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Abstract

Given k points in S satisfying certain conditions which are determined through their sym-
metric functions, we introduce a method for constructing spherical 7-designs in R? with
2t + k elements. This approach points toward a better understanding of the space of spherical
t-designs as well as provides a systematic way to obtain examples.
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unit-norm roots

Mathematics Subject Classification 05B30

1 Introduction

A finite subset X of §"~! in R" is a spherical t-design if for any polynomial f(x) =
f(x1, ..., x,) of degree at most ¢, the value of the integral of f(x) on $7~1 divided by the
volume of S"~! equals the average value of f(x) on the finite set X. They were introduced
by Delsarte et al. [5]. In the survey [1] a detailed explanation of the developments in the
subject can be found, along with a discussion of the connections of spherical #-designs with
other fields of mathematics such as group theory, number theory and orthogonal polynomials,
among others.

The case of spherical 7-designs in R? was studied in [8]. Consider the elements of R? as
complex numbers, thus

Sl={zeC:|z| =1}

Denote o;,i = 1, ..., k the elementary symmetric polynomials (the symmetric functions,
for short) of a set of k elements {zy, ..., zx}. We usually write o; instead of o;(z1, ..., Zx)-
A spherical z-design X in R? can be defined by means of the complex polynomial having
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the elements of X as its roots (for this and other equivalent definitions of spherical 7-designs,
see [1]).

Definition 1 Let 7, n be positive integers, andn > 1+ 1. Aset X = {z1,...,2,} C Slisa
spherical -design, or simply a #-design, if
0i(z1,...,z2y) =0fori =1,...,¢t. (1)
Equivalently, the polynomial
f@Q=G—z2) G- ="4ca""+  +e1z+en (@)
issuchthatc; =0fori =1, ..., ¢, because ¢; = (—l)iai.

As the elements of a given 7-design X are unit-norm complex numbers, we can observe the
following:

Remark 2 (cf. [8, Lemma 2])

(1) The conditiono; =0fori =1,...,¢tisequivalenttoo,_;, =0fori =1,...,¢.
(i) oj0, = oy_j,fori =1...,n (op is taken as 1).

Notice that this definition of z-design allows repeated elements in the set X.
It is clear that the n-th roots of any unit-norm complex number (regular n-gons) form a

t-design if n > t. Moreover, it is easy to see that, if ny, ..., ng are positive integer numbers
greater than r and wy, ..., wy € § 1 then the roots of the polynomial
s
f@=]]c" —w. )
i=1

also form a r-design with n = ) }_, n; elements. In [8], spherical 7-designs as such are
called group-type t-designs, while a -design that is not a group-type #-design is called a non-
group-type t-design. In particular, for any positive integer ¢ there exists always group-type
t-designs with n elements, provided n > t 4 1. The natural question of deciding whether
there are ¢-designs besides these easily obtained ones is answered by the following theorem.

Theorem 3 [8, Theorem A] Let X be a spherical t-design in R? with |X| = n. Then

(i) fort +1 < n < 2t + 2, X is always a group-type t-design; more precisely, when
t+1<n<2t+1, X is a regular n-gon and when n = 2t + 2, X is the union of two
regular (t + 1)-gons (this includes the (2t + 2)-gon case);

(ii) foreachn > 2t+73, besides group-type t-designs, there are as many as X1 non-group-type
t-designs.

This paper goes deeper in the understanding of z-designs in R? as started in [8], though our
approach is different. We can say that, in some way, we parameterize the design with some
of its points. The precise information to make this possible turn out to be in the symmetric
functions of this points, more specifically, on algebraic and metric conditions upon such
functions. Moreover, group-type t-designs can be obtained through easily described algebraic
conditions.

In Sect. 4 our general method to construct a f-design X with |X| = 2t + k, given
ai,...,ar € S'is given. The ajs will belong to X while the other 27 elements in the
design turn out to be the roots of a polynomial whose coefficients are expressed in terms of
the symmetric functions o7, . . ., oy of the as. Such polynomial will be denoted by G ;. So,
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conditions must be imposed onay, . .., ax in order that: (1) the coefficients of the polynomial
Gy, are well defined and, (2) the roots of Gy ; are all unit-norm complex numbers. When
these conditions are satisfied we will say that the as are in good position. Using this method,
we construct a family of 3-designs in Example 34.

For clarity in the exposition, our method is illustrated first in Sect. 3 by means of the
simplest case where a non-group spherical ¢-design can appear: a spherical 2-design of
7 elements. In Sect. 3.1 we show how conditions on three unit-norm complex numbers
naturally appear when trying to construct a spherical 2-design of 7 elements containing
them. Proposition 14 assures the existence and unicity of such a design under the obtained
conditions and Example 18 gives a family of non-group-type 2-designs. In this case we are
able to give a complete description of our object of study: Proposition 22 states that any
2-design with 7 elements, where at least five of them are distinct, can be obtained by this
method. In Sect. 3.3 conditions for a 2-design with 7 elements to be of group-type are given
and this result is generalized latter for any ¢ and k = ¢ 4 1, in Proposition 37.

Another reason for giving a separate treatment to 2-designs is that they are an important
kind of unit norm tight frames (see [2]), also known as balanced unit norm tight frames,
which are studied in [7].

Our results indicate that it makes sense to consider the space of #-designs in the o -space,
that is, the space whose coordinates are the symmetric functions. This is explained in Sect. 5
and applied to the case of 2-designs. Further development of this approach could contribute
to a new understanding of spherical z-designs.

