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Abstract

In this paper we obtain further improvement of index bounds for character sums of polyno-
mials over finite fields. We present some examples, which show that our new bound is an
improved bound compared to both the Weil bound and the index bound given by Wan and
Wang. As an application, we give an estimation of the number of all the solutions of some
algebraic curves by using our result.
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1 Introduction

Let p be a prime number and IF,; be a finite field, where ¢ = p™ for some positive integer m.
Let ¢ : F, — C* be a nontrivial additive character and f(x) € F,[x]. The following sums

Do)
xeFy

are referred to as the Weil sums [6]. Throughout this paper, we always view a polynomial
f(x) € Fy[x] as amapping over IF,. In this sense the degree of a polynomial in I, [x] should
be controlled by ¢ — 1 when we consider Weil sums.
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Given a polynomial f(x) € IF,[x] of positive degree n with ged(n, g) = 1, we have

> w(f(x»‘ < (n—1q. (1.1)

xelfy

The upper bound in (1.1) is well known as the Weil bound.

The Weil bound for character sums has many applications in mathematics, theoretical
computer science, and information theory etc. The Weil bound is trivial when the degree of
the polynomial is bigger than ,/g. Some progress on improvement to the Weil bound has
been made as follows.

(1) Using Deligne’s bound for exponential sums in several variables, Gillot et al. [3,4]
provided a new bound for | )" eFym ¥ (f(x))| such that for any b € IE‘;;", the g-degree of

fx) =bx?+gx) e Fym[x] only depends on the leading term bx?; the g-degree of a
nonzero polynomial f over Fyn is defined by

deg, (f) = max{dy +di + - +dpu—1 : d € supp(f)},

where d = dy + diq + - - - + dyy—1g™ ! denotes the g-ary expansion of d.

(2) Wan and Wang [7] obtained an index bound for character sums over finite fields; they used
the the concept of index of a polynomial over a finite field, which was first introduced in
the research of permutation polynomials [1]. This bound improved the Weil bound for
high degree polynomials with small indices as well as polynomials with large indices
that are generated by cyclotomic mapping of small indices.

(3) Recently, there is an improvement on the Hasse-Weil bound in the characteristic two case
by Cramer and Xing [2]. They used the algebraic geometry and the algebraic number
theory. As an application, they also improved the Weil bound for character sums.

1.1 Main result and comparison with previous results

The concept of the index of a polynomial over a finite field was first introduced in [1].
A polynomial f(x) € Fy[x] of degree n < g — 1 can be written as the following form:

fO) =a@" +aniyx" "4 gy X" + b,
where a, an—i, #0,j=1,..., k. Letr be the lowest degree of x in f(x) — b. The index [
of the polynomial f(x) is defined by
— g1
Cgdn—r,n—r—ip, ..., n—7r—ip_1,q— 1)

In fact, any non-constant polynomial f(x) € [F,[x] of degree n < g — 1 can be written
uniquely as f(x) = a(x"h(x@=D/y) 4 p.

By using the index of polynomials, Wan and Wang [7] found a new bound, which is called
an index bound, for character sums of polynomials over finite fields as follows:

Theorem 1.1 [7, Theorem 1.1] Let f(x) = x"h(x 4D/ 4+ b € F,[x] be any polynomial

withindexl. Let& be a primitive I-th root of unity in ¥, andng = 8{0 <i <1—1| h(§") = 0}.
Let  : Fy — C* be a nontrivial additive character. Then

> () = Tn

xeF,

—1
< (I = ng) ged <r, %)ﬂ. (1.2)
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This theorem is sensitive to the form of f(x). Replacing f(x) with f*(x) = f(x)+d(x)
such that ) cF, ¥ (d(x)) = 0, and in particular, for d(x) of the form y” — y, leaves the left
hand side unchanged but may lower the upper bound in the right hand side.

As mentioned before, we can view a polynomial as a mapping over [F, when we just
consider the Weil sums. Then it is easy to extend the Frobenius mapping 7 over F; to I [x]
as follows:

7 Fylx] = Fylx], n(a) = a?, w(x) = xP.

There is an equivalence relation between polynomials in [F,[x]. Given two polyno-
mials f(x) = ), a;x' and g(x) in F,lx], we write f ~ g if there exists a vector
v = (vo, V1, ..., V) € Z1 such that

7'(f) =n"(ao) + 7" (@1x) + - + 7" (@nx") = g.

