Assume that the characteristic of the field is p with ¢ = p™.
Define

w:R—F,=R/m, r>r+m=u(), foranyreR.

This homomorphism from R onto F, = R/m can be extended naturally to a homomorphism
from R" onto F”. For an element ¢ € R", let ;£(c) be its image under this homomorphism.
Let C be a code of length n over R. We define u(C) = {u(c)|c € C}.

We have the following chain of ideals:

R=m’>m>o>m>>--->m’={0}.

The number e is the minimal such that m¢ = {0}. This number is the nilpotency index of
m. See [14, p. 84] for a proof of this fact. The following lemma will be used in the proof of
Proposition 3.13.

Lemma 3.1 Let R be a finite local Frobenius ring and let m be the unique maximal ideal.
Then there exists a 5 € m such that § # 0, and da = 0 for any « € m, where e is the
nilpotency index of m.

Proof By the definition of the nilpotency index of m, we have m¢~! % {0}. Thus, there exists
ad € m~! C msuch that § # 0. Again by m¢ = {0}, i.e., m*"'m = {0}, we have also
da = 0 for any o € m. O

The following result has appeared in [14].

Lemma 3.2 Let R be a finite local Frobenius ring and let m be the unique maximal ideal.
Then m contains all non-units of R.

Consider the free R-module R" of rank n. Any element u = (uy, ..., u,) of R" is also
called a vector, and we let 0 denote the zero vector.

Definition 3.3 Letu; = (ujy,...,uj,) € R",where j =1, ..., s ands is a positive integer.
The vectors uy, ..., uy are said to be linearly dependent if there exist (¢, ..., f;) in the set
difference R® \ {0} such that fju; + -- - 4 t;u; = 0; otherwise, uy, ..., u; are said to be

linearly independent.
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700 X. Liu, H. Liu

If an R-submodule of R" is generated by vectors uy, .. ., ug which are linearly indepen-
dent, then it is a free R-submodule of rank s and we say that uy, ..., uy form a basis of the
free R-submodule.

Let M,,5;(R) be the set of all m x [ matrices over R. For A € M,,;(R), AT denotes
the transpose of the matrix A. We denote the m x m identity matrix by I,,, or simply / if the
size is clear from the context.

Let A = (a;j)mx; be a matrix over R. If the rows of A are linearly independent, then we
say that A is a full-row-rank (FRR) matrix. If there is an / x m matrix B over R such that
AB = I, then we say that A is right-invertible and B is a right inverse of A. If m = [ and
the determinant detA is a unit of R, then we say that A is nonsingular.

The following two results about full-row-rank matrices over R appear in [7].

Lemma3.4 A € M,,«;(R) is FRR if and only if A is right-invertible.

Lemma3.5 Let A be in My, (R). The following statements are equivalent:

(1) A isinvertible.
(2) A is nonsingular.
(3) Ais FRR.

The next corollary follows from a typical linear algebra argument.

Corollary 3.6 Let A € M,;;xm(R) andletx = (xy, ..., Xp), Where x;s are variables. Then the
linear system of equations AX” = 0 has only the zero solution if and only if A is nonsingular.

Let C be a linear code of length n over R. Define a generator matrix of C as a matrix G¢
with rows being a generating set of C with the smallest size. In particular, when C is a free
code, then the rows of any generator matrix G ¢ are a group of basis elements of C, and so
the number of rows of any generator matrix of a free code C is uniquely determined.

Definition 3.7 We define the rank of a code C over R, denoted by rankg (C), to be the
minimum number of generators of C.

Let C be a linear code over R with a generator matrix G ¢. We denote by k£(C) the number
of rows of the generator matrix G¢. Clearly, rankz (C) = k(C).
The following definition and remark can be found in [1].

Definition 3.8 An R-module A of rank [ is projective if there is an R-module B such that
R! and A @ B are isomorphic (as R-modules).

