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Abstract

We classify all permutation polynomials of the form x3g(x?~!) of F,2 where g(x) = X3+
bx + c and b, ¢ € IF;. Moreover we find new examples of permutation polynomials and we
correct some contradictory statements in the recent literature. We assume that gcd(3, g —1) =
1 and we use a well known criterion due to Wan and Lidl, Park and Lee, Akbary and Wang,
Wang, and Zieve.
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1 Introduction

Let g be a power of a prime, F; be a finite field with g elements and Fy = F, \ {0}. A
polynomial is called a permutation polynomial if it induces a bijection on F,. Permutation
polynomials over finite fields has been studied by numerous researchers for a long time.
In general it is not so hard to construct a permutation polynomial for a finite field F,.
Researchers have been interested in permutation polynomials that looks simple, nice and
have some additional properties which are practically needed by some applications in other
areas such as coding theory, cryptography and combinatorial designs. Finding permutation
polynomials having such properties are usually hard to find.
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As far as we know, permutation polynomials were first studied by Dickson and Hermite
(see [11, 13]). The books on finite fields (see [26] and Chap. 8 in [27]) together with the
survey papers (see [15, 17, 33]) which review some of the recent results will be a very useful
starting point for the interested reader. For further results on permutation polynomials over
finite fields we refer to [4-6, 12, 16, 19, 20, 23-25, 30] and the references therein.

In order to decide whether a polynomial of the form f (x) = x"h (x @" =1/ d) permutes
Fyn or not, there is a well known criterion due to Wan and Lidl [31], Park and Lee [28],
Akbary and Wang [1], Wang [32] and Zieve [34] which is given in the following lemma.

Lemma1l [1,28,31,32,34] Let h (x) € Fyn[x] andd, r be positive integers withd | q" — 1.
Then f (x) =x"h (x(q”_l)/d) permutes Fyn if and only if the following conditions hold:

(i) ged (. (¢" — 1) /d) = 1,
(i) x"h (x)4" =D/ permutes Uy, where Uy = {a € IFZ,, | a? =1}

In this paper we classify all permutation polynomials of the form x3g (x4~ 1) of F,2 where
gx) =x3+bx+candb,c e [F;. We explain our approach in Sect. 2, which seems to
go back, at least to [21, 29]. We assume that gcd(3,¢ — 1) = 1 and use Lemma 1 in our
classification. Our results are different in even and odd characteristics and hence we present
them in separate sections.

We obtain a complete classification and we also compare our results with the related
results, mainly [3], in Sects. 6 and 7.

We find it useful and interesting to obtain a complete classification. Moreover we find
new examples of permutation polynomials and we show some contradictory statements in
the recent literature. We refer to Sects. 6 and 7 for the details. In particular, using Theorem 4
and Theorem 8 below, we completely determine when x3 g (x4~ 1) is a permutation polynomial
of F > (see also Remarks 3 and 5). Furthermore we present finer if and only if conditions
corresponding to factorization structure of a related bivariate polynomial C s (see Sect. 2) in
Theorems 1, 2, 3 in the even characteristic, and in Theorems 5, 6, 7 in the odd characteristic.

The paper is organized as follows: In Sect. 2 we determine all conditions on b and ¢ for
which the polynomial g(x) = x> 4+ bx + ¢ € IE‘:; [x] does not have any roots in Uy, in
Sects. 3 and 4 we give all our results with their proofs in even and odd characteristic respec-
tively, in Sect. 5 we give our results for the case when C (see, (13)) is absolutely irreducible
and finally in Sects. 6 and 7 we compare our results with the results in [Theorem 3.4, [3]]
and [Theorem 3.6, [3]] respectively.

Throughout the paper the trace function denoted by Tr stands for the absolute trace function
Trr,/w, of IF, over IF,.

2 Our approach

We plan to apply Lemma 1. Hence we need to find out b, ¢ € Fy for which the polynomial
gx) = X 4bx+ce F;[x] does not have any roots in Uy 1. If g(1) =0 or g(—=1) =0,
then g(x) has aroot in U, trivially, therefore we characterize all such polynomials in the
next proposition under the assumptions g(1) # 0 and g(—1) # 0. Note that we present an
equivalent statement giving an if and only if condition such that g(x) has a root in Uy 41,
instead of g(x) has no roots in U .

Proposition 1 Let g (x) = x> +bx + ¢ € F,[x] where b, c € IFZ and assume that g(1) =
I+b+c#0,8(=1)=—1—b+c #0. Then there exists x € Uy such that g(x) =0
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Classification of permutation polynomials 1539

if and only if one the following conditions hold according to the characteristic of the finite
field F,:

(i) char(Fy) =2:
b=1—-c?andTr(1/c) =1,
(it) char(Fy) is odd:
b=1—c?and c* — 4 is a nonsquare in F,.

Before proving Proposition 1 we need to prove a simple result showing that if g(x) has a root
in Ug41 then it must be in F > \ Fy.

Lemma2 Let g (x) = B 4+bx+ce F,[x] where b, c € IFZ and assume that g(1) # 0,
8(=1) #0. If there exists x € Ug1 such that g(x) = 0 then x € F2 \ Fy.

Proof Assume that there exists x € U, 41 NF, such that g(x) = 0, then we have x = x7 =
1/x which implies that x> = 1, that is, x = 1 or x = —1 both of which contradict with the
assumptions g(1) # 0 and g(—1) # 0. O

We are now ready to prove Proposition 1.

