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Abstract

In a study of multilength variable-weight optical orthogonal codes (MLVWOOCsS), compat-
ible (N, M, W, 1, Q; 2) difference packing (briefly (N, M, W, 1, Q; 2)-CDP) set systems
play an important role. In this paper, a new consequence of Weil’s theorem on multiplicative
character sums is presented, some direct constructions of pairwise 2-compatible balanced
(n, g, W, 1) difference families (DFs) are obtained for W = {3, 4}, {3, 5}, and recursive
constructions for (N, M, W, 1, Q; 2)-CDP set systems are derived by means of semicyclic
group divisible designs (SCGDDs). Some series of compatible difference packing set systems
are produced, and several infinite classes of optimal MLVWOOC:s are then obtained.
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1 Introduction

The following notations will be use in this paper.
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e Let Fy be the finite field of order ¢ and £ be its multiplicative group.
e For a positive integer n, let Z, be the residual-class ring of integers module n and nZ,,

the unique additive subgroup {0, n, ..., (r — 1)n} of order r in Z,,. Obviously, F, is
equal to Z, if n is a prime.

o Let W = {wy, ..., wx} be an ordering of a set of k positive integers with each w; > 3,
and n = max{w; : 1 < j <k}.

e Let O = (g1, ...,qk) be ak-tuple of positive rational numbers with 21;:1 qj=1.

e Let N ={ng,n,...,n;—1}beasetof/ positive integers and M = [mg, my, ..., m;_1]

be an multi-set of / positive integers.

e For a non-empty subset of B C Z,, the list of differences of B is defined to be the
multiset AB = [b—b" (mod n): (b',b) € Bx B,b #1].

e Fornon-empty subsets B, C Z,, and By C Z,,, the external difference list of ordered pair
(Be, By) isdefined to be the multiset Ag (B,, Bs) = [y—x (mod n,) : (x,y) € Be X Bg].

An (n, W, 1) difference packing (briefly (n, W, 1)-DP) is a family .# of w;-subsets (base
blocks) of Z,, whose list of differences A.# = | g~ AB covers every element of Z,, \ {0} at
most once, where w; € W. The number of base blocks in .7 is called its size. The difference
leave of .% is a proper subset Z, \ A.% of Z,,,denoted by DL(.%).1f Z,,\ A.% forms an additive
subgroup H of Z, having order g, then .7 is said to be g-regular [32] or a relative difference
family with parameters (n, g, W, 1) [6], shortly denoted by (n, g, W, 1)-DF. In this case, the
difference list A.Z contains each element of Z, \ H exactly once and no element from H.
When W = {w}, we will omit the braces. Many series of optimal constant-weight optical
orthogonal codes (CWOOCs) were produced by (n, g, w, 1)-DFs, the interested reader may
refer to [1,4,6,11,17,32,34] and the references therein. In particular, an (n, 1, w, 1)-DF is
usually called a difference family and simply denoted by (n, w, 1)-DF. For the existence of
(n, w, 1)-DFs, the interested reader may refer to [5,9,12,13] and the references therein.

An (n, W, 1, Q)-DP .# is an (n, W, 1)-DP with the property that the ratio of base blocks
of size w; is g, 1 < j < k. If the number of base blocks of size w; is %|f| forl < j <k,
then an (n, W, 1)-DP is said to be balanced. Q is normalized if Q = (9, ..., %) with
ged(ay, ..., ax) = 1. From the definition of an (n, W, 1, Q)-DP with normalized Q, the
largest size of .% is upper bounded by

n—1
b
ajwj(wj — ])
1

k
j=

An (n, W, 1, Q)-DP .7 is said to be optimal if the largest size of .% reaches the upper bound.
Optimal (n, W, 1, Q)-DPs, which are related to optimal (n, W, 1, Q) variable-weight OOCs,
have been considered in several papers such as [10,30,36] and the references therein. Using
standard techniques in design theory, the following result is clear.

Lemmal [f1 < g < ZI;:1 ajwj(wj — 1), then an (n, g, W, 1, Q)-DF is optimal, where
Q = (%, .... %) is normalized.

Suppose that n, and n; are any two positive integers (n, may be equal to ng). We give the
following definitions that are similar to the ones of [20]. For any non-empty subsets B, C Z,,,
and By C Z,,, the external difference list A (B,, B;) contains a zero when |B, N By| # 0.
Clearly, the number of occurrences of 0 € Z,, in Ag (B, By) is equal to

O,,B,) (@) = |(B. ®. 0) N By,
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where Bj can be regarded as a (multi) subset of Z,,, and we call ®p, p,)(6) the external
difference function with respect to the ordered pair (B,, Bs) over Z,,. For any pair (0, 0') €
Zyn, X Zy,, if the following inequalities are satisfied:

OB,,B,)(0) < A, (1)
O8,,8,)(0") < A, (2)

then B, and By are said to be A-compatible. Let %, and %, be an (n., W, 1, 0)-DP and an
(ng, W, 1, Q)-DP, respectively. We say that two DPs %, and %, are A-compatible, if both
(1) and (2) hold for any base blocks B, € %, and By € %A;. From the definition, it is easy to
obtain the following result.

Lemma2 Two (n, W, 1, Q)-DPs, say %1 and %>, are h-compatible if and only if © g, p,)(0)
cannot exceed A for any 0 € Z,, B) € %) and By € %>.

The following two results are from [35], which are analogous of those in [20].

Lemma3 Let B be an (n, W, 1, Q)-DP and —% = {—B : B € A}, then % and — A are
2-compatible.

Lemma4 Let % and %' be two (n, W, 1, Q)-DPs. If A(T) # A(T’) for any two base blocks
B € B, B' € # and any triples T C B, T' C B/, then B, &', —% and — %' are pairwise
2-compatible.

Research on pairwise A-compatible (n, W, 1, Q)-DPs has mainly concentrated on the case
A = 2 (the minimum nontrivial value). Previous studies have mainly focused on W as a single
point set, that is, all blocks have the same size. In [2] and [3], Bao and Ji construct some
series of pairwise 2-compatible (n, g, w, 1)-DFs for w = 3, 4. For general W, as far as we
know, there are few results about the existence of pairwise 2-compatible (n, g, W, 1, Q)-DFs
except for some results on W = {3, 4} in [35]. In this paper, in addition to further studying
the case of W = {3, 4}, we also consider pairwise 2-compatible balanced (n, g, W, 1)-DFs
for W = {3, 5}.

The remainder of this paper is organized as follows. In Sect. 2, a new consequence o
Weil’s theorem on multiplicative character sums is presented. In Sect. 3, by using cyclo-
tomic classes, we can get some direct constructions of pairwise 2-compatible balanced
(n, g, W, 1)-DFs for W = {3, 4}, {3, 5}. Section 4 presents recursive constructions for com-
patible (N, M, W, 1, Q; 2) difference packing set systems by means of semicyclic group
divisible designs. Consequently, several infinite classes of optimal multilength variable-
weight optical orthogonal codes (MLVWOOC:s) are produced in Sect. 5.

The paper contains many terminologies, for convenience, we summarize some of them in
Table 1.

2 A new consequence of Weil's theorem on multiplicative character
sums

Let g = 1 (mod m) be prime power, once a primitive element 6 of F;, has been fixed, then
Cy' will denote the subgroup of F, generated by 6, we set C;" = QiC(’)", i=1,2,....,m—1.
We refer to the cosets C', C*, ..., C,!_, of Cj' in F as the cyclotomic classes of index 1.
A transversal of Cf’ in F, denoted by F;'/Cy', is a complete system of representatives for
the cosets of a subgroup C¢' of F'.

@ Springer



2616 R.Qin et al.

Table 1 Terminologies in this paper

Terminology Section/Page ~ Terminology Section/Page
Compatible difference packing CDP  1/3 CDP set system 4/12

Cyclic difference matrix CDM 4/12 Difference family DF 172

CDF set system 4/12 Difference packing DP 172

Group divisible design GDD 4/13 Multilength variable-weight OOC  5/19
Semi-cyclic GDD 4/13 Strong difference family SDF 3/7
Variable-weight OOC 5/18

We first recall that a multiplicative character of F, is a map x from F; to the complex
field C such that x(0) = 0, x(1) = 1 and x(xy) = x(x)x(y) for any x, y € F,. Here is
the statement of the theorem of Weil on multiplicative characters sums (see Theorem 5.41 in

[19]).

Theorem 1 [19] Let x be a multiplicative character of order m > 1 of Fy and let f € Fy[x]
be a polynomial that is not of the form ag™ for some pair (a, g) € Fy x Fy[x]. Then, we
have:

D xlf@I = d—-Dyg

xeky

where d is the number of distinct roots of f in its splitting field over Fy.

The following important theorem is a consequence of the theorem of Weil on multiplicative
character sums.

Theorem2 [8] Let ¢ = 1 (mod m) be a prime power, let A = {a;,a3,...,a,} be an r-
subset of F,;, and (ay, 02, ..., ;) anelementof Z) . Set X ={x € F, : x +a; € C;’f,, i =
1,2,...,r}, then we have

_ . r—1 2
X > %andhencem > nassoonasq > %(U +\/U2+4m’*1(r+mn)> ,

where U = Z ()m = DG = 1).
i=1

For integersm > 2,r > 1,5 > land n > 0, let

1 2
Q(m.n.r.5) =, (U +JU +dmr o1 (r +mn)) ,

where

U= Z(:)W— (i — 1)+Z(;)(m— i@2j -1
j=1

i=1
+3 3 C) (j)(m — ) 42j—1).
i=1 j=1

In order to construct pairwise 2-compatible (n, g, W, 1, Q)-DFs with W = {3, 5}, we extend
Theorem 2 to the following result.
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Theorem3 Let ¢ = 1 (mod m) be a prime power, A = {ai,as,...,a,} an r-subset
of Fy and B = {(by, c1), (b2, ¢2), ..., (bs, c5)} an s-subset of Fy, x F,. For an r-tuple
(a1, 02,...,00) € Z), and an s-tuple (B1, P2, ..., Bs) € Z,. Set

X={(xeFy:xtaeCyfori=12..rx+bjx+cjeCyforj=12..s)

where each x* + bjx + cj is not of the form g™ for some g € Fplx], x? + bjx + cj,
j =1,2,...,s, are pairwise coprime and gcd(x + a;, x> + bjx +cj) = 1 for each pair
(i, j). Then we have

q—Uyq—(r+sym+s!

|X| = mr+s

and hence |X| > nas soonasq > Q(m,n,r,s).

Proof Fix a primitive element 6 of F,; and fix a primitive complex mth root of unity ¢, let x
be the multiplicative character of F, of order m defined by

x(x) =g forxeC",1=0,1,....,m—1; x(0) = 0.
Foreachi = 1,2,...,rand each j = 1,2,...,5, let fi(x), gj(x) € F,[x] defined by
filx) =0""% (x+a;)and g; (x) = gm—~ij (x2+bjx+Cj),respectively. Clearly,x+a; € Cy)
is equivalent to f;(x) € Cyj', and x2 +bjx+cj € Cg’] is equivalent to g (x) € Cy'. We then
have

X={xeF,:fixyeCyfori=1,2,...,r;8;(x) e Cy' for j =1,2,...,5}.

Foreach x € Fy,eachi =1,2,...,randeach j =1,2,...,s, we have
m, if fi(x) € CJ;

L4 XLA@T+ -+ x L 1= 40, if fikx) € F;\ Cfs
1, if fi(x) =0.

and

m, if g;(x) e Cg';
L+ xlgj ]+ -+ x[g] ' (01 = { 0, if g;(x) € Fy \ Cf's
1, if g;(x) = 0.

Now we consider the sum

S= Y (Ja+xthr+-+xtA T OD [0+ xlg; )1+ + xlg7 " o).

xeF, i=1 j=1

It is not difficult to see that the contribution to S of a given element x € F;, namely the
product

r s

[T+ xUfi1+ -+ %L D [ A+ xlej 1+ + x17 " (0D
i=1 j=1

is given by:

(1) m ™ if fi(x) € Cy' foreachi and g;(x) € C{j' for each j, that is the case x € X.

