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Abstract

In the rank modulation scheme for flash memories, permutation codes have been studied.
In this paper, we study perfect permutation codes in S, the set of all permutations on n
elements, under the Kendall t-metric. We answer one open problem proposed by Buzaglo
and Etzion. That is, proving the nonexistence of perfect codes in S,, under the Kendall -
metric, for more values of n. Specifically, we present the polynomial representation of the
size of a ball in §,, under the Kendall 7-metric for some radius r, and obtain some sufficient
conditions of the nonexistence of perfect permutation codes. Further, we prove that there
does not exist a perfect ¢-error-correcting code in S, under the Kendall t-metric for some n
andt =2,3,4,5, or %(g) <2t+1< (g)
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1 Introduction

Flash memory is a non-volatile storage medium that is both electrically programmable and
erasable. The rank modulation scheme for flash memories has been proposed in [7]. In this
scheme, a permutation corresponds to a relative ranking of all the flash memory cells’ levels.
A permutation code is a nonempty subset of S,,, where S, is the set of all the permutations
over {1, 2, ..., n}. Permutation codes have been studied under various metrics, such as the
£ so-metric [9,13,15], the Ulam metric [4], and the Kendall t-metric [1,8,12,16].

In this paper, we will focus on permutation codes under the Kendall r-metric. The Kendall
T-distance [15] between two permutations 7,0 € S, is the minimum number of adjacent
transpositions required to obtain the permutation o from 7, where an adjacent transposition
is an exchange of two distinct adjacent elements. Permutation codes under the Kendall 7-
distance with minimum distance d can correct up to L%J errors. Let Ak (n, d) be the
maximum size of a permutation code in S,, with minimum Kendall r-distance at least d. The
bounds on A (n, d) were proposed in [2,8,11,14]. Some ¢-error-correcting codes in S, were
constructed in [1,6,8,17,18]. Buzaglo and Etzion [2] proved that there does not exist a perfect
single-error-correcting code in S, where n > 4 is a prime or 4 < n < 10. They further
[2] proposed the open problem to prove the nonexistence of perfect codes in S,,, under the
Kendall r-metric, for more values of n and/or other distances. In this paper, we give some
sufficient conditions of the nonexistence of perfect permutation codes. Moreover, we prove
that there does not exist a perfect ¢-error-correcting code in S, under the Kendall t-metric
forsomen andr = 2,3,4,5, or %(;) <2t+1< ('21) Specially, we prove that there does
not exist a perfect two-error-correcting code in S,,, where n + 2 > 6 is a prime. We also
prove that there does not exist a perfect three-error-correcting code in S,,, wheren 4+ 1 > 6is
a prime, or n% 4 2n — 6 has a prime factor p > n,or4 < n < 33. We further prove that there
does not exist a perfect four-error-correcting code in S,, wheren +1 > 6orn+2 > 7isa
prime, or n?+3n—12hasa prime factor p > n,or 5 < n < 19. We prove that there does
not exist a perfect five-error-correcting code in S, where n > 16 orn +7 > 12 is a prime or
n3 + 3n% — 6n — 28 has a prime factor p > n. For %(;) <2t+1< (g) and n > 5, we also
prove that there does not exist a perfect ¢-error-correcting code in S, except for 2t +1 = (;)

The rest of this paper is organized as follows. In Sect. 2, we will give some basic definitions
for the Kendall r-metric and for perfect permutation codes. In Sect. 3, we determine the size
of some balls with radius r in S, under the Kendall t-metric. In Sect. 4, we present some
sufficient conditions of the nonexistence of perfect permutation codes under the Kendall
t-metric. In Sect. 5, we prove the nonexistence of a perfect ¢-error-correcting code in S, for

somenandz =2,3,4,5, or %(;) <2t 4+ 1 < (). Section 6 concludes this paper.

2 Preliminaries

In this section we give some definitions and notations for the Kendall t-metric and perfect
permutation codes. In addition, we summarize some important known facts.

Let [n] denote the set {1, 2, ..., n}. Let S, be the set of all the permutations over [n]. We
denote by & L), 7Q2),....,7(m)]a permutation over [n]. For two permutations o, 7 €
Sy, their multiplication 7 oo is denoted by the composition of o on,i.e., oo (i) = o (7 (i)),
foralli € [n]. Under this operation, S, is a noncommutative group of size |S, | = n!. Denote
by €, £ [1,2,...,n] the identity permutation of S,,. Let 771 be the inverse element of 7,
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for any w € S,. For an unordered pair of distinct numbers i, j € [n], this pair forms an
inversion in a permutation 7 if i < j and simultaneously 7 (i) > 7 (j).

Given a permutation 7 = [7(1), 7 (2),...,7w(i), (i + 1),...7(n)] € S,, an adjacent
transposition is an exchange of two adjacent elements 7 (i), w (i + 1), resulting in the per-
mutation [7 (1), 7(2),..., 7@ + 1), w(i),...wt(n)] for some 1 <i < n — 1. For any two

permutations o, w € S,, the Kendall r-distance between two permutations m, o, denoted by
dk (m, 0), is the minimum number of adjacent transpositions required to obtain the permu-
tation o from . The expression for dk (7, o) [8] is as follows:

dg (o, m) =G, ) o7 () <o M) ArlG) > a ()Y (1

For # € §,, the Kendall t-weight of 7, denoted by wg (;r), is defined as the Kendall
t-distance between 7 and the identity permutation €,. Clearly, wk (;r) is the number of
inversions in the permutation . The Kendall 7-metric is right invariant [3] as follows. For
any three permutations 7, o, 8 € S,, we have

dg(m,0) =dg(mwo f,0 0 p). 2)

Definition1 For 1 < d < (g), C C S, is an (n, d)-permutation code under the Kendall
T-metric, if dx (o, w) > d for any two distinct permutations 7, o € C.

For a permutation w € §,, the Kendall t-ball of radius r centered at w, denoted as
B;’< (mr, r), is defined by B?( (m,r) £ {o € Syldk (o, ) < r}. For a permutation w € S,, the
Kendall t-sphere of radius r centered at 7, denoted as S% (m, r), is defined by S?’( (m,r) £
{o € S,ldk (o, ) = r}. The size of a Kendall r-ball or a t-sphere of radius r does not
depend on the center of the ball or sphere under the Kendall t-metric. Thus, we denote the
size of By (7, r) and Sk (7, r) as B (r) and S% (r), respectively. We denote the largest size
of an (n, d)-permutation code under the Kendall t-metric as Ak (n, d). The sphere-packing
bound for permutation codes under the Kendall t-metric is as follows:

Proposition 1 [8, Theorems 17 and 18]

n!
Ax(nd) < —— .
: BRG]

Whend = 2r +1, an (n, 2r + 1)-permutation code C under the Kendall 7-metric is called
a perfect permutation code under the Kendall t-metric if it attains the sphere-packing bound,
ie., [C|- By (r) = n!. That is, the balls with radius r centered at the codewords of C form
a partition of S,. A perfect (n, 2r 4+ 1)-permutation code under the Kendall t-metric is also
called a perfect r-error-correcting code under the Kendall 7-metric.