The equivalence class of f(x) € Fy[x] is denoted by [ f]. For each polynomial g(x) in the
equivalence class [ /], we use [, for the index of g(x) and n, for the degree of g(x). For each
equivalence class [ f], let [* be defined by

I* =min{ly : g € [f]}.

Then there exists a polynomial f*(x) € [ f]suchthat f*(x) = xR (x@ DY 4 p e Fylx]
and the index of f*(x) is exactly I*. We call f*(x) the equivalent polynomial of f(x) with
the smallest index and #2*(x) the associated polynomial of f*(x).

The following theorem is our main result, which provides a new formulation of index
bounds in Theorem 1.1 for character sums of polynomials over finite fields.

Theorem 1.2 Let f(x) € Fy[x] be a polynomial of positive degree n with gcd(n, q) = 1.
Let f*(x) be the equivalent polynomial of f(x) with the smallest index I* and h*(x) the
associated polynomial of f*(x). Let & be a primitive I*-th root of unity in ¥y and no = £{0 <
i <I*—1|h*E) =0} Let ¢ : F, — C* be a nontrivial additive character. Then

> U @) = 1o

xeF,

< (* = np) eed <r*, ‘%1)\/@ (13)

The following examples show that the upper bound in (1.3) is indeed an improved bound
compared to both the Weil bound in (1.1) and the index bound in Theorem 1.1.

Example 1.3 Let f(x) = x* + ax* € Fy7[x], where a € F%,. Obviously, the Weil bound is
trivial because of the high degree. Since the index of f is 26, the index bound is also trivial.

er]Fn w(x25 +

However, by Theorem 1.2, [* = m = 2.1f a® = +1, then

<2427.

ax®) — 277 < +/27; otherwise, we have | 3 p.. Y (xB + ax®)

Example 1.4 Let f(x) = x'°+ax? € Fy;[x], where a € F%,. Obviously, the Weil bound and

the index bound are both trivial. By Theorem 1.2,7* = 2.Ifa® = %1, then > xeFy Y+
ax?) — % < 4/27; otherwise, we have er]Fn 1//(x19 +ax?)| < 2427.
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Similarly, we define
n* = minfn, : g € [f1}. (1.4)

Then using the Weil bound, the same arguments derives

DY (f)

xelfy

< (" —1)/q. (1.5)

The following examples show that the upper bound in (1.5) is also an improved bound
when it is compared to the Weil bound in (1.1), the index bound in Theorem 1.1, and the
upper bound in (1.3).

Example 1.5 Let f(x) = x'° 4+ ax* € Fa;[x], where a € F3,. Obviously, the Weil bound,
the index bound, and the upper bound in (1.3) are all trivial. However, by (1.4) and (1.5), we

have n* = 5 and ‘ Y very, Y+ ax4)‘ <4v27.

Example 1.6 Let f(x) = x10 4+ ax3 € Fyy[x], where a € IF%,. Obviously, the Weil bound,
the index bound, and the upper bound in (1.3) are all trivial. However, by (1.4) and (1.5), we

have n* = 5 and ‘ > eery, W10+ ax5)‘ < 4y27.

The p-cyclotomic coset modulo ¢ — 1 containing i is defined by
Ci={ip! (modg—1):0<j <1},

where /; is the smallest positive integer such that p/ii =i (mod g — 1), and is the cardinality
of C;. The smallest integer in C; is called the coset leader of C;. By [5, Lemma 6], we
also find an infinite family of polynomials, which shows that the upper bound in (1.5) is an
improved bound.

Proposition 1.7 Let g = p™, s be an integer with p < s < /q, and ged(s, p) = 1. Let
fx) = x5! +ax" € Fy[x], where a € IE‘:; andr < s. Then gcd(spm_1 —qg+1,9) =1,

Yrer, VS| < (s = D3

n* =s, and

The rest of this paper is organized as follows. In Sect. 2, we prove Theorem 1.2. Our main
idea of improving the index bound in [7] is to replace the polynomial over finite fields by
using the equivalent polynomial with the smallest index. Those equivalent polynomials are
obtained by applying Frobenius automorphisms on individual monomials. In Sect. 3, as an
application, we count the number of solutions of some algebraic curves by using our main
result.