2 Polynomials with roots on the unit circle

In this article, we are faced with the problem of deciding whether a given complex polynomial
has all of its roots in S!. This is not a trivial issue and it is particularly difficult to find necessary
and sufficient conditions on the coefficients of the polynomials (see, for instance, [10] and

(3D.

Definition 4 A polynomial P(z) = Z',Z’ZO axzk € C[z] is self-inversive if a,,_x = wag for
k=0,...,m wherew € C, lw| = 1.

It is easily seen that a polynomial with all of its roots in the unit circle is self-inversive,
but the following classical result says much more:

Theorem 5 (Cohn [3]) A complex polynomial P has all of its zeros in the unit circle if and
only if the following two conditions holds:

i) P is self-inversive,
ii) All zeros of P’ lie in the unit disk.

It is also not an easy task to decide whether a given polynomial has its roots on the unit
disk. However, for the case of degree 3, we can give the following criteria.

Proposition 6 Let g(z) = z° + az> + bz + ¢ € C[z] such that ¢ — ba # 0 and let D = {z €
C:lzl <1} Iflal < 1land|c —ab] < 1 — la|? — |ac — b|, then g(2) has all of its roots in
D.

If ¢ = ba then the roots of g(z) lie in D if and only ifa, b € D.
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Proof Observe that z is a root of g(z) if and only if

—bz —c
==
z+a

—bz —
By hypothesis, the mapping M : Co, — C given by M(z) = ch is a Mobius
Z+a

transformation (see, for instance, [4]) such that, if |a| # 1, M(S 1Y is a circle C with center
ac—>b . |c — ab|
_|a|27—1 and radius p = m
If |a| < 1 the outside of D is mapped to the inside of C, while the second hypothesis is
equivalent to p < 1 — |zp|, which implies that C and its interior are contained in D. So, if z
is a root of g(z) and |z| > 1, then M (z) = z € D, a contradiction.
The last affirmation is obvious since z° + az% + bz + ab = (z2 + b)(z + a). ]

20 =

The following result, due to Lakatos and Losonczi [9] (see also [10]) gives sufficient condi-
tions for a self-inversive polynomial to have all of its roots on the unit circle.

Theorem 7 (Lakatos—Losonczi) All zeros of a self-inversive polynomial P(z) = Y azk e
Clz] of degree m > 1 are on the unit circle if

m—1

1
o] 2 5 3 o “
k=1
For real polynomials with roots on the unit circle, the relation between them and their
coefficients can be clarified: Let b = (by, ..., by) € R? and denote gp the polynomial
=0+ D)+ )+ by T X g

It is not difficult to see that if g € R[z] is a monic polynomial of degree 2d such that all of
its complex roots lie on S' and 1 and —1 are roots of g with even multiplicity (possibly 0),
then g = g for some b € RY. Moreover, let V; be the set of those b € R? such that all of
the roots of g, lie in S! and

Ii={(1,....r) eR . =2 <ri<m <. <ry <2},
The following proposition is Lemma 2.1.1 in [6].

Proposition 8 V; is homeomorphic to 1.

Remark 9 The homemorphism @ of Proposition 8 is given in the following way: for r =
(r1,...,rq) € I, define @ (r) to be the unique b € R4 such that

d d—i
. 1
x4 <§ (=Dioi(r1, ..., 1a) (x + ;> ) = gp(x),
i=0

where oy is taken as 1.

Example 10 The set V; is the closed interval [—2, 2]. For d = 2, we have that (by, by) =
D(r1,r2) = (—r1 —ra, r1r2 + 2) and, as @ transforms the boundary of I, in the boundary

of V,, we have that
2

b
v2={(b1,b2):2|b1|—25b25Zl+2}. ®)
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More generally, a description of the space of complex polynomials such that all of their roots
lie in S! can be given.

Definition 11 If the complex polynomial L(z) = K+ eF Vo 4 ki z + o satisfies
cy = land¢; = ¢x—; fori = 1...,k, then it is called conjugate reciprocal.

In [11], the geometry, topology and Lebesgue measure of the space of conjugate reciprocal
polynomials of fixed degree with all roots in S! is studied. To state some of their results, we
introduce the matrix X; € CK=1*k=1 py giving its /, j entry:

8+ 8k f1=<1l<k/2
[Xklij = 1 dnj ifl =k/2 (©6)
iScj—idifk/2 <1<k,

where §;, ; is the Kronecker delta and i is the imaginary unit (in [11] this matrix is normalized,
but this is unimportant for us). The key point here is that the polynomial

k—1
1) = K+ 1)+ epxt ™"

n=1

is conjugate reciprocal if and only if there exists w € R¥~! such that ¢ = X;w € CK~1,in
which case it is denoted w(x) = [(x). Define W;, as the set

Wi = {w € R¥"!: w(x) has all roots in S'}. @)
We have the following theorem which summarizes some of the results in [11]:

Theorem 12 Wy is homeomorphic to the unit ball of R~ and its boundary is the set of those
w € Wy such that A(w(x)) = 0, where A denotes the discriminant of a given polynomial.

Example 13 To describe the set W3, recall that
Afax® 4+ bx? + cx +d) = b*c? — 4ac® — 4b3d — 27a%d* + 18abcd.
Thus, we have

A(wy, wy) = A + (wy +iw2)x? + (wy — iwp)x + 1)
= w! +2wiw? + wy — 8w} + 24w w3 + 18wl 4+ 18w3 —27  (8)

and the boundary of W3 is the set {(wy, wp) € R2: A(w;, w) = 0}.