In [2], Buzaglo and Etzion proved that there does not exist a perfect one-error-correcting
code under the Kendall t-metric if n > 4 is a prime or 4 < n < 10. Based on the above
definitions and notations, we will prove the nonexistence of a perfect ¢-error-correcting code
in S, under the Kendall t-metric for some n and r = 2, 3,4, 5, or %(’2’) <2t+1< (3 by
using the sphere-packing upper bound and the properties of B, (r) and S% (r) in the following
sections.
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3 The size of a ball or a sphere with radius r in S, under the Kendall
T-metric

In this section, we compute the size of a ball or a sphere with radius r in S, under the
Kendall t-metric and give polynomial representations of B (r) and S% (r) for some r,
respectively. Since BY% (r) does not depend on the center of the ball, we consider the ball
BY (en, r) which is a ball with radius r centered at the identity permutation €, and denote by

Sk (€n, 1) 2 (o € S,|dk (0, €) = wr (o) = r} the sphere centered at €, and of radius r.

3.1 The size of a sphere of radius r in S, under the Kendall 7-metric

In order to give the polynomial representation of S% (r), we require some notations and
lemmas as follows. For a permutation 7 = [7 (1), 7(2),...,7w(n)] € S,, the reverse of
7 is the permutation 7" L [n(n),7(n — 1),...,7(2),w(1)]. For all = € S,, we have
wg (r) < (;) For convenience, we denote Sk (1) = 0 for r > (g) +1lorr <O.

Lemma1 [2, Lemma 1] For every w € S,

w (1) + wg (77) = dg (1, 7") = @ 3)

By Lemma 1, we can obtain the following lemma.

Lemma2 Forany0 <i < (}),

Si (i) = S%((Z) —i). )

Proof Letm = (’;) We just need to prove that | S% (€,, i)| = |S% (€,, m —i)|. First we define
afunction f : S% (€y,i) — Sk (€,, m — i), where f () = " for any m € S (e, ).

If 7 € Sk(en. i), then wg () = i. By 3), wg(n”) = (3) —i = m — i. Hence,
f () € S (en, m — i). Moreover, we can easily prove that the function f is reasonable and
bijection. Thus, S% (i) = Sk ((5) — i). u]

Lemma3 Forany 0 <r < (g), S% (r) is the number of permutations with r inversions in
Sn.

Proof Since Sy (r) = |Sk (€n, 1) = {o € Syldk (0, €4) = wi(0) = r}, by (1), we clearly
obtain that S% (r) is the number of permutations with r inversions in S,. O

Wheni =0or 1, S%(0) =1 and S% (1) = n — 1. By Lemma 3, it is known that S% (r)
is the Triangle of Mahonian numbers which has some recursive structure in the following
lemma. For the recursive structure of Mahonian numbers, we can see the Mahonian numbers
sequence A008302 [10].

Lemma4 [10, FORMULA] Forall1 <nand1<i < (}),
i

Sk (i) = Yoo )

j=max{0,i—(n—1)}
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Moreover, forall 0 <i < ('2’), we have

Sh(i) = Sk — 1)+ S i) — S —n),
where S (r) = 0 forr < 0.
By Lemma 4, we clearly obtain that S% (i) is an increasing sequence for 0 < i < %(g)

Moreover, we give the formula of Sk (i) by using some S¥ (j) form < n and j < i in the
following lemma.

Lemma5 Forall4 < nand3 < i < n — 1, there exists a unique integer t such that
(’;1) <i< (é) Then, we have

i—-1 i—1 n—1i—1

Sk (i) = S}A(;) —DH+Y D Sk + DD Sk ().

I=t j=i—I I=i j=0

Proof When3 <nand2 <i <n — 1, by (5), we have

i—1

Sk () — Sl =Y S ©)
j=0
In (6), wesetntoi + 1,...,n and obtain n — i equations, respectively. Then by summing
all the equations, we have
. n—1i—1
Sk (@) = S @) =YY Sk (). @)
I=i j=0

For jandisuchthat) < j <i <[l <n—1,if S%(j) and S%(i) are known, then
by (7) we can compute S% (i). In the following, we will compute Sﬁ( (1). When 5 < i, then
i < (’El). Hence, by (5), for 5 < i, we obtain that

Sic() = S '@ =Y SO
j=1

For 5 < i, we can find an integer ¢ such that (’;l) <i < (é) and ¢ < i. We also obtain

O§<;>—i<i. ®)

Similarly, when5 < i,in(5),wesetntoz+1, ..., i and obtaini—t equations, respectively.
By summing all the equations, we have

i—1 i—1

i) = Sg @ =" > Sp(). ©

I=t j=i—I
Combining (4), (8), and (9), we have

i—1 i-1

Sic (i) = S’K((;) 0+ Y sk (10)

I=t j=i—I

for5 <i.
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When i = 4, S%(4) = S+ ((3) —4) = S&(2). When i = 3, we have Sy (3) = S3((3) —
3) =530 = 1.

Therefore, if i € {3, 4}, we choose ¢ = i, and the second term of Equation (10) is zero.
Thus, in these cases, we still have the representation in (10).

By (7) and (10), we can obtain the expression of S% (i) in the above lemma. O

Specifically, we give the polynomial representations of S% (2) and S% (3) for all 3 < n as
follows.

Lemma6 Forall 3 < n, we have

Sk (2) = "(”2—_1) —1,
S"K(3)= n3;7n.
Proof When i = 2, by (7), we have
n—1
S (2) = Sx(2) =ZZS ()- (11)
1=2 j=0

Since S% (0) =1, Sk (1) =n — 1 and S%((2) =0, by (11), we have

Sh(2) = ZZSI (j)—Zl—i—l. (12)

=2 j=0
Similarly, when i = 3, by (7), we have

n—1 2

Sk3) = Sx3) =" Sk (13)

1=3 j=0

Since S (0) =1, 8% (1) =n — 1, S (2) = @ — 1, and S?((3) =1, by (13), we have

n—1 2 1
) —I—l — n® —n
SEB3)=SkB) + Y > Sp(H) =1+ Z — (14)
1=3 j=0 1=3

According to (12) and (14), we can obtain the expressions of S% (2) and S% (3), respec-
tively. O

Here, we easily obtain S%( 0) = S%(l) = 1. By Lemma 6, when n = 3, we have
S%(O) =1, S;((l) =2, S%(Z) = 2, and 52(3) = 1. By Lemma 6 and Lemma 2, we have
SEO) =1,5,(1) =3,54(2) =5,54(3) =6, S (4) =5, Sx(5) = 3,and S (6) = L.