Remark 3.9 Let P and Q be two R-modules. If P & Q is free, then P and Q are projective.
Lemma 3.10 [11, Theorem 2] Any projective module over a local ring is free.

Lemma 3.11 Let C and D be linear codes of length n over R. If (C, D) is an LCP of codes,
then C and D are free.

Proof Since (C, D) is an LCP of codes over R, we have C & D = R" by Definition 2.5.
Therefore, the R-module C & D is free. By Remark 3.9, we know that C and D are projective.
Since R is a finite local Frobenius ring, by Lemma 3.10, C and D are free. O

In the following, we first give characterization of LCP of codes over R, and will play an
important role in this section.

Before stating our result about LCP of codes over R, we need the following lemma to
appear in [10].
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LCP of group codes over finite Frobenius rings 701

Lemma 3.12 [10, Theorem 2.10] Let C be a free code of length n over R with generator
matrix G¢, and let D be a free code of length n over R with parity-check matrix Hp. Then
(C, D) is LCP ifand only ifrank g (C)+rank g (D) = n and the matrix G ¢ Hg is nonsingular.

Proposition 3.13

(1) Let C and D be free codes of length n over R. Then (C, D) is an LCP of codes over R
if and only if (u(C), (D)) is an LCP of codes over F.

(2) (C, D) isan LCP of group codes in R|G] if and only if (1 (C), u(D)) is an LCP of group
codes inFy[G].

Proof (1)Leta € u(C)Nu(D).Thentherearec € C andd € D suchthata = u(c) = p(d).
This means that (¢ — d) = 0. Thus (¢ —d) € m x --- x m. Therefore, there exists a
u= (uy,...,up) €Emx --- x msuch that c —d = u. By Lemma 3.1, there existsa € m
such that § # 0 and da = O for any o € m. Thus, we have

sc—46d =0,

whichimplies that§¢ = 8d € CND. Since (C, D) isan LCP of codes over R, we have ¢ = 0.
Thus, ¢ € m x --- x m. Otherwise, let ¢ = (cy, 2, ..., ¢;). Without loss of generality, we
assume that ¢ ¢ m. Then, by Lemma 3.2, there exists a v € R such that c;v = 1. It follows
that véc = (8, véca, ..., v8c,) # 0, which leads a contradiction. Therefore, a = u(c) = 0,
ie., w(C)N (D) ={0}.

Next, for any a € Fy, by C + D = R", and p is surjective, there are ¢ € C andd € D
such that a = u(c) 4+ n(d). Hence, u(C) + u(D) = IFZ.

Summarizing, we have shown that (1(C), (D)) is an LCP of codes over F,.

Conversely, assume that the G¢ is a generator matrix of C and the Hp is a parity-check
matrix of D, it is easy to see that u(GcH})) = u(Ge) - w(Hp)T. Since (u(C), (D))
is an LCP of codes over Fy, dimp, (1(C)) + dimp, (1(D)) = n, and u(Gc) - w(Hp)T
is nonsingular by [12, Theorem 2.6]. Thus, rankg (C) + rankg(D) = n, and GCHDT is
nonsingular. According to Lemma 3.12, (C, D) is an LCP of codes over R.

(2) Similar to the proof of Proposition 3.2 (ii) in [8], we can easily prove that a ideal
C C R[G]is mapped to a ideal u(C) C F,4[G]. The rest follows by part (1). O

Remark 3.14 Giineri et al. [8, Proposition 3.2 (i) and (ii)], proved (u(C), (D)) is an LCP
of codes (or LCP of group codes) over F; (or IF,[G] ) if (C, D) is an LCP of codes (or
LCP of group codes) over chain ring R (or R [G]). In the above Proposition 3.13, we prove
that the former conditions themselves in [8, Proposition 3.2 (i) and (ii)], are sufficient and
necessary for a pairs of linear codes (or group codes) (C, D) to be LCP of codes (or LCP
of group codes) over a finite local Frobenius ring R (or R[G]). Therefore, Proposition 3.13
generalizes and improves their results of [8].