Proof of Proposition 1 Letx € U,y suchthat g(x) = 0, thatis, x? = 1/x and X3 4bx+c=
0. Taking the g-th power of the equation x> + bx + ¢ = 0 and inserting x¢ = 1/x we get

1 1
x3‘1+bxq+C:x—3+b;+c:0<:>1+bx2+cx320. (1)

Hence, there exists x € U, such that g(x) = 0 if and only if the following system

B 4+bx+c=0
b 1 2
B =xr+-=0 @
c c
holds. Subtracting the equations in the above system (2) we get:
b 1
Zxr—bx4+-—c=0 3)
c c
and then multiplying the equation in (3) by % we have:
SN By @
x“—cx+—-——=0.
b b
. 1—¢2 ..
Letting A = — the equation in (4) becomes
Z—ex+A=0. (®)]

Here, we note that A # 0, because otherwise the equation in (5) implies that either x = 0 or
x = ¢, which contradicts with Lemma 2 as 0, ¢ € F,. Note also that A € [F,.
Taking the g-th power of the equation in (5) and substituting x¢ = 1/x, we obtain

1 c 5 , 1
xfz—;-i-A:O@Ax —cx+1=0&x —Zx—i-Z:O. (6)
Now, subtracting the equations in (5) and (6) we have
—cx+£x+A—l=0, (7)
A A
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which is equivalent to

! 1> Az_l—o 1—A A2-1)=0 8
C<Z_ i+ 5 =06 (- A+ (42— D) =0, ®)

If A # 1, then by the equation in (8) we get

A+1
cx—(A+1) =0 x=—o,
c

A+1 1-c*+b
c bc
b =1 — ¢2, so the proof of the first condition in both parts (i) and (ii) of the proposition is
complete.
Now, assume that char (IF;) = 2. Using the equation in (5) and the fact that A = 1, we
obtain

which contradicts with Lemma 2, since

€ Fy. Thus, A = 1, that is,

X2 cX

1 ) 1 X
St+5=5ery+ty=5 where y = —. )
c c c c

Prax=1o 5
c

If Tr(1/c¢?) = Tr(1/c) = Othen y = x/c € F,, so x € I, (see for instance Theorem 2.25
in [26]), which is not possible by Lemma 2, therefore Tr(1/c) = 1 and this completes the
proof of necessity in part (i).

Next, assume that char (IF;) is odd. Using the equation in (5) and A = 1, we obtain

2 5 c? 2 ) 2 24
X“—cx+1=x _CX+Z+1_Z=O<:>X _CX+Z= Y
which holds if and only if
(x- E)2 _cod (10)
2 4
2 —

Using the equation in (10) and Lemma 2, we obtain that must be a nonsquare in Fy,

or equivalently ¢ — 4 must be a nonsquare in I, and this completes the proof of necessity
in odd characteristic.
Finally, in order to prove sufficiency in both parts (i) and (ii), let x € F 2 satisfying

x? — cx 4+ 1 = 0, multiplying both sides by x we get x> = cx? — x.

Substituting x> = cx? — x and b = 1 — ¢ in the system (2) we obtain the following:
x3+bx+c:cx2—x+(1—cz)x—i-c:c(xz—cx—i—l):O (11)
and s
b 1 1 - 1 1
B+t = —x+ sz—l—f:f(xz—cx—l—l):O. (12)
c c c ¢
This completes the proof of sufficiency and the whole proof ends here. O

There is a related result (see, Proposition 3.1,[3]) in [3], however [Proposition 3.1, [3]] is
only an existence result and moreover there are some polynomials such that [Proposition 3.1,
[3]] can not show that they exist. We give a detailed comparison in the following Remark.

Remark 1 In this remark we compare Proposition 1 with [Proposition 3.1, [3]]. We first
note that Proposition 1 gives an if and only if condition for g(x) = x3 + bx + ¢ with
b,c € ]F; to have no roots in U, . However, [Proposition 3.1, [3]] provides only some of

such polynomials. In Table 1 we compare the number of polynomials g(x) = x> + bx + ¢
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Table 1 # of g(x) denotes the number of g(x) = x3 4 bx +c withb, ¢ € IE'Z which has no roots in Ug .11

q # of g(x) provided by [Proposition 3.1, [3]] # of g(x) provided by Proposition 1
8 34 37

9 42 46

11 74 80

13 112 116

16 191 211

17 210 220

19 272 282

23 414 434

25 508 518

with b, c € IF(’; such that g(x) has no roots in U, which is determined using Proposition 1
with the partial number of such polynomials provided by [Proposition 3.1, [3]].

For instance, let ¢ = 8, w € Fg with w4+ w+1=0Pub = w?c=w?and
gx) = x3+4bx+c. Then g(x) has no roots in Uy using Proposition 1. However, [Proposition
3.1, [3]] does not imply that g(x) has no roots in Ug. Indeed, we have (b + 1 — 23+
b3c2(b + 1 —¢?) + b3¢* = 0 and hence the conditions of [Proposition 3.1, [3]] do not hold.
As another example, let ¢ = 9, w € Fg with w? + 2w +2 = 0. Put b = w’, ¢ = w® and
gx) = x3 +bx +c. Then g(x) has no roots in Ujq using Proposition 1. Indeed, b # 1 — 2.
However, [Proposition 3.1, [3]] does not imply that g(x) has no roots in Ujg. As in the
previous example, we have (b + 1 — AP+ 3B +1 =)+ b3¢* = 0 and hence the
conditions of [Proposition 3.1, [3]] do not hold.

Now, suppose that g(x) has no roots in U, 1, then for any x € U,y we have

3 1 38(x)9 3 X3 + bxd + ¢ x 3 4bx M e et +bx? 41
x’gx)! =x =x =x’ = .
g(x) X3 +bx+c X3 +bx+c X3 +bx+c
S4bx 41
Let f(x) = % and note that f(x) permutes U, if and only if f(x) # f(y)

forall x # y € Uy+1. Computing , one gets the following

S — f)
x =y
A=) , 5, (-

p YO+ b
That is, f(x) permutes Uy if and only C defined in (13) is not zero for any x, y € Uy
with x # y. This approach seems to go back, at least, to [21] and [29]. There are further
applications of this method, for instance in [2, 7, 9, 10, 14, 22, 35]. Thus, in order to solve
this problem we need to check all decompositions of the bivariate polynomial in (13) into

absolutely irreducible factors in ﬁq, where Fq stands for an algebraic closure of the finite
field Fy.

