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Abstract

The weight distribution and weight hierarchy of a linear code are two important research
topics in coding theory. In this paper, by choosing proper defining sets from inhomogeneous
quadratic functions over IFZ, we construct a family of three-weight p-ary linear codes and
determine their weight distributions and weight hierarchies. Most of the codes can be used
in secret sharing schemes.
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1 Introduction

For an odd prime number p and a positive integer e, let I, be the finite field with ¢ = p*°
elements and IF; be its multiplicative group.

An [n, k,d] p-ary linear code C is a k-dimensional subspace of IE‘; with minimum
(Hamming) distance d. For 0 < i < n, let A; denote the number of codewords with
Hamming weight i in a code C of length n. The weight enumerator of C is defined by
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1+Aiz+A272+ -+ A,7" The sequence (1, Ay, ..., A,) is called the weight distribution
of C. A code C is said to be a r-weight code if the number of nonzero A; in the sequence
(Ay,..., Ay) is equal to t. The weight distribution can give the minimum distance of the
code. Moreover, it allows the computation of the error probability of error detection and
correction [23].

The weight distribution of a linear code is an important research topic in coding theory.
Some researchers devoted themselves to calculating the weight distributions of linear codes
[8,14,15,37,49]. Linear codes with a few weights can be applied to secret sharing [50],
association schemes [5], combinatorial designs [38], authentication codes [13] and strongly
regular graphs [6]. There are some studies about linear codes with a few weights, for which
the reader is referred to [22,24,26,33,34,36].

The weight hierarchy of a linear code is another important research topic in coding theory
[4,7,16,17,20,45,46,48]. We recall the definition of the generalized Hamming weights of
linear codes [45]. For an [n, k, d] code C and 1 < r < k, denote by [C, r], the set of all its
IF,-vector subspaces with dimension r. For H € [C, r],, define Supp(H) = UceH Supp(c),
where Supp(c) is the set of coordinates where c is nonzero, that is,

Supp(H) = {i 1 <i<n,c #0 forsome c = (c1,c2,...,¢cy) € H}.
The r-th generalized Hamming weight (GHW) d,(C) of C is defined to be
d,(C) = min [|Supp(H)| ‘Hel[C, r],,}, 1 <r<k.

It is easy to see that d (C) is the minimum distance d. The weight hierarchy of C is defined
as the sequence (dl (C),dr(C), ..., dk(C)). For more details, one is referred to [18]. There
are some results about the weight hierarchies of linear codes [3,21,27-29,31,35,47].

Let Tr denote the trace function from I, onto IF, throughout this paper. For D =

[dl, dr, ..., dn] - IF;;, a p-ary linear code Cp of length n is defined by

Cp = | (Tr(xd), Tr(xda), ..., Tr(xdy) : x € Fy }. )

Here D is called the defining set of Cp and Cp can be called a trace code. This construction
technique is called the defining-set construction of linear codes, which was first proposed by
Ding et al. [10]. The defining-set construction is generic in the sense that many classes of
known codes can be produced by selecting some proper defining sets. It has attracted a lot
of attention, and a huge amount of linear codes with good parameters have been obtained
[9,11,12,14,44,49,52].

Inrecent years, Shi et al. [39—43] refined the technique of the study of trace codes by using
ring extensions of a finite field coupled with a linear Gray map and obtained many families
of p-ary codes with few weights over different finite rings. Most of their obtained codes are
optimal and minimal codes, which can be applied to secret sharing schemes (SSS).

Lietal. [25] extended Ding’s defining-set construction as follows. Recall that the ordinary
inner product of vectors x = (x1, x2, ..., Xs), Y= (¥1, Y2, --.,Vs) € IF; is

Xy =X1y1 +Xx2y2 + -+ X5 )s.

A p-ary linear code Cp with length n can be defined by

Cp = [ (Tr(x-d), Tr(x - ), . Tr(x - dy) s x e By . @
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where D = {dl, &, ... dn} c F\{(0,0,...,0)} is also called the defining set of Cp.
Using this construction, some classes of linear codes with few weights have been constructed
[2,22,26,30,31].

Tang et al. [44] constructed a p-ary linear code Cp in (1) with at most five nonzero

weights from inhomogeneous quadratic function and their defining set is D = {x € IE‘; :

f(x) —Tr(ax) = 0}, where o € F; and f(x) is a homogeneous quadratic function from
[, onto ), defined by

e—1

F@) =Y Tr(@x"*), ¢ e F,. 3)

i=0

In this paper, inspired by the works of [28,44], we choose a defining set contained in Fé
as follows. For o € IF;;, set

D=Dy ={(r.) € FL\ (0,0} : /() +Tr(ay) =0} = fdi, .. d). @)

where f(x) is defined in (3) and non-degenerate. So, the corresponding p-ary linear codes
Cpin (2)is

Cp = {(Tr(x - dp). Trx - da), . Tr(x - d)  x € B2 ). )

We mainly determine their weight distributions and weight hierarchies.