If all the S% (j) for all » and j < i — 1 are known, by Lemma 5, we can compute S (i)
for4 <nand4 <i <n — 1. Next we present an example to compute Sk (i) in Lemma 5.

Example 1 When i = 4, (g) <4< (;) Then, we obtain t = 4 in Lemma 5. Furthermore,

we have
n—1 3

Sk (4) = S;‘(((z) —4)+Z Z Sk + D> Sk

=4 j=i—I =4 j=0

@ Springer



Nonexistence of perfect permutation codes under the Kendall t-metric 2517

By Lemma 6, we have S ((3) — 4) = S%(2) = 5. Thus,
n—1

(-1 B -7 nn+ D2 +n—14)

Sk =5+Y (1+(U-DH+———1+ ) =
& 2 6 24

In the following, we also give the formula of S;‘< (i)forallS5 <mandn <i < (”;1).

Lemma?7 Forall 5 < nandn < i < (”;l), there exists a unique integer t such that

(tgl) <i= (é) andt > 4. Then, we have

i—1 i—-1 i—1 i—1

. ! . . .
S%(o:S%((z) —D+Y DS =Y Y Sk (15)
I=t j=i-I I=n j=i-I
Proof When5 <nandn <i < (";l), in (5), wesetnton + 1,...,1, respectively. Then
we obtain n — i equations and sum all the equations. Thus, we have

i—1 i-1
Sk (@) = Sk =" > Sk (16)
I=n j=i—I
By (10) and (16), we have

i—1 i—1 i—1 i—1

S (i) =S;(<(;) —D+Y Y Sk =Y > sk().

I=t j=i—I I=n j=i—I

When i = n, the third term (i.e., ;;rll le:—l S% (j)) is zero. O

Example2 Wheni = 5and n = 5, we have (;) <5< (;) Then, we obtain t = 4 in Lemma
7. Furthermore, by (15), we have
4

4
S3(5) = 5;4((<2> -5+

=4 j

4
> Skl
=5—

I
Thus, S (5) = S§ () + X1, SE() =3+ B +5+6+5 =22.

Forevery 6 <n,duetoi =5<n-—1, S;; (5) can be computed by Lemma 5.
Hence, if S% (j) are known for all 1 < j <i — 1 and n, we will compute S% (i) for all

n in the next two steps. For 5 < i, there exists a unique integer 7 such that (';') <i < (}).
Then, for every 2 < I < 1 — 1, S} (i) = 0. First, whent =/ < i,if i > | (})/2], we have
S(i) = Sﬂ(((é) — i) where (é) — i < i; otherwise, by Lemma 7, we compute Sk (i) for
i < L(é)/ZJ Second, when i + 1 <[, we compute SZK (i) by Lemma 5.

When i = 5, we can compute S (5) for all n. Here, t = 4. Then, S} (5) = St ((3) —5) =
S‘,‘((l) = 3 and Sf( (5) = 22 by Lemma 7 in Example 2. In the following, we will give the
formula of S% (5) for all 6 < n by Lemma 5.

Example3 Wheni = 5 and 6 < n, by Lemma 5 and (7), we have
n—1 4

SK(S) = S35+ . > Sk()).

=5 j=0
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By Examples 1 and 2 and Lemma 6, we have

n—1 3 2
I1-1) P=7 10+ D0 +1-14)
Sk(G)y=22+Y (1+@-1 —1
x® +H(+( )+ +——+ 5 )
_ (n—=1)(n* 4 6n° —9n? — 74n — 120)
- 120

forall 5 < n.
By Lemmas 2, 5, and 7, we can compute the value of S’;< (i) forall 6 < i and n as follows.

Proposition 2 When 6 < i, we can compute S (i) for all 5 < n by using Lemmas 2, 5, and
7.

Proof Forall 0 <i < 5and 3 < n, all the S% (i) are computed. We can compute S (i) for
all n by using Sk (j) forall 1 < j <i — 1 and .

First, we find an integer ¢ such that (’El) <i < (;) Foreveryt <[ <i,ifi > L(é)/2J,
we have SlK(i) = SIK((é) — 1) where (é) —i <ijelseifi < L(é)/ZJ, we compute S%(i) by

Lemma 7. Second, for every i + 1 < [, we compute S% (i) by Lemma 5. So, we can obtain
St (@) forall 5 <nand 6 <i. O

3.2 The size of a ball of radius r in S, under the Kendall 7-metric

In this subsection, we will give the polynomial representation of the size of a ball with radius
r in S, under the Kendall r-metric by using S% (r). We easily obtain the following lemma
about the relationship between B% (r) and S% (7).

Lemma8 Forany 0 <r < (3), we have
.
Bi(r)=Y_ Sp).
=0

Given S;g (i) forall0 <i <r — 1, by Lemmas 5, 7 and 8, we easily obtain the recursion
formula of B (r) in the following theorem.

Theorem 1 Suppose Sy (i) are known forall0 <i <r —1land5 <n.If4 <r < L@J,

there exists a unique integer t such that (’;1) <r< (;) Whend <r <n — 1, we have

r—1 r—1 r—1 n—1r—1
t
B (r) = gsm + Sk((2> —7) +IZ ‘lel,(m +IZZOS’K<J').
e =t j=r— =r j=

n
Whenn <r < {%J, we have
r—1 r—=1 r—1 r—=1 r—1

B7<<r>=ZS7<(1>+S’K<(;) =YY Sk =D Y Sk

1=0 =t j=r—I I=n j=r—I
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Specially, we have By (0) = 1 and By (1) = n. When r = 2, for all n > 2, we have

2
nn—1 n+2)(n—1
B};(Z):ZS%(Z):(1+n—1+(7)—1)=M. (17)
= 2 2
When r = 3, for all n > 3, we have
3 3 2
nn—1) n’> —17n (n+1)(n“+2n—06)
B2 (3) = SY() = (1 -4+ —7-1 = .
K<>§K()<+n+ 5 ) <
(18)
Example4 When r = 4 and 4 < n, by Example 1 and Theorem 1, we have
3 n 3 4-1 n—1 3
n _ n 4 l /- l /-
Bi4) =) Sk + SK((z) —HHD D Sk(D+DD Sk
1=0 I=4 j=4—| I=4 j=0
_ (n+2)(n+1)(n2+3n—12)‘ a9)
24
Moreover, when r = 5 and 5 < n, by Example 3 and Theorem 1, we have
4
BR(5) =) _Sk() + Sk(5)
1=0
_ o+ Tn(n® +3n% —6n — 28). )

120

When r > 6, we can compute By (r) by using Proposition 2 and Theorem 1.

