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Abstract

In this paper, we present some new nonexistence results on (m, n)-generalized bent func-
tions, which improved recent results. More precisely, we derive new nonexistence results
for general n and m odd or m = 2 (mod 4), and further explicitly prove nonexistence of
(m, 3)-generalized bent functions for all integers m odd or m = 2 (mod 4). The main tools
we utilized are certain exponents of minimal vanishing sums from applying characters to
group ring equations that characterize (m, n)-generalized bent functions.
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1 Introduction

2

Let m > 2, n be positive integers, and {,, = e e be a primitive complex m-th root of
unity. A function f : Z5 — Z,y, is called an (m, n)-generalized bent function (GBF) if

|F(y)* =2" (1
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for all y € Z%, where F(y) is defined as

F(y) =Y i =1, @

n
xeZy

and y-x denotes the usual inner product. In particular, when m = 2, the generalized bent func-
tions defined above are simply Boolean bent functions introduced by Rothaus [10], whereas
the function F : Z5 — R in fact becomes the Fourier transform of the Boolean function
f.In 1985, Kumar et al. [3] generalized the notion of Boolean bent function by considering
bent functions from Z!, to Z,,. For recent nonexistence results on such generalized bent
functions, see Leung and Schmidt [6]. Schmidt [12] investigated generalized bent functions
from Z73 to Zy, for their applications in CDMA communications. For the Boolean case, it is
well known that bent function exists if and only if n is even, and many constructions were
reported (for a survey see [1]). In the literature, there exist constructions of generalized bent
function from Z4 to Z,, form =4, 8, 2% (for example, see [9,11-14]). Very recently, Liu et
al. [7] presented several nonexistence results on generalized bent functions from Z3 to Z,.
In this paper, we continue to investigate the nonexistence of such generalized bent functions,
and present more new nonexistence results. If m and n are both even or m is divisible by 4,
then there exists an (m, n)-generalized bent function [7]. Therefore, we restrict attention to
the following two cases:

(i) m is odd;
(i) nisodd and m =2 (mod 4).

In the following, we always assume that m is odd or m = 2m’ with m’ odd.

The remainder of this paper is organized as follows. In Sect. 2, we introduce some basic
tools and auxiliary results. In Sect. 3, we give several new nonexistence results of (m, n)-
generalized bent functions, which improve the recent results in [7]. Furthermore, we show
that no (m, 3)-GBF exists for all m odd or m = 2 (mod 4) in Sect. 4.

2 Basic tools and auxiliary results

In this section, we introduce some basic tools and auxiliary results, which will be used in
later sections.

2.1 Group ring and character theory

It turns out that group ring and characters of abelian groups play an important role in the
study of GBFs. Let G be a finite group of order v. Suppose that R is aring, and R[G] denotes
the group ring of G over R. For a subset D of a group G, we may identify D with the group
ring element ) ¢cG dgg € R[G], also denoted by D by abuse of notation, where d; € R and
these d,’s are called coefficients of D. Let 15 denote the identity element of G and let r be
an element in R. For simplicity, we write r for the group ring element 15 € R[G]. For the
group ring element D = ) dyg € R[G], its support is defined as

geG
supp(D) :={g € G :dg # 0},
and we also define |D| := Y d, and ||D|| := )_ |d,| by convention when R = C or

R = Z or R is the semiring N as we will use later. Let ¢ be an integer coprime to m. For
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D = deG deg € Z[Lw][G], we write D) = ngg’, where o is the automorphism of
QI[¢m] determined by £2 = ¢/,

The group ring notation is very useful when applying characters. A character x of an
abelian group G is a homomorphism x : G — C*. The set of all such characters forms
a group G which is isomorphic to G itself, and the identity element of G, denoted by xo,
which maps every element in G to 1 (i.e., xo(g) = 1 for all g € G), is called the principal
character of G. It is clear that the character group has the multiplication in G defined by
xt(g) = x(g)t(g) for x, 7 € G.For D = dec deg € C[G] and x € G, we have
x(D) = deG dg x(g). For a subgroup U of the group G, we define a subgroup of G as

={x € G: x(g) =1forallg € U}).If x € UL, we say that the character x is trivial
on U. It is easy to see that |U L =G| /IU|. The following two results are standard and
well-known in character theory.