The remainder of this paper is organized as follows. Section 2 introduces some basic
notation and results about quadratic forms. Section 3 presents the linear codes with three
nonzero weights and determines their weight distributions and weight hierarchies. Section 4
summarizes this paper.

2 Preliminaries

In this section, we state some notation and basic facts on quadratic forms and f defined in
(3). These results will be used in the rest of the paper.

2.1 Some notation fixed throughout this paper

For convenience, we fix the following notation. For basic results on cyclotomic field Q(¢),),
one is referred to [19].

— Let Tr be the trace function from F to IF;,. Namely, for each x € I,

e—1

Tr(x) =x+xP +---+x°
- =17 p.
-¢p = exp(%) is a primitive p-th root of unity.
— 17 is the quadratic character of ;. It is extended by letting 7(0) = 0.

— Let Z be the rational integer ring and Q be the rational field. Let K be the cyclotomic field
Q(¢p)- The field extension K/Q is Galois of degree p — 1. The Galois group Gal(K/Q) =

{az 1z € (Z/pZ)*], where the automorphism o7, is defined by 0,(¢,) = g“;.

@ Springer



52 F.Li, X. Li

- o;(vp*) =n@/p*forl <z<p-1

— Let (ozl, o, ..., ar> denote a space spanned by o1, a2, ..., @.

2.2 Quadratic form

Viewing IF; as an F ,-linear space and fixing vy, vz, ..., v, € [y as its IF,-basis, then for
any x = xjvy +x2v2 + -+ x.v. € Fy withx; € F,,i = 1,2, ..., e, there is an IF ,-linear
isomorphism F, ~ IF‘['; defined as:

X =X101 + X002 + - F XeUp > X = (X1, X2, ..., Xe),

where X = (x1, x2, ..., Xx.) is called the coordinate vector of x under the basis vy, vy, ..., v,
of Fy.
A quadratic form g over F;, with values in IF,, can be represented by

g(r) =g(X) = gx1, X2, ... %) = aixix;

1<i,j<e

=xaxT,

where A = (aij)uxn,aij € Fp,a;j = aj; and XT is the transposition of X. Denote by
R, = Rank A the rank of g, there exists an invertible matrix M over [}, such that

MAMT" = diag(hi, A2, ..., Ag,.0,....0)

is a diagonal matrix, where A1, Ag, ..., AR, € IE‘;‘, Let Ag = Aha -+ Ag,, and A, = 1if
R, = 0. Wecall 7(Ayg) the sign &, of the quadratic form g. Itis an invariant under nonsingular
linear transformations in matrix.

Let

1
F(x,y) = E(g(x +y) —gx) —g»).
For an r-dimensional subspace H of [, its dual space H L5 is defined by
Hts = {x €F,: F(x,y)=0, forany y € H}.

Restricting the quadratic form g to H, it becomes a quadratic form denoted by g|x over H in
r variables. In this situation, we denote by Ry and € the rank and sign of g|y, respectively.

In the following, we suppose R, = e, i.e., g is a non-degenerate quadratic form. For
B elF,,set

Dj = {x e Fyls) = B}, ©)
we shall give some lemmas, which are essential to prove our main results.

Lemma 1 [28, Proposition 1] Let g be a non-degenerate quadratic form and H be an r-
dimensional nonzero subspace of Fy, then

r—1 - Ry p_Rut2 .
2 11(13)77((—1)l 2)egp’” "7 ,if Ry =0 (mod 2),
Ry—

P D Benp ™ E L if Ry =1 (mod 2),
where v(B) = p — 1 if B = 0, otherwise v(B) = —1.

|HmDﬁ|=[
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Lemma 2 [28, Proposition 2] Let g be a non-degenerate quadratic form. For each r (0 <
2r < e), there exists an r-dimensional subspace H C T pe (e > 2) such that H C H Le,

Lemma 3 [28, Proposition 3] Let g be a non-degenerate quadratic form and e = 2s > 2.

There exists an s-dimensional subspace H; C [Fpe such that Hy = HSJ' ¢ if and only if
L(I’

gg = (—1)

Lemma4 [28, Theorem 1] Ler g be a non-degenerate quadratic form and B be a nonzero
element in ¥ . If e(e > 2) is even, then for the linear codes Cﬁﬂ in (1) with defining sets Dg
defined in (6), we have

p‘”—pe”"—(— T e+ 1)p T ifl<r<5,
dr(Cp,) = 4 pet —2per=1 — (— 1) ])ggp%, if §<r<e,
e(p—1
Pl — (=1 = )angQ, if r=e.