Q) ML fi(x) = 0, fi(x) € Cy fori e {1,....r}\ {{} and gj(x) € Cyj for j €
{1,....shorfi(x) e Cy'fori e {1,...,r},g1(x) =0,g;(x) € Cg' for j € {1, ..., s}\
{{}. This is because f;(x) = 0 implies that all other f;(x) # 0, and all g;(x) # 0 since
ai, az, ..., a, are pairewise distinct,x2+bjx +cj,j =1,2,..., s are pairwise coprime,
and ged(x +ai,x2+bjx+cj) = 1 for each pair (i, j). The case for g;(x) = 0 is similar.
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(3) 0in every other case.
It follows that

m X < IS <m™ X |+ (r + s)m T

Based on the notation of [8], we identify gle set {0,1,...,m — 1} with Z; . For
each @ = (a1,...,,) € Z,, and each B = (Bi1,...,B5) € Z, let fz(x) =

FE@) £330 - f77(x) and gg(x) = g} (1)gh* (x) -+~ b (x) be the polynomials of
F,[x]. Obviously, expanding S we get

S= YY) x(falxeggkx)

@ B)ez;,xzs, X<k

If 0 is the all zero r-tuple of Z’,, we have Sfg(x) = 1. Similarly, g5(x) = 1. It follows

m?>

that x (f5(x)gg(x)) = 1 for each x so that erFq x (f5(x)gg(x)) = q. So, we can write

S—q= > > x(fa(x)gg(x)).

@.B)e(Z}, x Z;)\((0.0)) *€F

Now, for each@ € Z;, \ {0}, we denote by w(a) the weight of @, namely the number
of nonzero coordinates of @. It is obvious that each fgz(x) and each gﬁ(x) have exactly

w (@) and 2w(B) distinct roots in their splitting fields over F,, respectively. By Theorem
1, we have

> x(fa)gg(x))

xeFy

< @) +2w(B) — 1)/7 for any pair @, B) € (Z), x Z) \ {(0.0)}.

So, we have

q—1SI<IS—ql < > D x(fa(x)gg(x))
@.BYe(Z}, x Zs\{(0,0)) [¥€Fq
< > (W@ +2w(@) — Dy/g

@.B)e(Z, x Z3)\((0,0)}

which gives

NEYE > w@) +2w(B) — D/7.

@.B)e(Zy, xZ3)\{(0.0)}

When w (@) # 0and w(B) = 0.Forevery fixedi € (1,2, ..., r}, the number of elements
of Z7, \ {0} such that w(@) =i is (})(m — 1)".

When w(@) = 0 and w(B) # 0. For every fixed j € {1,2,...,s}, the number of
elements of Z$, \ {0} such that w(B) = j is (j)(m — 1.

When w(a) # 0 and w(B) # 0. For every fixed i € {1,2,...,r} and every fixed
j €{1,2,...,s}, the number of elements of (Z, \ {0}) x (Z&, \ {0}) such that w(a) +
w(B) =i+ jis (f)(j)(m — 1)i*+J. So, we have

m X 4+ s)m T > (8| > g - U g,
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where
d r
U= ()(m—l)(z—1)+2()(m—1)f(2j—1)
i=1 j=1 J
r N r s
— DG +2j - 1).
ER ()G
i=1 j=I
The assertion immediately follows. O

It is easy to see that x> + x + 1 is not the form of g2 for g € Z,[x] when p # 3. Applying
Theorem 3 withm =2,n =5,r = 3 and s = 1, one can obtain the following result.

Corollary 1 If p =1 (mod 2) is a prime and p > 834. Set X ={x € Z,, : x eClz,x—le
Cl.x+1eCi,x*>+x+1€C3}, then|X| > 5.

3 Direct constructions via cyclotomic classes

For W = {3, 4}, some direct constructions for pairwise 2-compatible balanced (n, g, W, 1)-
DFs are obtained in [35]. However, it is difficult to construct pairwise 2-compatible balanced
(n, g, W, 1)-DFs when n > 5. In this section, in addition to further investigating direct
constructions of pairwise 2-compatible balanced (n, g, W, 1)-DFs for W = {3, 4}, we also
consider the case of W = {3, 5}.

The definition of a strong difference family was introduced by M. Buratti [7]. An (n, W, )
strong difference family, or (n, W, u)-SDF in short, is a family .7 of w j-subsets of Z,, whose
list of differences AZ = | Jpc» AB covers every element of Z, exactly p times, where
w; € W. An (n, W, u)-SDF is said to be balanced if the number of blocks of size w; is
%Iﬁ | for 1 < j < k. Strong difference families are very useful tools for constructing relative
difference families (see [7,8,21]).

Lemma5 Let p =1 (mod 18) be a prime. If there exist d elements (x, y) of Z% satisfying
one of the following conditions:

(D xeClx—1eClx+1eC3,yeClandy’—yeCy;
() xeClx—1eC,x+1eC,yeClandy’—yeCy;
B)xeClx—1eClx+1eC yeClandy’—yeCy;
@) xeClx—1leClx+1eC], yeClandy’ —yeC],

where those x's are pairwise distinct and y's are also pairwise distinct, then there are 2d
pairwise 2-compatible balanced (2p, 2, {3, 4}, 1)-DFs.

Proof We can identify Z, with Z, x Z, since ged(p, 2) = 1. We first construct a balanced
(2, {3, 4}, 18)-SDF as follows: B; = {0,0,0, 1}, B, = {0,0,1,1}, B3 = {0,0, 1}, B4 =
{0, 0, 0}.

Let V. ={(x,y) :x e Cl.x—1 € Cl,.x+1eCj,yeCly’—yeCIf
condition (1) is satisfied, then V # (. For (x,y) € V, let Z(x, y) = U?:1{B(i,x,t) 1t e
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CoN=1, 1By t € Cy/{—1,1}}, where
B(.x.y = {(0,0), (0, 1), (0, x1), (1, x*1)},
By = {(0,0), (0. x7), (1, x°1), (1, x*1)},
B3 x,n = {(0,0), 0, x31), (1, x1)},
By = {(0,0), (0, yn), (0, y’1)}.

3
We have U AB.x.) U ABgy.y = Uj—oli} x ({1, =1} - Aj - 1), where
i=1

Ag={l,x,x — l,xz,x4 _x3,x3, y,y3, y3 =}

A = {xz,x2 — 1, x? —)c,)c3,x3 —xz,x4,x4 —)cz,)c,)c3 —x}.

If condition (1) is satisfied, each A ; forms a transversal of Z; / Cg . We have

3
U U2BexnJABon)
i=1

teC/{-1,1} i=

1
U Uurxdi-13-4;1

1eC/{—1,1}J=0

AAB(x,y)

1

Jti} x (Zp \ {0) = Z2 x (Z,,\ {O).
j=0
hence each #(x, y) and each —#(x, y)(=(—1, —1)-Z(x, y))isabalanced (2p, 2, {3, 4}, 1)-
DF. It is left to show that all B(x, y), —%(x, y) are pairwise 2-compatible.

For any two elements (u, v), (x, y) € V,wewill provethat B € %(x, y)and B’ € %(u, v)
are 2-compatible. Taking any base blocks B(j ) € #(x,y) and B , ;) € #(u,v), we
have Ag(B(1 x.r), B(1,u,ir)) as follows.

(0, 0) 0, 1) (0, x1) (1, x%1)
©,—=) 0, t=1) O,xt—1¢) (1,x%—1)
0, —ut’y (0,t—ut’y (0,xt—ut’) (1,x%* —ut')
(1, —u?t"y (1,1t —u®t) (1, xt — u®t') (0, x%t — u?t")

Obviously, the four differences in every row and every column are pairwise distinct. Each
element with the first coordinate being 1 occurs at most twice in Ag (B x,1), B(1,u,r)). In
the following, we discuss elements with the first coordinate being 0. Clearly, —1 € Cg
when p = 1 (mod 18) is a prime. Note that 1,7/ € CJ, x,u € C},x — lL,u — 1 € CJ,
x+1lLu+1le Cg, one can see that:

(1) An equality of the form x%¢ = —uPt’ where a, 8 € {0, 1} is possible only for & = §.

(2) Anequality of the formx®r = xPt—u?t' witha, B, y € {0, 1},a # B isimpossible; both
X9t = x2t — u?t and —u®t’ = x?t — u*t’ with a € {0, 1} are impossible; x2f — u?t’ =
x%t —uPt’ with o, 8 € {0, 1} and « # B is impossible.

(3) Assume thatt — ¢’ = 0, then t = ¢'. If xt — ut’ = 0, we have xt = ut’, then x = u,
that is a contradiction since x # u. If x2t — u?t’ = 0, we have x = —u. It follows that
x—1= —(u+1),thatis acontradiction since x — 1 € Cg and —(u+1) € C2~ Similarly,
itis showed that {r — ', xt —ut’, x>t — u*t'} contains at most one element which is equal
to 0.
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(4) Assume that t —t' = xt —ut’, then (x — )t = (u — Dt'. It —t' = x*t — u’t’, we
have x = u, that is a contradiction. Following a similar argument, we can show that the
equations ¢ — ut' = xt —t’ and t — ut’ = xt — u?t’ can not established simultaneously.

The above four observations almost immediately imply that the list of external differences
AE(B@ x,1, B(1,u,) cannot contain any element more than twice. Similarly, it is proved
that Ag (B x.1)» Biiu,i))» AE(BGi x,0)s B(jua))» AE(B(i x.1), Bow,y) and Ag(B(y.r), Bw,1))
cannot contain any element more than twice, where i, j = 1,2,3 and i # j. Then, Z(x, y)
and % (u, v) are 2-compatible from Lemma 2.

For any two elements (u, v), (x, y) € V, a similar discussion shows that —#(x, y) and
—%(u, v) are 2-compatible and that Z(x, y) and —%(u, v) are 2-compatible. So, we have
the conclusion.

Similarly, we can show that the conclusion is true when other conditions are satisfied. O

Lemmaé Ifp =1 (mod 18) is a prime, then there are four pairwise 2-compatible balanced
(2p, 2, (3,4}, 1)-DFs.

Proof When p > 1478889, there are at least two elements x € Z, satisfying x € C 2,
x—1e Cz, x+1e€ C39 in Lemma 5 by Theorem 2. For each fixed element x, we can pick
at least two elements y in such a way that y € C59 and y3 —y € Cg . Therefore, there exist
two elements (x, y) of ZIZ, satisfying the condition (1) of Lemma 5. By Lemma 5, there are
four pairwise 2-compatible balanced (2p, 2, {3, 4}, 1)-DFs.

With the aid of computer, there are at least two elements (x, y) of Z% satisfying one
of the conditions in Lemma 5 for p < 1478889, and p ¢ {19, 37,73, 127, 163, 181, 199,
271,307, 379, 397,523, 919}. Those two elements (x, y) of Z?, are listed in Table 2 of
Appendix A for 109 < p < 991. Thus, there exist four pairwise 2-compatible balanced
2p,2,{3,4}, 1)-DFs from Lemma 5.

For p € {19, 37, 73}, the set %), of base blocks of a balanced (2p, 2, {3, 4}, 1)-DF over
Z,) is displayed below. For 0 <i < ord(§) — 1, ‘;‘i%’p is also a balanced (2p, 2, {3, 4}, 1)-
DF where ord(§) stands for the order of & in the multiplier group of Z,. We verify that
Eiﬂp, i =0,1,2,3, form four pairwise 2-compatible balanced (2p, 2, {3, 4}, 1)-DFs for
(p,&,0rd)) = (19,5,9), and f;fi,%’p, i =0,1,...,8, form nine pairwise 2-compatible
balanced (2p, 2, {3, 4}, 1)-DFs for (p, &, ord(§)) = (37,7,9), (73,37, 9).

Bre = ({0, 1,3, 8}, 0,4, 13,24}, {0, 6, 21}, {0, 10, 22}}.
By =1{{0,1,3,7},{0,5, 13,22}, {0, 10, 21, 33}, {0, 14, 29}{0, 16, 34}, {0, 19, 39}}.
P73 = {{0, 26, 34, 56}, {0, 122, 140}, {0, 135, 139}, {0, 9, 10, 75}, {0, 91, 93, 141}, {0, 37, 64, 97},
(0,38, 52}, {0, 115, 134}, {0, 16, 111}, {0, 3, 39}, {0, 13, 72, 92}, {0, 25, 40, 83},
{0, 41, 125}, {0, 23, 68, 100}, {0, 28, 57, 104}{0, 17, 61}}.

