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Abstract

In this paper, using additive characters of finite field, we find a codebook which is equiva-
lent to the measurement matrix in Mohades et al. (IEEE Signal Process Lett 21(7):839-843,
2014). The advantage of our construction is that it can be generalized naturally to construct
the other five classes of codebooks using additive and multiplicative characters of finite field.
We determine the maximum cross-correlation amplitude of these codebooks by the proper-
ties of characters and character sums. We prove that all the codebooks we constructed are
asymptotically optimal with respect to the Welch bound. The parameters of these codebooks
are new.
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1 Introduction

An (N, K) codebook C = {¢p, €1, ..., ¢y—1}isasetof N unit-norm complex vectors ¢; € CcK
over an alphabet A, wherei = 0, 1,..., N — 1. The size of A is called the alphabet size of
C. As a performance measure of a codebook in practical applications, the maximum cross-
correlation magnitude of an (N, K) codebook C is defined by
Inax(©) = | max__ leic]],

where ¢!/ denotes the conjugate transpose of the complex vector ¢ . To evaluate an (N, K)
codebook C, it is important to find the minimum achievable 7,4, (C) or its lower bound. The
Welch bound [27] provides a well-known lower bound on 7,4, (C),

| N—K
Imax(c) = IW = m

The equality holds if and only if for all pairs of (i, j) withi # j

N-K
leief| = [ ———.
(N— DK

A codebook C achieving the Welch bound equality is called a maximum-Welch-bound-
equality (MWBE) codebook [24] or an equiangular tight frame [14]. MWBE codebooks are
employed in various applications including code-division multiple-access(CDMA) commu-
nication systems [20], communications [24], combinatorial designs [3,4,29], packing [2],
compressed sensing [1], coding theory [5] and quantum computing [23]. To our knowledge,
only the following MWBE codebooks are presented as follows:

e (N, N) orthogonal MWBE codebooks for any N > 1 [24,29];

e (N,N — 1) MWBE codebooks for N > 1 based on discrete Fourier transformation
matrices [24,29] or m-sequences [24];

e (N, K) MWBE codebooks from conference matrices [2,25], where N = 2K = 241
for a positive integer d or N = 2K = p? 4 1 for an odd prime p and a positive integer
d;

e (N, K) MWBE codebooks based on (N, K, A) difference sets in cyclic groups [29] and
abelian groups [3,4];

e (N, K) MWBE codebooks from (2, k, v)-Steiner systems [7];

e (N, K) MWBE codebooks depended on graph theory and finite geometries [6,8,9,22].

The construction of an MWBE codebook is known to be very hard in general, and
the known classes of MWBE codebooks only exist for very restrictive N and K. Many
researches have been done instead to construct asymptotically optimal codebooks, i.e., code-
book C whose 1,4, (C) asymptotically achieves the Welch bound. In [24], Sarwate gave some
asymptotically optimal codebooks from codes and signal sets. As an extension of the opti-
mal codebooks based on difference sets, various types of asymptotically optimal codebooks
based on almost difference sets, relative difference sets and cyclotomic classes were pro-
posed, see [3,13,31-33]. Asymptotically optimal codebooks constructed from binary row
selection sequences were presented in [12,30]. In [10,11,17-19], some asymptotically opti-
mal codebooks were constructed via Jacobi sums and hyper Eisenstein sum.

In [21], the authors combined a Reed—Solomon generator matrix with itself by the tensor
product and employed this generated matrix to construct a complex measurement matrix.
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Six constructions of asymptotically optimal codebooks 1141

They proved that this matrix is asymptotically optimal according to the Welch bound. In
this paper, we find a codebook which is equivalent to the measurement matrix in [21]. The
codebook is actually the first construction in Sect. 3, using additive characters of finite field.
The advantage of our construction is that it can be generalized naturally to construct the
other five classes of codebooks using additive and multiplicative characters of finite field.
We determine the maximum cross-correlation amplitude of these codebooks by the properties
of characters and character sums. All of these codebooks we constructed are asymptotically
optimal according to the Welch bound. As a comparison, in Table 1, we list the parameters
of some known classes of asymptotically optimal codebooks and those of the new ones.

This paper is organized as follows. In Sect. 2, we recall some notations and basic results
which will be needed in our discussion. In Sect. 3, we present our six constructions of
asymptotically optimal codebooks. In Sect. 4, we derive another family of codebooks, which
are also asymptotically optimal. In Sect. 5, we conclude this paper.

2 Preliminaries

In this section, we introduce some basic results on characters and character sums over finite
fields, which will play important roles in the constructions of codebooks.

In this paper, we set g be a power of a prime p, and [F; be a finite field with g elements.
For a set E, #E denotes the cardinality of E.

2.1 Characters over finite fields

Let F, be a finite field. In this subsection, we recall the definitions of the additive and

multiplicative characters of .