Cy:x?y? —c(x?y +xyh) + xy—c(x+y)+1 (13)

Remark 2 Note that all possible decompositions of C; defined in (13) into absolutely irre-
ducible factors are the following:

(@) (xy +aix +axy +pw)(xy +azx +agy +1/p),
(b) (2 +ax + )+ oy + 1/,
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©) (x+a)x+a)(y+a3)(y + o),
(d) Cy is absolutely irreducible.

3 Results in characteristic two

Throughout this section assume that I, is a finite field of characteristic two. Note that if
char(Fy) is even then in order to have gcd(3, ¢ — 1) = 1, g must be of the form g = 22k+1
for some k € N.

In this section we exhibit all the results whenever C is not absolutely irreducible in
the even characteristic case. We deal with the possible decompositions given in Remark 2
parts (a), (b) and (c) in Theorems 1, 2 and 3, respectively and combine all these results in
Theorem 4.

Theorem 1 Let g(x) = x3 4 bx 4 ¢ with b, c € I}, where ¢ = 22+1 for some k € N.
Assume that C g is decomposed into absolutely irreducible factors in the form

(xy +a1x + ooy + w)(xy +o3x +aay + 1/p),
where oy, a2, 3, 4, L € ?q. Then x3g (x4 ") is a permutation polynomial of ¥, iff either
b=1land Tr(1/¢) =1orb =1+ c¢* and Tr(1/c) = 0.
Proof Assume that C s decomposes in the following form
(xy +aix + a2y + p)(xy +azx +oay +1/pn) =0, (14)

where u # 0.
First, assume that the factors in (14) remain invariant under the map (x, y) — (y, x), that
is, C y decomposes in the following form

(xy +oarx +ary+wxy+ozx +azy+1/n) =0 (15)

since &1 = ap and o3 = oy in this case. In order to simplify the notation a little bit let us
define @ := o1 and B := «3. After computing the product of the factors in (15) and comparing
the coefficients with the coefficients of C s defined in (13) we obtain the following

a +f=c (16)

1+c?
- 17

off b (I7)
1 1+ +c?

o= (18)
n b

o

— +Bu=c (19)

"

By the equations in (16) and (19) we get

o o
c=oz+/3=*+/3//~<:>(,u+l)(*+,3>=0 (20)

w 5
Thus, two possibilities occur: either © = 1 or « = pB. If u = 1, then by equation (18) we

obtain b? 4 ¢ = 1 which implies b + ¢ = 1 since g is even. Thus g(x) = x> + bx +b + 1
and g(1) = 0 and we conclude that the polynomial x& (x)?~! does not permute Ug+1. Now,
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suppose that « = u. Substituting « = up in equation (19) we obtain that § = T and
I
thus o = i.
n+1
Let
1 1+b*+c2
A = M _|._ _——= ———

n b

On the other hand, substituting o = R and 8 = ¢ in equation (17), we also obtain
w1 w+1

2 2 2, 2
b b 1+0
that A = ——° Thus A = — = thite gives us the following
1+c2 1+c2 b
@+b)?=1=b=1+c, ()

and s0 A = ¢2.

1
On the other hand, A = u + — implies that
"

pr+Ap+1=0 (22)
It follows that 1 € F}; iff Tr () = O and 1 € F,2 \ Fy iff Tr (%) = 1 (by Theorem 2.25 in
[26]). As A = ¢?, we have Tr () =Tr(ci2) Tr (1). Moreover b = 1+ ¢? by (21). Using

Proposition 1 we obtain that x?g(x4~") is not a permutation polynomial of IF > if Tr =1
as in the case b = 1 + ¢ and Tr (%) = 1 there exists x € U,y with g(x) = 0. Hence we
assume that Tr (1) = 0 without loss of generality. Then we obtain

()= (L) =m (L) =0 23
(3)-7(3)-7() - @

and hence p € . This also imply that o, B € Fj asa = IL+1 and 8 = +
Assume that xy +ax +ay+ p = 0for some x,y € Uyyy, then together with its gth
power we get the following system of equations

xy+ax+ay+pu=0 (24)
uxy+ax+ay+1=0 (25)

Subtracting the above equations we obtain, (14 ) (xy+1) = 0, thus, xy = 1 as we assumed

1
that u # 1. Substituting xy = 1 in xy + ax +ay + 1 = 0 we obtain x + y = pt =

1
-b+1)=casa= e and A = b+ 1 = ¢? in this case. Now, substituting y = — in
c n+1 X

x4y = c, we obtain x> 4+ cx + 1 = 0. That is, xy + ax +ay +pu # Oforx, y € Ug 1 iff
the polynomial x? + cx + 1 has no roots in Ugjti.

Moreover, if xy + Bx + By + 1/ = 0 for some x, y € U, 1, then together with its gth
power we get the following system of equations

xy+pBx+By+1/u=0 (26)
/wxy+Bx+By+1=0 27

1
Subtracting the above equations we obtain, (1 + —)(xy + 1) = 0, thus, xy = 1 as we
"

assumed that o # 1.
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1
Substituting xy = 1 inxy + Bx + By + — = 0 we obtain
n

w+1 p24+1 1 < 1) c
X + y = —= = — M + —_ as IB = .
up cp ¢ M n+1
Now, substituting y = — in the above equation, we obtain
X
b+1 1
x2+wx+1 =x24cx+1=0,sinceb = 14c>. Thatis, xy+px+By+— =0
c w

for x, y € Uy iff the polynomial x2 4 ¢x + 1 has roots in Ugy+1. But we have

2

X cx 1 5 1 X
—+ 5 =— <y +y=—, where y = —. (28)
¢z 2 2 c? c

XHex+1=0s
If Tr(l/cz) =Tr(l/c) =0theny = x/c € F;, sox € F; (see for instance Theorem 2.25
in [20]), so we obtain that x € U,41 NF,, which implies x = 1 by Lemma 2 and x = 1 can
not be a root of the polynomial x? 4+ cx + 1 as ¢ # 0.