For p € {127,163, 181, 199, 271, 307, 397, 523, 919}, we identify Z;, with Z, x Z,. The
base blocks #,, are listed in Appendix B, {(1, 0't) - Byt e Cg/{—l, 1}}and {(—1, —6'1) -
Byt e Cg/{—l, 1}},i = 0, 1, form four pairwise 2-compatible balanced (2p, 2, {3, 4}, 1)-
DFs, where 6 is a primitive root of Z,. Thus, there exist four pairwise 2-compatible balanced
2p,2,{3,4}, 1)-DFs from Lemma 5. O

Lemma?7 Let p = 11 (mod 12) be a prime. If there exist d elements x of Z satisfying

X € C12, x—1e€ Cg, x+leChx*+x+1¢€ Cg, then there are 2d pairwise 2-compatible
balanced (13p, 13, {3, 5}, 1)-DFss.
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Proof We canidentify Z13, with Z13 x Z,, since ged(p, 13) = 1. We first construct a balanced
(13, {3, 5}, 2)-SDF as follows: B; = {0, 0, 1,4, 6}, B, = {0, 2, 5}. Clearly, B; and B, are
2-compatible.

Denote by X the set of elements x € C]2 suchthat x — 1 € C3, x +1 € C12 and
2t+x+1e Cg. If the conditions in this Lemma are satisfied, then X # @. For x € X, let
B(x) =B :i=121¢€C}}, where

B(i.x.0) = {(0,0), (0, 1), (1, x1), (4, x%1), (6, x°1)},
Bon = {(0,0), 2, x1), (5, x°1)}.

We have (J7_; AB(x.s) = U ez,,(j} X (A) - 1), where

Ao={—11}Ar={x,x — 1}, Ap = {x* —x x}, Ag = (¥ —x,x7 — x},
Ag=3 2 =1L As =0 —x, ), Ag =03, % — 1}, A; = —Ap3;, 7 < j < 12.

If the conditions in this Lemma are satisfied, each A ; forms a transversal of Z; / Cé. We
have

2
AB(x) = U U AB(ix.1) = U U {J} x (A1)

reC3 i=1 1eC3 i€z

= |J U} x 2, \{0h) = Zi3 x (2, \ (OD),

J€Z13

hence each #(x) and each —%(x) is a balanced (13p, 13, {3, 5}, 1)-DF. It is left to show
that all #B(x), —%(x) are pairwise 2-compatible.

For any two elements x, y € X, since By and B; are 2-compatible, B(; ;) € %(x) and
Bj,y.i1y € #(y) are 2-compatible fori, j € {1,2}andi # j.In the following, we will prove
that B(; x,1) € #(x) and B; , /) € #(y) are 2-compatible for i = 1, 2. Taking any two base
blocks B(1,x,r) € #(x) and B y 1) € #(y), we have Ag(B(1,x,1), B(1,y,r)) as follows.

(0,0) 0, 1) 1, xt) (4, x%1) (6, x31)

0, =) 0,1 —1) (1, xt — ") @, x% =1ty (6,x3—1)
(=1, —yt") (=1, t—yt) (O, xt—yt') (B, x%t—yt") (5,x3%—yt)
(=4, —y2t") (=4, 1t — y2t') (=3, xt —y2t") (0, x%t —y2t") (2, x3%t — y?1))
(=6, —y31") (=6,1 — y31") (=5, xt — y3¢') (=2, x%t — y31) (0, x31t — y31)

Obviously, the five differences in every row and every column are pairwise distinct. Each
element with the first coordinate being i # 0 occurs at most twice in Ag(B(1,x,1)» B(1,y,11))>
we only need to discuss elements with the first coordinate being 0. Since p = 11 (mod 12)
is a prime, —1 € C? and 3 € C3. Note thatt,¢ € C3, x,y € C?, x — 1,y — 1 € C3,
x+1,y+1¢€ Cz,x2+x+1,y8+y+ 1 € C2, one can see that:

(1) An equality of the form ¢ = x*¢ — y¥t’ where « € {1, 2, 3} is impossible since x¥t — ¢ €
C?and y*1' € C}, i =0orl.
(2) An equality of the form —¢' = x%r — y*t’ where @ € {1, 2,3} is impossible since

y"‘t’—t’eCi2 and x%t € C?_,,i =0orl.

i+1°
(3) Assume thatt — ¢ =0, thenr = t'. If xt — y’ = 0, then x = y, that is a contradiction
since x # y. If x%¢ —yzt’ = 0, we have x2 —y2 = 0, then y = —x, that is a contradiction

since —x € Cg, y € Clz. If x3t — y3¢' = 0, we have x> — y3 = 0, then (x — )% = —3xy,
that is a contradiction since (x — y)2 € Cé and —3xy € Clz. For fixed o € {0, 1, 2, 3},
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if x¥t — y¥t' = 0, we can similarly prove that x#t — y#t’ £ 0 for g € {0, 1,2, 3} and
B #a.

(4) Assume thatt — ¢’ = xt — yt/, then (x — 1)t = (y — D¢’ If t — ¢/ = x%t — y%¢/, we have
x = y, thatis a contradiction, hence the equations r —t’ = xt—yt' and t —t’ = x%r — y*¢’
can not hold simultaneously. If r — ¢/ = x3t — y3t/, we have x = —(y + 1), that is a
contradiction since x € C12 and —(y+1) € C(%. So, the equations  — t' = xt — yt’ and
t —t' = x3t — y3¢ can not hold simultaneously. Following a similar argument, one can
show that the equations xt — yt’ = x?t — y?¢’ and xt — yt' = x3t — y3’ can not hold
simultaneously.

The above four observations immediately imply that the list of external differences
AEg(B(1,x,1, Ba,y,)) cannot contain any element more than twice. Similarly, itis proved that
Ag(B@,x,n, Be,y,r)) cannot contain any element more than twice. Then, #(x) and #(y)
are 2-compatible from Lemma 2.

For any two elements x, y € X, a similar discussion shows that —#(x) and —%(y) are
2-compatible and that Z(x) and —#(y) are 2-compatible. So, we have the conclusion. 0O

Lemma8 Ifp = 11 (mod 12) is a prime, then there are ten pairwise 2-compatible balanced
(13p, 13, {3, 5}, 1)-DFs.

Proof When p > 834, there are at least five elements x € Z, satisfying x € Clz, x—1e€ Cg,
x+1eChx>+x+1c¢€ Cé from Corollary 1. By Lemma 7, there are ten pairwise
2-compatible balanced (13p, 13, {3, 5}, 1)-DFs.

With the aid of computer, there are five elements x € Z, satisfying x € Clz, x—1¢€ CS,
x+1eClx?+x+1eClfor23 < p <834and p ¢ {47, 59, 71}. Those five elements x
of Z,, are listed in Table 3 of Appendix A. So, there are ten pairwise 2-compatible balanced
(13p, 13, {3, 5}, 1)-DFs from Lemma 7.

For p € {47, 59, 71}, there are three elements x € Z, satisfying x € C3,x—1c¢ Cg,
x+1eCx24+x+1c¢ Cé. Those three elements are listed as follow: (p; x's) =
(47; 10, 22, 29), (59; 23, 30, 54), (71; 21, 33, 41). By Lemma 7, #(x) and —%(x) form six
pairwise 2-compatible balanced (13 p, 13, {3, 5}, 1)-DFs. Let 6 be a primitive root of Z . It
is easy to see that (1, 6) - (x) and —(1, 6) - B(x) form six pairwise 2-compatible balanced
(13p, 13, {3, 5}, 1)-DFs. We check that (x), —#(x), (1,0) - Z(x), —(1,60) - B(x) form
twelve pairwise 2-compatible balanced (13p, 13, {3, 5}, 1)-DFs.

For p = 11, the set # of base blocks of a balanced (13p, 13, {3, 5}, 1)-DF is displayed
below. We take & = 14, and ord(§) = 5 stands for the order of £ in the multiplier group of
Z13p.For0 < i <ord(§)—1,each&’ % andeach —&' Zisalsoabalanced (13p, 13, {3, 5}, 1)-
DF. We check that these ten balanced (13 p, 13, {3, 5}, 1)-DFs are pairwise 2-compatible.

£ = {{0, 86,94}, {0, 37, 118}, {0, 39, 42}, {0, 5, 9, 80, 98}, {0, 78, 142}, {0, 7, 112, 114, 129},
{0, 28, 41, 60, 87}, {0, 10, 58, 92, 127}, {0, 6, 30, 53, 73}, {0, 12, 52}}.

For p = 23, weidentify Zy3, with Z13 x Z,. The base blocks o' s 1istedbelovy and{(1,7)-o :
t € C} forms abalanced (13p, 13, {3, 5}, 1)-DF, hence we verify that {(1, 6'1)-< : € C§}
and {(—1,—0't) - o/ :t € Cg}, i = 0,1, form sixteen pairwise 2-compatible balanced
(13p, 13, {3, 5}, 1)-DFs, where 6 is a primitive root of Z,.

{{(0,0), (0, 1), (1, 14), (4, 12), (6, N}, {(0, 0), (2, 14), (5, D}};

{{(0,0), (0, 1), (1, 19), (4, 16), (6, 5)}, {(0, 0), (2, 19), (5, 5)}};

{{(0,0), (0, ), (7,7), (9, 12), (12, 14}, {(0, 0), (8, 7), (11, 14)}};

{{(0,0), (0, 1), (7,5), (9, 16), (12, 19)}, {(0, 0), (8, 5), (11, 19)}}.
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[m}

Lemma9 Let p =1 (mod 26) be a prime. If {x1, x2, X3, x4, x5, x1 — 1, x0 — 1, x3 — 1, xp —
X1, X3 — X1, X3 — X2, X5 — X4} are in different cosets among {C13, C213, o, Cllg}, then there
are two pairwise 2-compatible balanced (p, {3, 5}, 1)-DFs.

Proof Let # = {B( : i = 1,2, € C¥/{—1,1}}, where B1 ) = {0,1, x1t, x2t, x3t},
B,ry =1{0, xat, xst}. Wehave AB(1 ) UABp ) = {—1,1}-A-t,where A = {1, x1, x2, x3,
X4, x5,x1 — 1, x0 — 1,x3 — 1, xp — X1, X3 — X1, X3 — X2, X5 — x4}. If the condition in this
Lemma is satisfied, then A forms a transversal of Z}/ Cé3. We have

Az= ) ABuhUABay= |J d(-L1}-A-n=2,\{0)
reCP /(=113 teCP/{-1,1}
hence % is a balanced (p, {3, 5}, 1)-DF. Clearly, —% is also a balanced (p, {3, 5}, 1)-DF.
Therefore, % and — % are 2-compatible from Lemma 3. O

Lemma 10 If p = 1 (mod 20) is a prime, then there exist two pairwise 2-compatible bal-
anced (p, {3, 5}, 1)-DFs.

Proof When p > 6.046652751 x 10°, by Theorem 2 there exists a 5-tuple (x1, ..., xs5) of Z,
satisfying the condition of Lemma 9, hence there exist two pairwise 2-compatible balanced
(p, {3, 5}, 1)-DFs by Lemma 9.

With the aid of computer, there exist a 5-tuple (x1, ..., x5) of Z, satisfying the condition
of Lemma 9 for any prime p = 1 (mod 26) with 53 < p < 6.046652751 x 10°. These
5-tuple (xq, ..., xs)'s are listed only for the first 18 values of p in Table 4 of Appendix A. O

4 Recursive constructions

In this section, we are mainly trying to establish recursive constructions for (N, M, W, 1,
Q; 2)-CDP set systems by using semicyclic group divisible designs (SCGDDs).

4.1 Preliminaries

For any positive integer » and any subset B C Z,,, we define the projection on Z, of B
to be the subset B C Z, obtained by taking each element of B modulo #. It must be an
multi-subset of Z,,. It is clear that B = B whenr = 1. Fora family .# of subsets of Z,,-, we
define the projection on Z, of .# as the collection of the all projections of its subsets.