2 Proof of Theorem 1.2 and corollaries

Let g = p™ as before and IF,, be a subfield of IF,. Let 7 be the Frobenius automorphism of
IF, over IFj,, which is defined by 7 : F; — Fy, 7(a) = a”. We note that 7(a) = a if and
only ifa € ).

Now, we are ready to give the proof of Theorem 1.2.
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Proof of Theorem 1.2 We write f(x) = ap + ajx + --- + a,x" and ¥ = ¥1(c) for some
nonzero ¢ € F,, where v is the canonical additive character of I,. Let Tr,/, be the trace
function from F, to IF,. For each v = (v, vy, ..., v,) € Zj}{"l,

> i@ ef ()

xelFy

= 3 i (cap) + 7 (carx) + -+ + 7 (capx™)

xely
v V] Un
= > Y1(ca)”’ + (carx)?" + - + (cax)”™")
xely
Trg/p((cag)?"” +(car )" 4+ (capx™)P™)
=2
xelf,
Try/p(cap+carx+--+capx™)
=2
xelf,

= > Y (f ).

xelf,

Note that f(x) and cf (x) have the same indices. Taking a vector v € Z;};’] such that
f*(x) = w¥(cf (x)), the result follows from Theorem 1.1. O

Using the concept of the p-cyclotomic cosets, for binomial polynomials, we obtain the
following corollary, which is a simple version of Theorem 1.2. This also improves and corrects
an error in Corollary 1.2 in [7].

Corollary 2.1 Let f(x) = x" + ax” € Fy[x], where a FZ and1 <r <n <qg—1. Let

C, be the p-cyclotomic coset modulo g — 1 containing r. Suppose that r* = rp* for some
integer k with 0 < k < m — 1 such that

I = g1 — min L
ged(n —r*, g — 1) gcdin — j,qg — 1)

:jeC,}.

Lett = gecd(n,r,q—1). Lety : Fy — C* be a nontrivial additive character. Ifx""" +a
has a solution in ¥y, then

q
DV tax) = < (= Dy .1
xel,
otherwise, we have
> v +ax)| <1'tq. (2.2)
xeFy
Proof By Theorem 1.2, we have
. q—1 . .
I* = — i€ Cy,jeCryp.
mm{gcd(i —jq-n =/ }
Suppose thati = np® and j = rp” suchthat [* = gcd(iq_i_jlq_]).Theni—j = p%(n—rpf~9),
hence, using Theorem 1.2, the result follows immediately since gcd(p,g — 1) = 1. In
particular, ng = 1 if there exists a solution for x"~" 4 al”. O
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In the following corollary, we present some special classes of polynomials for illustration
of our main result.

Corollary 2.2 Let Q be the least prime factor of ¢ — 1, n = %, and o be a positive integer.

Let f(x) =x"t"" 4 ax € Fylx], wherea € F and 1 <n + p* < g — 1. Ifx" + a? has
a solution in IFy, then

< (0 - Dq:

n+p* + _4
PIRZE: ax) = 5

xelFy

otherwise, we have

<0Jq.

> v +ax)

xelF,

Proof For each integer i with0 <i <m — 1, ged(n + p* — p', ¢ — 1) is a divisor of ¢ — 1.
Since Q is the least prime factor of ¢ — 1, gcd(n, g — 1) is the largest integer in the set
{ged(n+ p* — p',q—1):i=0,1,...,m — 1}. Hence, we have I* = Q; thus, the result
follows from Corollary 2.1. O

Letn = p‘f.‘ ng -+ p;" be the prime factorization, where pi, ..., pj, are distinct primes
and o; are positive integers for 1 <i < h. We denote rad(n) = pips--- pp and vy, (n) = o;
for 1 <i < h, where vy denotes the T'-adic valuation.