For g(1) # 0, we must have 1 + b 4 ¢ # 0 but this is already satisfied since b = 1 + ¢?
and b, ¢ are nonzero. In this case, we proved that x3g(x?~1) is a permutation polynomial of
Fpeiftb=1+ c?and Tr(1/c) = 0.

Next, assume that the factors in (14) are mapped to each other under the map (x, y) —
(y, x), thatis Cy decomposes in the following form

(xy +aix +a2y +w)(xy +a2x +a1y+1/n) =0 (29)

since @] = o4 and @y = w3 in this case. We also have ;© = 1/ which implies that 4 = 1.
In order to simplify the notation let us define o := o] and 8 := «.
Thus the equation in (29) is actually the following

xy+ax+B8y+Dxy+Bx+ay+1)=0 (30)

After computing the product of the factors in (30) and comparing the coefficients with the
coefficients of C s defined in (13) we obtain the following equations:

a+pB=c (31)
14 ¢?
= 2
af b (32)
1 2 b2
o’ + B = % (33)

2

Substituting o = in (33) we obtain that

b=a>+p*+ap (34)

and then substituting both b = &> 4+ %2 4 af and ¢ = o + g in equation (32) we end up with
the following equation

AB+apd+ B+’ +p2+1=0

which implies that
@B+ 1)@+ +ap+1)=0
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Thus either o = 1 or a® 4+ 2 +af + 1 = 0. Note that, if «8 = 1 then the equation in (30)
is of the following form

(xy +ax + éer D(xy + $x+ay+ 1)
= (o) + é(y + ) + ) + é(x + )
=+ OO0+ D+ =0, (35)
and we consider this case in Theorem 3. Thus, assume that o # 1, thatis, >+ 2 +af+1 =

0. Then using the equations in (32) and (33) we get

252 2 2
l+c*+b i mapt = I+c¢ 1= I+c"+b

b b
which implies that b(b 4+ 1) = 0. Thus, since b # 0, we obtain that b = 1. Since a8 # 1
then b # 1 — ¢? by (32), so by Proposition 1, g(x) will have no roots in Ugr1if g(1) #0
is satisfied. Substituting » = 1 in g(1) = 1 + b + ¢ # 0 we just obtain that ¢ # 0 which is
already our assumption. Now, substituting « = 8 + ¢ in the equation a2+ B2 +af+1=0
we get B2 + cB + ¢ + 1 = 0 implying that

2
(B +forid
C C C

1
which holds if and only if Tr (1 + —2> = 0, for some 8 € FF,. Since, g = 22k+1 we have
c

0:Tr<l+i2) =Tr(l)+Tr<i2> =1+Tr<l>
c c c

1
implying that Tr <7> =1.
C
Now, substituting « = ¢+ f in the factorxy+ax +8y+1wegetxy+(c+B)x+By+1.
If xy + (c+ B)x + By + 1 = 0 for some x, y € Uy then taking the g-th power of this
equation we obtain 1 + (¢ + B)y + Bx + xy = 0. So we have the following system of
equations:

xy+(+Bx+By+1=0
xy+Bx+(c+py+1=0

Subtracting the equations in the above system we obtain
c(y—x)=0.

It follows that the only solution to the above equation is x = y since ¢ # 0. Similarly,
substituting « = ¢ + B in the second factor xy 4+ Bx 4+ ay 4+ 1 we obtain the same result.
Thus we proved that in this case x3g(x?~!) is a permutation polynomial of Fg2iff b = 1 and
Tr(l/c) = 1.

On the other hand, if Tr (1/¢) = 0 then this implies that 8 € F> \ F; and we observe that
the factors in the decomposition (30) must be mapped to each other when we apply the map
a +— a to the coefficients of the factors, thatis, xy + a9x + B9y +1 =xy+ x +ay + 1
andxy + B9x + a9y +1=xy+ax + By + 1. As aresult we obtain § = «? and o« = B9.
Now, if xy +ax + By +1 = xy + B9x + By + 1 = 0 for some x,y € U, then this
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1546 F. Ozbudak, B. G. Temiir

By+1  By+1

y+BT T y+ Pt
y% + ¢y + 1 = 0 which is iff Tr (1/¢) = 0 for some y € F,, thatis y € Uy41 NTFy, that s,

implies that x =

sincea + =4+ p =c. Thusx =y € Uyy iff

. . . +1

y = lory = —1byLemma 2, butin both cases x # y since ¢ # 0. Therefore if x = ﬁ}; B4
y

then Cy is zero for some x, y € U,y with x # y, which implies that x3g(x)?~" does not

permute Uy 4. O

Theorem 2 Let g(x) = x> 4 bx 4 c with b, c € F;, where g = 2%*F1 for some k € N.
Assume that C s is decomposed into absolutely irreducible factors in the form

(4 ax + WG + ooy + /),

where a1, 0, L € Fq. Then x3g(x?~") is a permutation polynomial of Fpp iffb =1+ 2
and Tr(1/c) = 0.

Proof Assume that C y decomposes in the following form

% +aix + (2 a2y +1/p) =0, (36)

where o # 0. First of all, we observe that the factors in (36) must be mapped to each other
under the map (x, y) > (y, x) so we obtain oy = a» and u? = 1 which implies that u = 1,
that is, the equation in (36) is actually the following

(xz—i—ozx—l— 1)(y2+oty+ 1) =0, (37

where @ := o] = «y. After computing the product of the factors in (37) and comparing the
coefficients of the equation in (37) with the coefficients of C s defined in (13) we obtain the
following

a=c (38)

142
=1 39
b (39)

14 b% + ¢
1Tt e (40)

b

By (39) we have b = 1 + ¢2 and thus by (40) we have «?> = 1 + b. Now, assume that the
first factor in (37) is zero for some x € Uy 41, that is, x2 4+ ax + 1 =0 for some x € Ugy1.
Dividing both sides by a? we obtain