Lemma 5 [28, Theorem 2] Let g be a non-degenerate quadratic form and B be a nonzero

element in F . If n(B) = (— 1)(2 Hi= )sg and e (e > 3) is odd, then for the linear codes
5,5 in(l) wn‘h defining sets Dﬂ defined in (6), we have

pe— pe—r—17 ifl<r< %’
d,(Cﬁﬁ): pe- l—f—pT —2perlif f<r<e,
pe~ 1+p%l, if r=e.

In the following, we present some auxiliary results about f defined in (3), which will play
important roles in settling the weight distributions and weight hierarchies. For more details,
one is referred to [44].

For any x € F,, x can be uniquely expressed as x = xjv; + xov2 + - -+ + x.v, with
x; € F,. Hence, we have

P+l

—1 —1
f) = FZ“(W’”“) = eZTf ai i"f‘“/
i=0 i=0 Jj=l1
e—1 e ; €
= ZTr a; ij U;] (Z xkvk)
=0 j=1 k=1
e
331 pactCATEN) BRSPS

j=lk=1
where X = (x1,x2,...,%x.) and B = (f > éTr(al (v vk + v]vk ))) . Thus, f is a
exe
quadratic form and for any x, y € F,, we have

e—1

1 1
FOy) = 5(F0+3) = F0) = F0) = 5 Y Tr(are? y +x7))
i=0

i

16_1 i le_1 —i i \P
o)+ A (o))
i=0 i=0
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1 e—1 ) 1 e—1 o )
= 3o (ons) + g Ee(or )
i=0 i=0
1 e—1 p‘_ p[
=Tr aox—l—EZ(ai—i—ae_i)x y

i=1
= Tr(ny(x)),
where Ly is a linearized polynomial over F, defined as
e—1

1 i i
Lf(x) = apx + E Z (ai +a5_i)x!’ .

i=1

@)

Lettm(Ly) = {Lr@) : x € B}, Ker(Ly) = [¥ € Fy : Lp(x) = 0] denote the
image and kernel of L 7, respectively. Noticing that f (x) is non-degenerate, we have Ry =

e, Ker(Ly) = {0} and Im(L ;) = . If L1 (a) = —%, we denote a by xy,.
The following two lemmas are essential to prove our main results.

Lemma 6 [44, Lemma 5] Let the symbols and notation be as above and f be defined in (3)

and b € Fy. Then

() X D =e,(p0 7 pehr,

xeFy
2) Y ¢f@WTe0 _ 0, .  ifbgIm(Ly),
xeF, b Sf(p*)TpefRfé-;f(xb), ifb € Im(L ).
where xy, satisfies L r(xp) = _%,

Lemma 7 [44, Lemma 4] With the symbols and notation above, we have the following.

(1) Y oy((pH2) =

yEIF";J
(2) Foranyz € F; then

0, if ris odd ,
Pr(p*)fg(p — 1), ifriseven.

—p"(p*H) 1, if r is even .

n r * _r—=1 .
Yo (PN = {”(—Z)p (p)™ 7, ifrisodd

)'EF;

3 Linear codes from inhomogeneous quadratic functions

In this section, we study the weight distribution and weight hierarchy of Cp in (5), where its

defining set is
D =D, = {(x.y) € F2\{(0,0)} : /() + Tr(ay) = 0},

with o € IF:; and f(x) is defined in (3) and non-degenerate.
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3.1 The weight distribution of the presented linear code

In this subsection, we first calculate the length of Cp defined in (5) and the Hamming weight
of nonzero codewords of Cp.

Lemma8 Let @ € ]F’q‘ and D be defined in (4) and Cp be defined in (5). Define n = |D|.
Then,

Proof By the orthogonal property of additive characters, we have

" :% Z Z g_IZJ.(f(JC)vLTr(O!}')) 1

x,yel, zeF),

_1 Z . Z gg(f(/\‘)+Tr(ay)) 1

x,yeIFq ZEIF;“,
1, 1 Tr(zay
- p2e [ Z Z é_pr(zou) Z é_[z)f(X) 1.
p zelF} yely, xeFy

The desired conclusion then follows from a 7 0 and 3, 5, ggr(wy ) —o. i

Lemma9 Let o € IFZ and D be defined in (4) and Cp be defined in (5). Let c(,,y) be the
corresponding codeword in Cp with (u, v) € F 5 We have the following.

(1) When v € Fy \ Fha, we have wt(cw.v) = p*~*(p — 1).
(2) Whenv € ]F}';oz, we have the following three cases.