3 2-designs with 7 elements
3.1 Existence

Letay,ap,a3 € S 1" and assume that there is a 2-design X, with |X| = 7 containing them.
This is equivalent to the existence of a polynomial of degree 7

f@=2"4+c6’ 4+ +ciz+co 9
such that
i) ¢c¢ = c5 = 0 and

ii) ap, az, az are roots of f(z) and the other roots by, by, b3, bs also belong to st
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As we saw, condition i) can be replaced by ¢» = ¢; = 0 and, moreover, these two conditions
are equivalent if we assume ii) to be true. Taking this into account, we try to obtain the
coefficients of such f(z).

Let 01, 02, 03 be the symmetric functions of aj, az, a3 and write

3 4
f@=]]e=a) [Je—b) = @012 +022-03)(c* =612’ +622° —G32+634), (10)
i=1 i=1
where a1, 02, 03, 04 are the symmetric functions of by, by, b3, by. To obtain the 6;’s we
impose ¢ = ¢5 = ¢ = ¢; = 0. By calculating the product of the two polynomials in the
right-hand side of (10) and equating to zero the coefficients of 7%, 72°, 72 and z, we come to

6] = —0y (11)

0y = —010] — 0p = (712 — o0 (12)
and to the system

0263 + 0164 = —03(0} — 02) (13)

0303 + 0704 = 0

Assuming that 022 — o301 # 0, we obtain

2 2(,2
- o302(0f —o2) . o3(of —02)
Gy=—— g, Gh= oy (14)
0; — 0103 0y — 0103
Thus we have obtained the following proposition, to be generalized in Sect. 4.
Proposition 14 Let ay, ay, a3 € SY such that 022 — o301 # 0.
i) If the roots by, by, b3, bs of the polynomial
2 22
0302(0f —0o2)  o5(0f —02)
G(2) =" +012 + (0f —02)2" + —5— 7+ 21 (15)
0; — 0103 0y, — 0103

are unit-norm complex numbers then the set X = {ay, ax.as, by, by, bz, ba} is the unique
spherical 2-design with 7 elements that contains ay, az, as.

ii) If some root of G(z) does not belong to S' then there is not a spherical 2-design with 7
elements containing ay, az, as.

Remark 15 Note that the condition on the polynomial G(z) is actually a condition on
ai, az, az. We specify this in Definition 25 below.

Now, we can apply the results of Sect. 2 to establish when our 2-design actually exists.
Surprisingly, the polynomial G (z) turns out to be self-inversive with no further conditions
on the numbers a;, ax, a3 € S' (this is easy to check using 0,03 = o7 and |o3]| = 1, see
Proposition 31 below for the general case), so we apply Proposition 6 to G’(z) in order to
satisfy the second condition of Theorem 5.

Corollary 16 Let aj, az, a3z € SY such that 022 — 0301 # 0 and G (z) the polynomial defined
in Eq.(15). In the following cases there exists a 2-design containing them.

1. If 20307 # 30’1(0’22 —o0301), 0 < |op| < % and |301022 —301203 —20203| < 8 —

9 5
§|01|2 — |40103 — 5022 .

2
of — o2

€ D.
2

2. If20307 = 307 (022 — 0301) and %O‘],
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3. If|o1| < a, where a is the real root of the polynomial 3x3 +10x2 +6x —8 (a =~ 0.60712).
Proof The first two cases follow from applying Proposition 6 to

P—0r  o300(0f — o)

1 3 o
-G =+ >0+ z ,
s 4 2 4(03 — o103)

using the fact that |C’12 —o| = |022 — o103]|, which follows from 032 (012 — o) = 022 — 0103

(note also that the case o1 = 01is excluded because, due to 6203 = o7, it would implies oo = 0
and then 022 — 0301 = 0). The condition of the third case is stronger than the two previous
ones. If 203072 # 30 (022 —0301), apply triangle inequality and, if 20307 = 307 (022 —0301),
the two inequalities follows. O
Remark 17 For arbitrary ¢, we will define a general polynomial G ; (see Definition 25 below)
so that G(z) = G32(z2) and obtain a general condition implying that all of its roots are in
the unit circle (see Corollary 32). Nevertheless, in the case t = 2, the conditions given by
Corollary 16 are more accurate.

We can use Example 10 to give a family of examples of 2-designs.
Example 18 Let zo € S' and set
a; =1, a» = z0, a3 = 20-
We want to find out when there is a 2-design containing 1, zg, zg. We have
o1 =0y =142N(z0), 03 =1,
then 022 — o103 # 0ifand only if zg # £i and zg # —% + i?, in order to be able to define

the polynomial in (15), we discard these cases.
Thus, we need to check when the polynomial

Go(z) = z* + (1 + 2% (20)2° + 2R (z0) (1 + 2R (z0))2* + (1 + 2% (zo))z + 1 (16)

has all of its roots in S!. Note first that 1 is not a root of G, because in that case i (z0) ¢ R,
and if —1 is a root, has multiplicity 2. By (5), taking b1 = 1 + 20 (z0) and by = 290 (z0)(1 +
29 (z0)), we have that G(z) has all of its roots in S if and only if N (zo) belongs to the set

[veRi2pr+11-2 2 20@r+ 1) = B 4o} = [21505 o] U [4, =5/B ]

As 71%@ ~ —1,0485 and zo € S!, we conclude that G (z) has all of its roots in S' if and
only if R(zo) € [—1, —%) U (—% 0)U [% _]+T‘/278]. We depict, for some particular values of
20, the corresponding 2-designs in Fig. 1. The grey points are the roots of the corresponding
Go(2).