Foreacha € I, an additive character of I, is defined by the function x, (x) = ;Tr’” r (M)

where ¢ is a primitive p-th root of complex unity and Tr,,,(-) is the trace function from
F, to ). By the definition, x,(x) = xi(ax). When a = 0, we call y the trivial addmve
character of F;. When a = 1, we call x; the canonical additive character of IF,,. Let ]F be
the set of all addltlve characters of . The orthogonal relation of additive characters (sce
[16]) is given by

_Jgq,ifa=0,

Z Xa(X) = {O, otherwise.
xely,

Asin [16], the multiplicative characters of IF, is defined as follows. For j =0, 1, ..., ¢ —2,
the functions ¢; defined by

pj@)=¢

are all the multiplicative characters of IF,, where « is a primitive element of ]FZ, and0 <i <
qg —2.If j = 0, we have gp(x) = 1 for any x € F, ¢ is called the trivial multiplicative

character of IF;. Let ]TTE be the set of all the multiplicative characters of Fy.
Let ¢ be a multiplicative character of ;. The orthogonal relation of multiplicative char-
acters (see [16]) is given by

_Ja—1ifp =90,
Z plx) = {0, otherwise.

*
xe]Fq
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Table 1 The parameters of codebooks asymptotically meeting the Welch bound
Parameters (N, K) Imax References
( noK — L_l n n/2 1 (p+1)pn/2 12
r, —zp(p +pM)+ 1 29K [12]
with odd p
-2 . 1
(g% U5, g = p* with odd p = 31]
(q(q +4), ety 4 i a prime P [15]
power
(q. %), q is a prime power ‘qqul [15]
(0" — 1, 2571 with odd p S [30]
@ +q"= ' =1,¢""Yforanyl > 2 qll_l 133]
— — N k+1
(g — ¥ + g%, g*=1), for any P (1]
k>2andg >4 4
k g1
(g — D+ K, K), forany k > 2, e [11]
where K = =D D
q
/gsn+1
((qsfl)n+K,K),foranys>l M’IW [17]
and n > 1, where
_ (qs‘_l)n+(_l)n+l
k===
/gsn+1
((q* = D" +¢*"=1,g*"=1), for any T [17]
s>landn > 1
(r=1) t s Jr
(-1 L5, r=p.qg=r, =5 [28]
with odd p and p £ s Vat/r=D
Hr—1 ¢ 1
(q7, TR = plg =1, Gyt [28]
with odd p
(@%.¢% and (> + ¢%.¢%). g isa i This paper
prime power
((q — 1)512s (g — Dg) and q%l This paper
(@* = 1.(¢ = D). g is a prime
power
((q 3 g2, (g — %) ar%d . (q_%)z This paper
(@7 =2¢+1,(g—1").qisa
prime power
(g - 1)23, (g — 1)?) and ﬁ This paper
@ —g*—q+1.(@—1.qisa
prime power
(@ 5 1)23, (g —1)(g —2)) and =y This paper
(q° —q~—2q+2,(q— (g —2)),
g is a prime power
(g = D3, (g — %) and G This paper

@ —29° —q+3,(g =27, qis
a prime power
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Six constructions of asymptotically optimal codebooks 1143

2.2 Character sums over finite fields
2.2.1 Gauss sum

Let ¢ be a multiplicative character of IF; and x an additive character of ;. Then the Gauss
sum over [, is given by

G, )= Y ¢x)x ().

%
xe]Fq

For simplicity, we write G (¢, x1) over I, simply as g(¢). It is easy to see the absolute value
of G(¢, x) is at most ¢ — 1, but is much smaller in general. The following lemma shows all
the cases.

Lemma 2.1 [16, Theorem 5.11] Let ¢ be a multiplicative character and x an additive char-
acter of Fy. Then the Gauss sum G (g, x) over Fy satisfies

qg—1,ifo=wo0 x = X0,
Glp,x) =1 -1 ifo=9wo0 x # X0,
0, if o # o, X = Xo-

For ¢ # @o and x # xo0, we have |G (¢, x)| = /4.

Lemma 2.2 [16] Gauss sums for the finite field ¥, satisfy the following property:
G (@, xap) = 9(a)G (@, xp) fora € ]FZ, b € F,, where @ denotes the complex conjugate
of ¢.

2.2.2 Jacobi sum

The definition of a multiplicative character ¢ can be extended as follows.

L, if ¢ = go,
0) = .
(0 {O,Iffp#soo.

Let ¢ and ¢, be multiplicative characters of ;. The sum

J (@1, 92) = > p1(cDga(c2)

citer=l,c1,c2€Fy

is called a Jacobi sum in IF,.
The values of Jacobi sums are given as follows.

Lemma 2.3 [16, Theorem 5.19, Theorem 5.20] For the values of Jacobi sums, we have the
following results.

(1) If o1 and @, are trivial, then J(¢1, ¢2) = q.

(2) If one of the @1 and @ is trivial, the other is nontrivial, J (1, ¢2) = 0.