Corollary 2.3 Let p be an odd prime number and n be an odd positive integer such that
ged(n, p — 1) = 1 and 2rad(n) = rad(p + 1). Let f(x) = x"TP +ax € sz[x], where

2
ac F’;z and1l <n+p < p?>—1.Lets = gwl()niipl-‘rl)' Ifx" +a” has a solution in ¥, then

]72
‘ > pE™tr +ax) - T|=6=Dp

F
xXe pz

otherwise, we have

> Y™t +ax)| < sp.

xelF
2

Proof We note that gcd(n + p — 1, p> — 1) = 1 and ged(n, p? — 1) = ged(n, p + 1) > 1.
Hence, we have [* = s < [ = p?> — 1. The result thus follows immediately from Corollary
2.1. O

Example 2.4 We present more polynomials x" + ax” € F,m[x] where a € F%,, to illustrate
our main result for small primes p < 5 as listed in Tables 1, 2 and 3. In the tables, * indicates
that the bound is trivial.

3 An application

In this section, as an application of Theorem 1.2, we give an estimation of the number of
solutions for some algebraic curves.
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Table1 p=2 m n r Weil bound Index bound Our bound
4 13 4 * * 12
6 41 5 * 56 24
6 43 25 * 56 24
6 53 25 * * 24
8 57 12 * * 80
8 63 3 * * 80
Table2 p =3 m n r Weil bound Index bound Our bound
2 7 1 * * 6
3 19 2 * * 6+/3
4 44 28 * 45 18
4 46 18 * * 36
5 154 11 * * 18v3
6 107 9 * * 189
6 122 18 * 378 108
Table3 p=>5 m n r Weil bound Index bound Our bound
2 14 10 * * 20
2 19 11 * 15 10
3 33 10« * 2075
3 77 3 * * 105
4 42 10 * * 150
4 314 50 * * 100

Let f(x) € Fym[x] be a polynomial and N7 4m be the number of solutions (x, y) € Fgm
of an Artin—Schreier equation y¢ — y = f(x). Then

Npgn= Y ¥u(f(),

1//m X E]qu

where the outer sum runs over all additive characters ¥ of F; and ¥, (x) = ¥ (Trgm /4 (x)).
If f(x) has degree n and gcd(n, g) = 1, then we have the well known Weil bound:

< (g — D —1)/qm. 3.1)

By Theorem 1.2, we have the following corollary.

Corollary 3.1 Let f(x) € Fym[x] be a polynomial of degree n with gcd(n, q) = 1. Let N gm
be the number of solutions (x, y) € thi’” of an Artin—Schreier equation y9 —y = f(x). Then
we get

1

GRS (O N

(g —Dg"no
Nygn—q" — —
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Example3.2 Let f(x) = x + ax € Figlx] with a € Fi,.

of solutions (x, y) € F%Q of an Artin—Schreier equation y!0 —y = f(x). Note that the 2-

cyclotomic coset C13 modulo 255 is given by C13 = {13, 26, 52, 67, 104, 134}. By Corollary

— 255 —
3.], I* = m = 5. Then we get

Let Ny 152 be the number

‘Nf’léz - 162‘ <15-5-16,

except the case when x°! 4+ 4 has a solution in F 162- in which case, we have

15-16

‘nylﬁz —16% — <15-4.-16.

By Magma program, Ny 2 = 1024 if @ = 1and Ny 162 = 256 otherwise. Despite that
the above bounds are not close to the reality for a®> # 1, our bounds are still an improvement
of (3.1) and the above second bound is pretty good when a® = 1.

The following corollary is obtained from Corollary 2.2.

Corollary 3.3 Let Q be the least prime factor of ¢ — 1 and n = qu_l Let o and r be two
positive integers, and f(x) = x"tP" 4 ax € Fym[x], where a € FZ"’ and 1 < n+ p* <
q™ — 1. Let Ny 4m be the number of solutions (x, y) € Fém of an Artin—Schreier equation

vyl —y = f(x). If x" 4+ a?" has a solution in Fym, then we get

m ( _ ]) m
‘Mwww —ﬁjai—s@—n@—n¢w;
otherwise, we have
’Nf,q’" —q"| < (@—-DOyq".

The following corollary is obtained from Proposition 1.7.

Corollary 3.4 Let s be an integer with p < s < /q"™ and gcd(s, p) = 1. Let f(x) =
34" 4 oax” e Fym[x], where a € ]F;m andr < s. Let Ny 4m be the number of solutions

(x,y) € IE‘;,,, of an Artin—Schreier equation y? —y = f(x). Then

< (g —1)(s— /g™

‘Nf,q’” _ qm
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