As we know, we allow / pairwise 2-compatible DPs to be defined on the same cyclic
group. In order to distinguish, let ng, n1, . .., nj_ bel pairwise distinct positive integers. Let
B ={Ay, B, ..., Bi—1}bel pairwise 2-compatible DPs in which %; is an (n;, W, 1, Q)-
DP of size m;j, 0 < i < [ — 1, then we say that & is an (N, M, W, 1, Q; 2)-CDP set
system (or briefly a CDP set system if there is no need to list the parameters). If %; is
a balanced (n;, W, 1)-DP for each i, then % is said to be balanced. When each %; is an
(ni, gi, W, 1, Q)-DF, we make use of the notation CDF instead of CDP and denoted by N =
{(no, go), (n1, &1), ..., (nj—1, g1—1)}. The size of A is the sum Zg;é m;. In the following,
we will state some known recursive constructions via cyclic difference matrices.

A (u, h, 1) cyclic difference matrix ((u, h, 1)-CDM in short) is an & X u matrix D =
(dij) (0 <i <h-1,0<j <u— 1) whose each entry is an integer of Z, such that for
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any two distinct rows i and i, the list of d;;; — dj,; (j = 0,1,...u — 1) contains each
integer of Z, exactly once. Difference matrices have been studied extensively, see [14] and
the references therein. Here is one typical example.

Lemma 11 [14] Let u and h be integers with u > h > 3. If u is odd and the least prime
factor of u is not less than £, then there exists a (u, i, 1)-CDM. Especially, there exists a
(u, 4, 1)-CDM for any positive integer u with ged(u, 6) = 1.

Construction4 [35] Let r{,r2,...,r—1 be [ — 1 distinct positive integers such that an
(ri,n, 1)-CDMexists fori = 1,2...,[— 1. Suppose that there exist / pairwise 2-compatible
(n,g, W, 1, Q)-DFs.

(1) Then, there exists an (N, M, W, 1, Q;2)-CDF set system, where N = {(n,g),
(nry, gr1), ..., (nrj—1, gri—1)} and M = [t, try, ..., trl_l].
(2) Suppose further that there is a ({gry, gr2, ..., gri—1}, [my,ma, ..., my_1], W, 1, Q;2)-

CDP set system and each base block contains at most two elements which are congruent
-1

modulo g, thenthereisan (N', M’, W, 1, Q; 2)-CDP setsystem of size t+ Y (r; + m;),
i=1

where N’ = {n,nry,....nr—1yand M' = [t,try +my, ... tr—p +m_1].

Corollary 2 [35] Suppose that there are [ pairwise 2-compatible (n, g, W, 1, Q)-DFs. Let
ri,ra, ..., rsbes positive integers for which an (r;, 1, 1)-CDM exists and there are / pairwise
2-compatible (gri, g, W, 1, Q)-DFs for 1 <i < s. Then, there are / pairwise 2-compatible
(nry---rs,8, W, 1, Q)-DFs.

Construction 5 [35]Letry, ra, ..., ri—1, g be positive integers such that ged(rirp - - - 111, g)
= 1, there are [ pairwise 2-compatible (n, g, W, 1, Q)-DFs and [ — i pairwise 2-compatible
(nri, g, W, 1, Q)-DFs for 1 <i <[ — 1 and such that an (r;, n, 1)-CDM exists for 1 <
i <1 — 1.If each base block of each (gri, g, W, 1, Q)-DF, 1 <i <[ — 1, does not contain
three elements which are congruent modulo g, then there is an (N, M, W, 1, Q; 2)-CDF set
system, where

N ={(n, g), (nr1, g), (nrira2, &), ..., (nrira---r_1, 8)}

and

M= [ b(n—g) b(nry —g) b(nry...rn—1—g) }
Y ajwiw; =1 Y ajwiw =1 YA ajww; — 1)

4.2 Recursive constructions via SCGDDs

A group divisible design K-GDD is a triple (¥, ¢, &) satisfying the following properties:

(1) V isav-set of points;

(2) ¢ is a partition of V into subsets called groups;

(3) 4 is a collection of k-subsets of V called blocks, k € K, such that a group and a block
contain at most one common point;

(4) every pair of points from distinct groups occurs in exactly one block.

The group type of the GDD is the list (|G| : G € ¢). The usual exponential notation will
be used to describe types. Thus, a GDD of type ufl“ ugz ...u! is one in which there are h;

groups of size u; for each i.
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A semi-cyclic K-GDD was introduced by Yin for constructing optimal difference packings
[33]. Given positive integers & and u, define [, = {0,1,...,h —1}and V = I}, x Z,. The
elements of V are denoted by (i, a), where i € I, anda € Z,. A K-GDD of type u" on
Iy x Z, with the group set ¢ = {{i} x Z, : i € I;} and the block set Z is said to be semi-
cyclic, denoted by K-SCGDD of type u”, if for any B € %, adding 1 € Z, successively
to the second coordinate of each point of B € % modulo u always gives u distinct blocks
of B. A (W, Q)-SCGDD of type u" is a W-SCGDD of type u” with the property that the
fraction of blocks of size w; is g;, 1 < j < k. A balanced W-SCGDD of type u” is simply a
(W, Q)-SCGDD of type ul with Q = (%, e %). Assume that * is the family of all base
blocks of a (W, Q)-SCGDD of type u”. Define the multiset

AijB =[b—a (modu):(i,a),(j,b)e B, a)#(j,b),BecHB

Wheni = j, A;; %" is the multiset of all pure (i, i)-differences of #*. Wheni # j, A;; #*
is the multiset of all mixed (i, j)-differences of %*. For any (i, j) € Iy X Iy, it is easy to
verify that A;; B* = Z,,if i # jor@ifi = j. When W = {w} and Q = (1), this SCGDD
is simply denoted by w-SCGDD of type u”, such a SCGDD is called a GD*(w, 1, u; hu) in
[32]. For the existence of a w-SCGDD of type u", the interested reader can refer to [28,29]
and the references therein. There are some examples of balanced W-SCGDDs of type u”
exhibited in the following lemma, which are very useful.

Lemma 12 There exists a balanced {3, 4}-SCGDD of type u® foru =06,12,18,24.

Proof The desired base blocks of a balanced {3, 4}-SCGDD of type u* are displayed in

Appendix C. O

Proposition1 Letr Q = (%‘, ..., %) be normalized. Suppose that there exist an (n, h, 1)-DP

of size t and a (W, Q)-SCGDD of type u, then there exists an (nu, W, 1, Q)-DP of size

%. If the difference leave of the given DP is L, then the difference leave of the
i=1 di Wi (w; —

derived DP is

L'=|Jti+nj (modnu):0<j<u—1}.
ielL

Moreover, if the given DP is an (n, g, h, 1)-DF and there exists an optimal (gu, W, 1, Q)-DP,
then there exist an optimal (nu, W, 1, Q)-DP and an (nu, gu, W, 1, Q)-DF.

Proof Let o/ and £ be, respectively, the family of all base blocks of the given (n, i, 1)-DP
and (W, Q)-SCGDD of type ul over I x Z, with the group set {{x} x Z, : x € I}. For
any A = {xo, x1, ..., xp—1} € & and B = {(lo, yo), (1, Y1)+ -+ (lw;—1, Yu;—1)} € B, we
construct

Fa(B) = {xiy + nyo, xi, +nyt, ..., xp, _; + nyw,—1}.
Let Z4 = Ugey Fa(B). Itis readily calculated that

AFy ={xy, —x, +n(p — Ya) : Ua, ya), Up, y») € B,B € B,0 <a,b <w; —1,a # b}
={xy —x, +nB:lglpelyly #1lp, B e Alalb'@}
={xp, —xi, +nB:lo,lp € In,lyg #1p, B € Z,}
={a+nB:aeAABeZ,}.
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Let .Z = Jjc Za, then we have

AF ={a+np:ac A, peZ,}
={a+nB:aecZ,\L,B e Z,}

Itis readily known that each elementin Z,,,, \ L’ occurs in A.Z exactly once, while any element
in L' is not covered at all. Hence, . is the required (nu, W, 1, Q)-DP of size %
In the following, we will prove the second part. s

By assumption, there exists an (n, g, i, 1)-DF, we have an (nu, gu, W, 1, Q)-DF .7
according to the above constructions. Let .#’ be an optimal (gu, W, 1, Q)-DP, then
F U(% - #") forms an optimal (nu, W, 1, Q)-DP. 0

Applying Proposition 1 withn =56, ¢ =8, W = {3,4}, 0 = {_%, %}, h=4andu =4,
we have the following example.

Example 1 Consider a (56, 8,4, 1)-DF, & = {A}, Az, Az, A4} where A} = {0, 1, 3,9},
Ay ={0,4, 15,38}, A3 = {0, 5, 24, 36}, A4 = {0, 10, 26, 39}. The difference leave of & is
the unique additive subgroup {0, 7, 14, 21, 28, 35, 42, 49} of order 8 in Zsg, denoted by L.
The base blocks of a ({3, 4}, (%, %))-SCGDD of type 4* are displayed below:

{(0,0), (1,0), (2,0), 3,0}, {(0,0), (1, 1), (2,2), 3,3)}, {(0,0), (1, 2), (2, D},
{(0,0), (1,3), (3.2)}.{(0,0), (2,3), 3, D}, {(1,0), (2,2), 3, D}.

Applying Proposition 1, we obtain a (224, 32, {3, 4}, 1, (%, %))—DF denoted by .% from
the above 7. Here, .% consists of the following 24 blocks over Z3y4:

Fii={0+0-56,1+0-56,3+0-56,9+0-56} ={0,1,3,9},
Fo={0+0-56,1+1-56,3+2-56,9+3-56} =1{0,57, 115,177},
Fi3={04+0-56,142-56,34+1-56} = {0, 113, 59}, 3)
Fla={04+0-56,14+3-56,942-56} = {0, 169, 121},
Fis={04+0-56,34+3-56,94+1-56) = {0, 171, 65},
Fig={14+0-56,342-56,941.56) = {1, 115, 65};

F1 ={0+0-56,44+0-56,154+0-56,38 +0-56} = {0, 4, 15, 38},
Fpo={0+0-56,4+1-56,15+2-56,38+3-56} = {0, 60, 127, 206},
F3={0+0-56,4+2-56,15+1-56} ={0, 116,71}, @
Fry ={040-56,443-56,38+2-56} = {0, 172, 150},

Frs ={0+0-56,15+3-56,38+1-56} = {0, 183, 94},

Fre =1{4+0-.56,154+2-56,38+1-56} = {4, 127, 94};
F31={04+0-56,54+0-56,244+0-56,36+0-56} = {0, 5, 24, 36},
F3={0+0-56,5+1-56,24+2-56,36+3-56} = {0, 61, 136, 204},
Fy3={0+0-56,5+2-56,24+1-56} ={0, 117, 110}, )
F34={04+0-56,54+3-56,36+2-56} = {0, 173, 148},

F35 ={0+0-56,24 +3.56,36+ 156} = {0, 192, 92},

F36={54+0-56,24 +2-56,36+1-56} = {5, 136, 92};

Fi1 ={0+0-56,10+0-56,26+0-56,39 +0-56} = {0, 10, 26, 39},
Fip=1{0+0-56,104+1-56,26+2-56,39+3-56} = {0, 66, 138, 207},
Fi3={0+0-56,10+2-56,26+1-56} = {0, 122, 82}, ©
Fuu={04+0-56,10+3-56,39+2-56} = {0, 178, 151},

Fy5 ={0+0-56,26+3-56,39+ 156} = {0, 194, 95},
Fi6={10+0-56,26+2-56,39+ 1-56) = {10, 138, 95}.
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The difference leave of .% is
L/:{i+56j (mod 224):ie€L,je€Zsy=T7-Zou

which is the unique additive subgroup of order 32 in Z34 and isomorphic to Z3;. For an
optimal (224, {3, 4}, 1, (%, %))-DP, we construct an optimal (32, {3, 4}, 1, (%, %))-DP over
L’ which contains three base blocks 7 - {0, 1, 3,7}, 7 - {0, 5,13}, 7 - {0, 9, 20}. These base
blocks together with the above 24 base blocks give us an optimal (224, {3, 4}, 1, (%, %))-DP.