(3) If ¢1 and @3 are both nontrivial and @3 is nontrivial, then |J (¢1, ¢2)| = \/q.
(4) If o1 and @2 are both nontrivial and @13 is trivial, then |J (@1, ¢2)| = 1.
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1144 W. Luetal.

2.3 A general construction of codebooks

Let D be asetand K = #D. Let E be a set of some functions which satisfy
f D — S, where S is the unit circle on the complex plane.

A general construction of codebooks is stated as follows in the complex plane,

1
C(D; E) = [Cf = ﬁ(f(x))xeDy /e E} .

3 Six constructions of codebooks

In [21], the authors combined a Reed—Solomon generator matrix with itself by the tensor
product and employed this generated matrix to construct a complex measurement matrix.
They proved that this matrix is asymptotically optimal according to the Welch bound. In
this paper, we find a codebook which is equivalent to the measurement matrix in [21]. The
codebook is actually the first construction in Sect. 3, which has been obtained in [26] recently.
The advantage of the first construction is that it can be generalized naturally to construct the
other five classes of asymptotically optimal codebooks using additive and multiplicative
characters of finite field.

3.1 The first construction of codebooks

Let
Dy :={(x,y,2) € Fy x Fg x Fy : z=xy}.
Then #D; = ¢°.

The codebook C; is constructed as

1
C1i= {;(Xa(X)Xb(Y)XC(Z))(X,,V,Z)EM ta,b,ce ]Fq}-

We can derive the following Theorem.
Theorem 3.1 ([26, Theorem 1]) C; is a codebook with N1 = ¢°, K| = q* and L. (C1) = ;

Theorem 3.2 ([26, Remark 1]) Let Iy be the Welch bound equality, for the given Ny, K1 in
the current section. We have

li Lnax (Cl)
m —— =

L,
q—>00 IW 1
then the codebooks we proposed are asymptotically optimal.

When codebooks employed in practical applications, only those with only a few correlation
values are interesting. The distribution of correlation magnitudes of C; is given as follows.

Corollary 3.3 ([26, Theorem 1])

1, q3 times,
lec’H| = é, q° — ¢° times,
0, ¢° — g° times.
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Six constructions of asymptotically optimal codebooks 1145

3.2 The second construction of codebooks

Let
Dy :={(x,y,2) EFZ x Fy x Fy:z=xy}.

Then #D> = (¢ — 1)gq.

The codebook C; is constructed as
1 —
Cr = ——(px (z e, b,celF,;.
2 { @ —Dq (@) xp () xe( ))(x,y,z)eDz % q q}
We can derive the following Theorem.

Theorem 3.4 Cs is a codebook with N» = (¢ — 1)q?, K> = (¢ — 1)q and Lyax (Co) = q%l

Proof By the definition of C», it contains (¢ — 1)¢? codewords of length (¢ — 1)g. Then it
is easy to see Ny = (q*> — g and K5 = (¢ — 1)g. Let ¢ and ¢’ be any different codewords

inCp. € = = (@) ()5 (M Xer @)y 7Dy A0 € = = (1) Kby () Xer () x.y.20€ D
where ¢, ¢x € IE/‘\Z, b1, by, c1, ¢2 € Fy. Then the correlation of ¢ and ¢’ is as follows.

Kyee'H

= > 90X ) ker Q@) X, D) Xer 2)
(x,y,2)€D;

= Y eim®x((bi — by + (c1 — c2)xy)
xeF,’;,yEFq

Z @(x)x (by + cxy) (where ¢ = @j@r,b =b; —byandc =cy| — )

xeFy, yely

D @) Y x (b +cx)y)

xe]Fl’; yelF,

> e

x€Fy . b+cx=0

The last equation holds by the orthogonal relation of additive characters.
When b # 0 and ¢ # 0, we have

b
Kred' =g (—7) )

Cc

When b #0,c =0,0rb =0, c # 0, it is easy to see c¢’! = 0.
When b = 0 and ¢ = 0, since ¢ # ¢/, ¢ is nontrivial. We have

Kaee = 3" p(x)g =0,

*
xqu

by the orthogonal relation of multiplicative characters.
Therefore, we have

Lnax (C2) = max{lec’ | :¢e,¢’ eCoand ¢ £¢'} = — = ——.

[m}
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1146 W. Luetal.

Table 2 Parameters of the (N, K») codebook of Section IIT

q N2 K3 Imax (C2) Iw2 Im#(zcﬁ
3 18 6 0.5000 0.3430 1.4577
5 100 20 0.2500 0.2010 1.2437
13 2028 156 0.0833 0.0769 1.0831
49 115248 2352 0.0208 0.0204 1.0208
53 1937500 15500 0.0081 0.0080 1.0081
54 243750000 390000 0.0016 0.0016 1.0016
74 1.3836¢ + 10 5762400 4.1667¢ — 04 4.1649¢ — 04 1.0004

Using Theorem 3.4, we can derive the ratio of /,,,, (C2) of the proposed codebooks to that
of the MWBE codebooks and show the asymptotic optimality of the proposed codebooks as
in the following theorem.