Fact 1 (Orthogonality relations) Let G be a finite abelian group of order v with identity 1¢.
Then

_]0 ifg#le,
ZX(g)_{U ifg =1g,
eG

and

_ )0 i x # xo,
;X(g)_{v if x = Xo-

Fact2 (Fourier inversion formula) Let G be a finite abelian group of order v, let D =
deG dgg € C[G] by abuse of notation and x (D) = deG dg x (g). Then the coefficients
in D are determined by

1 _
=— Y x(Dg™h.

v —~

xeG

2.2 Some auxiliary results

We now characterize (m, n)-generalized bent functions using the group ring equations.
Instead of working with additive groups, we use multiplicative notation. We denote the
cyclic group of order m by Cy,, and set G = C5. Whenever s|m, we also denote the subgroup
of order s in C,, by C;.

Definition1 Let f : G — Z,, be a function, and g be a generator of C,,. We define an
element B in the group ring Z[{,,][G] corresponding to f by

By = Yl

xeG

Furthermore, we define an element D ¢ in the group ring Z[C,,][G] by

Dy := Z g/ @x.

xeG

Remark 1 To study (m, n)-GBFs, we may assume that C,, = g™ : x € G}). By scaling
if necessary, we may always assume f(1g) = 0, i.e., g/ 16) = g0 is the identity element of
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C,,. From time to time, we may also interpret Z[C,,1[G] as Z[C,, - G], where g%and 1¢ in
Z[C,, - G] both denote the identity element of C,, - G.

Let t be a character that maps g to ¢y, then itis clear that T (D) = By. Moreover, every
element y € G determines a character x, of G by

Xy(x) = (=17,

forall x € G.Itis easily verified that every complex character of G is equal to some x, with
y € G. Note that

1B =6 =Y e D" = F), 3)

xeG xeG

for all y € G, where F(y) is defined in (2). This means that x,(By) is just the discrete
Fourier transform of (m, n)-generalized bent functions. It then follows from (1) and (3) that
f is an (m, n)-GBF if and only if

Ix(BpIF =2", “
forall x € G. We now have the following characterization of (m, n)-GBFs.

Proposition 1 Let f be a function from G to Z,. Then f is an (m, n)-GBF if and only if

BfB;‘” = 2", 5)

Furthermore, if (G) = 2Z,,, then f can be regarded as an (m’, n)-GBF, where m = 2m’
with m' odd.

Proof From (4) it follows that
X (B> = x(ByBY V) =12",

for all characters x of G. Using Facts 1 and 2, we are able to determine all the coefficients
of B fB}_I), i.e., (4) holds if and only if (5) is satisfied. The last statement follows from the

fact that {,{ ) becomes an m’-th root of unity. O

Observe that we may write

D, D( 1) Z ng<y+x> 0y — Z E,x, (6)

xeG yeG xeG

where Ex =3, ¢ g/t g=f ¢ 7Z[C,]. In fact, E, corresponds to the autocorrelation
function of bent functions (for more details, see [1]).

Lemma 1 Suppose that f is a GBF from G to Zy,. Then

(a) Ey, = E)(fl) and the coefficient ofgo in Ex is even for all x € G;
(b) For each character t of order m on Cy,, we have T(Ey) = 0 for all x # 1¢.

Proof Note that (DfD§71))(_1) = DfD(;l). Hence, we have E, = E)(fl) for all x €
G. Note that Ey; = 2". Thus, we may consider x # 1. Suppose that x # 1g and
(gl)cl)(gzxz)_l = gox for some g1, g2 € C), and x1, x € G. Note that x; # x, and clearly,
we have (gzxz)(glxl)_l = gox as well. This shows that the coefficient of go in E is even.
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New nonexistence results on (m, n)-generalized bent functions 759

For any character t of order m on C,,, we obtain

t(DpT(DpHD = BfB;.—” =2"=) " t(Eo)x.

xeG

From (5) in Proposition 1, the conclusion follows. ]

The key in our study of (m, n)-GBFs is to investigate E,. Lemma 1 (b) allows us to
define the notion of vanishing sum (v-sum), which was also studied in details in [4]. Another
important notion to study v-sum is the idea of exponents and reduced exponents defined in
[5]. In Sect. 3, we will use exponents to derive some new nonexistence results. To this end,
we recall some notations defined in [5] and prove some preliminary lemmas.