2

Remark 19 Notice that, in the previous example, the condition oy — 0103 = 0 implies that
our three input points are either the cubic roots of the unity or three of the four quartic roots
of the unity. Therefore, in both cases there exists an infinite number of group-type 2-designs
containing them. It is also worth noticing that the cases zo = —1 and z9 = 1 both correspond
to the group-type 2-design given by the union of the quartic roots of 1 and the cubic roots of
—1. Here —1 belongs to both sets of roots.

Remark 20 If we would have applied Corollary 16 to work this example, we would have
obtained that for N (zg) € (—1, —%) U (—%, 0) there exists a 2-design containing 1, zo, 20,
that is, a less precise condition.
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0

20

20
R(20) = — 15 R(20) = — 15 R(z0) =

Fig. 1 Examples of 2-designs

[SH[S)

3.2 Characterization of 2-designs

We would like to give a reciprocal statement to Proposition 14: Does any 2-design with 7
elements can be obtained in this way? To answer to this question we need the following
lemmas.

Lemmal Letaj,as,az € S' such that 022 — 0301 = 0. Then one of the following is true:
i) ay, az, az are the cubic roots of a unit-norm complex number, or

ii) some pair of the a;’s are opposite.

Proof As the polynomial

3
[[c—a)=2"—012 + 02z — 03
i=1

is self inversive, we have 5703 = 05 and |o3| = 1. Then |o1|? = |02|? = |0y, thatis |oy| = 0

or |o1] = 1. If |o1| = 0 we have o1 = 02 = 0 and then ay, a2, a3 are the cubic roots of 3.
On the other hand, if |o1| = 1, we have 03 = 010103 = 0107 and then ay, a», a3 are the
roots of

2~ + oz — o100 = (2 — o) (@ + ) (17
which implies ii). O

Lemma2 Let X be a finite subset of S' such that |X| > 3 and for any three distinct points
inX, 022 — o301 = 0, where 01, 02, 03 are the corresponding symmetric functions. Then one
the following options is true:

(i) |X| = 3 and the elements of X are the cubic roots of a unit-norm complex number, or
(ii) |X| = 4 and the elements of X are the quartic roots of a unit-norm complex number.

Proof If there exists aj, az, az distinct elements of X such that o1 = 0, then, by Lemma 1,
they are the cubic roots of o3 and, moreover, there are not other (distinct) elements in X. In
fact, let a4 € X such that as # a;, i = 1,2,3. Applying Lemma 1 to ay, as, as we have
that as = —aj oras = —ap. If as = —ay apply Lemma 1 to a3, az, a4 and get a; = ap or
a; = as, a contradiction. Similarly if a4 = —ay. We conclude that aj, as, a3 are the only
distinct elements of X.

So, we are left with the case of |o| = 1: take three distinct points, they are the roots of a
polynomial as in (17). As we have oy = 012, any other distinct point in X must be equal to

—o so the elements of X are the roots of z* — af . O
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Corollary 21 Let X be a spherical 2-design with 7 elements, and at least five of them are
distinct. Then there exists three elements of X such that 022 — o301 # 0, where o1, 03, 03 are
the corresponding symmetric functions.

Now we can apply Proposition 14 to obtain our characterization result.

Proposition 22 Let X a 2-design with 7 elements, and at least five of them distinct. Then
there exist ay, ar, a3 € X such that X = {ay, a>.a3, by, ba, b3, by} where by, by, bz, by are
the roots of the polynomial G(z) defined in (15) and o1, 02, 03 are the symmetric functions
ofai, az, a.

3.3 Group-type 2-designs

What can be said about group-type 2-designs under this point of view? To answer that
question, first note the following fact, whose proof is evident.

Proposition 23 A spherical 2-design of 7 elements is of group-type if and only if it is given
by the roots of a polynomial of the shape

f@) =7 +at+B +y (18)
where one of the following options holds:
i) a,f e S and y = ap.
ii) o =B=0andy € S'.

We would like to describe group-type 7-designs in terms of symmetric functions. The
following proposition shows that this is possible.

Proposition 24 Let ay, az, a3 € S such that 022 — o301 # 0. If 03 = 0207 then there is a
spherical 2-design X containing ay, az, a3. Moreover, X is a group-type 2-design.

Proof We know by Proposition 14 that if there is a 2-design with 7 elements containing
ay, az, az, their other four elements must be the roots of the polynomial G(z) in equation
(15), provided that all of them are in § ! Instead of finding this out, we make the product

2 2.2
o302(0{ —02)  o3(0f —02)
[ = @ -012+022-03) (z4 +012° + (of — o2 + L 7+ 21

022 — 0103 022 — 0103
(19)
and show that f(z) satisfies the first condition on Proposition 23.
First, observe that, due to ay, az, a3 € S!. we have o103 = 02, which, together with our
assumption, gives
lo11%02 = 05.

If oo = Othen oy = O (because |03| = 1), which would imply 022 —o301 = 0, acontradiction.
So |o1| = |oz| = 1. We also have,

2 2
05y — 0103 = 02(02 — 07)
and then

f@) =@ — 0122 + oz —0100)(@* + 012 + (0} — 02)22 — 0100z — 0f o)) =

O
= z7 - 01314 — 022z3 +01302.
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2572 F. N. Martinez

Alternatively, we can combine Propositions 23, 14 and 22 to obtain necessary and sufficient
conditions for 2-design with 7 elements to be of group-type . In fact, both two cases in
Proposition 23 applied to the polynomial

2 2.2
(& — 012> + 02z — 03) <z4 o1+ (oF — o + 0302(01 02)Z G 501 02)
05 — 0103 05 — 0103
(20)
turn out in algebraic and norm conditions on the o;’s, though these conditions will be rather
cumbersome. In Sect. 5 further tools to understand the space of 7-designs in the o -space will

be given.