4 Some sufficient conditions of the nonexistence of perfect
permutation codes

In this section, we will give some sufficient conditions of the nonexistence of a perfect
t-error-correcting code in S, under the Kendall t-metric.

4.1 The first sufficient condition of the nonexistence of perfect permutation codes

In this subsection, we present a sufficient condition of the nonexistence of a perfect z-error-
correcting code under the Kendall t-metric by using the sphere-packing upper bound.

(-1

Lemma9 Forany(0 <t < { 5 J, if there exists a perfect t-error-correcting code C in S,

under the Kendall t-metric. Then, we must have
By () -|C| =n!.

That is, the necessary condition of the existence of a perfect t-error-correcting code in Sy
under the Kendall T-metric is By (t)|n!.

Proof By the sphere-packing upper bound in Proposition 1, if there exists a perfect ¢-error-
correcting code C in S, under the Kendall T-metric, we must have B () - |C| = n!. Thus,
By (t)|n!. So, the necessary condition of the existence of a perfect ¢-error-correcting code in
Sp under the Kendall z-metric is B (1)|n!. ]
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2520 X.Wang et al.

According to Lemma 9, we have the following theorem which illustrate the nonexistence
of a perfect r-error-correcting code in S, under the Kendall t-metric.

%J, if By (t) has a prime factor p > n, then there does

not exist a perfect t-error-correcting code in S, under the Kendall T-metric.

Theorem2 Forany 0 <t <

Proof By Lemma 9, the necessary condition of the existence of a perfect 7-error-correcting
code in S, under the Kendall z-metric is B (¢)|n!. Since BY (¢) has a prime factor p > n,
we have B (1) t n!. So, we prove the above result. ]

4.2 The second sufficient condition of the nonexistence of perfect permutation
codes

In this subsection, we give another sufficient condition of the nonexistence of a perfect 7-
error-correcting code under the Kendall r-metric by using some properties of B% (r) and
S% (r). For convenience, we define S, ; 2 (1 € Syl (i) = 1} for any 1 <i <n.Thatis, w
is an element of S, ; if 1 appears in the i-th position of 7. Clearly, |S, ;| = (n — ).

For € Sy et T\, (1) 2 B G, NS, forall 0 < 1 < | 2=t | 1n the following,
we prove that the size of Tn(f()k, M () does not depend on . For convenience, we denote the

. ® @
size of T, ¢ (@) as T, o .

Lemma10 Foralll <k, j < nand any w € S, k, the size of T”(’()k /.)(n) does not depend

onrw.

Proof For any two distinct permutations 7, o € S, i, We prove |Tn(t()k j)(n)| = |T”(’()k /.)(G)|.

First, we have T,ff()k,j)(n) ={B € Suldk (7, B) < t, B(j) = 1}. By (2), we get

T (1) = {B € Suldk (w. B) <1, B(j) = 1}
={B € Suldk(en. Bor™") <1, B(j) = 1}
={B € Suldk (0. o 00) <1, B(j) = 1}

Hence, |T,"), (0| = [{B € Syldx (@, pon ' 00) <1,8(/) =}l = [{Bon ' o0 €
Spldx (o, Bon ™l oo) < t,B(j) = 1}]. Since Bon L oo(j) = a1 B())) = 1,
we have [{Bon oo € Syldg(o,Bon " oo) <t,B(j) =1} =|{Bonloo €
Spldg(o,Bon oo)<t,Bornrloo(j)=1}.Lety = Box~! oo. Then, we obtain

that |7,"), H@l=lBor oo € Sldk(0, pon " 0o) <t,por  0a(j) =1}| =
Hy € Spldk (o, y) < t,y(j) = 1}] = |Tn(f()k’j)(a)|. Thus, the size of Tn(’t()k,j)(n) does not
depend on 7. O

does not change the size of T

Similarly, the exchange between k and j in T (k. J)"

n,(k,j)
Lemma 11 Forall 1 <k, j < n, we have

O _ 0
Loy = Taijny
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Proof By Lemma 10, we only prove |Tn( ()k J)(JT)| = ITn(l()J k)(cr)l for any m € S,k and

o € Sy, j. According to the definition of T 0. (k J)(n), we have

T\ (0) = (B € Syld (m, B) <1, B(j) = 1)
={p € Syldk (7 0/3_ ,€n) < t,ﬁ(]) =1}
={BeSuldk(mop o0, 0) <1, B(j) = 1}.

Then, we get 7 o B~ oo (k) = o (B~ (m(k))) = 0(j) = 1.Givenr € Sy ando € S, ;,
we obtain |{8 € Suldx (Top oo, 0) <1, B8(j))=1}=|{moB oo € S,ldxk(mop o
o,0)<t,moB oa(k) =1}, ie., |T’ ()k])(n')| T g} 0@ o

Assume that there exists a perfect r-error-correcting code C® c §,. Forany 1 < i < n,
we define Cﬁtz £ cOn Sp.iandx; 2 |C,(3, |. Since C™® is a perfect r-error-correcting code, it

follows that for any two distinct permutations 7, o € C*) we have By (m,t)N By (o,1) = 0.

Moreover, we get |, cco B (7, 1) = S,. Clearly, we can obtain the following lemma.

Lemma12 Forall1 <i < n, we have Ulfkfn,rrecfl{}( Tn(f()k’l.)(rr) = Sn.i.
Proof For each permutation o € S, ;, there must exist a codeword 7w e C® such that
o € By (m, 1), where (k) = 1 for some k € [n]. By the definition of T (k l)(n) we have

0
oeT, (k. l)(n) Hence, U1<k<n rec®) Tn (k. l)(n) = Sui- O

For any two distinct permutations 7 € C, (I}{ and 0 € C,(l')j, the relationship between

T(t(k l)(rr) and T (j l)(a) is given as follows.

Lemma 13 For any two distinct permutations w € C}SZ) and o € C(), we have
T N, @) =B forall 1 <i <n.

Proof Sincer,o € C®andn # o, By (m,t) () By (0, 1) = @. Clearly, due to the definition
of T\, ;, (). we have T\, 1)(n)ﬂT(l(l h(0)=#forall1 <i <n. O

By Lemmas 12 and 13, for all 1 <i < n, we obtain that

n
® ® ®
U Zhnm = Z > Tt —ZTn,<k,i>xk= ISn,il = (n = DL 2D
=1

I<k<n,weC) k=1 zec®

where |C( k| = Xf.
Let x = (x1,x2,...,x,) and let I be the all-ones column vector. By (21), we have a
matrix form as
=mn-D!1, (22)

where A = (a; j) is ann x n matrix and @; ; = Tn( ()/ i

Furthermore, we discuss the sum of every row in A as follows.