O

In Example 1, let A;; be the projection on Z, (n = 56) of F;;,i € {1,2,3,4} and j €
{1, ..., 6}. The projections on Z, of the resultant six base blocks in (3) are Aj; = {0, 1, 3, 9},
Ap =1{0,1,3,9}, A;3 = {0,1,3}, Aig = {0,1,9}, A1s = {0,3,9}, Ajg = {1,3,9},
hence the union of these 6 sets is U?:l Ayj =1{0,1,3,9} = A;. While the union of the
projections on Z, of the six base blocks in (4) is U?:l Az =1{0,4, 15,38} = A,. Similarly,
U= A3; = {0.5.24,36) = As, U{_; Asj = {0,10,26,39} = Aq. It is easy to see
that {U?=1 Ajj i =1,2,3,4 ={A; : 1 <i <4} = & This is the case. There are
% blocks of the resultant (nu, W, 1, Q)-DP .% in Proposition 1 such that the

i=] Qi Wi\W;j —
union of the projection on Z,, of these blocks is equal to A € o7 according to the construction
given in Proposition 1. By using this method, we obtain ¢ unions from the projections on

Z,, of the resultant (nu, W, 1, Q)-DP .7 since |#| = —22=D4__ Tt s obvious that the

D im aiw; (wi—1)
derived family of 7 unions is identical to the initial (n, i, 1)-DP 7. Then, the two DPs &/
and .# are not 2-compatible. For convenience, these ¢ unions are said to be the family of
unions from the projections on Z, of .%. In order to extend Proposition 1 to construct CDP

set systems, we require the following result.

Lemma13 Let u and u' be any positive integers. Suppose that F and F' are an
(nu, W, 1, 0)-DP and an (nu’, W, 1, Q)-DP whose the families of unions from the pro-
Jections on Z,, of F and F' are denoted by o and ', respectively. If of and o/’ form a
pair of 2-compatible (n, h, 1)-DPs, then .7 and .F' are also 2-compatible.

Proof Assume that % and .7’ are not 2-compatible. By definition, there must be base blocks
F € Z and F' € %' such that ®(p gy (0) > 3 or O fy(0') > 3 for certain elements
0 € Zy, and 6’ € Z,,,. Denote by B and B’ the projection on Z, of F and F’, respectively.
Then, there exist A € o and A’ € &/’ such that B € A and B’ C A’. Write 9, ¢/ € Z,
such that ¥ = 6 (mod n) and ¥’ = 6’ (mod n). Further, we have ®4 4/ (¥) > 3 or
O, 4)(®) = 3 from the above two inequalities. It follows that A and A” would not be
2-compatible, that is a contradiction. Hence, .# and .#’ are 2-compatible. O

Construction 6 Letn, g and & be the given positive integers withs > 3,n = h(h—1)t+g and
g <h(h—1).Letuy, us,...,u bel distinct positive integers such that a (W, Q)-SCGDD
of type ul exists, where Q = (“b—', R %k) is normalized and j = 1, 2, ..., [. Suppose that
there exist [ pairwise 2-compatible (n, g, h, 1)-DFs.

(1) Then there exists an (N, M, W, 1, Q; 2)-CDF set system, where N = {(nuy, guy),
(nuz, guz), ..., (nuy, gu;)} and

u — | bht = Dt bh(h — Dt bh(h — Dut
Sk aqwiw = )Y qwiw =) qwiwy — 1) |
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(2) Suppose further that there is a ({gu1, guz, ..., gui}, [mi,mo, ..., my], W, 1, Q; 2)-
CDP set system and each base block contains at most two elements which are congruent

i
modulo g. Then, there exists an (N', M', W, 1, Q; 2)-CDP set system of size Y (m;j+
j=1
bh(h—1D)ujt

———241 where N' = {nuy, nus, ..., nu;} and
5 pETm—T {nuy, nuy 1}

bh(h — Duyt bh(h — Duat bh(h — Dugt
M =|m + a ,my + k ""’ml+k— .
Y i giwi(w; — 1) Yimiaiwi(w; — 1) Yimiaiwi(w; — 1)

Proof Let «7;, 1 < j < I, be the given [ pairwise 2-compatible (n, g, i, 1)-DFs. Write
H = %Z, for the unique additive subgroup of order g in Z,. Due to the uniqueness of
additive subgroups in Z, for given order g, the g-regularity implies that the / difference
families <7|, @4,..., o7 share the subgroup H as their difference leave. They are of optimal
size t since g < h(h — 1). For each j with 1 < j <[, we apply Proposition 1 with .7; and a

(W, Q)-SCGDD of type u’} togetan (nuj, guj, W, 1, Q)-DF .%; of size %, Its
i=1 diWwi i

difference leave is the unique addition subgroup H; = me, i of Z,u ;e Further, as observed
following Example 1, the family of unions from the projection on Z, of .%; is </;. From

Lemma 13 and the hypothesis, we see that # = {%#, %>, ..., % }isan (N, M, W, 1, Q; 2)-
CDF set system. The first conclusion then follows. From Construction 4, we have the second
conclusion. O

Construction 6 tell us that, by using SCGDDs, a CDP set system with multiple block sizes
can be obtained from pairwise 2-compatible relative difference families with constant size.
We illustrate the idea of Construction 6 in the following example.

Example2 Let o = {{0, 1,3, 11,20}} and &y = {{0, 4, 13,21, 23}}, then %, <] form
a pair of 2-compatible (24,4, 5, 1)-DFs. These two relative difference families share the
unique additive subgroup H = 6 - Z»4 in Zy4 as their difference leave. The base blocks of a
({3, 41, (%, %))-SCGDD of type u’ for u = 6, 12 are displayed in Appendix D. Now applying
Proposition 1, as presented in Example 1, we have a (144, 24, {3, 4}, 1, (%, %))—DF Fo and
a (288,48, {3,4}, 1, (%, %))—DF 71, where %) and .# are displayed below. We check that
{Fo, 71} forms a ({(144, 24), (288, 48)}, {15, 30}, {3, 4}, 1, (%, %); 2)-CDF set system. Let
A1 ={{0,1,4,6}, {0,8,17},{0,10,21}}, then %, forms a (48, {3, 4}, 1, (%, %))—DP of size 3
and each base block contains at most two elements which are congruent modulo 4, we check
that { %, 71 | J(6- %)} forms a ({(144, 288}, {15, 33}, {3,4}, 1, (%, %); 2)-CDP set system
of size 48.

Fo : {96,25,75, 83}, {72, 49, 75, 116}, {72, 99, 35, 44}, {0, 1, 35,92}, {1, 99, 11, 116}, {24, 35, 20},
{73, 11,92}, {1, 123, 107}, {0, 97, 83}, {0, 99, 59}, {1, 75, 44}, {120, 1, 140}, {24, 99, 82},
(72,121, 123}, {75, 107, 140}.

Z1 :{0,4, 61,237}, {4, 13,69, 239}, {13, 21, 71, 216}, {21, 23, 48, 220}, {23, 0, 52, 229},

(0,28, 181,285}, {4, 37, 189, 287}, {13, 45, 191, 264}, {21, 47, 168, 277}, {0, 196, 37},

{4,205, 45}, {13, 213, 47}, {21, 215, 24}, {23, 192, 28}, {0, 220, 13}, {4, 229, 21}, {13, 237, 23},
{21,239, 0}, {23, 216, 4}, {0, 124, 109}, {4, 133, 117}, {13, 141, 119}, {21, 143, 96},

{23, 120, 100}, {0, 157, 117}, {4, 165, 119}, {13, 167, 96}, {21, 144, 100}, {23, 148, 109}.

[}
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5 Applications to multilength variable-weight OOCs

Optical code division multiple access (OCDMA) has received much attention as an attractive
way of satisfying the need of more reliable and faster communication systems and sharing
the huge optical bandwidth among users. A key towards an effective OCDMA system is
the choice of optical codes with good correlation properties. As a result, a special class of
unipolar (0,1) codes called optical orthogonal codes (OOCs) has been used for OCDMA
[15,25,26]. When these (constant-weight) OOCs are applied for multimedia applications,
their correlation properties can be change. Therefore, Yang introduced multimedia OCDMA
systems employing (constant-length) variable-weight OOCs to support multiple quality of
service (QoS) requirements [31]. An (n, W, 1, Q) variable-weight optical orthogonal code
€ ((n, W, 1, @)-VWOOC in short) is a family of binary n-tuples such that the following
three properties hold:

(1) Weight Distribution: Each n-tuple of ¥ has a Hamming weight contained in W; moreover,
there are precisely ¢;|¢’| codewords of Hamming weight w;, j € {1, 2, ..., k}.

(2) Auto-correlation Constraint: For any x = (xo, X1, ..., X,—1) € % with Hamming weight
w; € W and any integer 0, 0 < 6 < n,

n—1
Zxrxr,g <1 )
r=0

(3) Cross-correlation Constraint: For any x = (xo, X1,..., X4,—1) € €,y = (Yo, Y1,

.., Yn—1) € €, X #y and any integer 0, 0 <6 < n,

n—1
Zxryr—O <1, (8)
r=0

where all subscripts here are taken modulo n. If the number of codewords of Ham-
ming weight w; equals %|(5| for each j, namely QO = (%, R %), we say that ¢
is a balanced (n, W, 1)-VWOOC. Let ®(n, W, 1, Q) denote the largest size of an
(n, W, 1, Q)-VWOOC. The following upper bound on the ® (n, W, 1, Q) has been stated
in [10]:

-1
S, W,1,0) b | — ©)
Z ajwj(wj — 1)
j=1
where Q = (9, ..., %) is normalized. An (n, W, 1, Q)-VWOOC is called optimal if

o (n, W, 1, Q) meets the bound (9). Optimal (n, W, 1, Q)-VWOOCs have been stud-
ied extensively for some years, the interested reader can refer to [10,16,30,36] and the
references therein. Variable-weight Optical orthogonal codes are closely related to some
combinatorial configurations, see [30].

Lemma 14 [30] An (n, W, 1, Q)-VWOOC of size t is equivalent to an (n, W, 1, Q)-
DP of size t. Furthermore, an optimal (n, W, 1, Q)-VWOOC is equivalent to an optimal
(n, W, 1, Q)-DP.

In an multimedia OCDMA system, variable-weight OOCs are designed for supporting
multiple QoS requirements. However, the rate of each user in a network is supposed identical.
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In [18,22], multilength OOCs are mainly designed for supporting multirate systems, where
longer and shorter codewords are provided to mainly support lower and higher services,
respectively. However, these codes show limited number of services and multiple access
interference or high cross-correlation in the networks. In order to solve the problems of
limited number of services in the multilength OOCs and constant rate in the VWOOCs,
multilength variable-weight OOCs (MLVWOOCs) are proposed for supporting multirate
and integrated multimedia services in OCDMA networks [23,24]. It allows the systems with
multirate multimedia services in an OCDMA network where some services may have lower
date rate and the other some services may have higher date rate with different performance
and QoS.

Under certain specified correlation constraints, an MLVWOOC can be seen simply as a set
of some constant length variable-weight OOCs of pairwise distinct lengths. More precisely,
let A be a positive integer, N = {ng, n1, ..., nj—1} a set of [ positive integers and an multiset
M = [mg, my,...,my_1] such that an (n;, W, 1, Q)-VWOOC %; exists with m; = |%;|,
where i € {0, 1,...,1 — 1},] > 2 is an integer. We say that ¢ = {%0, €1, ..., % —1} is an
(N, M, W, 1, Q; ,)-MLVWOOOC, if the following two intercross-correlation constraints are
held: for any x = (xp, X1, ..., Xs,—1) € € of length n., y = (3o, ¥1, ..., Yn,—1) € € of
length ng, then

ng—1
Z Xre,0yr < A for any integer 0 < 0 < n,, (10)
r=0
ne—1
Z Xryre,0 < A for any integer 0 < 6 < ny, (11)
r=0

where ©; and @; denote the subtraction and addition modulo #n; , respectively. For each
given n;, the above definition indicates that all codewords in % of the length n; satisfy
the correlation constraints (7) and (8) which are said to be the auto-correlation constraint
and the intracross-correlation constraint, respectively, of the MLVWOOC. The size of the
MLVWOOC is the number of codewords in %, i.e. |€] = Y '_{ m;.