Lemma 3.15 [f C and D are two linear codes over R, then

() (C+ D)t =ctnbpt
2 (cnD)*t=ct+ DL

Proof Leta € (C + D). Then, for any b € C + D, we have [a, b] = 0.
Case 1. Whenb € C C C + D, we obtain [a, b] = 0, which implies that a € cL.
Case 2. Whenb € D C C + D, we obtain [a, b] = 0, which implies that a € D*.
Combining cases 1 and 2, we have (C + D)J- c ctnbpt.
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On the other hand, if a € C+ N DL, then for anyb=c+d e C+ D withc € C and
d € D, we have [a, b] = [a, ¢] + [a, d] = 0. This means that (C + D)+ > ¢t n D+

Summarizing, we have shown that (C + D)J- c+n bt

(2) The proof is similar to (1), so it is omitted here. ]

By means of the above lemma, we obtain the following corollary.

Corollary 3.16 (C, D) is an LCP of codes over R if and only if (C*+, D) is also an LCP of
codes.

Proof (C, D) is an LCP of codes over R if and only if C + D = R" and C N D = {0}. Thus,
(C 4+ D)t = (R™M* and (C N D)L = {0} According to the Lemma 3.15, we obtain that
C+ D =7R"and C N D = {0} if and only if C* N D+ = {0} and C+ + D+ = R".

This means that (C, D) is an LCP of codes over R if and only if (ct, b1)isalso an LCP
of codes over R. m}

Now, we give the second characterization of LCP of codes over R by using the bases of
codes C and D.

Theorem 3.17 Ler {a;}* i1 be a basis of the free code C of length n over R, and let {b; }” —k
be a basis of the free code D of length n over R. Then (C, D) is an LCP of codes over ’R lf
and only ifay, ..., ar, by, ..., b,_k are linearly independent.

Proof We first prove the sufficiency.
Since ay, ..., ag, by, ..., b,_; are linearly independent, {a,}l e, {bj} is a basis of
the code C + D. Then, we obtain rank (C + D) = n, which implies that C + D =TR".
On the other hand, letu € C N D. Then, by u € C, there are A1, ..., Ay € R such that

nk

u=Axia; +- -+ rra.
Again by u € D, there are iy, ..., y—k € R such that
u= by + -+ py—rbp_.

Thus, we have

rap + -+ Agag — by — - — pp—k by =0,
whichimplies that .y = - -+ = Ax = 0,1i.e.,u = 0. So, CN D = {0}. According to Definition
2.5, (C, D) is an LCP of codes over R.
Next, we prove the necessary by contradiction. Suppose thatay, ..., ag, by, ..., b, are

linearly dependent. Let G = ((G;C> where
D

a bl
Ge = ,and Gp =

ay |-

Then, by Corollary 3.6, there exists a nonzero vector x € R" such that GxT =0, ie.,

(gc> = 0. Thus, Gcx? = 0 and Gpx! = 0. This means that 0 # X € ctn DDt
D

Since (C, D) is LCP, (Cl, DL) is also LCP by Corollary 3.16, which is a contradiction as
C+t N DL =0.Itfollows thatay, ..., ag, by, ..., b,_g are linearly independent. O
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Proposition 3.18 (1) If (C, D) is an LCP of codes over R, then w(DH) = w(D)*L.
(2) If (C, D) is an LCP of group codes in R[G], then u(C) and p(D+) are equivalent.

Proof (1) Since (C, D) is an LCP of codes over R, we know that (C+, D) is also an LCP
of codes by Corollary 3.16. According to the Lemma 3.11, D and D are free.

Let D = R'. Then |u(D)| = |F,|'. By Remark 2.4, we have |D||D*| = |R|". Thus,
Dt = R", which implies that | (D1)| = |F,|"~".

On the other hand, if a € (D7), then there is ab € DL such that a = u(b).