Xz x 1 X2 x 1

Tt =0 = St o=

a? 2 o o«

Recall that b = 1 + ¢2 and hence Tr(1/c¢) = 0 by Proposition 1 for x3g(x?~1) to be
a permutation polynomial of F ». Using the last equation (see for instance [26, Theorem
2.25]) we conclude that Tr(l/ozz) = Tr(l/cz) = Tr(1/c) = 0 and hence x /o € [, which
implies that x e Fy asa =c € F},sox € F, N Uy41 \ {1} = ¥ by Lemma 2 which means

that x2 +ox + 1 has no roots in Ug+1. Similarly the second factor y>+ay+1in (37) does not
have any roots in U, 1. Moreover, by Proposition 1 we also need that g(1) = 1+b+c #0
be satisfied. The proof is completed. O

The proof of Theorem 3 is given below.
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Theorem 3 Let g(x) = x> 4+ bx + c with b, c € [y, where ¢ = 22+ for some k € N.
Assume that C g is decomposed into absolutely irreducible factors in the form

(x o) + o)y +a3)(y + ),
where a1, a2, a3, 04 € Fq. Then x3g(x4~") is a permutation polynomial of F,2 iff there

1
exists o € ]F;2 \ Uyt1 such thatc =a + — andb = 1 + 2.
o

Proof Let g(x) = x> 4 bx + ¢ with b, c € IF;. Assume that C is decomposed in the form

(x +a)(x +a2)(y +a3)(y + ag), 41)

where oy, a2, a3, 04 € ﬁq, since C is fixed under the map (x, y) — (¥, x), we obtain
a = a3 and ap = a4. Now, comparing the coefficients of (41) with the coefficients of C ¢
we get the following:

a)l +op =c¢ (42)
1 2
oy = te (43)
b
14+ b2+
(@ + )’ = —— (44)
(a1 +a)ajon = ¢ 45)
otlza% =1. (46)
1
From (42) and (45) we get that ajap = 1. Let o € IF \ Ugs1, witha) = e and ap = —
a’
1
then, by (42) we get c = « —|— —andb =1+ %+ —) which satisfy b = 1 + ¢2. Thus, by

Proposition 1, for g(x) not to have any roots in Uq+1 wemusthave g(1) =14+b+c #0
and Tr(1/c) = 0. We have

1 1
g(l):1+b+C:1+1+((x2+f2)+(0{+,)
o o

I

Q

+
|

+

Q

+
\

Thus, by Proposition 1, ¢ € IE‘Z2 \ Ug+1 must be such that ot + o +a+1 # 0. Note

thata* +o® +a+1 = (@+ D2 +a+1) # 0 holds automatically as & # 1 and
a? + a + 1 # 0 since otherwise o € Fy \ 2 which is not possible as ¢ = 22K+ that is, ¢
1 2
is an odd power of 2. Moreover, c = o + — = ¢
o o

, then taking 6 := o + 1 we get the
following

o _9+1 1

and thus we have

1 1 1 1 1 1 1
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1
That is, whenever ¢ = o + —, where o € IE‘ \ Ug+1, the condition Tr(1/c) = 0 in

Proposition 1 is already satlsﬁed which implies that g(x) has no roots in Uy in this case.
Thus, the proof is completed. O

The following theorem is the main result of this section, where we combine all results in
even characteristic case.

Theorem4 Let g(x) = x> + bx + ¢ with b, c € [y, where g = 22K+ for some k € N.

Assume that C y is not absolutely irreducible. Then x3g (x4~ YY) is a permutation polynomial
of F ;2 iff one of the following conditions hold:

G b=1+c*and Tr(1/c) = 0.
(i) b=1and Tr(1/c) = 1.

Proof 1In this Theorem we just combine all results in Theorems 1, 2 and 3. Thus, it is enough
to simply prove that under the assumptions b, ¢ € Fy andb = 1+ ¢? the following conditions
are equivalent:

1
(a) There exists o € FZz \ Uy41suchthatc = + —,

o
(b) Tr(1/c) = 0.

Consider the equation
x> +ex+1=0. (47)

1
The equation in (47) has a solution o € IF*2 iff c = o + —. Moreover, by (47), a € T, iff
Tr(1/c) = 0. Also, if ¢ € F2 \ Fy, that is, 1f Tr(1/c) # 0 then the roots of the equation in

(47) are a and «4. Thus, thls implies that Xdex+1=x—a)(x—al). Considering the
coefficient of 1 on both sides we obtain that «9+! = 1. This completes the proof. O

Remark 3 In Sect. 5 we prove that there is no permutation polynomial of the form x3g(x7~1)
of F2 if Cy is absolutely irreducible. Hence we complete the classification when the char-
acteristic is even.

4 Results in odd characteristic

In this section we exhibit all the results whenever C ¢ is not absolutely irreducible in the odd
characteristic case. We deal with the possible decompositions given in Remark 2 parts (a),
(b) and (c) in Theorems 5, 6 and 7 respectively and combine all these results in Theorem 8.

Theorem 5 Let IFy be a finite field of odd characteristic, where gcd(3,q — 1) = 1. Let
g(x) = x3+bx+cwithb, c € IF;; Assume that C 7 is decomposed into absolutely irreducible
factors in the form

(xy +ar1x + a2y + w)(xy +o3x +agy +1/p),

where a1, a2, a3, 04, L € ?q. Then x3g (x4 ") is a permutation polynomial of ¥, iff either

4 -

char(Fy) #3,b=—-3,c # —2,2and

is a nonzero square in [F.

is a square inFy orb = 1 —c2andc*—4
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Using the same arguments and similar computations as in Theorem 1 one can prove
Theorem 5. Therefore, in order not to repeat the long and complicated computations we omit
the proof of Theorem 5.

Theorem 6 Let I, be a finite field of odd characteristic, where gcd(3,q — 1) = 1. Let
g(x) = x3+bx+cwithb, c € IFZ. Assume that C 7 is decomposed into absolutely irreducible
factors in the form

(& arx + (7 + ooy + 1/w),
where a1, a2, L € ?q. Then x3g(x1~") is a permutation polynomial of]qu iffb=1-¢c2
and ¢* — 4 is a nonzero square in F,.