4 Spherical t-designs in R?
4.1 Existence

In this section we generalize the principal results obtained for the case t+ = 2. To state our
main theorem we need the following definition.

Definition 25 Let 7, k be positive integer numbers. Let ay, ..., ax € Sland oy, ..., oy their
corresponding symmetric functions. We say that aj, ..., a; are in t-good position if the
following two conditions hold:

i) The determinant Ay ; = Ag ;(o1, ..., ok) of the matrix
[ ok—1 Ok—2 Ok—3 ... Ok—i+1 Ok—
Ok Ok—1 Ok—=2 - .. Ok—i+42 Ok—t+1
0 ok Ok—1...0k—1+3 Ok—142 et
T = 0 0 Or ...O0k—144 Ok—143 | € C 2D
L 0 0 ... 0 ox Ok—1

is non-zero. Here o; is taken as zero if i < 0.
ii) All of the roots of the polynomial

Gii(@) =" = N 4 T — o =Gyt Gy (22)

lie in S!, where the coefficients &; are defined as follows: fori = 1, ..., they satisfy
the recursion formula

i—1 ~

01 = —oy and 0; =—a,-—zj:1crjai_j fori =2,...,t (23)
while, fori = ¢+ 1, ..., 2¢, they are obtained as the unique solutions of the system
Or+1 —0%0;
G142 0
Tooo| . =] . (24)
62[ O

Example 26 For any t the matrix 77, is singular, so one single point is never in ¢-good
position.
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Symmetric functions and spherical t-designs in R2 2573

Example 27 Equations (11),(12) and (14) give the expressions for the 6;'s if t = 2, k = 3
and ay, az, az € S' are such that Azp = 022 — 0103 # 0. The polynomial G3 2(z) is equal
to the polynomial G(z) in (15).

Example 28 Set t = 3 and k = 4. The expressions for g; are, fori = 1,2,3 :

51 = —01, &2 = —0p + 0}, 653 = —03 + 20102 — 7.

Assuming A4 3 = 033 — 2070304 + 01 042 # 0, we can solve the system

03 07 O] 04 —0403
o40307 || 05 | = 0
0 o4 03 06 0
to obtain
5 04(03 — 20102 + 07) (0} — 04072)
4 = )
A4
5 —0'363(03—20’10’24—013)
5= s
A4
3 2 3
. 03(03 — 20102 +07)
06 = .

Ay3
Our main theorem below, allows to find a #-design with 2¢ 4 k elements, given k points
in #-good position.
Theorem 29 For k complex numbers in S in t-good position, there is an unique t-design X

containing them with | X| = k + 2t.

Proof Assume thatay, ..., a; € S! are in t-good position and let
k k
L) =[[c-a)=2"+) (=Dt (25)
i=1 i=1
By hypothesis, the set X of the roots of the polynomial

n
LGri(2) ="+ ) enit" ™,
i=1

where n = k + 2, is a subset of S'. Thus, to show that X is a spherical ¢-design it only
suffices to check that ¢, = ¢,_2» = --+- = ¢;,—; = 0 and this is clear for the construction
of the coefficients of Gy ;(z).

The unicity also follows from the construction of Gy ;(z) because, if ay, .. ., ax belongs
to a spherical #-design X with n = k + 2t elements, and {by, ..., b,—x} = X \ {ay, ..., ar}
then the b;’s are the roots of a polynomial

2t
HE) =2+ (=Digiz*
i=1
where the ¢;’s are the symmetric functions of by, ..., b,_. Being X a spherical ¢-design,
the polynomial

LQH@) ="+ ) dpi?"™",

i=1
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must satisfy d,_; = d; = 0,i = 1,...,t and this implies that ¢; = ¢; fori = 1,...,2t,
where the ¢;’s are as in Definition 25. Thus, by, ..., b, are the roots of G ;(z) = H(z).O

Remark 30 Assume t > 2. From Theorems 29 and 3 we conclude that if 2 points in S!are in
t-good position then there exists a unique group-type #-design (the union of two ¢ + 1-gons)
containing them.

In order to construct z-designs, we need to decide, for kK complex numbers in S I such that
Ag+ # 0, whether the polynomial Gy ;(z) have all of its roots in S!. This can be done using
Theorem 5. Unexpectedly, Gy ;(z) satisfies the first one of the conditions of the theorem if
k>t+1.

Proposition 31 Let t, k be positive integers such thatk > t + 1. If ay, ..., a; € sl satisfy
that Ax,; # 0, then the polynomial Gy ;(2) is self-inversive.