Let S be a finite index set, and we denote by P (k) the set of all prime factors of the integer
k.

Definition 2 Suppose that X = )", _¢ a;/; where w;’s are distinct roots of unity and all a;’s
are nonzero integers. We say that u is the exponent of X if u is the smallest positive integer
such that uf = 1 for all i. We say that k is the reduced exponent of X if k is the smallest
positive integer such that there exists j with (,u,-p,;l)k = 1foralli.

For example, the exponent of Zf;ol g g“,’; is 3p, whereas the reduced exponent is p. To
study vanishing sums, we consider those which are minimal.

Definition 3 Suppose that X = Zie s aipn; = 0 where u;’s are distinct roots of unity and all
a;’s are nonzero integers. We say that the relation X = 0 is minimal, if for any proper subset

1SS, Y iepaimi #0.

Based on the definition of minimal relation, we have the following restriction on the
cardinality of the index set S, in terms of the reduced exponents of a minimal vanishing sum.

Proposition 2 [2] Suppose that X = Zies a;iui = 0 is a minimal relation with reduced
exponent k and all a;’s are nonzero. Then k is square free and

ISI=2+ Y (p—2).

peP(k)
For convenience, we define the following notation.

Definition 4 For any group H, by N[H] we denote

Zagg:ag € Zandag >0
geH

Now we consider the corresponding notion of minimal relation in N[C,,]. From now on,
we assume that g is a generator of C,,,. We recall the notion of minimality defined in Section
4 of [4].

Definition 5 [4] Let D = Z;"Z_OI aig' € N[C,,]. We say that D is a v-sum if there exists a
character t of order m such that t(D) = I(Zf”:_ol a; gi) = 0. We say that D is minimal if
T(Z;’Zol big') # 0 whenever 0 < b; < a; foralli and b; < a; for some j.
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760 K. H. Leung, Q. Wang

Suppose that § € {0, ..., m—1}anda; > Oforalli € S.Itisclearthatif D =} g aig'
is a minimal v-sum by Definition 5, then t(D) = ), ¢a;7(g)" is a minimal relation by
Definition 3. We now define the reduced exponent of D as follows.

Definition 6 Suppose that D = Z?Zol digi € N[C,,] is a minimal v-sum. We define
the reduced exponent k of D as the reduced exponent of the vanishing sum t(D)
=Y dit(g)'.

Note that the reduced exponent defined above does not depend on the choice of the
character t.

Lemma2 [f D € N[C,,] is a minimal v-sum with reduced exponent k, then D = D'h for
some D' € N[Cyland h € C,,.

Proof Write D = Y ;_¢d;g' and t(D) = Y ;¢ d;t(g") where S C {0, ..., m — 1}. Since
k is the reduced exponent of D, by Definition 6, the reduced exponent of t(D) is also k.
Thus, there exists a j such that (r(gi)r(g_j))k = 1 forall i € S. It then follows that
Dg~/ e N[Cy]. The proof is then completed. O

In view of Proposition 2, we derive the following result.

Corollary 1 Suppose that D = Z;":_Ol a;g' € N[C,,] is a minimal v-sum with reduced expo-
nent k. Then k is square free and

DI =24+ > (p-2).

peP (k)

To deal with a v-sum D € N[C,,] which is not minimal, we first decompose it into sum
of minimal v-sums. It is straightforward to prove the following.

Lemma3 Let D € N[C,,] be a v-sum. Then D can be written as the form D =Y _ D;, where
D;’s are minimal v-sums in N[C), ].