Theorem 3.5 Let Iy be the Welch bound equality, for the given N3, K in the current section.
We have

i Imax(CZ)
m ———— =
q— 00 Ty

1

then the codebooks we proposed are asymptotically optimal.

Proof Note that Ny = (q — 1)¢* and K5 = (¢ — 1)g. Then the corresponding Welch bound

18
fy = | N2 Ko :\/ @-D—@-Dg _ [ g-1
(NM=DKz Y ((g—Dg*—Dg—Dg \Vqg>—q¢>—1’

we have

Imax(CZ) _ q3 - q2 -1

Iw2 (g—13% ~
It is obvious that limy_, 4 o0 1’”#(262) = 1. The codebook C, asymptotically meets the
Welch bound. This completes the proof. O

InTable 2, we provide some explicit values of the parameters of the codebooks we proposed
for some given ¢, and corresponding numerical data of the Welch bound for comparison.
The numerical results show that the codebooks C, asymptotically meet the Welch bound.

The distribution of correlation magnitudes of C; is given as follows.

Corollary 3.6

1, (g- l)q2 times,
L], g — D*q? times,

e’ = 1
0, ¢q—1q>Qq —?3) times.

Example 1 Let g = p = 3. Then
D, ={(1,0,0),(1,1,1),(1,2,2),(2,0,0). (2, 1,2), (2,2, 1)}

@ Springer



Six constructions of asymptotically optimal codebooks 1147

and K, = #D, = 6. Let ¢ = ¢3. Thus, the set C, consists of the following 18 codewords of
length 6:

1

coziu,l,l,l,l,l), ¢ (1,8, 231,22, 0), cz=i<1,§2,;,1,c,;2),

NG V6 V6
G= (62,6, a= (LA D), e = (1, 1,1,1,6%,0)
\/8 5 s L 5o 9 \/g 9 259 Hy Ao 9 \/6 9 Ly Ay Ao 9 9
e = (L6 L0, o= (L1 L6, e= (L&t L1
Zeneo, AR NASKEREE
1 1
= — (1, 1,1, =1, =1, —1), =—,2.¢% —1,-2% -0,
Cy \/6( ), €0 \/6( £, ¢ ¢ )
en = ¢r e —-1,-¢,—¢%)
NASLEI S S
e = (L6 1 D) ey = (L f— 1~ —1)
ALttt 82 Akt Eg bl
1
= (1, 1,1, -1, -¢2, —¢),
ci4 \/5( 7, =¢)
€15 = —= (1. e 60 =1, —¢% =), 16 = —=(1. 1, 1, =1, —¢, —¢?)
61— D), L=l =6 =,
1
= —(,¢,¢% —1,—1,-1).
c17 \/6( ¢, ¢ )

It is easy to verify that this codebook is a (18, 6) codebook with I,,, = % This is
consistent with the conclusion of Theorem 3.5.

3.3 The third construction of codebooks
Let
D3 :={(x,y,2) e Fy x Fy x Fy : z = xy}.

Then #D3 = (g — 1)2.
The codebook C3 is constructed as

1 —
Cs = {F(Xa(X)Xb()’)w(z))(x,y,z)eD;; ta,bely,pc IF;} .
We can derive the following Theorem.

Theorem 3.7 C3 is a codebook with N3 = q*(q — 1), K3 = (g — 1)? and Ly, (C3) = (qj—l)z

Proof By the definition of Cs, it contains ¢%(¢ — 1) codewords of length (¢ — 1)2. Then it
is easy to see N3 = q*(q — 1) and K3 = (¢ — 1)>. Let ¢ and ¢’ be any different codewords
in Cs, ¢ = 757 Oty () 161 ()9 (D) cx.v.09p3 and € = 755 (ar 00 X2 D0k (D) w3, 05
where a1, a2, b1, b2 € Fy, ), o1 € F;. Then the correlation of ¢ and ¢’ is as follows.

@ Springer



1148 W. Luetal.

Kee'!!
= Y X () xXb (D97 (2) Xay ) Xy M)k (2)
(x,y,2)€D3
= Y x((a1 —a)x + (by — b2)y)g, P (xy)
x,ye]F;

3" X(ax +by)g(xy) (wherea = aj —az.b = by — by, and ¢ = ¢;7)

x,ye]FZ
=D Xa@e®) Y ()
xe]F;; )’EF;

= G (@, Xa)G (9, Xb)-
When g is trivial, since ¢ # ¢/, we geta # 0 or b # 0. By Lemma 2.1, we have

o (==, ifa=0,b#00rb=0,a#0,
K3cc - G((pa Xa)G((p7 Xb) - { (_1)(_1)7 ifa, b c FZ’

When ¢ is nontrivial, by Lemmas 2.1 and 2.2, we have

0 ifa=0o0rb=0
1H _ _JY )
Kiee™ = G(‘Pa Xa)G((/” Xb) = {a(ab)gZ((p)7 ifa,b e ]F;
Therefore, we have
q q
Lnax (C3) = Hi:e ¢ ecC and V=—=—7.
max (C3) = max{lec™| : ¢, ¢ and ¢ # ¢’} K3 q—1)?
O

Using Theorem 3.7, we can derive the ratio of /,,,, (C3) of the proposed codebooks to that
of the MWBE codebooks and show the asymptotic optimality of the proposed codebooks as
in the following theorem.