(2.1) Ifu =0, then
P2 (p -1, ifeis odd ,
Wt(C(u,v)) = p23—2(p _ 1)(1 _ ?f(p*)_%), ifeis even .
(2.2) Ifu # 0and f(x,) =0, then

p* 2 (p -1, ifeis odd ,

Wt(Cw,v)) = {pze—z(p — 1)<1 — gf(p*)—%>, ifeiseven .

(2.3) Ifu #0and f(x,) # 0, then

p* 2 (p-1- Sfﬁ(f(xu))(l?*)_%), ifeisodd ,

wt(Cy,v) = .
o p*? P—1+8f(p*)_7), ife is even .

Proof Put N (u,v) = {(x, V) € B2 : f(x) + Tr(ay) = 0, Tr(ux + vy) = 0}, then the
Hamming weight of ¢, ) is n — [N (u, v)| 4 1, where n is given in Lemma 8. Thus, we just
need to evaluate the value of |N (u, v)|.
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By the orthogonal property of additive characters, we have

1
|N(M, U)| — ? Z Z é-[zllf(x)"rTl‘(Zlay) Z ggr(ZZ(uX+Uy))

x,yeF; \zi1€F, 22€F,
1 21 f()+Tr(z1ay) Tr(z2 (ux+vy))
T ((E B
x,yel, zldF* zzeIF*
_ 2e 2 4 z1f(X)+Tr(21ay) Tr(z2 (ux+vy))
= p DD p Y Y
zlelF* x,yelf, ZQE]F* x,yel,

21 f(0)+Tr(zoux+z2vy+z100y)
e Y Y Y

zle]F* zzE]F* x,yely

_ p2e— +p_2 Z Z Z C;r(zwyﬂlay) Z é_;lf(X)JrTr(zle). (8)

21 €} 22€F} yelFy xelF,

(1) Whenv € g\ IF”I;(X, the desired conclusion then follows from

Z E;’Fr(zzvy—t-zwy) —0.

velF,

(2) Whenv € F*a, i.e., « = zv for some z € F*, (8) becomes
P P

|N(u7 v)| = p2672 +p872 Z Z é.;lf(x)*ZITf(ZMX)

Z1E]F;*,xE]Fq
_ _ (x)—Tr(z
:p2e 2+pe 2 Z o, Z C;{(X) T(zux) ) )
ZlelF}", xeFy

If u = 0, by Lemmas 6 and 7, we have

LA
NGl = p 724 p 2 3 oy (e (09 F R

.
z1€F}

=p2e—2+pe—28f Z UZ[((p*)%)

Z1€]F7,
2e=2, if e is odd ,
- pz"’_z(l + af(p*)_%(p — l)), if e is even .
The desired conclusion of (2.1) is obtained.

If u # 0, define ¢ = zu, we have x, = zx,. By Lemma 6, (9) becomes

. R e i
IN (u, v)|:p2€ 2+pe 2 Z UZI<8f(p*) 3 pe R/g-pf(x ))

*
z1€F}

— pZe—2 +pe—28f Z o, <(p*)%§;.f(xC)).

"
z1€F},

The last two conclusions follow directly from Lemma 7. O
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Table 1 The weight distribution

Weight Multiplicity A
of Cp of Theorem 1 when e is cgnt o HHpnety Ao
odd 0 1
P2 p—1) P —(p =1 -1
_e—1 _e—1
P (p—1-p"7) Y- la4p )
_e—1l _ _e—1
pze‘z(p—lﬂv 2 ) Tp-D¥pla-pT2)

Table 2 The weight distribution of Cp of Theorem 1 when e is even

Weight @ Multiplicity A,
0 1
P2 (p—1) P —pip—1—1

2¢-2 o —5 e—1 0 —5
P 2p-n(1-es(pH7?) (p=0p (1 ep(p =D T)
P 2(p— 1) +epp22(pH) 2 (p=12p (1= ep(p")72)

Remark 1 By Lemma 9, we know that, for (u, v)(# (0,0)) € F2, we have wt(c@u,vy) > 0.
So, the map: ]Fé — Cp defined by (u, v) = c(,,v) i an isomorphism in linear spaces over
). Hence, the dimension of the code Cp in (5) is equal to 2e.

Lemma 10 Let Cp be defined in (5). Then, the minimal distance of the dual code Cé is at
least 2.