Proof Assume that Cy decomposes in the following form

(% +ax + O+ By +1/w) =0, (48)

where o # 0. First of all, we observe that the factors in (48) must be mapped to each other
under the map (x, y) — (¥, x) so we obtain « = 8 and w? = 1 which implies that either
pn=1orpu=—1.1f u = —1, then the equation in (48) becomes

2 +ax— 1D +ay—1)=0. (49)

After computing the product of the factors in (49) and comparing the coefficients with the
coefficients of C s defined in (13) we obtain the following

a=—c (50)
= (51)
b
ﬁ —— (52)
b
—c = —a. (53)
By (50) and (53) we obtain « = —c¢ = 0 which gives a contradiction since ¢ # 0. Thus

© = 1 and we have only the following decomposition in odd characteristic case
2 +ax+ D> +ay+1)=0. (54)

After computing the product of the factors in (49) and comparing the coefficients with the
coefficients of Cy defined in (13) we obtain the following

a=—c (55)

1 —c?
=1 56
b (56)

1 — 2 _ 2
#=a2 (57)

b

Substituting (56) in the equation (57) we obtain b = 1 — a2 which implies that b = 1 —¢? by
(55). Now, the polynomial x?> +ax + 1 = x> —cx + 1 = 0O has aroot x € F, iff 2 —4isa
square in [F;. So, if ¢ — 4 s a square in F, and x € Uy is such that x> —cx + 1 = 0 we get
x = +1. Since ¢ —4is a square in Iy, g(x) does not have any roots in U1 by Proposition 1
whenever g(1) # 0 and g(—1) # 0. Note that for g(1) = 1 +b+c =2 —c*> + ¢ # 0 and
g—)=—1—b4+c=c>+c—2#0wemusthave c ¢ {—1,2, —2, 1}. The proof of the
theorem is completed here. O
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Theorem7 Let F, be a finite field of odd characteristic, where gcd(3,q — 1) = 1. Let
g(x) = x3+bx+cwithb, c € IFZ Assume that C 7 is decomposed into absolutely irreducible
factors in the form

(x +aD(x + o)y +a3)(y +a4),
where oy, 2, 03, 4 € Fq. Then x3g(x9™YY is a permutation polynomial of F,2 iff there
exists o € FZZ \ Ug1 such that @ +a+D@—a+1) #£0c=— (a + é) and
b=1-c2
Proof Let g(x) = x> + bx 4+ c with b, ¢ € }F;. Assume that C is decomposed in the form
(x +a)x +a2)(y +a3)(y + aq), (58)

where oy, a2, a3, 04 € ﬁq, since Cy is fixed under the map (x, y) + (¥, x), we obtain
a; = a3 and ap = a4. Now, comparing the coefficients of (58) with the coefficients of C ¢
we get the following:

o] +ay = —c (59)
1—¢?
ey = — (60)
1—b* —¢?
(1 +a)? = ———— (61)
(a1 +o)ajay = —c (62)
alza% =1. (63)

1
From (59) and (62) we get that vy = 1. Leta € IF‘:;Q \Ujy1, withoy =aand ap = —,
o

then, by (59) we getc = — (o + l) andb = —1— (> + iz) which satisfy b = 1 —c2. Thus,

by Proposition 1, for g(x) not to%ave any roots in Uy 41 v?/le musthave g(1) = 14+b+c #0,

g(=1) = —1 — b+ ¢ # 0 and moreover ¢> — 4 must be a square in F,. For g(1) # 0,

S IE‘Z2 \ Uy41 must satisfy a* +od +a+1 # 0. Note that o* + o> + o + 1 =

(@+DXe?—a+1) # 0 so it is enough to assume that o —a+1 # 0, since ¢ # —1.
Similarly,

1 1
g =—l-btc=—1+1+@ + =) —(@+-)
o o
1 1
4 -~
=« +a2 o
4 3
o+ 11—’ —«
= #0
o

Thus & € Y, \ Uy 41 must be such that o —ad—a+1+#0 Notethato* —a® —a +1 =
(@ — D%(@® 4+ a+ 1) # 0, so it is enough to assume that > + o + 1 # 0, since o # 1.
Moreover, ¢ = —(« + —) implies that
o
2 2 1 2 1
cC=a"+2+ 5 =c —4:(0{—7) ,
o o

s0 ¢2 — 4 is already a square in F,. The proof is completed. O

@ Springer



Classification of permutation polynomials 1551

Remark 4 The conditions in the statement of Theorem 7 do not seem to appear in the statement
of Theorem 8 which is the main result in odd characteristic case. Note that in the proof of
Theorem 8 we show that under the assumptions b, ¢ € IF; and b = 1 — ¢? the following
conditions are equivalent:

1

(a) Thereexistsa € ]FZ‘IZ\U,]H suchthatc = — (oc + 7>,a2+a+1 # 0anda®—a+1 # 0,
o

() 2 —4isa square in Fy, where ¢ ¢ {-2, —1, 1, 2}.

Therefore, the conditions in the statement of Theorem 7 are actually involved in Theorem 8.

The following theorem is the main result of this section, where we combine all results in
odd characteristic case.

Theorem 8 Let I, be a finite field of odd characteristic, where gcd(3,q — 1) = 1. Let
g(x) = x3 +bx +cwithb,c € ]F’q‘. Assume that C ¢ is not absolutely irreducible. Then

x3g(x971Y is a permutation polynomial of IE‘qz iff one of the following conditions hold:

G b=1- 2 and ¢* — 4 is a nonzero square in [Fy,
2

(ii) char(F,) #3,b= -3 and is a nonzero square in .