Proof As Gy (z)is monic, we need to show that the constant term &, is a unit-norm complex

number and that 65,;6; = 65,_;, fori = 1, ..., t. Note that, by Cramer’s rule,

. (=D'o}6;

6y = ——KL (26)

Akt

As |ox| = 1, it is enough to prove that |6;| = | Ak ;|. We will show that, for any 7,

0t Ak = (=1)'6y, (27)
which implies the previous assertion. Observe that, if t = 1, oy Ay, 1 = op0k—1 = 01 = —0]
and that if r = 2, oszkg = okz(akz_1 — 0}0)_p) = 012 — 02 = 0. So, suppose that r > 3

and that (27) is true for lower values of . We can express A ; as

-2
Apy = Z(—l)'_lafl(fkfiAk,zfi + (=120} (Ok—1410k—1 — Ok—10%). (28)
i=1

Then,

t—2
oA =Y (=)ol A + (=) 0 (0k—1410k—1 — 0k—10%) =
i=1
t—2
=Y =D (=)' (1) o101 — 0y) =

i=1

t—2
=(-1)' (— Y 0i6i-i — 01-161 — a,) = (=16

i=1

We now prove that .
026; = G2—i, (29)

fori=1,...,t—1.1Ifi =1,

_ —1~
(=1’ lffkflali Ot

Ak,

02,01 = —02,0] =
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and this is easily seen to be equal to 67,1 using, again, Cramer’s rule. Now, take 1 < i < ¢—1
and assume that 62,6 ; = 62, holds for j < i. By (24) we have that

i
Z Ok—j02—(i—j) = 0.
=0
Thus,
Ok02—i = — kafﬁzt—(i—_/) =- Zo'kfj&Zt&ifj,
=1 j=1
and we finally obtain
i i

Go—i = —0 E 0kO—j0i—j = —02 E 0jGi_j = 020;.
= =1

The only thing left to prove to conclude is 62,6, = &, but this is straightforward, because
we have 63, Ay, = (—1)'0/6; and from (27) it follows easily that

Ay = (=1)'oj6; (30)
which finishes the proof. O
Finding under what conditions on aj, ..., a; the polynomial Gy ;(z) satisfies the second

condition of Cohn’ Theorem could be a difficult task and we do not have at our disposal a
result as Corollary 16 for ¢ > 2. Instead of that, we can apply Theorem 7 to arrive to sufficient
conditions for the existence of ¢-designs.

Corollary 32 Let t, k be positive integers such thatk >t + 1. Ifay, . .., ax € S' satisfy that
Ak # 0, and that
-1
> 216 + 161 < 2 (31)
i=1
then ay, ..., ax are in t-good position. Consequently, Theorem 29 guarantees the existence

and unicity of a t-design X, with | X| = k 4 2t, containing them.

Proof As we saw, |67;] = 1 and G26; = 69— fori = 1,...,t — 1, which implies that
|6i] = |62—i| fori =1, ...,t — 1. Then, Theorem 7 applied to the monic polynomial Gy ;
gives the result. O

Example 33 Applying Corollary 32 to the case t = 2, k = 3, we obtain that the condition
2lo1| + Jof — o <2 (32)

assures the existence and unicity of a 2-design containing a;, a2, a3 € S' such that 022 —
o103 # 0. If we set a; = z0, a2 = Zp and az = 1 with zo € S! we obtain the existence of

f

2-designs for 1 —0, 78077 < M(z0) < —3. This comes from solving the equation

211 + 20z0] + (1 + 2%z0)% — (1 + 2%z0)| < 2.

Compare this with Example 18 and with Remark 20.
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Z0
Z0
21
21
1 _ 3 _ _ 9
R(z0) = 5, R(21) = —3 R(z0) =0, R(21) = 55

Fig.2 Examples of 3-designs

Example 34 1In this example, we construct a family of 3-designs in a similar fashion than we
did in Example 18. In order to apply Corollary 32, we must take 4 points in S' such that
A43 #0.

Letzo, 71 € S! and set

ay =20, a2 =70, a3 =21, a4 = 71.
We have

o1 =03 =2(N(z0) +N(z1)), 02 =2+ 2(N(z021) + N(2021)), 04 = 1.

Based on Example 28, we obtain the expressions for the 6;'s. We put zg = ¢!% and z; = /%

so that N (zg) = cos Gy and N(z1) = cosH; and we obtain:
61 = G5 = —2(cos by + cos0), G2 = G4 = 4cos? Oy + 4cos? 0] + 4cosbycost) —2, Gg = 1.
whereas

Ay3 = —03 = 2(cos by + cos ) (4 cos? 6o + 4 cos? 01 —3)

Notice that we could obtain, through Proposition 8 conditions for G4 3(z) = Z?:o (—DiGiz% e
R[z] to have all of its roots lying in S', however this will lead us to too many calculations.
Moreover, even an application of Corollary 32 in the general case would carry too much
work to obtain a condition on 8y and 6. So, instead of doing that, we put 6y = % and look
for those 0; such that condition (31) holds. This will give us a family of 3-designs. Writing

0 instead of 61, condition (31) is equivalent to

[1+2cosf| + |400529+2c0s0 —1]+]1 +2c059||200329 -1 <1 33)

which holds for —0.82948... < cosd < —0.61803.... Then, for the corresponding values of
0, we can assure the existence of 3-designs. The corresponding design for cos0; = —% is
depicted in Fig. 2 on the left. As in Example 33, conditions for existence are not sharp: on
the right of Fig. 2 there is a 3-design whose existence is not provided by the calculations in

this example, but obtained in the same fashion.
It is clear that a rotation applied to all elements of a #-design gives another ¢-design. So, we

expect our method for constructing -designs from a subset of S' will produce a consistent
result if we rotate that subset.
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Proposition 35 Let ay, ..., ax be in t-good position and X the t-design containing them. If
0 € R then ¢'%ay, ..., e%ay are in t-good position and the corresponding t-design Xy is
obtained from X by a rotation in the angle 6.

Proof We claim that the coefficient of z/ of the polynomial G ; (z) is a homogeneous function

of degree 2t — j when considered as a function on ay, ..., a;. Thus, denoting G¢(z) the
corresponding polynomial for e/?ay, ..., e!%a;, we have that Gg(z) = €*YGy,(e797).
Then, the roots of Gy are of the form ¢!’ b where b is a root of Gy ;.