Proof We prove it by contradiction. If the minimal distance of the dual code Cl% is less than
2, then there exists a coordinate i such that the i-th entry of all of the codewords of Cp is 0,
that is, Tr(ux 4+ vy) = 0 for all (u, v) € Fé where (x, y) € D. Thus, by the properties of
the trace function, we have (x, y) = (0, 0). It contradicts with (x, y) # (0, 0). O

Theorem 1 Letw € IF:; and f be a non-degenerate homogeneous quadratic function defined
in (3). Let D be defined in (4) and the code Cp be defined in (5). Then the code Cp is a
[p%¢~! — 1, 2e] linear code over IF), with the weight distribution in Tables 1 and 2.

Proof By Lemma 8 and Remark 1, the code Cp is a [pze—1 — 1, 2e] linear code over F),.

Now we shall prove the multiplicities A, of codewords with weight w; in Cp. Let us give
the proofs of two cases, respectively.
(1) The case that e is odd.

For each (u, v) € Fg and (u, v) # (0, 0). By Lemmas 8 and 9, wt(c(,,v)) has only three
values, that is,

w1 = (p—1)p*2,
e—1

) = p2e—2(p 1 pr)’

w3 = p2e‘2<p -1+ pJ%)-
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By Lemma 9, we have

Aoy = |{ @ v) € Flwiteqn) = (0 = Dp* 2|
= {0 e F2\ (0. 0)lu € By v e Ty \ Fpa|
+ H(o, v eFve F;a” + H(u v) € F2lv € P, u # 0, £(x,) :0”
=q(s--D)-1+G-D+(p- D" -1
=p*—(p-1p -1,

where we use the fact that the number of nonzero solutions of the equation f(x) = 0in I,
is pe_] — 1 (see [32, Theorem 6.27]).

By Lemma 10 and the first two Pless power moments [18, p. 259], we obtain the system
of linear equations as follows:

Aa)l — p26 _ (P _ ])2[)671 _ 1’
sz + Aw3 = (P - 1)2Pe_1,
W1 Aw; + @2 A0, + 0344, = p* (PP = D)(p—1).

Solving the system, we get

Awl — pZe _ (p _ 1)2p871 _ l,
e—1
Ay =3 =D (14 p77),

Ay =3 =D (1= p77).
This completes the proof of the weight distribution of Table 1.
(2) The case that e is even.

The proof is similar to that of Case (1) and we omit it here. The desired conclusion then
follows from Lemmas 8 and 9 and the first two Pless power moments. O

Example 1 Let (p,e, @) = (5,3, 1) and f(x) = Tr(x2). Then, the corresponding code Cp
has parameters [3124, 6, 2375] and the weight enumerator 1 + 240x2375 4 15224290 4
160x2%%, which is verified by a Magma program.

Example2 Let (p,e,a) = (3,4, 1) and f(x) = Tr(6x2), where 6 is a primitive element of
F,.By Corollary 1in [44], we have ¢ ; = 1. Then, the corresponding code Cp has parameters
[2186, 8, 1296] and the weight enumerator 1 + 66x129 1 6398x1458 + 96x1939 which is
verified by a Magma program.

Example3 Let (p,e, ) = (3,4,0) and f(x) = Tr(x?), where 0 is a primitive element
of F,. By Corollary 1 in [44], we have £y = —1. Then, the corresponding code Cp has

parameters [2186, 8, 1377] and the weight enumerator 1+ 120x 1377 4 6398x 1438 4- 42,1620,
which is verified by a Magma program.

3.2 The weight hierarchy of the presented linear code

In this subsection, we give the weight hierarchy of Cp in (5).
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By Remark 1, we know that the dimension of the code Cp defined in (5) is 2e. So, by [31,
Proposition 2.1], we give a general formula, that is

dr(CD)=n—max[|H,J‘ ND|: H, € [Fﬁ,r]p} (10)
:n—max{|H2e_,ﬂD|:Hze_,e[]F%l,Ze—r]p}, (11)
which will be employed to calculate the generalized Hamming weight d, (Cp). Here H- =

[x eF.: Tr(x-y) =0, foranyy e Hr}.

Let H, be an r-dimensional subspace of Fg and B, ..., B be an IF ,-basis of H,. Set
N(H) =[x = (6,) € F2 & f(0) +Tr(@y) = 0.Tr(x - ) =0, 1 =i =r}.
Then, N(H,) = (H,l ND)U{(0, 0)}, which concludes that |[N (H, )| = IHrl NDJ|+ 1. Hence,
we have
dr(CD)=n+1—max[|N(Hr)|:Hr G[Fé,r]p]. (12)
Lemma 11 Leto € IFZ and f be a non-degenerate homogeneous quadratic function defined
in (3) with the sign € y. H, and N (H,) are defined as above. We have the following.