We aim to find a lower bound of || D|| when D is a v-sum. To do so, we need to extend
the notion of reduced exponent and then apply Corollary 1. Suppose that D = 25:1 D; and
ki is the reduced exponent of D; for each i. We may then define the exponent of D to be
lem(ky, ..., k;). However, we note that such a decomposition is not necessarily unique. For
example, if m = 10 and £ is a generator of Cig, then we have

9
D= "h'=+)+A+h)h+A+r)R>+ (1 +h%)h + (1 +h5)h*  and
i=1
9 .
D=3 h =+ +h+h+h%+ A+ +h*+h +hh.
i=1
Note that (1 + A%k’ and (1 + h% + h* + h® + h®)h/ are both minimal v-sums. If we use
the notion of lcm of each decomposition, we will then get 2 and 5 as the reduced exponents,
respectively. Thus, we need to modify the earlier definition of exponent as follows.

Definition 7 Suppose that D = Zl’.”:_ol d;g" is a v-sum in N[C,,]. We define the c-exponent
of D to be the smallest k such that there exist + minimal v-sums Dy, ..., D, in N[C,]
with D = Z§:1 D; and k = lem(ky, ..., k;), where k; is the reduced exponent of D; for
i=1,...,¢t.

@ Springer



New nonexistence results on (m, n)-generalized bent functions 761

Note that in the example above, the c-exponent of D is 2.

Lemma4 Suppose that D = ZZ”;OI digi € N[C),] is a v-sum with c-exponent k. Write
m=[i-; p;x" and k = ]_H:l pi- Note thatt < s and p;’s are distinct primes. Then we have
the followings:

@ [IDIl =2+ Y (pi —2);
(b) D= 25:1 P, E;, where P; is the subgroup of order p; and E; € Z[Cy,] for all i;
(c) Suppose that ]_[f:1 p?i |d andd|\m. If ¢ : Z|Cy,] — Z[C4] is the natural projection, then

x (¢ (D)) = 0 whenever ord(x) = d.

Proof By Lemma 3, we may assume that D = Z;Zl D; such that each D; is a minimal
v-sum. Hence, by Corollary 1, we have

t
IDI| =)Dl
i=1
t
> 12+ D @-2
i=1

qeP ki)

2+ ) @-2

q€P k)

v

t
=24 (pi—2),

i=1

because P(k) = Uﬁzl Pk;).

ByLemma?2, D; = E;g; where E; € N[Cy;]and g; € C,,. Clearly, T(E;) = 0. Therefore,
from [4, Theorem 2.2], it follows that E; = quP(k,-) 0, F,, where Q, is the subgroup of
order ¢ and F; € Z[Cy,]. Since D = ) D;, D is of the desired form.

Finally, note that if ¢ and x are defined as in (c), then x (¢ (D)) = 0 as x(¢(P;))
=x(P;)=0fori =1,...,¢t. O

Next, we record a very useful result from [4, Theorem 4.8, Proposition 6.2].

Proposition 3 [4] Let D € N[C),] be a minimal v-sum with c-exponent k. Then we have the
followings:

(a) If k = p is prime and P is the subgroup of order p of Cp,, then D = Ph for some
h e Cy,.
) Ifk = ]_[521 piwitht > 2and p1 < py < --- < p; are primes, thent > 3 and

IID]l =z (p1 = D(p2 = D) + (p3 = D).

Moreover, equality holds only if D = (P}Py + P;)h for some h € C,,. Here P}
= P; — {e}, and P; is the subgroup of order p;.

Remark 2 Tt follows from Proposition 3 that either & is a prime or k has at least three prime
factors.
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3 New nonexistence results of (m, n)-GBFs

In this section, we derive some new necessary conditions on (m, n)-GBFs, and then give
new nonexistence results accordingly. First we fix the following notation. As before, we
assume that g is the generator of C,, and note that Remark 1 holds for any GBF f. To avoid
confusion, we set g¥ as the identity element of C,,,.

The following result is very important, in the sense that it allows to eliminate all prime
factors of m greater than 2" when deriving nonexistence results.