We now prove the claim. For j = 1,...,¢, it is clear by definition (cf.(23)) that the
symmetric functions ¢; are homogeneous of degree j. For j =1+ 1, ..., 2t, note first that
Ay ; is homogeneous of degree tk — ¢ (considered as a function on ay, . .., ax). In fact, from

(27), we easily obtain Ag; = (—1)’o,§oTt (note that this also implies that Ag; # 0 when
applied to élay, ..., eieak).

Now, from (26), 67, is homogeneous of degree tk + t — (tk — t) = 2t and finally, (29)
concludes the proof. O

It would be nice to have a result like Proposition 22 in the general case. Even in the case
t = 3, k = 4 itis not clear what implies for 4 points in St to satisfy Ay 3 = 033 — 2070304 +
01042 = 0. In particular, any 4 of the quintic roots of a unit-norm complex number fulfill this
condition and it is clear that they belong to an infinite number of 3-designs with 10 elements.
Nevertheless, we believe that the following statement is true:

Conjecture 36 Every t-design of 2t + k elements can be obtained from k points in t-good
position using the methods developed here.

4.2 Group-type t-designs

In the general case, it is also possible to describe group-type spherical #-designs in the o-
space. We focus on the case k = ¢ + 1. The following proposition generalizes Proposition
24,

Proposition37 Letk =t + land ay, ..., a; € S' such that Ay, # 0. If oy = 010%—1 and
o =0fori 21, k—1,kthenay,...,arareint-good position and the t-design containing
them is of group-type.

Proof As before, o), = oj0y_ isequivalentto |o7| = |ox—1| = 1. Then, it is enough to show
that
L@Gr (@) = (% — o) = o),

where L(z) is as in (25). In this case
L) = =o'+ (=D o1z + (= Droror.
In order to calculate Gy ;, we use (23) to obtain
6; = (=1'of, (34)

fori =1,...,t—1and
o = (—1)’01’ — Ok—1. (35)

From (30) and (35) we obtain that in this case

t+1 _t _t—1 t
A = (=1) * 010} _1 T 0p_1»
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Ot —1
thus —— = ——; and we have that
kt 03
~ ~ = (_l)tatdtT — i —i
Gi = 6201 = — 5 = (=) ol oy (36)
Ak
fori =0,...,¢t — 1. Finally, we have
1—1 2t
Gk,t — Zo_llZZt—l + (o_lt + (_1)t+lo_k_1)zt + (_l)t—l Z Uiak—lzzt_l
i=0 i=t+1
and performing the product we arrive at the desired result. O

Moreover, we can obtain others group-type ¢-designs in a similar fashion. Observe that due
to k = t + 1, the obtained #-design X is such that |X| = 3¢ 4 1 then X is the union of, at
most, two n-gons. In the case of Proposition 37, we get the union of a 27-gon and a t + 1-gon,
but we get other combinations if we ask additional algebraic conditions on the ¢’s, as the
following examples shows.

Example 38 If we take k = 5 and r = 4 and we ask the conditions 01 = o4 = 0 and
05 = 0203 We get
L@)Gs4(2) = () +0303)(° — o).

that is, the 4-design obtained is the union of a hexagon and a heptagon.

Example 39 If we take k = 4 and ¢ = 3 and we ask the conditions o4 = 0703, 012 = o5 and
03 = 0102 We get
L(2)Ga3(2) = (2° + 0 on)?,

that is, the 3-design obtained is a pentagon with all points repeated twice.

It would be interesting to have a result describing the general pattern for obtaining group-type
t-designs for general k and ¢.

5 The space of t-designs

To finish this article, we would like to discuss how ¢-designs in R? could be understood
as elements of a subset lying in a bigger space. Our results show that when conditions are
imposed on the symmetric functions of complex numbers in S! instead of on the numbers
themselves, the existence (or the non-existence) of a ¢-design and the condition to be of
group-type becomes clearer than it would be if we simply analyzed the given finite subset of
st

It is known (see, for instance [12, Appendix V]) that, if we denote < aj,...,ar > a
k-uple in C* without regarding the ordering of the elements, the k-th symmetric power of C

(C/S‘ymz{<a1,...,ak >:ay,...,a; € C},

is in bijective correspondence with C* by means of the mapping % : (C’;ym — Ck given by

Y(<at,...,ar >) = (o1(ay,...,ar),...,ox(ay,...,ar)).

Moreover, the space (C’S‘ym can be realized as a analytic variety and the mapping ¥ is holomor-

phic. This shows that one can work indistinctly in the set of unordered k-uples of complex
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numbers or in the o —space. Nevertheless, it is not that clear what the rank of the mapping
¥ is if instead we consider unordered k-uples of elements in S'.
We can obtain a more suitable insight applying Theorem 12, considering each ¢-design

being parametrized by an element of (nym or, equivalently, by the k-uple (o1, ..., o).
Definition40 Leto = (01, ..., 0r—1) € Ck~1 and X, Wy as in equations (6), (7), respec-

tively. We say that o is z-compatible if

L Aci(o1, .. 0pm1, (=DF) #0
2. (—Dlo; = Xpw, w € Wg.

We call the set of all r-compatible o, the ¢-compatible space.
Observe that the 7-compatible space can be described by means of the set Wy.

Proposition 41 For every set {ay, ..., ax} of points in S' in t-good position, there exists a o
in the t-compatible space.