Let 1 (d) be any element in (D) withd € D. Then

[a, w(d)] = [i(b), p(d)] = p([b,d]) = 0.

Thus, a € u(D)L, and hence u(D+) C w(D)*.

Since |1 (D)||u(D)*| = |Fy|", we have |u(D)*| = |Fy|"~".

Summarizing, we have shown that w(DH) = p(D)*~.

(2) We omit the proof of (2) because it is similar with the proof of Proposition 3.6 (i) in
[8]. ]

If we restrict the map u : R[G] — F,[G] to the (free) group codes C and D1, then we
obtain the isomorphisms
c D+ n
— Z u(C)and — = u(D),
5C u(C) an 5DL w(D~)

where 0 # 6 € m and 6m = 0 for any m € m.

By Proposition 3.18 (2), we have | (C)| = [(D)]. Lets := |n(C)| and set the elements
DL

5pT 3s follows:

c
of the cosets s and

C
5o = +8C=5C.e24+8C. .. e +5C),

and

€

D
spL =i+ §Dt=68Dt, dy + 6D, ..., d, + 8D ).

(i.e. c; = 0 =d; in R[G]). Clearly, cosets partition the codes C and DL:
C =Ul_,(ci +8C) and D+ = Ui_(d; +8D™).
By definition of the map p, we have

n(C) = {u(c1) =0, ulea), ..., ulcs)},
w(DF) = {n(dr) = 0, u(da), ..., uds)},

and
w(C) = U (x(ci) + 87(C)).

Without loss of generality, we assume that the coset representatives are indexed so that the
permutation T between the equivalent codes w(C) and /L(Dl) satisfies

T(u(0)) = u(t(c) = u(d), foralli=1,2,....s.

Lemma 3.19 If (C, D) be an LCP of group codes in R[G], then ctnz(c) =0}
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Proof We first prove that C+N1(C) c 8CL. Otherwise, there exists aa € C+ N 7(C) such
that a € c;. + 8C* for some 2 < j < [, where we assume that C+ = Ule(clf +sch
with ¢} = 0. Then p(a) = u(c)) € w(CL) and p(a) # 0. By Corollary 3.16, (C+, D1) is
also an LCP of group codes in R[G]. Further, (,u(CL), [,L(DL)) is an LCP of group codes
inFy[G]. Thus, u(a) ¢ /VL(DL) = u(t(C)). This is a contradiction.

Next, we prove that C+ N 7(C) C §7(C). Otherwise, there exists a b € C+ N t(C) such
that b € t(c;) + 67(C), where t(c;) # 0. Then u(b) = u(r(c;)) = u(d;) € w(DL) and
w(b) # 0. Note that u(b) € u(CL) since b € C+. Thus, u(b) € w(CH) N u(D+) = {0}
since (u(C*, u(DL)) is an LCP of group codes in F4[G]. This is a contradiction.

According to the above facts, we can assume that x = §t(c) = Scf- forany x € Ctnz(0),
where ¢ € C and cll € CL. Then 8(z(c) — cll) = 0. Let 7(c) — cll = dec reg Where
rg € R.Thenrg € mforall g € G. Otherwise, if there exists ary ¢ mforsome g’ € G, then
rg'8(z(c) — ¢) # 0. This is a contradiction. Thus, 7(c) = ¢i + 3
3.1,

2eG 48" By Lemma

x =38t(c) = 86{‘ + Z Oreg = SCf‘.
geG

If ¢ € CH\8CL, then 0 # pu(t(c)) = plei) ¢ (DY) = pu(r(C)), which is a contradic-
tion. Hence, there exists a cé‘ € C1 such that cf- = 8cj-. It follows that

X = 521'(c) = (SQCQL.
Continuing in this manner, by §¢ = 0, we have x = 0, i.e., ctn 7(C) = {0}. O

Combining The Propositions 3.13 and 3.18 with Lemma 3.19, we obtain the following
theorem, whose proof'is similar to the Theorem 3.9 in [8], so we omit it here for simplification.