Theorem 3.8 Let I3 be the Welch bound equality, for the given N3, K3 in the current section.
We have

li Iinax (C3)
im ——— =

1,
g—o0  Iys

then the codebooks we proposed are asymptotically optimal.

Proof Note that N3 = (¢ — l)q2 and K3 = (g — 1)2. Then the corresponding Welch bound

1S
fo = | M=K =\/<q—1)q2—<q—1)2 =/ 2 —g+1
) (N3 — DK;3 ((g — DHg* = (g — 1)? @ —q>=Dg—-1’

we have

Tinax (C3) 9 \/ q3 - q2 —1

Iws  q—=1V (@ —q+Dg-1
It is obvious that lim, 1’”#@ = 1. The codebook C3 asymptotically meets the
Welch bound. This completes the proof. O
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Six constructions of asymptotically optimal codebooks 1149

Table 3 Parameters of the (N3, K3) codebook of Section IIT

q N3 K3 Imax (C3) Iws Im#(zcy
3 18 4 0.7500 0.4537 1.6529
5 100 16 0.3125 0.2303 1.3570
13 2028 144 0.0903 0.0803 1.1237
49 115248 2304 0.0213 0.0206 1.0312
53 1937500 15376 0.0081 0.0080 1.0121
54 243750000 389376 0.0016 0.0016 1.0024
74 1.3830e + 10 5760000 4.1684e — 04 4.1658e — 04 1.0006

InTable 3, we provide some explicit values of the parameters of the codebooks we proposed
for some given ¢, and corresponding numerical data of the Welch bound for comparison.
The numerical results show that the codebooks C3 asymptotically meet the Welch bound.

The distribution of correlation magnitudes of C3 is given as follows.

Corollary 3.9

1, (g — l)q2 times,
%, 2(g — 1)%q? times,
'Hy __ 1
=1 &,
0, (¢ —2)(q—1)q*>Qq —1) times,

& (@ —=2(q = 1)’q” times,

|ce g — 1)3q? times,

3.4 The fourth construction of codebooks
Let
Dy :={(x,y,2) GFZ XFZ XFZ 1z =xy}.

Then #Dy = (g — 1)
The codebook C4 is constructed as

1 —
Cy = {F(‘pi(x)(/’j()’)Xc(Z))(x,y,z)eD4 tgipj eFY, ce Fq} .
We can derive the following Theorem.

Theorem 3.10 C4is a codebook with Ny = (g — 1)2q, Kys=(q— 1)2 and I (C4) = (qgi])z-

Proof By the definition of C4, it contains (¢ — 1)2¢ codewords of length (g — D)2. Then it is
easy to see Ny = (g — 1)2g and K4 = (g — 1)%. Let c and ¢’ be any different codewords in

Ca € = 15 (05 (D9 (M Xer (D) x,v,00epy and € = L5 (9] ()] (1) Xe (D)) .y, 20Dy » Where
@5 @1, 950 @) € Fii, c1, 2 € Fy. Then the correlation of ¢ and ¢’ is as follows.
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1150 W. Luetal.

Kaee'H

= D oW (@9 ()@ (¥ Xer ()
(x,y,2)€D4

= Y e@lWeig(x((c1 —2)z)
(x,y,2)€Dy

= Y 9@)¢'(x(cxy) (where p = 0.0, ¢' = gi¢], and c = c1 — c2)

x,ye]Fz
= Z O(X) xc(x) Z @ M xe(y)
xE]FZ _VE]FZ

=G, x)G@', xe)-
When ¢ = 0, since ¢ # ¢/, at least one of ¢ and ¢’ is nontrivial. By Lemma 2.1, we have
Kaec™ = G(p, x)G (@', xo) = 0.

When ¢ # 0, by Lemmas 2.1 and 2.2, we have

(=D(=1), both ¢ and ¢’ are trivial,

KeeeH = Glo x)G& xe) = (—1)@57((,0/), ) %s trivia%, .and ¢ is Illc.)ntr?v%al,
(=De(c)g(p), @ isnontrivial, and ¢’ is trivial,
0@’ (c)g(@)g(¢’), both ¢ and ¢’ are nontrivial.

Therefore, we have

Imax C4 = max Cc/ . C, c/ S C4, (lnd C ;é C/ = — = —F
O

Using Theorem 3.10, we can derive the ratio of I, (C4) of the proposed codebooks to
that of the MWBE codebooks and show the asymptotic optimality of the proposed codebooks
as in the following theorem.