Proof 1In this Theorem we just combine all results in Theorems 5, 6 and 7. Thus, it is enough
to simply prove that under the assumptions b, ¢ € FZ and b = 1 —c? the following conditions
are equivalent:

1
(a) Thereexistsa € F22\Uq+1 suchthatc = — (a + 7>,a2+a+1 #+ Oanda?—a+1 #0,
o

(b) 2 —4isa square in IF, where ¢ ¢ {-2, —1, 1, 2}.

The equation x> — cx + 1 = 0 has a solution in F, (i.e. all solutions) iff ¢ — 4 is a square in

IF,. Otherwise, o and a4 are solutions with &, 7 € qu \F, and we have (x —a)(x —af) =
x2 — cx + 1. Considering the coefficient of 1 on both sides we obtain «9+! = 1 which gives
a contradiction since o ¢ Uy 1. Assume that o> —ca+1=0.Notethate> —a+1=0

iff (—c¢ + 1)a = 0 which is iff ¢ = 1. Similarly, a2+ a+1=0iff (c + D)o = 0 which is

iff c = —1. Now, assume that ¢ — 4 is a square, then a?—ca+1=0anda?t! =a?2 =1
iffoe = —lora =1anda?—ca+ 1 =0whichisiff c = 2 or c = —2. This completes the
proof. O

Remark 5 In Sect. 5 we prove that there is no permutation polynomial of the form x3g(x?7~1)
of F2 if Cy is absolutely irreducible. Hence we complete the classification when the char-
acteristic is odd.

5 The case when (¢ is absolutely irreducible

In this section, we consider all b, ¢ € FZ so that C is absolutely irreducible and we prove
that in this case x3g(x?~") is not a permutation polynomial of F 2. For this purpose we will
make use of the Hasse-Weil bound. In order to be able to use the Hasse-Weil bound (see [18,
Theorem 5.28]), we need to apply the following idea:

Let z be any elementin F > \ F; and define ¢ (x) = ;;rzzq forany x € F, with ¢ (00) = 1.
Note that it is easy to observe that ¢ is one to one from [y, U {00} to U, and thus onto.
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Moreover, ¢~ (x) = "f%z for any x # 1 with ¢~1 (1) = co. In this setting, f(x) =

ex34bx®41 . . 1 .
Sibxic 1sone toone on Uy if and only if the map (¢~ o fo@) is one to one on
F, U {oo}.

First assume that F;, is of even characteristic, where ¢ = 2%+ Yot F(x) =

(¢*1 ofo ¢) (x), 27 + z = «a, for some o € F,; and moreover assume without loss of gen-

- = 2 — i _ Bt Dx? b+ D+x(b+o) et
erality thate = 1 and z°~ +z 41 = 0 then we obtain F(x) = et D ix (bt ih

) # 0 so for any x € F, the denominator of F(x) is

b
Here we first assume that Tr (m

nonzero. Computing %f(y) one gets the following
X XY+ BiGPy + 207 + G + ) + xy + Cix + ) + Co, (64)
where By = 1,Cp = b_‘fﬁ,C 1+72Hand Co = 1+172+721 We obtain that if

the conditions of Theorem 4 do not hold, namely b, ¢ € Fy such that none of the following
conditions hold:

(i) b=14c*and Tr(1/c) =0,

(ii)) b=1land Tr(1/c) =1,

then x r is absolutely irreducible. Next we consider the case where Tr <b+fﬁ) = 0. Note that

b4c+1 # 0as weassume g(1) # 0. Note that the polynomial x2 +x + ﬁ corresponds to
the denominator of the rational function F (x) and x> (b+c+1)+x2(b+ 1) +x(b+c)+c+1
is the numerator of F(x). It is easy to observe that the numerator and denominator of F(x)
are coprime if <t £ - +lc’ - Note that ol = +lc’ 7 ifand only if b = 14¢?. First consider
the subcase where b # 1+ ¢2 and Tr ( e +1) = 0. As the numerator and denominator of

F (x) are coprime and the denominator has a root xo € I, the composite map o lofod
is not one to one on IF, U {oco}. In particular both co and x¢ are mapped to co by the
composite map ¢~ o f o ¢. Next we consider the remaining subcase where b = 1 + ¢ and

Tr <h+c+l) = (. These conditions imply that b = 1 + ¢? and Tr(l/c) = 1as Tr(1) = 1.
This gives a contradiction to the assumption that g(x) has no roots in U, by Proposition

b _
m) = 1 whenever

1. Consequently we can assume without loss of generality that Tr (
x3g(x91) is a permutation polynomial of F2.

Next, we consider the case I, has odd characteristic. Choose a nonsquare u € IF; and let
2% = u then note that z + z9 = 0 and z¢+! = —u. Here we first assume that 5 4+ 3¢ — 3 # 0
and similarly let F(x) = ( 1o fo ¢) (x) be the composite map on F, U {oco}. Using the

X7 +Ax (= b+30+3) B = ( b+c—1)
+

» where A = u === b+3c—3 -

chosen value of z we obtain that F'(x) =

F (X) FQy)
-y

Computing one gets the following

xF X292 + B(x? 4+ %) + (B — A)xy + AB. (65)

We obtain that if the conditions of Theorem 8 do not hold, namely b, ¢ € IE‘; such that none
of the following conditions hold:

. _ _ 2 2 _ . .
9
(i) b=1—-c"andc 4 is a nonzero square in I,

(it) char(F,) #3,b = —3 and 473762 is a nonzero square in I,

then xr is absolutely irreducible. Next, we consider the case where b + 3¢ — 3 = 0. In this
case F(x) becomes F(x) = x> + Ax where A = 5—. Computing M one gets the
following
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XF i x?+xy +y? + A (66)

Similarly we obtain that if the conditions of Theorem 8 do not hold then xr is absolutely
irreducible.