Lemma 14 Foralll <i < n, we have

0
ZTn iy = B (),
k=1
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Proof Foralll <i <nandmw € S, ;, B} (m,1) = B (7w, 1) (\ Sy = Bl (m, ) () (Uiz) Suk) =
Uzzl (B;é (T, )N Sn,k). Since all the sets of S, x are pairwise disjoint, we have

n
U By, 0) () Sux)
= Z]B (.0 () S|
2 ZTn(t?z o
k=1
2 Z Tn(t()k iy
k=1

where = follows from the definition of Tn(’g 0 and @ follows from Lemma 11. ]

By (1) = |Bg (m, 1)| =

By Lemma 14, we obtain that the sum of every row in A is equal to B (¢). Then, it follows

that the linear equation system defined in (22) has a solution y = (;,,_ (lt))! -I.In order to discuss
K
the solutions of (22), we need the following lemma that is an immediate conclusion of the

well known Gerschgorin circle theorem [5].

Lemma 15 Let B = (b; j) be an n x n matrix. If |b; ;| > Zj# |bi jlforalli,1 <i <n,

then B is nonsingular.

o BL®
2

Theorem3 Forany0 <t = | & | i1, = 250 — 1 forall 1 < i < n and By-(0)

has a prime factor p > n, then there does not exist a perfect t-error-correcting code in S,
under the Kendall t-metric.

Proof If Tn(t()l H = @ — 1 forall 1l <i < n, by Lemma 15, then A is a nonsingular

matrix. Hence, y is the unique solution of (22). That is, we have x = y = (g,,_ (lt))! I If
K

B% (1) has a prime factor p > n and A is nonsingular, then B r)) is not an integer and perfect

t-error-correcting codes do not exist. Hence, we prove the above result. O

4.3 The third sufficient condition of the nonexistence of perfect permutation codes

In this subsection, we give the third sufficient condition of the nonexistence of a perfect ¢-
error-correcting code under the Kendall 7-metric by using some upper bounds on A (n, 21 +

).
Lemma 16 [14, Theorem 23] If Ak (n,2t + 1) > M, then

([%ﬂ)m +2)+ (LE’J)@ +2)+ %W {%J Q1) < (’;) %W {%J .

Lemma 17 [2, Theorem IO]If%(;) <d < (), then
Ax(n,d) = 2.
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By Lemma 16, we present some sufficient conditions of the nonexistence of a perfect
t-error-correcting code in S, under the Kendall 7-metric as follows.

Theorem 4 For any %(;) <2t+1< (;) if BR(1) - 4;’;;4(") < n), then there does not exist
3-(

a perfect t-error-correcting code in S, under the Kendall t-metric. Moreover, for %(;) <
2t+1 < (;), if 2By (t) < n!, then there does not exist a perfect t-error-correcting code in
S, under the Kendall t-metric.

Proof By Lemma 16, if Ak (n, 2t + 1) is even, then we have
4t + 4

Ag(n,2t+1) < ——— 23
K ( ) 13— () (23)
for any %(’2’) <2t+1=<(5).1f Ag(n, 2t 4 1) is odd, then we obtain
n
+1
Ag(n, 2t +1) < G) (24)

T4 +3-()

for any %(g) <2t+1< (;) When %(g) <2t+1< (’;), then 4t + 3 > (;) + 1. Hence, by

(23) and (24), for any %(g) <2t+1< ('2’), we have Ax(n,2t +1) < 4zit3t4(g)' Moreover,

the necessary condition of the existence of a perfect 7-error-correcting code in S,, under the

Kendall r-metric is B} () - Ax (n, 1) = n!. So, if B (1) 4[_‘:’;:4(;) < n!, then there does not

exist a perfect 7-error-correcting code in S,, under the Kendall r-metric.

When %(g) <2t+1< (’;), by Lemma 17, we have Ag(n,2t + 1) = 2. Thus, if
2B% () < n!, then there does not exist a perfect z-error-correcting code in S, under the
Kendall 7-metric. So, we prove the above result. O

5 The nonexistence of a perfect t-error-correcting code in S, under the
Kendall 7-metric

In the section, we will discuss the nonexistence of a perfect 7-error-correcting code in S, for
some n and ¢ by using Theorems 2, 3 and 4.

5.1 The nonexistence of a perfect t-error-correcting code in S, by using the first
condition

In this subsection, we use Theorem 2 to prove the nonexistence of perfect ¢-error-correcting
code in S, forsome n andr = 2, 3,4, 5.

When ¢ = 2, by (17), we have By (2) = % By Theorem 2, we can prove the
nonexistence of a perfect two-error-correcting code in S,,, where n + 2 > 6 is a prime.

When ¢t = 3, by (18), we have B%(3) = %ﬁ' First, if n + 1 > 6 is a prime,
then B} (3) have a prime factor n + 1 > n. Second, we compute n>+2n—6ford <n <33
and obtain that (n 4+ 1)(n% 4+ 2n — 6) has a prime factor p > n except forn = 13 and n = 26.
Ifn =13, BP(3) = 441 = 9 x 7%. Thus, 441 { 131. If n = 26, B3%(3) = 3249 = 9 x 19°.
Hence, 3249 1 26!. So, by Theorem 2, we can prove the nonexistence of a perfect three-error-
correcting code in S;,, where n + 1 > 6 is a prime, or n?+2n—6hasa prime factor p > n,
or4d <n <33.
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When ¢ = 4, by (19), we have Bl (4) = CHDOED0PE=1D) R if 4] > 6
orn+2 > 7is a prime, then By (3) have a prime factor p > n. Second, we compute
n? +3n — 12 for 5 < n < 19 and obtain that (n> + 3n — 12)(n + 1)(n + 2) has a prime
factor p > n except forn = 13.1f n = 13, B}>(4) = 1715 = 5 x 7°. Thus, 1715 { 13!. So,
by Theorem 2, we can prove the nonexistence of a perfect four-error-correcting code in S,,,
where n +1 > 6 orn 4+ 2 > 7 is a prime, or n? + 3n — 12 has a prime factor p > n, or
5<n<19.

When t = 5, by (20), B} (5) = (”+7)”("3T23612_6"_28). By Theorem 2, we can prove the
nonexistence of a perfect five-error-correcting code in S, where n + 7 > 12 is a prime or
n3 4 3n2 — 6n — 28 has a prime factor p > n.

By the above discussion, we have the following theorem.

Theorem 5 Whent = 2, there does not exist a perfect two-error-correcting code in Sy, where
n+2 > 6isaprime. When t = 3, there does not exist a perfect three-error-correcting code
in Sy, where n + 1 > 6 is a prime, or n> +2n — 6 has a prime factor p > n, or4 < n < 33.
When t = 4, there does not exist a perfect four-error-correcting code in Sy, wheren+1 > 6
orn+?2 > 17is aprime, or n? 4+ 3n — 12 has a prime factor p > n, or5 < n < 19. When
t =5, there does not exist a perfect five-error-correcting code in S,, wheren +7 > 12 is a
prime or n°> + 3n% — 6n — 28 has a prime factor p > n.