Theorem 3.11 Let Iwa be the Welch bound equality, for the given N4, K4 in the current
section. We have

li Lnax (04)
m —— =

1
g—00  Iyy

then the codebooks we proposed are asymptotically optimal.

Proof Note that Ny = (¢ — 1)>¢ and K4 = (g — 1)2. Then the corresponding Welch bound
is
Ny — Ky (g —1)3%q —(g—1)7? q—1
Iwa = = 2 2= 2 g
(Ns — DKy (g —=D¢—=Dlg—-1 (g—1g—1

we have
Tnax (Cq) _ q (g — 1)2q -1
Tws q—1 (-1

Inax (Ca)
Iy

It is obvious that lim, = 1. The codebook C4 asymptotically meets the
Welch bound. This completes the proof. O
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Six constructions of asymptotically optimal codebooks 1151

Table 4 Parameters of the (N4, K4) codebook of Section IIT

q Ny Ky Imax (Cy) Iwa Im#(fv
3 12 4 0.7500 0.4264 1.7589
5 80 16 0.3125 0.2250 1.3888
13 1872 144 0.0903 0.0801 1.1273
49 112896 2304 0.0213 0.0206 1.0314
53 1922000 15376 0.0081 0.0080 1.0121
54 243360000 389376 0.0016 0.0016 1.0024
74 1.3830e + 10 5760000 4.1684e — 04 4.1658e — 04 1.0006

In Table 4, we provide some explicit values of the parameters of the codebooks we proposed
for some given ¢, and corresponding numerical data of the Welch bound for comparison.
The numerical results show that the codebooks C4 asymptotically meet the Welch bound.

The distribution of correlation magnitudes of C4 is given as follows.

Corollary 3.12

1, (g-— 1)2q times,

0, (q—2)(g—1)%q* times,
|cc’H| — K%, (g — 1)3q times,

YL, 2(q — 2)(q — 1)q times,

Kizw (g — 2)2(11 - 1)3q times.

3.5 The fifth construction of codebooks

Let
Ds = {(x,y,2) € Fy x Fy xFy : 2 =x(1 — y)}.
Then #Ds5 = (¢ — 1)(g — 2).

The codebook Cs is constructed as

1 —~
Cs = {m()(a(x)%(y)(ﬂj(z))(x,y,z)eDs ‘i @) € FZ, ae Fq} :

We can derive the following Theorem.

Theorem 3.13 Cs is a codebook with N5 = (g — 1)2q, Ks =(q—1)(g—2)and I,;,4x(C5) =
q

g—1(g-2)"

Proof By the definition of Cs, it contains (¢ — 1)2q codewords of length (g — 1)(g — 2).

Then it is easy to see Ns = (¢ — 1)2q and Ks = (g — 1)(g — 2). Let ¢ and ¢’ be
any different codewords in Cs, ¢ = W(Ml()c)gox(y)go,(z))(,(,y’z)eD5 and ¢/ =

m(xa2 ()@ (M@ (D) (x,y,20eDs» Where g, @1, ¢, ¢; € F, a1, az € Fy. Then the
correlation of ¢ and ¢’ is as follows.
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Ksee'™

= ) A P09 (@) X ), (1] 2)
(x,y,z)ED5

= Y x(@a —a)x)ese[ ()] )
(x,y,2)€Ds

D> x@x)e()e'(x(1—y) (wherea = a) — az, ¢ = ¢o9], and ¢’ = p,9])

x,yeIE‘j;,y;él
=Y x@0)g'x) Y. eMe'(l—y)
xE]Fz ye]F:‘[,y;él

=G x) U (@, ¢") — 9(0)¢' (1) — p(1)¢'(0)).

When a = 0, since ¢ # ¢/, at least one of ¢ and ¢’ is nontrivial, by Lemmas 2.1 and 2.3,
we have
(=1)(g — 1), ¢’ is trivial, and ¢ is nontrivial,

Ksee'H = , .
0, ¢’ are nontrivial.

When a # 0, by Lemmas 2.1 and 2.3, we have
(=D(g —2), both ¢’ and ¢ are trivial,

" (—1)(—1), ¢’ is trivial, and ¢ is nontrivial,
Ksee' =

¢’ (@)g(¢)(—=1), ¢ isnontrivial, and ¢ is trivial,
' (a)g(@)J (¢, ¢'), both ¢’ and ¢ are nontrivial.

Therefore, we have

q q
Inax (Cs) = max{|ec'?|:c,d eCiand e #¢ )= — = ————————,
" Ks —(q—1(g-2)
the maximal value obtained when all of ¢, ¢’ and ¢¢’ are nontrivial. O

Using Theorem 3.13, we can derive the ratio of 7,4, (Cs) of the proposed codebooks to
that of the MWBE codebooks and show the asymptotic optimality of the proposed codebooks
as in the following theorem.

Theorem 3.14 Let Iys be the Welch bound equality, for the given Ns, Ks in the current
section. We have

. Lnax (CS)
Iim ——— =

L,
q—00 Iys

then the codebooks we proposed are asymptotically optimal.