Theorem 3.20 Let (C, D) be an LCP of group codes in R[G], where G is a finite group.
Then C and D are equivalent.

Remark 3.21 Giineri et al. [8, Theorem 3.9], proved C and D+ are equivalent if (C, D) is
an LCP of group codes in R[G] where R is a finite chain ring and G is a finite group. It is
well known that a finite chain ring is a finite local Frobenius ring. Therefore, Theorem 3.20
generalizes their results of [8].

4 LCP of group codes over finite Frobenius rings

In this section, let the symbols be the same as in the Sect. 1.
Let C; be a group code in R;[G] forall 1 < j <s, and let

C =CRT(C,Ca,...,C) =D H(CI x Ca x -+ x Cy)
={® !er, e, ..., ¢5)lej € C))

We call C the Chinese product of group codes Cy, Ca, ..., Cs.

Theorem 4.1 Let C; be a group code in R;[G] for all 1 < j < s. Then C =
CRT(Cy, Ca, ..., Cy) is a group code over the R[G].

Proof For any a € C, there is an a; € C; such that

a=ad !, ... ay,
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wherea; = Y 1, aé{)gi with ag,{) eRjforalll <j <s.

Suppose thata,, = (ag), ag), e, a(f)) forl <i <n.Thena =Y}, agi. Therefore,
forany g € G, we have ga = Y| ag,88i = D/ dg-14,8i-

On the other hand, ga; = >}, aé{)gg,- =y, aéj,)lg_g,- foralll < j <s.

Thus, we have ga = ®~!(gay, ..., ga,). Since C;isagroupcodeover R;[G], ga; € C;.
Thus, ga € C.

By using a similar technique we can show that ag € C.

Summarizing, we have proved that C is an ideal in R[G], i.e., C is a group code over

R[G]. o

Now, we give a useful lemma that will be used in later characterization of LCP of group
codes in R[G].

Lemma4.2 Let Cj and D;j be two group codes over the R;[G] for all 1 < j < s. If
C =CRT(Cq, Ca, ..., Cy) and D = CRT(Dy, Da, ..., Dy), then

(1) CND=CRT(CiNDy,CaNDy,...,CsN Dy).
(2) C+D=CRT(C1+ D1,Ca+ Dy, ..., Cs + D).

Proof Suppose thata = ) ©_, ag, gi where ag, = (aé}), e ag)) and ag(;l.i) € Rjforl <

j <s.Thena e R[G].
(1) a € C N D if and only if

n n n
a=o"! (Zag)gi, > alsi ..., Zag)gi) € CRT(C}, Cy, ..., Cy).
i=1 i=1

i=1

and

n n n
a=ao"! <Zag)gi, > aPgi. ... Zag)gi> € CRT(Dy, Dy, ..., Dy).
i=1 i=l1

i=1

Then,a € C N D if and only if a € CRT(C1 N Dy, Co N Dy, ..., Cs N Dy).
Therefore, we have

CND=CRT(CiNDy,CoNDy,...,CsN Dy).
(2) a € C + D if and only if

n n n n n n
_ 1 2 5 _ 1 2 K}
a=o! [ alle Y ale . Y ale |+ o7 Db Y b e Y b
i=1 i=1 i=1 i=1 i=l1 i=l1
n 1 n 1 n 2 n 2 n n
=07 Y agl e + )b s D al s+ Y b g Y ag i+ Y b i |
i=1 i=l1 i=1 i=1 i=1 i=1

where
n n n
DTN SIS S
i=1 i=1 i=1

and
n n n
o (S S Sl e
i=1 i=1 i=1
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Then,a € C + D if and only if a € CRT(Cy 4+ D1, C» + D3, ..., Cy + Dy).
Therefore, we have

C+ D =CRT(Cy+ Dy,Ca+ Dy, ...,Cs + Dy).
O

The proof of the following lemma is similar with the proofs of Theorems 2.4, 2.7 and
Lemma 2.5 in [5], so we omit it here.