Proposition 4 Suppose that f is an (m,n)-GBF and m = [[;_, p?i where p;’s are distinct
primes. Let ky be the c-exponent of Ey (as defined by (6)) for each 16 # x € G. Set

I={1<i<s:pithk,Vx eG}andmzl_[pf‘f.
i¢l
Then there exists an (m, n)-GBF. In particular, if pjlm and p; > 2", then there exists an
(m/pi,n)-GBE

Proof By induction, it suffices to show that if p; € I, then there exists an (m/p;, n)-GBF.
Letn : Z[{g)] — Z[{gP")] be the natural projection, it then follows that

n(DpmDHTY =2"+ Y p(Eox.
lg#xeG

Recall that E is a v-sum. By assumption p; does not divide k, for all 15 # x € G. It
follows from Lemma 4(c) that 7(n(E)) = 0 if 7 is a character of order m/p;. Therefore,
t(n(Dy)) gives rise to an (m/p;, n)-GBF.
The last statement is now clear as if p; > 2", then by Lemma 4(a), p; does not divide k,
forany 1g #x € G.
O

We record the following result which will be used from time to time later.

Lemma5 Suppose that f is an (m, n)-GBF, and p, q are distinct primes that both divide m.
Then there exist y # 1 and h € supp(Ey) such that pq| o (h).

Proof AsC,, = ({g/™ : x € G}), thereexistu, v € G suchthat p|o(g/™)and g|o(g/™).
Since gf(lf") = go e Cy, we know that gf(”) € supp(E,) and gf(”) € supp(Ey). We are
doneif g|o(g/ ™) or plo(g/ ™). Otherwise, ug’ ™ (vg=/ ) € supp(E,,) and then clearly
pql o (g/®W=/®)) The proof is completed. O

Before we proceed, we need a technical result.

Lemma 6 Let q1, q2, q3 be primes that divide m and Q1, Qz, Q3 be subgroups of order
q1. 42, 3, respectively. Suppose that 4 { m and Y i_, Q;ih; = Y i, Qihi_l for some
hi,h2, hy € Cyp, witht > 2.

(@) If q1 # q2 and t = 2, then we may assume h;l =h;fori =1,2.

) If g1 # q2 = q3 and t = 3, then we may assume Q2hy + Q2hz = Q2(hy + hz_l) and
hy = hih

(c) Ifall q;’s are distinct, then we may assume h; = hi_1 foralli.
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Proof By assumption, we have

t
Qi1 —hi")y =" Qilh;" = hi).

i=2

p
Suppose that q’lBl [|m.Let¢ : Z[C,y] — C[C,,]be aring homomorphism that fixes g"/%1 :

B
and sends g‘111 to an m/qfl-primitive root of unity. Then, we have ¢ (Q;(h; — hi_])) =0
fori = 2,...,t, which implies that ¢(Q1h; — thl_l) = 0. Write h; = g1h’ with g| €

B
(g™ y and py { o(h'). Then, we have Qg1 (h') = Q187 '¢(h'~1). Hence g7 € Q) and
¢ (h') = ¢(h'~1). If q1 is odd, then g = g°. If ¢ = 2, then as 4 { m, g| can be taken as g°
as well. In both cases, we may assume g; = g". It follows that ¢ (h')? = 1. As ¢ is of order

m/qf' , > = g0, Therefore, g1h' = (g1#’)~". Furthermore, we have

t
Y Qi —h)=0. @)
i=2

Now (a) follows easily by applying the same argument on Q5.

If 7 = 3and ¢» = g3, we then obtain Q2 (h2 +h3) = Qa(hy ' +h3 ). If Qohy = Qah5 !,
then we must have Q,h3 = thgl. Then, h% € Q> and h% € Q. Using a similar argument
as before, we may assume that i, = h3 = go. If Qyhy = th_l , then clearly, we may take
h3 = hz_l and we are done.

To obtain (c), we set ¢+ = 3. We then get our desired results by applying part (a) to Eq. (7).

The proof is then completed. O

Now we are able to give the following necessary conditions on the existence of (m, n)
GBFs, where m is odd.

Theorem 1 Suppose that m = [];_, pf"', where 3 < p1 < p2 < --- < pg are odd primes
and «;’s are all positive integers. If an (m, n)-GBF exists, then s > 2 and 3py + py < 2™

Proof Recall thatif 15 # x € G and x is a character of order m, then x(E,) = 0.Ifs = 1,
then by Lemma 4(b), E, = P;W where P; is a subgroup of order p; and W C C,,. In other
words, 2" = ||E|| = p1||W||. This is impossible as p; # 2.