Proof Note that N5 = (¢ — 1)2q and K5 = (¢ — 1)(¢ — 2). Then the corresponding Welch
bound is

fye = | N5 = Ks :Jm—n%—@—mWa):/ =2 +2
v (Ns — DKs (g —12q—1(g—1(g—2) (qlg—D*=1(g—-2)’

we have

Iinax (Cs) _ q \/ qlg—1%—1
Iys q—1\ (> =29 +2)(q—-2)
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Table 5 Parameters of the (N5, K5) codebook of Section III

q Ns Ks Imax (Cs) Iys M#(SCS)
3 12 2 1.5000 0.6742 2.2249
5 80 12 0.4167 0.2678 1.5557
13 1872 132 0.0985 0.0839 1.1733
49 112896 2256 0.0217 0.0208 1.0421
53 1922000 15252 0.0082 0.0081 1.0162
54 243360000 388752 0.0016 0.0016 1.0032
74 1.3830e + 10 5757600 4.1701e — 04 4.1667¢ — 04 1.0008

It is obvious that limg_, 4 o0 I'”‘”(c‘) = 1. The codebook Cs asymptotically meets the

Welch bound. This completes the p?/oof O

InTable 5, we provide some explicit values of the parameters of the codebooks we proposed
for some given ¢, and corresponding numerical data of the Welch bound for comparison.
The numerical results show that the codebooks Cs asymptotically meet the Welch bound.

The distribution of correlation magnitudes of Cs is given as follows.

Corollary 3.15

I, (g — 1)’q times,
l, (g — 2)(q — 1)*q times,
0, (qg—2)(g—1)>q times,
lec’H| = qu (g — 1)3q times,
x> (g —2(q —1)’q times,
YL, 2(g — 2)(q — 1)°q times,
% (@ =3)(g =2 — 1)*q times.

3.6 The sixth construction of codebooks

Let
D¢ :={(x, y,2) GIFZ XIF;; XFZ z=(1—x)(1-y}

Then #Dg = (g — 2)>.
The codebook Cg is constructed as

1 —~
Ce == {qj(% ()0 M Pr(2)) (x,y,2)eDe * $i> P> Pk € FZ}’ .
We can derive the following Theorem.

Theorem 3.16 Cg is a codebook with Ng = (q — 1), K¢ = (q —2)* and Iyax (Ce) = ({1_5172)2-
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Proof By the definition of C, it contains (¢ — 1)3 codewords of length (¢ — 2)2. Then it is
easy to see No = (q — 13 and K¢ = (g — 2)2. Let ¢ and ¢’ be any different codewords in

Co, € = 3 (@ ()P (NPo(D) .y 6D and € = 755 (@[ ()@}, (D$[(D)x.y. )¢ D, Where
Pss Pus Pu, 95 @y ¢y, € . Then the correlation of ¢ and ¢’ is as follows.

KecH

= ) oM@ ), (e} (D)

(x,y,2)€Dg

= Z q’s@@)‘ﬂu@()’)‘ﬂv%(@
(x,y,2)€Dg

= Y eiWeMe =) —-y)
x,yeH“:;,x;él,y;él
(Where ¢; = 5], ¢; = pug],, and g = py9])
Y e@ad—x) Y eimMe(l—y)
erF;;,x;él ye]FZ,y;él
= (J(@i, ox) — 9i Q@i (1) — @i (D@ (0) (I (9, @) — ¢ (0)@r(1) — ¢ (1)er (0)).
When ¢y is trivial, since ¢ # ¢/, at least one of ¢; and ¢; is nontrivial. By Lemma 2.3, we
have

(=D(g —2), ¢; is trivial, and ¢; is nontrivial,
Keee'! = 1 (=1)(g — 2), ¢; is nontrivial, and g; is trivial,

(=D(=1), bothg; and ¢; are nontrivial.

When ¢y is nontrivial, by Lemma 2.3, we have

(=D(=1), both ¢; and ¢; are trivial,
KeecH (=D J (@), ¢x), @; is trivial, and ¢; is nontrivial,
6 = . . ..
(=D J (@i, ¢r), ; is nontrivial, and ¢; is trivial,

J (@i, or)J (@), ¢r), both ¢; and ¢; are nontrivial.

Therefore, we have

Lnax (Ce) = ¢, eCandc #¢ :i:L,
max( 6) max{| | an 3& } K(, (q — 2)2
the maximal value obtained when all of ¢;, ¢;, ¢, ¢igr and ¢ ¢y are nontrivial. O

Using Theorem 3.16, we can derive the ratio of I, (Cs) of the proposed codebooks to
that of the MWBE codebooks and show the asymptotic optimality of the proposed codebooks
as in the following theorem.