Proof Letay, ..., ax in t-good position. By Proposition 35, we can rotate them in order that
the resulting set is also in good position and satisfies o = (—1)¥, where we denote also by
o; the simmetric functions of the rotated points. Thus, the polynomial zX — o z<~! 4 ... +
(=D lop_1z+ 11s conjugate reciprocal and all of its roots are in the unit cicle, that is,
(=Dio; = Xjw for some w € W. m]

Using Proposition 22 we obtain a nice description of the space of 2-designs with 7 elements.

Corollary 42 For every 2-design with 7 elements such that at least five of them are distinct,
we have a o = (01, 01) in the 2-compatible space.

To give a description of the space of 2-designs with 7 elements we first need to find all oy € C
such that ¢ = (o1, g1) is 2-compatible, that is, to find all (wy, w2) € W3, so we consider the
polynomial

P01 +o1z+ =2+ (i +iwn)z® + (wi —iwy)z + L.
Since 01 = —w; — iwy, we consider A(—wj, —wy) = 0 (cf. eq.(8)) as the boundary of the
set of (w1, wy) such that the corresponding o are compatible.

— The condition A3 » = 0is 712+01 = 0, which happensifand only if o1 € {0, 1, %i?},
so we exclude these points.

— By Proposition 24, the equation 03 = 010, corresponds to group-type 2-designs, in this
case this is equivalent to |o7| = 1.

— Finally, in Corollary 16, item 3, we saw that for every o with |o1| < o, o >~ 0.60712,
we obtain a 2-design.

These considerations are reflected in Fig. 3, draw in the w-space. The interior of the curve
corresponds to the set of compatible o, and the shaded regions correspond to actual 2-designs.
Note that there may be other 2-designs besides these ones (see Corollary 16, items 1 and 2).
We also note that different points in this picture could give raise to the same 2-design. To
elucidate this appropriately, we have to decide for what values of o} the polynomial

—2 2 2 | =
o1” + oo o + 01
@ - =Gz + 1) (244—01234—(012—1—01)124- ! lo1l7on 4+ )

G712 + 0 G712 + 0

=7 + 6324 + C423 + co
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2.5

15

3.5

Fig.3 The space of 2-designs of 7 elements

Fig.4 The 2-design whose
elements are the zeroes of
z7+%z4+%z3+1

is the same one. As ¢4 = c(c3, it suffices to see for what values of compatible o

2, = —2 2

o + 0] o1” + |o1|7o1

1
27260,27—013—2@@—1—1:03
o1” + 01 o1” + o1

remain equal. For instance, for the values %, #gm ~ (0.09164 and #gm ~ —2.425
of o1 we obtain the same 2-design, that is depicted in Fig. 4.

This discussion also helps to clarify the question raised in Sect. 3.3: which are all the
group-type 2-designs with 7 elements? Solving c3cq4 = co we obtain |o1| = 1 plus a finite
number of points and solving ¢3 = ¢4 = 0 also gives a finite number of points. This illustrates
Theorem 3ii) in this case.

@ Springer



Symmetric functions and spherical t-designs in R2 2581

Acknowledgements The author would like to thank Professor Patricia Morillas (Departamento de Matematica,
Universidad Nacional de San Luis-CONICET) for suggesting the present research subject and for many useful
discussions that helped him to clarify the ideas and concepts developed in this article. This research did not
receive any specific grant from funding agencies in the public, commercial, or not-for-profit sectors.

References

. Bannai E., Bannai E.: A survey on spherical designs and algebraic combinatorics on spheres. Eur. J.

Comb. 30, 1392-1425 (2009).

Benedetto J.J., Fickus V.: Finite normalized tight frames. Adv. Comput. Math. 18, 357-385 (2003).
Cohn A.: Uber die anzahl der wurzeln einer algebraischen gleichung in einem kreise. Math. Z. 14(1),
110-148 (1922).

Conway J.B.: Functions of One Complex Variable. Graduate Texts in Mathematics, vol. 11. Springer,
New York (1973).

Delsarte P., Goethals J.M., Seidel J.J.: Spherical codes and designs. Geom. Dedicata. 6, 363-388 (1977).
DiPippo S.A., Howe E.W.: Real polynomials with all roots on the unit circle and abelian varieties over
finite fields. J. Numb. Theory 73, 426450 (1998).

Heineken S.B., Morillas PM., Tarazaga P.: Balanced frames: a useful tool in signal processing with good
properties. Results Math. 75(4), 152 (2020).

Hong Y.: On spherical t-designs in R2. Eur. I. Comb. 3(3), 255-258 (1982).

Lakatos P., Losonczi L.: Self-inversive polynomials whose zeros are on the unit circle. Publ. Math.
Debrecen 65(3—4), 409-420 (2004).

Lakatos P., Losonczi L.: Polynomials with all zeros on the unit circle. Acta Math. Hung. 125(4), 341-356
(2009).

. Petersen C.D., Sinclair K.L.: Conjugate reciprocal polynomials with all roots on the unit circle. Can. J.

Math. 60, 1149-1167 (2008).
Whitney H.: Complex Analytic Varieties. Addison-Wesley Publishing Co., Reading, MA (1972).

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer



	Symmetric functions and spherical t-designs in mathbbR2-.4
	Abstract
	1 Introduction
	2 Polynomials with roots on the unit circle
	3 2-designs with 7 elements
	3.1 Existence
	3.2 Characterization of 2-designs
	3.3 Group-type 2-designs

	4 Spherical t-designs in mathbbR2
	4.1 Existence
	4.2 Group-type t-designs

	5 The space of t-designs
	Acknowledgements
	References