Next, we assume that s > 2. As E; € N[C},], we may write Ex = ) D; such that all
D;’s are minimal v-sums. Let k; be the reduced exponent of D;. If [P(k;)| > 4, then by
Corollary 1, we have ||D;|| > 2 + Z?:l (pi —2) > 3p; + p>. Thus, we may assume that
|P(k;)| < 3. But by Proposition 3, |P(k;)| = 1 or 3. In case that |P(k;)| = 3, [|D;|| >
q1(g2—=1D+g3—q2 = pi(p2— D+ p3—p2.1f pi = 5, thenclearly, p1(p2—1)+p3—p2 >
3p1 + p2. If p; = 3, it then follows that

\

pip2—D+p3—p2=22p2+(p3—2)=>2p2+G+7) >3p1+p2

as pp >5and p3 > 7.

It remains to consider the case |P(k;)| = 1,i.e., Dj = Qjh; where h; € Cyy and Q isa
subgroup of order g;. Note that ¢;’s need not be distinct. Therefore, £, = Z;z 1 Qjhj. It
all Q;’s are the same, then E; = Q1Y for some Y € Z[C,,]. This is impossible as g1 { 2".
In particular, it follows that # > 2 and we may assume Q| # Q2 without loss of generality.
Recall that all D; € N[C,,]. Therefore,

2" = ||Exll = q1 + @2 + (t = 2) p1.
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764 K. H. Leung, Q. Wang

Hence, we are done if ¢t > 4.

We first study the case t = 3. As g1 # g2, we may assume g; # g3 as well. Since
E,(C_]) = E, and m is odd, we may then assume h| = go. Moreover, if O, = Q3, then
Oohy + Qrhy = Qo(hy + h;l). Whereas if Q> # O3, then hp = h3 = 1 as m is odd.
Therefore, the coefficient of gO is either 1 or 3 in both cases. This contradicts Lemma 1(a).

Thus, we may assume ¢ = 2 for all x # 1. Moreover, as m is odd, E, is of the form
01 + Q3. In particular, each non-identity element in supp(Ey) is of prime order. This
contradicts Lemma 5.

The proof is then completed. O

The theorem above provides an alternative proof of [7, Corollary 2], from which we can
have an improved result on the case s = 2.

Corollary 2 Suppose that m = [[;_, p;", where py < p> < --+ < ps are odd primes and
«;’s are all positive integers.

(a) There is no (m,n)-GBF when s = 1.

(b) There is no (m,n)-GBF if s > 2 and 3py + p» > 2".

(c) There is no (m, n)-GBF if there is no (]_[?:1 pfli,n)-GBF where py41 is the smallest
prime such that py + py4+1 > 2"

Proof (a) and (b) follow directly from Theorem 1. As for (c), it suffices to show that if
t > r + 1, then p; does not divide the c-exponent of E, for any x # 1. We follow the
notation used in the proof of Theorem 1. We write E, = ) D, such that all D;’s are minimal
v-sums. Again, we denote by k; the reduced exponent of D ;. Suppose that p;|k;. If k1 = p;,
then E, # D; as otherwise p;|2". Therefore, ||E.|| > ||D1l|| + ||D2l| = p: + p1 > 2".
On the other hand, if k; # p;, then as shown before, k; is a product of at least three primes.
Hence, ||D1]| > p; + p1 > 2", which is impossible. O

Remark 3 For s = 2, our result is stronger than [7, Corollary 2].

Now we consider the case when m = 2m’ with m’ odd. If f is a (2m’, n) GBF, then we
define

Gf:={x€G: f(x)odd}.

Note thata (2m’, n) GBF is trivially an (m’, n) GBFif G y = #or G. Add f by m if necessary,

we may always assume |G s| < |G|/2. Note that G(;l) = G as G is 2-elementary. Apply a

homomorphism v : Z[G - C,,] such that v fixes every element in G and maps the generator
g of Cp, to —1, then we have

V(DYDY ) = (G -267)(G -267")
= (IG| - 4IG ;)G + 4G5
=2"+ Y Y(Edx.

lg#xeG
Write
Gy =Gl +2 ) bex 8)
1g#xeG
We denote ¥ (E,) by a,. It then follows that for x # 1,
ay = |G| —4|G | + 8b;. )
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The following is a consequence of [8, Theorem 1].
Lemma7 Ifn is odd, then Gy is a difference set in G if and only if G y = {1g}.
We now give the following nonexistence results on (2m’, n) GBFs.