Theorem 3.17 Let Iye be the Welch bound equality, for the given Ng, K¢ in the current
section. We have

. Iinax (Ce)
Iim ——— =

1,
S

then the codebooks we proposed are asymptotically optimal.
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Table 6 Parameters of the (Ng, K¢) codebook of Section IIT

q Ne Ko Imax (Co) Iwe Im#(ﬁcﬁ)
3 8 1 3 1 3

5 64 9 0.5556 0.3115 1.7838
13 1728 121 0.1074 0.0877 1.2251
49 110592 2209 0.0222 0.0211 1.0531
53 1906624 15129 0.0083 0.0081 1.0203
54 242970624 388129 0.0016 0.0016 1.0040
74 1.3824¢ + 10 5755201 4.1719¢ — 04 4.1675¢ — 04 1.0010

Proof Note that N = (q — )3 and K¢ = (g — 2)2. Then the corresponding Welch bound is

\/Ne—Ké /(q—1>3—<q—2)2 1 \/q3—4q2+7q—5
Iws = = =

(Ne—DKs V((@—1D>=D(@g—-2% ¢g-2\q>—3¢2+3¢q-2’

we have

Iinax (Ce) _ q 613 _3q2+3q -2
Iws q-2\q*—44>+79 -5

Itis obvious thatlim, , ["‘#(666) = 1. The codebook C asymptotically meets the Welch

bound. This completes the proof. O

In Table 6, we provide some explicit values of the parameters of the codebooks we proposed
for some given ¢, and corresponding numerical data of the Welch bound for comparison.
The numerical results show that the codebooks Cg asymptotically meet the Welch bound.

The distribution of correlation magnitudes of Cg is given as follows.

Corollary 3.18
I, (¢g-— )3 times,
%, 2(q — 2)(g — 1) times,
e =1 2. (g —2)(q — 1) +2) times,
Y. 4(q —3)(g —2)(q — 1)? times,
i (g =37 —2)(g — 1)’ times.

4 Another family of codebooks

Based on the six constructions of codebooks in Sect. 3, more new codebooks can be derived,
which are also asymptotically optimal.
Let &, denote the set formed by the standard basis of the n-dimensional Hilbert space:

(1,0,0,...,0,0),
(0.1,0,....0,0),
(0,0,0,...,0, 1).
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Combining with the preceding six constructions, we get the following result.

Theorem 4.1 Let C; = C; U Ex;. Then the codebooks C; are all asymptotically optimal,
i=1,2,3,4,5, 6, and the parameters of the new codebooks are as follows:
N! = N; + K;, K| = K; and I;4x(C!) = Lpax (Ci). Specifically,

() N{ =N+ K1 =¢>+¢° K| = Ki = ¢” and gz (C}) = Inax(C1) = 3
2) Ny =N+ K> = (¢> = 1), Ky = K2 = (¢ — g and Inax (C)) = Iyax (C2) = ;15

(3) Ny =N3+K3=q’~2q+1, Ky = K3 = (¢ 1)* and Lax(C3) = Inax (C3) = 557

@ Ny=Na+Ki=q>—q>—q+1, Ky =Ks = (g — 1)? and Lax(Cy) = Inax(Ca) =
q9 .
(g—1?*’

(5) Ny = Ns+Ks = > —q*> =29 +2, K = Ks = (¢ — 1)(q —2) and Iax(C5) =
— q .
Inax (Cs) = (¢—1)(q=2)’
(6) N§ =N+ Ko =q>—2¢" —q+3, Kg = Ko = (¢ = 2)% and Inax (C5) = Inax(Cs) =
q
(g—2*
Proof We only prove the case when i = 2, the other cases can be proved as a similar way. It
is easy to see Nj = N + Kp = (q* — 1)q and K} = K> = (g — 1)g. Let ¢ and ¢’ be any

different codewords in Cé, the correlation of ¢ and ¢’ can be discussed in the following cases.
Case 1: If ¢, ¢’ € Cy, by Theorem 3.4, we have

1
max{lec’| 1 ¢, ¢’ € Ca,and ¢ #¢'} = —
Case 2:If c € Coand ¢’ € Ey—1)4 (or ¢’ € Cz and ¢ € Ey—_1)y), it is easy to see

1
JVig=Dq’

Case 3: If c and ¢’ € £(4—1)4, it is obvious that c¢’ = 0.
From the above three cases, we have

lecH| =

I (C’)—;
max \“) —q_l-

Note that N} = (¢*> — 1)g and K, = (g — 1)q, then the corresponding Welch bound is

Ny —K; q
Iy = 7 7= 3 ’
(Nz—l)K2 q° —q — 1

we have
Imax(cé) . q3 —qg—1
Iy (-1
It is obvious that limg— 4 o0 I’”“;i“(/cé) = 1. The codebook C; asymptotically meets the
Welch bound. This completes the proof. O
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5 Concluding remarks

In this paper, we presented six constructions of codebooks asymptotically achieve the Welch
bounds with additive characters, multiplicative characters and character sums of finite fields.
Actually, the first construction in our paper is equivalent to the measurement matrix in [21].
The advantage of our construction is that it can be generalized naturally to the other five
constructions of codebooks which are also asymptotically optimal.
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