5.2 The nonexistence of a perfect t-error-correcting code in S, by using the second
condition

In this subsection, we use Theorem 3 to prove the nonexistence of perfect ¢-error-correcting
codein S, forsomen, t. Whent = 1or5, B% (¢) has a factor n. Buzaglo and Etzion [2] proved
that A is nonsingular for n > 4 and therefore, there is no perfect single-error-correcting codes

in S, if n > 4 is a prime. In the following, we discuss the condition of Tn(s()l. = BKZ(S) —1
for all 1 <i < n which makes A nonsingular.

First, due to B (5) = "("”)("356’276"728) , we obtain that B% (5) has a prime factor
p > nforall5 < n < 16 except for By (5) = 7° and B} (5) = 2* x 3 x 5 x 11. By

Theorem 2, we obtain that there is no perfect five-error-correcting codes in S, for5 < n < 10
BL(5) 1f
&= —1 for all

or 12 < n < 16. Second, we only consider the condition of Trf’s()i’l.) >
1 <i <n,wheren > 17.

Wheni = 1 and & € S, 1, we obtain all the elements of 7;1(.5()1,1)(”) by only moving the
right n — 1 elements at most 5 adjacent transpositions. Hence, we have

6 _ pn-l
TMM)_B’]( (5).

O

In order to compute 7" ;

for 2 < i < n, we need the following lemmas.

Lemma 18 Foralll <i < n, we have

5  _ 705
Tn,(i,i) - Tn,(n+lfi,n+lfi)'

Proof Choose w € S, ; and n” € Sy, ,4+1—;. By Lemma 10, we obtain that

T = T (0] = B € Suldk (. B) < 5. B(i) = 1)1,

and
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©) _ 7
T nt1—int1—i) = |Tn,(n+l—i,n+l—i)(nr)|

=|{B € Suldx (", B) <5, B(n+1—i)=1}|.

. 5 5
We just need to prove that |Tn(,()l.7i)(71)| = |Trf’()”+17i’n+17i)

5 5 5
[T @) = T8 i1 i) (@"). where f(0) = o” forany o € T, ;) (7).

If B € T ;7). then dx(B.7) < 5and B(i) = 1. Hence, dx (', p") < 5 and
B (n+1—i)=1Then p" € T\ .\ ;01 ;
76

function f is reasonable and bijection. Thus, 7, (i) = Tn(s()n it 1—i) foralll <i <n.O

(7")|. First we define a function

)(n"). Moreover, we can easily prove that the

Lemmal19 Form,o € Sy;and2 <i <n—1,letmw = [ay,...ai—1,1,ai41,...,a,]
and 0 = [by,...bi—1,1,biy1,...,b,l. If the number of different elements between
{ar, ..., ai—1} and {by, ... bi_1}ist, thendg(w, o) > 1% + 1.

Proof Assume that the former ¢ elements between [ay, ...a;—1] and [by, ...b;_1] are dif-
ferent. Then, for all 1 < j, k < t, we have that {a;, b}, {1,a;} and {1, b;} in 7 and o are
different ordered pairs. Thus, we have dk (7, o) > 241 ]

By Lemma 18, we only consider Tn(s()l n for 2 < i < n — 2. By Lemma 19,

for # = [ay,...ai—1,1,ai41,...,a,] € Spi, we can divide Tn(s()l l.)(r[) into two dis-
joint subsets as follows. For convenience, we denote by Fri(w) = U;_:ll {r(j)} a
set of the former i — 1 elements of m, ie., Fri(w) = {ai,...a;_1}. Moreover, we

denote by L;(wr) = {B|BG) = 1,Fri(B) = Fri(mw), and dx(B,7r) < 5} and
R;(wr) = {PB]|the number of different elements between Fr; () and Fr;(B) isl, B(I) =
1,and dg (B, ) < 5}.

Lemma20 Let2 <i <n—2 Foranym € S, ;, we obtain that Tn(s()l. i)(”) =L;i(m)UR;(m)
and L;(w) N R;(r) = 0.

Proof By the definitions of L; (;r) and R;(;r), we clearly have L;(;t) N R; (7r) = . Choose
B €T\ . () andlett be the number of different elements between Fr; () and Fr; (). By

Lemma 19, we obtain that di (B, ) > 1> + 1. Since B € T\ (; ;, (7). we have dg (. 7) <5
and t < 1. Hence, ift = 1, then 8 € R; (). If t = 0, then B € L;(;r). So, we obtain that
TS () = Li(m) U Ri () and L; (1) N Ri () = 0. o

Example5 Let n = 11 and 7 = [3,2,1,4,5,6,7,8.9, 10, 11]. Consider 7,75 5 ().

we obtain the two kinds of permutations in Tl(l5 ,)(3“3)(71). By using an adjacent transpo-
sitions on the former 2 elements of m, we obtain the first kind of permutation o =
[2,3,1,4,5,6,7,8,9,10, 11]. By using three adjacent transpositions on the elements
{3, 1, 4} of o, we obtain the second kind of permutation o’ = [2,4, 1,3,5,6,7,8,9, 10, 11]
(.e.,[2,3,1,4,5,6,7,8,9,10,111 — [2,3,4,1,5,6,7,8,9,10,11] — [2,4,3,1,5,6,7,
8,9,10,111 - [2,4,1,3,5,6,7,8,9, 10, 11]).

By Lemma 10, the size of L; (r) and R; (r) does not depend on 7w € S, ;. Then, we denote

by L; and R; the size of L;(;r) and R; (), respectively. The values of L; and R; is given in
the following lemma and the proof of the next lemma is given in Appendix A.
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Lemma21 For2 <i <n — 1, we obtain that
5 . .
=> S 0B 51

and
B2Q2) + B 2(1) + B 20) ifi =2o0rn— 1,
R = B}“{3(2) +3BE (1) +3 ifi =30rn -2,
S ST OB Q=423 SE OB (1 2 ifd <i<n—3,

i—1 i—1
where Sy (1) = 0 forallt = (/i1 )

By Lemma 21, when i = 3,4 and 5, we have
1), ) = B 2(5) + B 2(2) + By 2() + 1, 25)
T 5 = Bz‘3<5> + B @ + By () + 3B (1) + 3, 26)
T ) = ZS’ "OBE (5 -1+ ZS‘ "B 2 —1) +2Zs’ B (1 —1) 42,
t=0 t=0
27)
L’}-;} ) By (17)-(20) and (25)-(27),
2

we compute the size of T( ) ) as follows. For all 1 <i < n, we have

forall4 <i <n—3, where S '(r) = O forall 1 > (

1170(ns+5,14_15,13—65;12—46n+120) ifi = lorn,
135 (% — 25n% + 60n% — 36n) ifi =2o0rn — 1,