Now assume that yr in both (64) and (65) is absolutely irreducible. Homogenizing the
polynomial in (64) (respectively in (65)) with x = % and y = % we obtain a homogeneous
polynomial of degree d = 4. Then by the Hasse-Weil bound (see [18, Theorem 5.28]) we
have the following:

cd) = %d(d — 1)? + 1, note that ¢(d) = 19if d = 4 and ¢(d) = 2 if d = 2 (namely,
d = 4 except when ¢ is odd and b + 3¢ — 3 = 0), hence c¢(d) < 19 and

IN —q| < (d—1)d - 2)g"* + c(d) < 6q'7> + 19,

where N is the number of affine I, -rational points of x r. This implies that if g —6g 1219 >
4 then both (64) and (65) have an [F;-rational point off the line x = y. As g is a prime power,
we note that ¢ — 6¢'/?> — 19 > 4 for any such ¢ provided that ¢ > 79. Consequently, we
complete the proof of the statement x3g(x?~!) is not a permutation polynomial of Foif
Cy is absolutely irreducible and ¢ > 79. It remains to consider g < 79. If characteristic
of IF, is even then g is in the form g = 22k+1 in our case and so we need to consider only
q € {2, 8,32} and if characteristic of I, is odd, then since 3 { (g — 1) we need to consider
only g € {3,5,9,11,17,23,27,29, 41,47, 53,59, 71}. Using MAGMA [8] we observed
that there are no other permutation polynomials of the form x3g(x4~1) other than the ones
obtained by Theorems 4 and 8. As these correspond to the cases that C s is not absolutely
irreducible, we complete the proof of the statement that x3g(x9~") is not a permutation
polynomial of F 2 if C is absolutely irreducible for any finite field F,,.

Consequently, combining all the results we attained in the absolutely irreducible case, we
have the following theorem.

Theorem 9 Let F, be a finite field and g(x) = x3+bx +cwithb,c € [F;. Assume that C ¢
is absolutely irreducible. Then x3g(x9~") is not a permutation polynomial of F2.

Hence, using Theorems 4, 8 and 9 we completely classify all permutation polynomial of
the form x*g(x?~") of F 2, where g(x) = x? 4 bx 4 ¢ with b, ¢ € F}.

6 Comparison of Theorem 4 with Theorem 3.4 in [3]

We first consider [Theorem 3.4, [3]], item (ii). As g = 22k+1 e obtain that the conditions
of [Theorem 3.4, [3]], item (ii) imply

1
Tr(-) =1 and T? 4 ¢T + 1 has no roots in Ug1. (67)
c

However, these two conditions are contradictory. Using Hilbert’s Theorem 90 (see, for
1

instance, Theorem 2.25 in [26]), as Tr(—) = 1, we obtain that the polynomial T2 +¢T + 1
c

is irreducible over IF, and hence its roots are o, a9 € Iqu \ Fy, that is, T2+ ¢T +1 =
(T —a)(T —a?). Considering the coefficient of 79 on both sides we conclude that ! = 1
which gives a contradiction to (67). Hence [Theorem 3.4, [3]], item (ii) is an empty con-
dition. On the other hand, Theorem 4, item (ii) gives exactly g/2 polynomials of the form
glx) = x3 + x + ¢ such that gxd Nisa permutation polynomial of qu. Indeed, as
{u : Tr(u) = 1}| = ¢q/2, choosing ¢ € F, with 1/c € {u : Tr(u) = 1}, we obtain exactly
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¢ /2 distinct polynomials of the form g(x) = x> + x 4 ¢ satisfying the conditions of Theorem
4, item (ii).

1
We also indicate an unnecessary phrase in [Theorem 3.4, [3]], item (i). Indeed, if c = o+ —

1 1 1
with o € I, then putting o = 6 + 1 we obtain that Tr(-) = Tr (5 + 9—2> = 0 and hence
c
the polynomial 72 + ¢T + 1 has no roots in Uy +1 automatically.
The last but not the least comparison we need to underline is the following:
Theorem 4 gives an if and only if statement provided that C s is not absolutely irreducible.
However, [Theorem 3.4, [3]] is only an existence result, which is far from complete, as

explained above.

7 Comparison of Theorem 8 with Theorem 3.6 in [3]

We first consider [Theorem 3.6, [3]], item (ii). Let p be the characteristic of the finite field IF,
and ¢ = p™. As ¢ = 2 (mod 3), this implies that p = 2 (mod 3) and m is odd. Note that if
the polynomial 7% — ¢T + 1 has no roots in Ugy+1 then ¢ — 4 must be a square in IF,. Hence
the assumptions of [Theorem 3.6, [3]], item (ii) hold if and only if —3c2 4+ 12and? —4
are both squares in [F;. As —3¢2 4+ 12 = —3(c% — 4), we obtain that if the assumptions of
[Theorem 3.6, [3]], item (ii) hold, then

p =2 (mod 3) and — 3 is asquare in F,. (68)

However, there are many examples in which the conditions in (68) do not hold. For instance,
p =5=2(mod 3)and —3 = 2 is not a square in Fs. In fact, we have checked for all primes
p < 10000 and observed that there is no prime p satisfying the conditions in (68). Hence
[Theorem 3.6, [3]], item (ii) is empty for many (if not all) cases. However, Theorem 8§ gives
examples for any finite field IF, of odd characteristic, where g = 2 (mod 3). For instance, if
g = 5, then for g(x) = x> —3x + 1 and g(x) = x> — 3x + 4, we obtain that x>g (x4~ ) isa
permutation polynomial of F 2.

Next, we consider [Theorem 3.6, [3]], item (i) and observe that [Theorem 3.6, [3]], item (i)
does not hold when char (IF;) = 3. However, Theorem 8, item (i) holds when char (F;) = 3
as well. For instance, if ¢ = 9, then for g(x) = x3 + (1 — w?)x + w? and g(x) = x> + (1 —
wO)x +w®, where w2 +2w+2 = 0, w € Fo\ F3, we obtain that x3g (x4~ ") isa permutation
polynomial of F 2.

Finally, the last but not the least comparison we want to underline is the following: Theorem
8 gives an if and only if statement provided that C s is not absolutely irreducible. However,
[Theorem 3.6, [3]] is only an existence result, which is far from complete as explained above.
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