Lemma4.3 Let C = CRT(Cy, Ca, ..., Cy) be a group code over R[G], where C is a group
code over the Rj[G] forall 1 < j <s. Then

M €I =TTj= IC)1-
(2) Ct =CRT(C{, Cy,....Ch)

The following result gives a necessary and sufficient condition for a pair (C, D) of group
codes over R[G] to be LCP.

Theorem 4.4 Let C; and Dj be group codes in R;[G] for all 1 < j < s, and let C =
CRT(Cy, Ca,...,Cs) and D = CRT(Dy, Da, ..., Dy). Then (C, D) is an LCP of group
codes in R[G] if and only if (C;, D;) is an LCP of group codes in R;[G] forall 1 < j <.

Proof Since (C;, D;) is an LCP of group codes in R;[G] for all 1 < j < s, we have
CiNDj={0}and C; + D; = Rj[G]or |C;||Dj| = |R;[G]| forall ] < j <s.ByLemma
4.2,

CND=CRT(CiND1,CoNDy,...,Cs N Ds) =CRT(0,0,...,0) = {0}.

Then, according to the Lemma 4.3 (1),

IC+D|=IC|-ID|=[]Ic;I- [TIpjl =] ICiIID;l =[] IR;IG1l = IRIG]|.
j=1

j=1

N

j=1 j=1

Therefore, (C, D) is an LCP of group codes in R[G].
Conversely, suppose that (C, D) is an LCP of group codes in R[G]. Then C + D = R[G]
and C N D = {0}. By Theorem 2.3 and Lemma 4.2, we have

CND=CRT(CiND,CoNDy,...,CiyN D) ={0},
and

C+ D =CRT(C; +Dy,Co+ Ds, ...,Cs + Ds) = CRT(R[G], R2[G], ..., R[G]).

Thus,
CiNDy ={0},C2N Dy ={0},...,Cs N Dy = {0},
Ci+ Dy = R[G], C2 + Dy = Ry[G], ..., Cs + Dy = Ry[G].
This proves that (C;, D;) is an LCP of group codes in R;[G] forall 1 < j <. |

Theorem4.5 Let R = CRT(R1, Ry, ..., Ry) be a finite Frobenius ring, where R is a finite
local Frobenius ring for all 1 < j < s, and let G be a finite group. If (C, D) is an LCP of
group codes in R[G], Then C and DL are equivalent. In particular d(D+) =d(0).
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Proof Let C = CRT(Cy, C»,...,Cy) and D = CRT (D1, D2, ..., Dy), where C; and D;
are group codes in R;[G]forall 1 < j <s. Since (C, D) is an LCP of group codes in R[G],
(Cj, Dj)is an LCP group codes in R;[G] forall 1 < j < s by Theorem 4.4.

According to the Theorem 3.20, C; and Dj- are equivalent codes forall 1 < j <s. Then
there is a permutation matrix P; such that C; = Dj- Pjforalll < j <s.

Set

PO -0
0P -0
P=1. . .
00--P

Then Cy x Cp x ++- x Cs = (D x Dy x -+ x DH)P.
Since C = CRT(Cy, Ca, ..., Cs) = CixCarx---xCyand D+ = CRT(Di, D5, ..., D},
we have

C = CRT(Cy, Cy, ..., Cs) = CRT(D{, DY, ..., DH)P.

Thus, C and D+ are equivalent. O

Remark 4.6 When R is a finite Frobenius ring, we know that (C1)* = C for any submodule
C of any free R-module R". According to Remark 2.4, we have |C| - |C1| = |R|". This is
one of the reasons why only finite Frobenius rings are suitable for coding alphabets. In this
sense, we believe that Theorem 4.5 solves the equivalence problem of C and D+ if C, D)
is an LCP of group codes.
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