76 135 (n° — 45n% + 12012 + 164n — 480) ifi =3 orn —2,

nD ) 105 — 4503 4 60n? + 344n — 240) ifi =4orn — 3, 28)
135 (> —45n3 + 60n% + 224n) ifi =Sorn —4,
135> — 4513 + 60n% +224n — 120) if6 <i <n-—>5,
where 16 < n.
By (28), then we have
2}10715 1—16113 — —nz—i— oh ifi =1lorn,
24110115 2]4n4——n3+ nz—l— n—1 ifi=2o0rn—1,
) —w—l— 2i0n5 214n4—ﬁ +31 2+ 13111—5 ifi =3o0rn—2,
(00 2 N 2}10115 214n4 — %n3 +3 19 n?+ 26201n 3 ifi =4orn—3,
2}10115 ﬁn“ — 116”3 + 24n2 + 1660111 1 ifi =5o0rn—4,
241¥0n5 214114 — %n3 + é—?‘nz + 16601n 2 if6<i<n-—>5.
(29
By simple computations, for all » > 16, we obtain that
n
Tyt~ BK;S) —1>0, (30)

foralll <i <n.
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By (30) and Theorem 3, if » > 16 and t = 5, we have A is nonsingular. Thus there
does not exist a perfect five-error-correcting code in S, if n > 16 is a prime. By the above
discussion and Theorem 5, we have the following theorem.

Theorem 6 There does not exist a perfect five-error-correcting code in S,,, where n > 16 is
a prime orn + 7 > 12 is a prime or n> + 3n% — 6n — 28 has a prime factor p > n.

5.3 The nonexistence of a perfect t-error-correcting code in S, by using the third
condition

In this subsection, we use Theorem 4 to prove the nonexistence of perfect 7-error-correcting
code in S,, for some n and %(’5) <2t+1<(3).

Assume that () < 2t + 1 < (3). If 2t + 1 = (), by Lemma 2 or Corollary 8 [2], we
have 2BY% (t) = n! and there exists a perfect ¢-error-correcting code in S, under the Kendall
t-metric. Otherwise, by Lemma 17, we obtain that 2B§ (t) < n! and there does not exist a
perfect ¢-error-correcting code in S, under the Kendall T-metric for all %(;) <2t4+1=< ()
except for 21 + 1 = (3).

Let2t +1 = a(") for % % If Ax(n, 2t 4+ 1) is even, by (23), we have

<S5.

1
AK(n,Zt—i-l)<l-i-2

If Ak (n, 2t + 1) is odd, by (24), we obtain

1
Ak 2 +1) < 5 <4.

oa—1
Hence, we have that
Ag(n,2t+1) <4 (31)

5 2
for all g(;) <2t+1< 3(;)
In order to prove the nonexistence of perfect 7-error-correcting code in S, for all 3 (") <

2t+1 < 7( ) we need some lemmas in the following. The proof of the next lemma is given
in Appendix B.

Lemma 22 Let p, q be two integers such that 1 < p < g and p+q < %('2') Then, we have
Sk(p)+ Sk @) +p—2<Sg(p+q)
foralln > 6.
By Lemma 22, we can obtain the following lemma.

Lemma 23 For any n > 5, we obtain that

-1«

Proof By Lemma 2, we have By (I_% (( ) I)J) n!. In order to obtain the result in (32),
we only need to prove that

RO [3@-]
dooSkir< > Sk (33)

= i=[§®)-4 ]+
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forall n > 6.
Assume that (5) = 6m for some m > 3. Then L%(Z) - % =2m—1and L%((g) — I)J =
3m — 1. Hence, we have

H(;)_%J 2m—1
oSk = sk
i=0 i=0

and

[3@-»]

o Sk =D Sk
=[50)-1 ]+ =

By Lemma 22, we have S"(m +1)4+S"(m —t)+m—t—2 < §"2m) forall 1 <t <m—1.
Hence, we obtain S"(m +¢) + S"(m —t) < §"(2m) forall 1 <t <m — 1. Since S"(¢) is a
strictly increasing sequence for 1 < ¢ < 3m, then S"(0) + S"(m) < §"(2m). So, we have

m—1 3m—1
(S"(0) + 8"(m)) + Y (S"m+1) + S"(m — 1)) <mS"2m) < Y Sg(i). (34
=1 i=2m

Therefore, when (g) = 6m and n > 6, by (34), we can obtain this result of (33).
Similarly, when n > 6 and (5) = 6m + s for any 1 < s < 5, we also have the result
in (33). Thus, when n > 6, we obtain 4B/ (L%(g) — % ) < n!. Moreover, when n = 5,

we have 48?< (L%(g) — %J) = 4B?( (2) = 64 < 5!. So, when n > 5, we prove the above

lemma. O

By (31) and Lemma 23, we can prove the following theorem.

Theorem7 Let n > 5. For any %(g) <2t+1< (g) there does not exist a perfect t-error-

correcting code in S, under the Kendall t-metric. For 2t + 1 = (;), there exists a perfect
t-error-correcting code in S,, under the Kendall t-metric.

Proof When % (5) <2141 < (5). by the above discussion, we have that there does not exist a
perfect -error-correcting code in S, under the Kendall -metric except for 2741 = (g) When
%(’;) <2t+1< %(g), by (31), we have Ag (n, 2t + 1) < 4. Furthermore, by Lemma 23, we
obtain Ak (n,2t + 1) - B (t) < n! for %(g) <2t 41< %(g) Thus, there does not exist a

perfect ¢-error-correcting code in S,, under the Kendall T-metric for all % (g) <2t+1 < % (g)

So, when %(g) < 21+ 1 < (), there does not exist a perfect ¢-error-correcting code in S,

under the Kendall T-metric. For 2 4+ 1 = (), by Lemmas 2 and 17, we have Ag (n, d) = 2
and 2B% (1) = n!. Therefore, there exists a perfect ¢-error-correcting code in S, under the
Kendall -metric for 27 + 1 = (). O