(1) If o ¢ Prjy(H,), then |N (H,)| = p*~+D,
(2) If « € Prj,(H,), then

e—(r ¢ flxy)
INGHD == g4, Y Y o ()i ™)

(1, —u)eH, zeF},
Here Prj, is the second projection from IF; to By defined by (x, y) > y.

Proof By the orthogonal property of additive characters, we have

Z Z é_127.70()C)+Tr(zoty)lL[ Z CTT(Xi(X'ﬁi))
p

X=(X,y)€ﬁ‘% zelF, i=1x;elF,

Z Z g‘f,f(XH_Tr(Z(ay)) Z é.["fr(wy)

x:(x,y)e]F% zefF, yEH,

Z Z év;r(X-y) + Z Z Z {;f(x)+Tr(X-y+zay)

x:(x,y)e]Ft% yEH, x:(x,y)e]Fé z€l}, yeH,

qz + Z Z Z éu[zj,f(zc)+Tr(X-y+ZOty)7

X=(x,y)eIFZ z€lF% yeH,

pHUN(H,)

where the last equation comes from

Z Z Zgr(y%) _ Z 1+ Z Z ;;r(y«)

x:(x,y)e]Fg YEH, x:(x,y)e]F{% x:(x,y)EFg (0,0)#yeH,

¢+ ¥ e g2

0,0)#yeHy x=(x,y)eF?
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Denote By, = Z DS é.;f(x)+Tr(x-y+zoty), then we have
x:(x,y)e]}% ZE]F; yeH,
P HINH)| = q* + Ba,
and

By = Z Z Z C;f(x)+Tr(X'y+zoty)

x=(x,y)e]F§ z€F% yeH,

Z Z Z gIZ)f(xH-Tr(ylx+y2y+zcxy)

(x,y)€F2 2€F}, (i, y2)€H;

= Z Z Z é_IZ)f(xHTr(ylx) Z 4u;'r(yzerzoty)

(1.y2)€H, zeF} xeFy yeF,

2f (x)+zTr(L x) zTr(%eray)
= > X2 T

(y1.y2)€H, zeF} xely yeF,

_ 2f (x)+zTr(y1x) ZTr(y2y+ay)
= 2 X2 > :

(y1.y2)€H;, zeF} xely yelF,

If a ¢ Prj(H,), then By, = 0, which follows from ¥z groaten) — g,

If o € Prj,(H,), by Lemma 6, we have

By =gq Z Z Z ;;f(x)+zTr(y1x)

(y1,—@)€eH, ZEF*[‘, xely,

=q > > az( 3 gl{m”r(y'”)

(1, —e)eH, zely, xeFy,

(y1,—a)€H, z€l},

=e/q Z Z"z((l’*)%?z{m'))-

O1,—a)eH, zelF}

So, the desired result is obtained. Thus, we complete the proof.

[m}

In the following, we shall determine the weight hierarchy of Cp in (5) by calculating

IN(H,)|in Lemma 11 and |Hp.—, N D[ in (11).

Theorem2 Let e > 3 and a € ]F’q‘ and f be a non-degenerate homogeneous quadratic
function defined in (3) with the sign e y. Let D be defined in (4) and the code Cp be defined

in (5). Define
%, if e is odd,

eo=15, Ifeisevenandey =(—-1)"7 ,
_ . . e(p—1)
%,lfelsevenandefz—(—l) T,

Then we have the following.
(1) Whene —ey+ 1 <r < 2e, we have

d-(Cp) = p2e—1 _ p2e—r-
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(2)

When 0 < r < e — ey, we have
pZe—l _ p2e—r—l # zf2j(e} -
d,(Cp) = | p?¢~1 — p2e—r-1 (p—l)p tn Jif2leander = (—1) =
. e(p=1)
pze’l—pze”’l "7 if2|eand ey = —(—1) S

Proof (1) Whene —eg+1 <r <2, then0 <2e —r < eg+e — 1. Let T, :[xqu

2

Tr(ax) = 0}. It is easy to know that dim(7y) = e¢ — 1. By Lemmas 2 and 3, there exists

an eg-dimensional subspace Je, of IF,; such that f(x) = 0 for any x € J,,. Note that the
dimension of the subspace J,, x Ty is eg + e — 1. Let Hp.—, be a (2e — r)-dimensional
subspace of J,, x Ty, then, |Hy,—, ND| = pze_’ — 1. Hence, by (11), we have

d,(Cp) =n —max{|Dﬂ H|:H e [F, 2 — r]p] .

Thus, it remains to determine d, (Cp) when 0 < r < e — ¢.

When 0 < r < e — e, we discuss case by case.