If W = {w} and Q = (1), we say that ¥ is an (N, M, w, 1; A)-MLOOC (mul-
tilength OOC). For the existence of optimal (N, M, w, 1;2)-MLOOQOCsS, the interested
reader may refer to [2,3,20,27]. If %; is a balanced (n;, W, 1)-VWOOC for each i, then
& = {60, ...,%—1} is said to be a balanced (N, M, W, 1; L)-MLVWOOC. As far as we
know, there are few known results about optimal MLVWOOC:s. In [35], some infinite classes
of optimal balanced (N, M, W, 1; 2)-MLVWOOCs with W = {3, 4} are obtained and the
relationship between an MLVWOOC and a CDP set system is described.

Proposition 2 [35] Let 6; be an (n;j, W, 1, Q)-VWOOC of size m; and %; the corresponding
(ni7 Wa 17 Q)-DP.forO = i = l - 1: C = {%0»%13'~'7Cgl—1} is an (Nan Wa 17 Q; )“)-
MLVWOOC if and only if B = {%o, $1,...,Bi—1} isan (N,M, W, 1, Q; L)-CDP set
system.

5.1 Upper bounds on code size

In this section, let Q = (%‘, ..., %) be normalized and n = %Zl;zl ajwj(wj — 1)+ g

such that g and ¢ are positive integers with b|t and 1 < g < 21;21 ajwj(w; —1).
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We use ®(N, W, 1, Q; A) to denote the largest size Zf;(l) m; of an (N, M, W, 1, Q; A)-
MLVWOOC. From the bound (9), we have the following inequality:

-1
— 1
SN W, 1,01 1) <bY | e | (12)

i=0 Zajwj(wj—l)
j=1

This bound has nothing to do with the intercross-correlation constraint A, then may in general
not be tight for small values of X. Itis easy to see that the function ® (N, W, 1, Q; 1) decreases
with the decrease of A, then the following inequality is obvious.

n_1—1

dN, W, 1,0;1) <b i

Z ajw,; (Wj — 1)

j=1
where n;—y = max{ng,ny,...,n;—1}. So, we can construct an (N, M, W, 1, Q; 1)-
MLVWOOC of size meeting this bound from an optimal (n;—1, W, 1, Q)-VWOOC. When
A = n, the trivial bound (12) is tight and by combining / optimal (r;, W, 1, Q)-VWOOC’s
(i@ =0,1,...,1 — 1), we can obtain an optimal (N, M, W, 1, Q; 2)-MLVWOOC of size
meeting this bound. Clearly, the intercross-correlation holds for any two codewords for
A > n since each codeword has weight no more than A. In [35], some upper bounds
on balanced (N, M, {3, 4}, 1; A)-MLVWOOCs are obtained with A = 2, the least value
among the nontrivial intercross correlation. In this section, we consider the upper bounds on
(N, M, W, 1, Q; 2)-MLVWOOOC:s for general W and Q. We can get the following theorem,
which can be used to establish some upper bounds on the code size.

k wi(wi—1)—
Theorem 7 For any ({n, nr}, [, m], W, 1, 0: 2)-MLVYWOOC, if g < {MJ

k
o1 ajw;

the following inequality holds:

mib{ 1) J:”H{ £r=1—90) J
Yz ajwj(wj —1) Yimajwiw;—1)

where r > 2 is an integer and

k .
¢<r>=r—1—2L s = Dr . JZajL“;’J.

Yo aiwiw; — 1 =214 |

Proof Let € = {%y, €1} be an ({n, nr}, {t, m}, W, 1, Q; 2)-MLVWOOC and % the DP of

kg (wi—1)—

size 1 representing 4. Since n = % 21;:1 ajwj(wj—1)+gandg < {WJ,
j=14jWj

we have

— -1
2j—1ajwj(w;—1) Yj—rajwj(wj—1)
Then, .« is an optimal (n, W, 1, Q)-DP. Its difference leave DL(.<%) consists of g elements

including zero. Now let <7 be the (nr, W, 1, Q)-DP of size m representing 7. So, .F =
{9, o1} is an ({n, nr}, [t,m], W, 1, Q; 2)-CDP set system from Proposition 2. The unique
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additive subgroup of order r in Z,, is denoted by H, i.e., H = nZ,,. Let H; = Ho + i
(i =0,1,...,n—1)bethen additive cosets of H in Z,,, where Hy = H and Hy+i = {nj+i
(mod nr) : 0 < j <r — 1}. Then, every element of H; has projection i on Z,. Assume that
there exists a base block B € .o7| containing a triple {b1, b2, b3} of a certain coset H;, we
have

bi—d=by—d=by—d=0—d (mod n)

forany A € o4 andanyd € A, hence ® 4 p)(0 —d) > 3, thatis a contradiction since <%, <7
are 2-compatible. So, for each base block B € <7 and each coset H;, we have |B N H;| < 2.
Define

T ={B e n(“):|BNH|=2foratleastonei € Z,}, j = 1,2,...,k,

wj

k
7=J7.
j=1

Without loss of generality, we assume that .7; = %l?l, j=1,2,...,k.So, |HNA(T)|
is the number of elements of H \ {0} included in Aa7, ie. |H N A(e))| = |H N A(T)].
Obviously, every block B € 7 with | B| = w; contains at most L%J pairs of elements from

L%J distinct cosets of H, every being a 2-subset of a certain coset. Then, the difference
list A(B) contains at most 2|_%J elements from H \ {0}, that is, A(B) contains at least
wi(w; —1) — 2L%J elements from Z,, \ H. We have

H AT =20 =120k (13)
k
> LGw;w; = D =215 DIZ < 1A N (Zor \ B, (14)
j=1

For each d € DL(4)), there are precisely r elements (from a certain coset of H) having
projection d on Z,,. Then, there are precisely (g — 1)r elements in Z,,. \ H whose projections
on Z, is contained in DL(%) \ {0}. This indicates that

IAT) N (Znr \ H)| < (g = Dr. (15)

In fact, if (15) is incorrect, then A(.7) must consist of more than (g — 1)r elements
not congruent to 0 (mod n). This follows that there exist at least one base block B =
{h, W', b1, ..., by;—2} € T suchthatb; —h (mod n) ¢ DL(s%) where h, h" € H; for some
s € Zy,bj € Z,,\ H.Itleads that there exists a unique base block A = {ay, a3, a3, ...} € %
suchthatay—a; = b;—h = b;—s (mod n). Thenwehaveh—a; = h'—a; = b;—ar = s—ay
(mod n). Therefore ® 4, p)(s — ai) > 3, that is a contradiction since .7 C .| and %), <)
are 2-compatible. By combining (14) and (15), we have

k
Ly = D =215 DI < (g = Dr.
j=1
then

k
w a;
;(w,»(w, —1 —2L7’J>;’|ﬂ| <(g—Dr,
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and hence
k

| 7| w
T;aj(wj(wj —h=215 D <= Dr.

Since |.7| is divisible by b, we have

mﬂ (g—Dr J
b X ajwiw; — 1) —2[% )

It is clear that

k
|H N A(h)| = |HNAT)| =Y |HN AT
j=1
k w; | 7| k w;
J _ . J
5212L7J|3,-| —ZTX;a,L?
J= J=

IA

ZaliL%J.

k

) (g—=Dr

Yhoiajwiw; — 1) =21 ]) |
This implies that there are at least ¢ (r) elements of H \ {0} which are not covered by A ().
The proof is then complete. O
le(-=1 ajwj(wj—l)—]

Sh ajw;
¢(r) is a non-negative integer-valued function and ¢ () < r — 1 for any given integer r. This
is because

(¢ —Dr Low (¢ —Dr a
0<2 S : Za_fL7J§ > > ajw;

j=1ai(winj =D =213 |35 j=1ajwiw;—=2) 55

—r Y ajw; K wiw — g 1
e =Lt T

j=14jWjlW; j=14jWjlW;

From the property of the function |x], we have

nr—1—¢(r) nr—1 @(r)
djmrajwj(w; —1) djmrajwiw; —1) djmrajwj(w; —1)

hence Theorem 7 tells us that the size m is less by b ,{# than the trivial bound
Y= ajwiwi—=

(12). By using Theorem 7, the following upper bounds on the code size are obtained.
Corollary 3 For any ({n,nry,...,nr—1}, M, W, 1, Q; 2)-MLVWOOC withmo = t, if g <
{ Yoy ajwj(wi—-1

k
Yiorajw;

The restriction g < L in Theorem 7 is necessary. It guarantees that

J, the following inequality holds:
O({n,nri, ... .nn}, W, 1, 0:2) <1t

|
Yiorajw;w;—-2)

-1
nr; — 1
+b - (17)
l; LZﬁ‘:l ajwj(wj — I)J YA ajwiw; —1)
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where ry, ry, ..., r—1 arel — 1 arbitrary distinct integers and each r; > 2.

Proof Let®¢ = {%o, 61, ..., 6—1}bean({n, nry, ... ,nri—1}, M, W, 1, Q; 2)-MLVWOOC.
By the assumption, we have

n—g n—1
[=b.zk wilw: — 1 =bL k (1) ]J’
j=rajwj(w; —1) Zj:lajwj(w/_ )

Let us assume that %y is an optimal (n, W, 1, Q)-VWOOC. Clearly, {4y, %;} is an
({n, nri}, {t,m;}, W, 1, Q; 2)-MLVWOOC for every i with 1 < i < [ — 1. According
to the definition of ¢(r) and (16), we have

k k
2 j—1ajwj(wj —g—1) D jmajwjw;—g—1)
o) =ri—1—|r— T i) = % i
dimiajwi(wj —2) dj—rajwi(wj —2)
Zk-: ajwi(w;—1)—1
Yioiajwi(w) — 1) — SESEE S g :
> J j=14jW;j J 1 ri 1
> ri— 1= — 1.
YA ajwiw; —2) Yioiajwi(w; —2)

Since ¢(r;) > 0 is an integer-valued function, we have

ri
(i) > - L
’VZI;‘I ajwj(wj — 2)—‘

Then,
mi<b| — nri — 1 —b| — (i)
iz ajwj(wj —1) >z ajwj(wj —1)
B
- |
<b . nri — 1 b Zi=lajwj(wj—2)

Y imiajwj(wj —1) >z ajwj(wj —1)

from Theorem 7. The inequality in the corollary is obtained. O

It is clear that the upper bound (17) is less by

-1 [kri’—‘ -1
ajwi(w;—2)
bZ Z., pajwiw;
i=1

Yh_iajwiw; —1)

than the trivial bound (12), which increases quickly with [ and r;’s increasing for the given set
W. Therefore, the bound (17) is a noticeable improvement from the bound (12). The values
of the function ¢(r) defined in Theorem 7 become large when the values of g decrease,
we ckan further simplify this bound for small values of g. Especially, if we restrict to g <
\\ 2j=14) w%

k J, then we can get the following meaningful corollary.
2y im1ajw;
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Corollary 4 For any ({n,nry,...,nri—1}, M, W, 1, Q; 2)-MLVWOOC withmo = t, if g <
K aw?
\\MJ, the following inequality holds:

k
ZZj:]ajwj

®({n,nry,...,nn_1}, W, 1,0;2) <t

— nri — 1 [3]-1
3 (| = | o
o \LXj—rajwjwj — 1 Y jmiajwi(w; —1)

where ry, ry, ..., r—1 arel — 1 arbitrary distinct integers and each r; > 2.

Proof This proof is analogous of the proof of Corollary 3. By the assumption g <

k 2

j=14jW;

== | we have
23 ajw;

k k k
o) = dYiiajwiw; —g—1r; - Yiorajwiw;—1) —g Y ajw; o
1 - - = crp —
Yo ajwjw; —2) YA ajw(w; —2)

k
Do ajw;

St aju?
Yo ajwiwy — 1) — S
J= ri

- =t
23 ajw; R 1
o =5 — L

>
YA ajwi(w; —2) 2

ie., (i) > |_%’-| — 1. Therefore, the inequality (18) holds from Theorem 7. O
Applying Theorem 7 with g = 1, we can obtain the following upper bound on code size.