6 Conclusions
Permutation codes under the Kendall t-metric have attracted lots of research interest due
to their applications in flash memories. In this paper, we considered the nonexistence of

perfect codes under the Kendalls 7-metric. We gave the polynomial representations of the
size of a ball or a sphere with radius » when r = 2, 3, 4, or 5. Moreover, we presented three
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sufficient conditions of the nonexistence of perfect permutation codes under the Kendall t-
metric. Finally, we used these sufficient conditions to prove that there does not exist a perfect
t-error-correcting code in S, under the Kendall 7-metric for some n and t = 2, 3,4, 5, or
2(5) <2t +1 < (3). Specifically, we proved that there does not exist a perfect two-error-
correcting code in S,,, where n + 2 > 6 is a prime. We also proved that there does not exist
a perfect three-error-correcting code in S,,, where n + 1 > 6 is a prime or n> 4+ 2n — 6 has
a prime factor p > n or 4 < n < 33. We further proved that there does not exist a perfect
four-error-correcting code in S,,, where n + 1 > 6 or n + 2 > 7 is a prime or n> 4+ 3n — 12
has a prime factor p > n or 5 < n < 19. We proved that there does not exist a perfect five-
error-correcting code in S, where n > 16 or n 4+ 7 > 12 is a prime or n3 +3n% —6n —28
has a prime factor p > n. For %('2’) <2t+1< ('2’) and n > 5, we proved that there does not
exist a perfect ¢-error-correcting code in S, except for 2t + 1 = ('2')
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Appendix A

The purpose of this appendix is to prove Lemma 21 given in Section 5.2.

Proof We choose any permutation 8 € L;(x). Then B is obtained by applying some ¢
adjacent transpositions and at most 5 — ¢ adjacent transpositions on the former i — 1 elements
of 7 and the latter n — i elements of 7, respectively, where O < t < 5. Thus, these operations

can produce S%_I(I)B;’(_i(S — t) permutations. If 1 > (Li,-;llJ), we have S;{l(t) = 0. So, the
2

size of the first kind of permutations is erzo S;{l (t)B'I’{i (5 —1).

Next, we choose m =[2,1,3,...,n] € S, 2 such that w (i) =i foralli > 3. By Lemma
10, we obtain Ry = |Ra (). If 0 € Ry (), then wehave o (1) = 3,4, or5. Wheno (1) = 3,
we can obtain that elements 2 and 3 are exchanged and this operation needs at least 3 adjacent
transpositions. Then the number of this kind of permutations in R () is B?{Q (2). When
o (1) = 4, we have that elements 2 and 4 are exchanged and this operation needs at least 4
adjacent transpositions. Hence, the number of this kind of permutations in R, (7) is B’,’<_2(1 ).
When o (1) = 5, we obtain that elements 2 and 5 are exchanged and this operation needs at
least 5 adjacent transpositions. Hence, the number of this kind of permutations in R () is
B72(0). So when i = 2, we obtain that Ry = Bt 2(2) + Bl 2(1) + B %(0). By Lemma
18, when i = n — 1, we also get R, = B (2) + BE (1) + B %(0).

Similarly, when i = 3 or n — 2, we can obtain that R; = B >(2) +3B% (1) + 3. When
4 <i < n—3,wecanprove that R; = thzo Sj{l (t)-B?{i 2-1)+2 Z}:o S;{l (t)B’;{i (1—
1)+ 2. O

Appendix B

The purpose of this appendix is to prove Lemma 22 given in Sect. 5.3.

@ Springer



2530 X.Wang et al.

Proof TIn order to obtain this result, we first prove that when 1 < p < g and p 4+ ¢ < %(g),
then

Sx(p) +Sk(qg—1) < Sg(@) +Sg(p—1) (35
by induction for all n > 6.

When n = 6, we obtain (g) = 15. By Lemma 4, we compute S% (t) to obtain that S?( ©0) =
1,8%(1) =5,5%2) = 14, 54 (3) = 29, S% (4) = 49, 5. (5) = 71, S%(6) = 90, S%(7) =
101. Hence, when n = 6, we clearly have that S (p) + 5% (g — 1) < S% (@) + S$(p — 1)
forl<p<g<7andp+¢g <7.Sowhenn =6, S?( (1) satisfies the condition in (35).

Now we assume that S¥ (¢) satisfies the condition in (35) for some integers m > 6, that
is,if 1 < p <gand p+q < 1(%). then

SB(p)+ S(g — 1) < S%(q) + S¥(p — 1). (36)
When n = m + 1, by Lemma 4, we obtain
Sptg) = Spthg — D) + SP(g) — St —m — 1)
SEH(p) = S (p— 1) + SB(p) — SE(p—m — 1)

forl<p<gqgandp+gq < %('";1). Hence, we have

SE @) + SET p = D) + SE(p) + SE(g—m—1) =St g -1
+SUH () + S8 (q) + SB(p —m — 1). (37)

Using the induction hypothesis on S¥ (), we can obtain some results as follows. When
p=m+1lthenl <p—m<gandp+qg—m—1<3(3)— % — 1 Thus, by (36), we
have

Sg(p—m)+S%(q—1) <Sg(@)+ S¢(p —m —1). (38)
Since ¢ — 1 = max{p, ¢ —m — 1}, by (36), then S¥ (p) + S¥ (g —m —1) < Sg(p —m) +
S% (g — 1). Hence, by (38), we obtain S¥ (p) + S¢ (g —m — 1) < S¥(q) + S¥(p —m —1).

When p < m+1,then S¥ (p—m—1) = 0.1fg < m+1, wealso have S§ (g—m—1) = 0.
Since p < g, then SZ(p) < SE(g).Ifg >m+1,thenl < p,g—mandp+q—m <
1(%) — 2. Hence, by (36), we obtain S (p) + S%(q —m) < S%(p + g — m). Assume

q < %("21), then p+¢q —m < q. Since S} () is an increasing sequence forall 0 < ¢ < 5 (),

m

then S¥ (p+q—m) < S¥(q). Assume %(2) <gand p+q < %(m;rl),then (")—q < %("21)
By Lemma 2, S¥(¢q) = S¥((5) — q). Since p+q —m < (3) —q < (), we also have
SR(p)+SE(g—m—1) < SE(p)+SE(g—m) < SR(p+q—m) < SR((5) —q) = SE(q).
By the above discussion, we always have S¥ (p) +S¥ (g —m —1) < S¢ (@) +Sg(p—m—1)
for0<p<gandp-+gq < %(m;l). By (37), we obtain that

Sg g =D+ SET ) < S @) + SgH (- D),
forl<p<gqgandp+gqg < %(mgl) So, by induction,if 1 < p <gand p+gq < %(g),then
Sk(p) + Sk(g —1) < Sg(q@) + Sg(p — D). (39)
By (39), we obtain

Sk(p+q—0)+Sk@) <Sgk(p+g—t+1)+ Sk —1)
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forall 1 <t < p <gand p+gq < (3). Hence, we can get

SE(P)+Sk(@) +p—1<Sk(p+q)+ Sk(0)

forl <p<gandp+gq < %(;) Since S% (0) = 1, then we have

Sk(P) +Sk(@)+p—2<Sk(p+q)
1

forl <p<gandp+q<1i(}). N
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