Case 1 e(e > 3) is odd. In this case, ¢y = % and e — ¢y = % thatis,0 < r < e;l
When 0 < r < eé—l, let H, be an r-dimensional subspace of IE'%. If o € Prj,(H,), by

Lemmas 7 and 11, we have

_ )(p D _ _e=1 —
INCH)| = p*= 0D [ 14 (=D eri(=Dp~ T Y i(fxy))
(v1,—a)eH,

Now we want to construct H, such that |N(H,)| reaches its maximum, that is, the

number of such as (y;, —«) is maximal in H, and for any (y1, —«) € H,, 7(f(xy,)) =
(e=(p=1)

(=1

Taking an element a € I, satisfying 7(a) = (—1) grn(—1), then, by Lemma 1
(or [32, Theorem 6.27]), we know that the length and the dimension of Cﬁa in (1) are

£ rn(—1). The constructing method is as follows.
(e— l)(p D

P +i(=1) p% and e, respectively. Combining formula (11) with Lemma 5 ( or [28,
Theorem 3] ), we have

_ e—1 —
der(Cp) = p*™ +ii(=1)pT —max |[Dy N HI: H € [Fy.r], |
L i(=1)p T —2peen

which follows that max {|5a NH|: H e [Fg, r]p} = 2p”1. Thus, there exists an

r-dimensional subspace J, of I, such that D, N J,| =2p"~!. By Lemma 1, we know

that R; = 1 and ¢;, = 7(a), which concludes that there exists an (r — 1)-dimensional

subspace J,_; of J, satisfying f(J,_1) = 0 and F(f(x) = (=1) =" e ii(~1),

foreach x € J, \ J,_1. Letay, a2, ..., a—1 be an F,-basis of J,_. Take an element
o € Jr \ Jr—1 and set
M1 =01+, U2 =02+ s ooy hr—] = 0p—1 + &, Ur = O,

clearly, i1, 2, ..., r—1, iy is an IF )-basis of J,. Define

A= (U1, —a), Ay = (U2, =), ..., Ap—1 = (Ur—1, =), Ap = (U, — 1)
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and V, = <M,)»2, R Ar,l,)ur>, then V, is an r-dimensional subspace of ]Fz Set

S(—a) = {(y, z2)eV,: z= —a}, it is easy to know that the cardinal number of
S(—a)is p"~'. We assert that f(y) = f(a,) for any (y, —o) € S(—aw). In fact, (y, —o)
has the following unique representation:
(v, =) = x1A1 + X240 + -+ X1 A1 + XA,
= (X1 +xp00 + -+ x_0r—1 +ap, —a), x; €Fp,

thus, we have y = xjo1 + x2020 + - - - + x,—10¢»—1 + «,, which concludes that f(y) =
f (o). Take

Hr = <(Lf(/~'l‘1)s _a)5 (Lf(M2)7 _a)7 e (Lf(/“l‘rfl)v _a)v (Lf(ur)s _a)>a

it is easily seen that H, is our desired r-dimensional subspace of Fé and its |N(H,)|
reaches the maximum

3e=3

IN(H,)| = p2e—(r+1)<1 +pr—1—%> _ p2e—r—1 4 pi.

So, for0 < r < % the desired result is obtained by Lemma 11 and (12).

When r = %, let H, be an r-dimensional subspace of ]th]. By Lemmas 7 and 11, we
3(e—1

have [N(H,)| < 2p>7", which concludes that

3(e—1)

d.(Cp) = p*~ ' —2p~ 7

by formula (12). On the other hand, by formula (11), we have

3e—1
d,(cD)=p2e—1_1_max[‘H362_l ﬂD‘:H%e[Fz, 62 } ]
p

Now we want to construct a 3‘32_ L_dimensional subspace H st of F 2 such that |H Bect ND| >

2 pmf v 1, which concludes that

3(e—1)

d.(Cp) < p*~ ' —2p~2

In fact, by the proof of (1), we know that the dimension of J et is %, then the dimension
of J.-] is <L Taking (u, v) € D, where u € J,-} and f(u) # 0, define Huot = (Jezt
= =

Ty) & <(u, v)>, then Hzp% is our desired subspace of IFS. So, forr = %, we have

3(e—1)
2 .

dr(Cp) = p*~ ' —2p

e(p—1)

Case2e(e > 3)isevenand ey = (—1)
i5,0 <r < %

Suppose H, is an r-dimensional subspace of Fg and o € Prj,(H,).Recallthatv(0) = p—1
andv(x) = —1forx € IF; defined in Lemma 1. By Lemmas 7 and 11, we have

. In this case, eg = § and e — ¢g = 5, that

NG = p ) [g4e, Y Y e (i ™)

(y1,—u)eH, z€l},
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2=+ [ 1 4 p=5 > u(fxy)

(y1.—@)eH;,

=r
Let J, be a subspace of J% with a basis w1, @, ..., u,. Take

Hy = (L5 e, =e), (L (12), =), s (L ay1), =), (L (), =),

then | N (H,)| reaches its maximum

e 3e—4
INCHD] = P2~ (14 (p = Dp 7 ) = p2 T (p = 1p T

So, for0 < r < %, the desired result is obtained by Lemma 11 and (12).