Corollary 5 Forany ({n,nry,...,nri—1}, M, W, 1, Q; 2)-MLVWOOC withmy =t and g =
1, the following inequality holds:

S{n,nry,...,nr_1}, W, 1, 0;2)
=1 nri — 1 ri—1 =1
§t+b2(\‘ - ! J—{ — J>:t+ztri
o \L2jiajwjwj — 1 Yimajwi(w; —1) i

where r1, 12, ..., ri—1 arel — 1 arbitrary distinct integers and each r; > 2.

Proof Similarly to the proof of Corollary 3, let € = {6y, 61, ..., -1} be an ({n, nry, ...,
nri—1}, M, W, 1, Q; 2)-MLVWOOC. When g = 1, we have ¢(r) = r — 1 from Theorem 7.
Applying Theorem 7 with g = 1, we get

m: < b ]’j”i—l—QD(ri) <b _ nri — 1
Yz ajwj(w; —1) Yimajwi(w; —1)

rl-—l
—b Zk (s =t
j:lajw](w] -1

for each i with 1 <i <[ — 1. Thus, we have the conclusion. O

Corollaries 3-5 give us upper bounds on ®({n, nry, ..., nr_1}, W, 1, Q; 2). To be more
precise, the following theorem is obtained.
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Theorem 8 For any ({n,nr}, {t,m}, W, 1, Q; 2)-MLVWOOC with integer r > 2, then

n—1 nr—1
S{n,nr}, W,1,0;2) <b +b —1
{Zﬁ'l“iw/’(wj - UJ (\;leﬁl ajwj(wj — I)J )
(20

if one of the following conditions is satisfied:

’

k . . Pap— p—
() r= Y5 apwjwy —2) S5 ajwjwy — 1) + Land g < LMJ

Yh o ajw;
kL agu?
@ r=2%%  ajwjw; — D+ landg < {Zzzjzlla;jg];fj’.
J= J
3 r=Y5 jajwjw;—+1landg=1.

Proof Let ¢ = (%, €1} be an ({n, nr}, {t, m}, W, 1, Q; 2)-MLVWOOC. By the assump-
tion, we have g < Z];=1 ajwj(w; — 1) and

n—g n—1
[=b'zk wi(w: — 1 ZbL k () IJ'
jzla/wj(w/_ ) Zj:lajwj(wj_ )

Let us assume that 6y is an optimal (n, W, 1, 0)-VWOOC. By the assumption and applying
Corollaries 3-5 with [ = 2, we have

’"<bq nr—1 J_{ o) J)
- Yo ajw;w; = 1) Yy ajww; — 1)
(Earmrerin)
B Yo ajwi(w; — 1)

nr—1
t+m§t+b< z —1).
2 imrajwi(w; —1)

This inequality obviously holds also when %y is not optimal, i.e., the size of %y does not

exceed t — b, sincem < b kL from the bound (9). O
Yimrajwjw;—1)

It follows that

It is not difficult to see that Theorem 8 can be generalized to the following result.

Corollary 6 For any ({n,nry,...,nri_1}, M, W, 1, Q; 2)-MLVWOOC with | — 1 distinct
integersr; >2 (A =1,2,...,1 — 1), mg =t, the following inequality holds:

-1
CD({n,nrl,...,nrl1},W,1,Q;2)§t+b<2{2k nri — 1 J_1> on
j=1

i=1 ajwj(wj — 1)

ifthere exist at least oner € {r1, ra, ..., rj—1} such that one of the three conditions presented
in Theorem 8§ is satisfied.

It is easy to find that the value b ,('”7177‘”(” is enlarged when we use Theo-
2j=rajwj(w;i—=1)

rem 7 to get Corollaries 3-5, so the lower bound on r stated in Theorem 8 is sufficient
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but not necessary condition to get the inequality (20). For the given set W and the value
g, we can decide whether the inequality (20) holds or not by comparing the values of
b LLJ and b LMJ for those integers r below the bound. The

Yhiajw(w;=1) j=1ajwjw;=1)

cases where W = {3,4},{3,5}and2 < g < L

a1w12+a2w%

mJ are presented in the following

result for convenience of later use.
Theorem9 Let W = (3,4}, {3.5), 0 = (3. H) andn = 5 37_ wj(w; — 1) +2 such that

t is even. For any | — 1 distinct integersr; > 2 (i =1,2,...,1— 1), the following inequality
holds:

-1
O((n, nry, .. onr 1), W1, 052) <142 (Z LZ,{”MJ = 1) (22)

i=1 j=1 wj(wj — 1)

if there exist at least one r € {r1, ra, ..., rj—1} taken from the values of the following table.
w n The desired values of r

(3.4) 9 +2 r>37orr € {10,11,19 — 23,28 — 35}
{3,5} 13t +2 r>53orr e {14 —-19,27 — 52}

5.2 New infinite classes of MLVWOOCs

In this section, several infinite classes of optimal MLVWOOC:s are yielded by using pairwise
2-compatible (n, g, W, 1)-DFs and recursive constructions.

Theorem 10 If n is a positive integer whose prime factors are congruent to 1 mod-
ulo 12, then there is a balanced (N, M, {3, 4}, 1; 2)-MLVWOOC of size %, where

N = {6n,12n,18n, 24n} and M = [252 202D o — 1), 8021,

Proof From Lemma 12, a balanced {3, 4}-SCGDD of type u* exists for u € {6, 12, 18, 24},
and there exist four pairwise 2-compatible (n, 4, 1)-DFs from Corollary 4.4 in [3], hence
we have a balanced (N', M, {3, 4}, 1; 2)-CDF set system with size % from Construc-
tion 6, where N’ = {(6n, 6), (12n, 12), (18n, 18), (24n, 24)}. The corresponding balanced
(N, M, {3,4}, 1; 2)-MLVWOOC with size % does not reach the upper bound 12 by
missing two codewords (One of the codewords has a weight of 3 and the other has a weight
of 4). o

Theorem 11 If n is a positive integer whose prime factors are congruent to 1 modulo
6 and greater than 13, then there is a balanced (N, M, {3, 4}, 1; 2)-MLVWOOC of size

10n — 7 attaining the upper bound (12), where N = {12n,24n,36n,48n} and M =
[2n3—2 8n3—8 an —2 16%—4].

Proof From Lemma 12, a balanced {3, 4}-SCGDD of type u® exists for u € {6, 12, 18, 24},

and there exist four pairwise 2-compatible (2n, 2,4, 1)-DFs from the proof of Theorem
4.9 in [3]. Let Z12 = {{0, 1, 3,10}, {0, 5, 11}, #15 = {{0, —1, =3, —10}, {0, =5, —11}},

@ Springer



Compatible difference packing set systems... 2639

Py ={{0,1,4,9}, {0,6,13,23},{0,11,27},{0,14,29}}, then £, forms a balanced (2u,
{3,4}, )-DP for u € {12, 18, 24}. We verify that the balanced (24, {3, 4}, 1)-DP, the bal-
anced (36, {3, 4}, 1)-DP, the balanced (48, {3, 4}, 1)-DP are pairwise 2-compatible and each
base block contains at most two elements which are congruent modulo 2. So, we have a bal-
anced (N, M, {3, 4}, 1; 2)-CDP with size 10n — 7 from Construction 6. The corresponding
balanced (N, M, {3, 4}, 1; 2)-MLVWOOC is optimal since the size reaches the upper bound
(12). O

Theorem 12 [f n is a positive integer whose prime factors are congruent to 1 modulo 4 and
greater than 17, then there is a balanced (N, M, {3, 4}, 1, 2)-MLVWOOC of size 20n — 8
attaining the upper bound (12), where N = {18n, 36n, 54n, 72n} and M = [2n — 2,4n —
2,6n —2,8n—2].

Proof From Lemma 12, a balanced {3, 4}-SCGDD of type u® exists for u € {6, 12, 18, 24},
and there exist four pairwise 2-compatible (3n, 3,4, 1)-DFs from Corollary 4.13 of [3].
Let 1, = {{0,1,5,11},{0,2,16}}, %13 = {{0,—1, -3, -7}, {0, -5, —13, =22}, {0,
—12, —28}, {0, —15, —34}}, %4 ={{0,1,3,7}, {0,5,13,22},{0,10,21,35},{0,12,28},{0,15,
34},{0,18,41}}, then %, forms a balanced (3u, {3, 4}, 1)-DP for u € {12, 18, 24}. It is not
difficult to check that the balanced (36, {3, 4}, 1)-DP, the balanced (54, {3, 4}, 1)-DP, the
balanced (72, {3, 4}, 1)-DP are pairwise 2-compatible and each base block contains at most
two elements which are congruent modulo 3. So, we have a balanced (N, M, {3, 4}, 1; 2)-
CDP with size 20n — 8 from Construction 6. The corresponding balanced (N, M, {3, 4}, 1;
2)-MLVWOOC is optimal since the size reaches the upper bound (12). O

Lemma 15 [fn is a positive integer whose prime factors are congruent to 1 modulo 18, then
there are four pairwise 2-compatible balanced (2n, 2, {3, 4}, 1)-DFs.

Proof Let n = pﬁ” pgz ... p& be the factorization of n where each p; > 19 be prime
and each integer @; > 1. For each prime p;, there are four pairwise 2-compatible bal-
anced (2p;, 2, {3, 4}, 1)-DFs from Lemma 6. Since there is a (p;, 4; 1)-CDM from Lemma
11, applying Corollary 2 with ¢ = 2, we can get four pairwise 2-compatible balanced
(2p1pi,2,{3,4}, 1)-DFs. Repeat the process to get four pairwise 2-compatible balanced
(2n, 2, {3, 4}, 1)-DFs. O

Theorem 13 If n is a positive integer whose prime factors are congruent to 1 modulo 18,
then there is an optimal balanced (N, M, {3, 4}, 1; 2)-MLVWOOC with the size meeting the
upper bound (22) where N = {2n, 10n, 14n, 22n}, M = [#, 10"9_10, 14"9_14, 22"9_22].

Proof There exist four pairwise 2-compatible balanced (2n, 2, {3, 4}, 1)-DFs from Lemma 15
andan (r, 4, 1)-CDM from Lemma 11, = 5, 7, 11, hence there is abalanced (N’, M, {3, 4},
1;2)-CDF set system by Construction 4, where N’ = {(2n,2), (10n, 10), (14n, 14),
(22n, 22)}. The corresponding balanced (N, M, {3, 4}, 1; 2)-MLVWOOC is optimal since
the size meets the upper bound (22). O

Lemma 16 Ifn is a positive integer whose prime factors are congruent to 11 modulo 12, then
there are ten pairwise 2-compatible balanced (13n, 13, {3, 5}, 1)-DF’s and each base block
contains at most two elements which are congruent modulo 13.

Proof Let n = p(l“ pgz ... p& be the factorization of n where each p; > 23 be prime
and each integer @; > 1. For each prime p;, there are ten pairwise 2-compatible balanced
(13p;, 13, {3, 5}, 1)-DFs from Lemma 8. Along the lines of the proof of Lemma 15, we have
ten pairwise 2-compatible balanced (13n, 13, {3, 5}, 1)-DFs and each base block contains at
most two elements which are congruent modulo 13 from the construction. O
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Theorem 14 Ifng, n1, ..., ng are positive integers whose prime factors are congruent to 11
modulo 12, then there exists an optimal balanced (N, M, {3, 5}, 1; 2)-MLVWOOC with the
size attaining the upper bound (12), where N = {13nyg, 13nony, ..., 13nony --- no} and
M =[no—1,non1 —1,...,non1---ng —1].

Proof For each prime factor n;, there are ten pairwise 2-compatible balanced (13n;, 13,
{3, 5}, 1)-DFs and each base block contains at most two elements which are congruent modulo
13 from Lemma 16, hence there exists a balanced (N’, M, {3, 5}, 1; 2)-CDF set system
from Construction 5, where N’ = {(13n¢, 13), (13ngn1, 13), ..., (13ngny - - - ng, 13)} and
M = [ng — 1,non; — 1,...,nony - - -ng — 1]. The corresponding balanced (N, M, {3, 5},
1; 2)-MLVWOOC is optimal since the size reaches the upper bound (12). O

Theorem 15 If n is a positive integer whose prime factors are congruent to 11 modulo 12,
then there is an optimal balanced (N, M, {3, 5}, 1; 2)-MLVWOOC with the size meeting the
upper bound (12), where N = {13n, 65n,91n} and M = [n — 1,5n — 1,7n — 1].