Case3e(e > 3)isevenand ey = —(—1)”471) . In this case, eg = % ande—ep = 5 +1,
thatis, 0 <r < 5+ 1.
Suppose H, is an r-dimensional subspace of IF?I and o € Prj,(H,). By Lemmas 7 and 11,

we have
INCH) = p* =D (1= p75 3 u(f ).
(1, —a)eH,
Taking an element a € IF;, then, by Lemma 1 (or [32, Theorem 6.26]), we know that the
length and the dimension of Cy in (1) are 4+ p% and e, respectively.

When O < r < %, combining formula (11) with Lemma 4, we have

e—2 —_—
de—r(CBa) = pe_l 4+ p 2 — max {|Da NH|:HEe [Fq,r]p}
_ pe—l _ zpe—(e—r)—l + p%’

which follows that max {lﬁa NH|:H e [F,, r]p} = 2p"~!. Thus, there exists an r-

dimensional subspace J, of I, such that D, N Jy| = 2p"~'. By Lemma 1, we know that

R;, = 1and e;, = 7(a), which concludes that there exists an (» — 1)-dimensional subspace
Jo_y of Jy satisfying f(J,_1) = 0and 7(f (x)) = (—1)“ "%, foreach x € J, \ Jy_1.

Letaj, s, ..., ar—1 be an [F),-basis of J,_;. Take an element o, € J \ J-_1 and set

Rl =01+ 0, U2 =02 + Qs ooy op—1 = O] + O, Uy = O,
it’s obvious that j1, (2, ..., tr—1, W, is an IF,-basis of J,. Take
H, = <(Lf(m), —a), (Lf(u2), —a), ..., (Ly(ur—1), —a), (Lr(ur), —a)>,
then |N (H,)| reaches its maximum

3e—4

|N(Hr)| — p2e—(r+l)<1 _’_pr—l—%) — pZe—r—l +p 7.

So, for0 < r < %, the desired result is obtained by Lemma 11 and (12).
When r = % + 1, combining formula (11) with Lemma 4, we have

e=2 —_—
de-r(Cp,) = p*~" 4 pT — max {|Da NH|:H e []Fq,r]p}

— pe—] _ pe—(e—r)—l
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which follows that max {lﬁa NH|:HelFy, 5+ 1],,} = p% + p%. Thus, there exists an

r-dimensional subspace J, of F,, such that |[D,N J,| = p% + p%. By the proof of Lemma 4
(or [28, Theorem 1]), we know that R;, =2 and ¢;, = ﬁ((—l)%’l)ef. So, there exists an
(r — 2)-dimensional subspace J,_j of J, satisfying f(J,—2) = 0. Let oy, @2, ..., -—» be
an I -basis of J,_>. Choose two elements yy, y2 € J, \ J,_z suchthatay, ..., a2, y1, 12
is an IF ,-basis of J,. Set

i =a1+ Y2, 2 =2+ V2, hr—1 = Y1+ V2, Ur = V2,
it’s easy to see that wy, ua, ..., uy—1, i, is an IF,-basis of J,. Take H, = <(Lf(/L1), —a),
(Lp(u2), —a), ..., (Ly(pr—1), —a), (L (1), —oz)>, then |N (H,)| reaches its maximum

Je—4 2e—r—1 de—d

|N(Hr)| — pZE*(V+1)<1 +pr717%) — 2p

So, forr = % + 1, the desired result is obtained. O

4 Concluding remarks

In this paper, inspired by the works of [28,44], we constructed a family of three-weight
linear codes using a special inhomogeneous quadratic function, and determined their weight
distributions and weight hierarchies. Compared with the codes Tang et al. constructed in [44],
the obtained codes in this paper have different weight distributions. They are also different
from the weight distributions in the classical families in [11,51,52]. In our case, we note that
the quadratic form f defined in (3) is non-degenerate. It is an open problem to determine the
weight hierarchy of the code when f is degenerate.

Let wmin and wpax denote the minimum and maximum nonzero weight of our obtained
code Cp defined in (5), respectively. If e > 3, then it can be easily checked that

Wmin p—1
> —.

Wmax p
By the results in [1] and [50], we know that every nonzero codeword of Cp is minimal and
most of the codes we constructed are suitable for constructing secret sharing schemes with
interesting properties.
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