Proof There are three pairwise 2-compatible balanced (13n, 13, {3, 5}, 1)-DFs from Lemma
16, and an (r,5,1)-CDM from Lemma 11, r € {5,7}, hence we have a balanced
(N’, M, {3, 5}, 1;2)-CDF set system from Construction 4, where N' = {(13n, 13), (65n,
65), 91n,9)}and M’ =[n —1,5n —5,7n — 7).

Let%5 ={{0,1,3,7,12},{0,8,18,31,45},{0,15,32},{0,16,35} } and 7 ={{0,10,40,64,84},
{0,57,59,60,73}, {0,11,46,50,69}, {0,5,43}, {0,26,62}, {0,6,76} }, then %, forms a balanced
(13r, {3, 5}, 1)-DP, r = 5, 7. We check that the balanced (65, {3, 5}, 1)-DP, the balanced
(91, {3, 5}, 1)-DP are 2-compatible and each base block contains at most two elements which
are congruent modulo 13, hence we have a balanced (N, M, {3, 5}, 1; 2)-CDP set system
from Construction 4, where N = {13n,65n,91n}and M = [n — 1,5n — 1,7n — 1]. The
corresponding balanced (N, M, {3, 5}, 1; 2)-MLVWOOC is optimal since the size meets the
upper bound (12). O

Lemma 17 Ifn is a positive integer whose prime factors are congruent to 1 modulo 26, then
there are two pairwise 2-compatible balanced (n, {3, 5}, 1)-DFs.

Proof Let n = p{' p5*--- ps* be the factorization of n where each p; > 53 be prime and

each integer ¢; > 1. For each prime p;, there are two pairwise 2-compatible balanced
(pi, {3, 5}, 1)-DFs from Lemma 10. Along the lines of the proof of Lemma 15, we have two
pairwise 2-compatible balanced (n, {3, 5}, 1)-DFs. ]

Theorem 16 If n is a positive integer whose prime factors are congruent to 1 modulo 26
greater than 53, then there exists an optimal balanced (N, M, {3, 5}, 1; 2)-MLVWOOC with
the size meeting the upper bound (19) where N = {n,rn}, M = ["1_31, "5 1 is odd and
the least prime factor of r is not less than 5.

Proof There existtwo pairwise 2-compatible balanced (n, {3, 5}, 1)-DFs from Lemma 17 and
an (r, 5, 1)-CDM from Lemma 11, hence we can obtain a balanced (N’, M, {3, 5}, 1; 2)-CDF
set system from Construction 4, where N’ = {(n, 1), (rn,r)} and M = ["1_31, “5-1. The
corresponding balanced (N, M, {3, 5}, 1; 2)-MLVWOOC is optimal since the size attains

the upper bound (19). O

6 Conclusion

In this paper, on the one hand some recursive constructions for compatible difference packing
set systems are obtained by using (W, Q)-SCGDDs of type u”. By using some (W, Q)-
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SCGDDs of type u’, we can get some series of compatible difference packing set systems
with multiple blocks sizes from compatible difference packing set systems with constant
block size, then some infinite classes of optimal MLVWOOCs with weights 3 and 4 are
produced. A (W, Q)-SCGDD of type u” is closely related to a 2-D variable-weight OOC
with AM-OPPW. So, it is worthy of constructing (W, Q)-SCGDDs of type u” for some
W and Q. On the other hand, a new consequence of the theorem of Weil on multiplicative
character sums is given, and several infinite classes of (N, M, W, 1, Q; 2)-CDP set systems
with W = {3,4}, {3, 5} are produced via the new consequence and cyclotomic classes.
These (N, M, W, 1, Q; 2)-CDP set systems are used to yield some infinite classes of optimal
balanced MLVWOOCs with W = {3, 4}, {3, 5}. Therefore, the following problems are worth
of studying.

Problem 1 Construct optimal balanced (N, M, W, 1; 2)- MLVWOOCs for W = {4, 5},
{3, 4,5}.

Problem 2 Construct optimal (N, M, W, 1, Q; 2)-MLVWOOCs for Q # (3, %).
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Appendix A

Table2 Two (x, y)s in Lemma 6

p (x,y)s p (x,y)'s p (x, s

109 (22, 14), (37, 29) 379 (111, 85), (263, 155) 433 (15, 44), (229, 76)
487 (129, 140), (356, 347) 541 (118,37), (176, 73) 577 (471, 58), (547, 153)
613 (278, 2), (501, 121) 631 (233, 183), (476, 314) 739 (60, 42), (92, 76)
757 (291, 40), (747, 143) 811 (88, 10), (646, 80) 829 (124, 22), (345, 24)
883 (563, 70), (746, 169) 937 (169, 3), (898, 7) 991 (94, 419), (410, 438)
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Table 3 Five x’s in Lemma 8

’

/

/

P x's P x's P x's

83 5,13,18, 34,42 107 20, 31, 50, 65,70 131 17, 22,50, 56, 66
167 34,39, 67, 82,90 179 6,23,71,78, 96 191 21,28, 41, 55, 61
227 31,41, 45, 60, 66 239 13,41, 46, 52, 69 251 18,29, 46, 76, 95
263 28,79, 106, 112,118 311 22,37,43,57, 68 347 5,57,62,65,68

359 38,42, 56,61, 86 383 39,52,88, 117, 131 419 10, 50, 53, 70, 85
431 13, 34,70, 93, 133 443 28,31,43,91, 101 467 18,31, 44,56,72
479 85,93, 101, 116, 129 491 6,21, 62, 66, 86 503 29,34,37,40,57
563 14,37,53,72,128 587 5,18,23,32,44 599 42,69,112,115,137
647 19,22,37,59,73 659 28,40, 46, 66, 71 683 23,43,50,72,92
719 22,43, 46, 85, 88 743 20, 28, 39, 51,55 827 5,17,20,37,45
Table4 (x1, x2, x3, x4, x5) in Lemma 10

b4 (x1, X2, X3, x4, X5) P (x1, x2, X3, x4, X5) p (x1, x2, X3, X4, X5)
53 (3, 15, 48, 10, 29) 79 (3,9, 63, 5, 40) 157 (3,9, 106, 10, 42)
313 (3,7, 34,9, 26) 443 (3,9,47,4, 143) 521 (3,7,117,9,27)
547 (5,11,98,8,102) 599 (3,8,23,9,44) 677 3,7,88,5,28)
859 (3,8, 37,10, 103) 911 3,9,79, 16, 88) 937 3,7,19,8,118)
1093 (5,9,75, 16, 235) 1171 (3,22,145,11,27) 1223 (5,11,51,37,92)
1249 3,15,22,17,78) 1301 3,7,18,12,135) 1327 (3,13,51,6,58)
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Appendix B
#ps for p € {127, 163, 181, 199, 271, 307, 397, 523, 919} in Lemma 6.

#1271 :{(0,0), (0, 1), (0,4), (1, 16)}, {(0, 0), (0, 16), (1, 64), (1, 2)},
{(0,0), (0,64), (1,4}, {(0,0), (0,22), (0, 107)}.

P63 1 {(0,0), (0, 1), (0, 149), (1, 33)}, {(0, 0), (0, 33), (1,27), (1, 111)},
{(0,0), (0,27), (1, 149)}, {(0, 0), (0, 7), (0, 17)}.

%81 :{(0,0), (0, 1), (0, 116), (1, 62)}, {(0, 0), (0, 62), (1, 133), (1, 43)},
{(0,0), (0, 133), (1, 116)}, {(0, 0), (0, 10), (0, 95)}.

P99 : {(0,0), (0, 1), (0, 39), (1, 128)}, {(0, 0), (0, 128), (1, 17), (1, 66)},
{(0,0), (0, 17), (1,39)}, {(0, 0), (0, 89), (0, 111)}.

%1 :{(0,0), (0, 1), (0, 38), (1,89}, {(0, 0), (0, 89), (1, 130), (1, 62)},
{(0,0), (0, 130), (1, 38)}, {(0, 0), (0, 49), (0, 35)}.

%307 : {(0,0), (0, 1), (0,209), (1, 87)}, {(0,0), (0, 87), (1,70), (1, 201)},
{(0,0), (0,70), (1, 209)}, {(0, 0), (0, 59), (0, 303)}.
397 : {(0,0), (0, 1), (0,211), (1,57}, {(0,0), (0,57), (1, 117), (1, 73)},
{(0,0), (0, 117), (1, 211)}, {(0, 0), (0, 77), (0, 380)}.

Ps23 1 {(0,0), (0, 1), (0,377), (1, 396)}, {(0, 0), (0, 396), (1, 237), (1, 439)},
{(0,0), (0,237), (1, 377)}, {(0, 0), (0, 90), (0, 461)}.

P19 : {(0,0), (0, 1), (0,374), (1, 188)}, {(0, 0), (0, 188), (1, 468), (1, 422)},
{(0,0), (0,468), (1, 374)}, {(0, 0), (0, 3), (0, 27)}.

Appendix C

Base blocks of balanced {3, 4}-SCGDDs of type u* in Lemma 12.
u=>0:

{0,0), (1,0, (2,0), 3, 0}, {(0,0), (1,2), (2, 1), 3, 5}, {(1,0), (2, 3), 3, 5)},
{(0,0), (1,4), 3, 2)},

{(0,0), (1,3),(2,5), 3.9}, {(0,0), (1, 5), (2, 3)}. {(0,0), (1, 1), (2, 2), (3, 3)},
{(0,0), (2,4, 3, D}.

u = 12: the following base blocks by (41 (mod 4), —).

{0,0). (1,0), (2, 1), (3, 3)}. {(0, 0), (1, 3), (2, 2), (3, 8)}, {0, 0), (1, 5), (2, 0)},
{(0,0), (1,8), (2, 6)}.

u = 18: the following base blocks by (41 (mod 4), —).

{(0.0), (1,6),(2,9), (3, D}. {(0,0), (1, 13), 3, 6)}, {(0, 0), (1, 2), (2, 2), 3, 1)},
{(0,0), (1, 17), (3,9}, {0, 0), (1,4), (2,0), 3, 8}, {(0, 0), (1, 5), (2, 12)}.
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u = 24: the following base blocks by (41 (mod 4), —).

{(0,0), (1,0, (2,23), (3, 1D}, {(0, 0), (1, 16), (3, 23)}, {(0, 0), (1, 2), 3, D)},
{(0,0), (1,10, (2,21), (3,4}, {(0,0), (1, 3), (2,12), 3, D}, {(0, 0), (1, 5), (2, 2), (3, 10)},
{(0,0), (1,4), (2, 10)}, {(0, 0), (2, 15), (3, 6)}.

Appendix D

Base blocks of ({3, 4}, (%, ))-SCGDDs of type u in Example 2.
u==6:

{0.4), (1, 1), (2,3), 3,3)}.{(0, 3), (1, 2), (2, 3), (4.}, {(0,3), (2,4), 3, 1), (4, D},
{(0,0), (1,0), 3, 1), (4,3}, {(1,0), (2, 4), (3,0), (4,4)}, {(0, ), 3, 1), (4, 0)},
{2.3),. 3.4, 4,5)},
{(1,3),(3,0), (4. 3)}. {(1,0), (2,5), 3.4}, {0, 0), (1,4), 3. 3)}. {(0, 0), (2, 4), (3. 2)},
{(1,0),(2,3), (4. D}, {(0,5), (1,0), (4. 5)}. {0, D, (2, 4), (4,3)}. {(0, 3), (1. 5), (2, 5)}.

u = 12: the following base blocks by (41 (mod 5), —).

{(0,0), (1,0, (2,2), 3,9}.{(0,0), (1, 1), (2, 7), (3, 1D}, {(0, 0), (1, 8), (3, D},
{(0,0), (1,9, (2,0}, {(0, 0), (1, 5), (2,4}, {(0, 0), (2, 6), (3, 4)}.
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