Theorem 2 Let n be odd and m = 2p*, where « is a positive integer. Suppose that an (m, n)-
GBF exists. Then p < 2" =3 unless p = 2"~ — 1 is a Mersenne prime. In particular, ifn < 3,
there is no (m, n)-GBF if m = p* orm = 2p®.

Proof Let P, be the subgroup of order 2 and P be a subgroup of order p. For any x # 1,
we conclude from Lemma 4(b) that E, = P,Y, + P Z, for some Y, Z, € N[C,,]. Note that
Y (Ey) # 0 for some x # 1. Otherwise, the c-exponent of all E, is 2 and by Proposition 4,
there exists a (2, 3)-GBF, which is impossible. Hence, a, = ¥ (E,) # 0 for some x # 1.
Therefore, we have ¥ (P)[y(Ey), i.e., play. Note that in view of Eq. (9), 4pla, if |G r] is
odd and 8pla, if |G | is even. We are done if 8 p|a, as |a,| < 2". We may therefore assume
that |G 7| is odd.

Suppose that Gy = {1}. Then, a, = 2" — 4 if x # 1. Hence, 4pla. It follows that
p1 < 2" 3 unless 4p = 2" — 4 which implies that p = 2"~2 — 1 is a Mersenne prime.

Suppose that G ¢ # {1G}. As G ¢ is not a difference set, there exist two elements x # lg
and x” # 1 such that by > b, > 0. Since pla, and p|a,, it follows that p|(b, — by/) and
by — by = tp for some positive integer ¢. To get our desired result, we need to find a bound
on b, — b,. Note that in view of Eq. (8), by < |G s|/2 < |G|/4. Hence, we get our desired
result if + > 2. Thus, we may assume thatr = 1, i.e., by = p + by.

Suppose that G = (x) - G’, where G’ is a subgroup of order 2" ! in G. As the coefficient
of x in G%c is 2by, there are 2b, = 2p + 2b, pairs (u, v) of elements in Gy x G 7 such
that uv = x. Therefore, there exists aset Y € G' NG f such that Y U (Yx) € Gy with
Y| = p+by. Write Gy = (Y U Z) U (Yx U Zrx) such that

Z1CG,Z, G, YNZ =PandY N Zy = 0.
Since b, = |Y|, it follows that Z; N Z, = @J. Moreover, we have
GG =2V +2Y(Z1 + Zo) + ZT + Z31 + [2Y* + 2V (Z1 + Z) + 2Z1 Z]x.
Note that the support of [2Y2 +2Y(Z1 + Z») + Z% + Z%] is in G’ and the support of

[2Y24+ 2Y(Z1+ Z»)+2Z1Z5]x is in G'x. We now consider the coefficients of the following
group elements

Z =[2Y242Y(Z1 + Zo) + Z3 + Z31 — [2Y? + 2Y(Z1 + Z2) +221Z2) = (Z) — Z2)*.

For any 1 # v € G/, the coefficient of v in Z is equal to 2(b, — by, ). Clearly, the absolute
value of the coefficient of v in Z is less than | Z1| + |Z>]| as Z; and Z, are disjoint. Thus, if
there exists v # 1 in G’ such that b, — by, is nonzero, then p|(b, — b,,) and we obtain

2p =2|by — bux| = 1Z11 + 1221 = (IGf| = 2bx) = |G| = 2p.

Hence, we get 4p < |G| < |G|/2and p < 2"=3_ Thus, it remains to deal with the case
(Z1 = Z2)* = |Z)| + | Zal.

If both Z1 = Z; = @, then 2b, = |G |. Hence, |G f| is even and as remarked earlier,
we are done in this case. Note that as G = C}, all character values of Z; — Z; are integers.
Thus, |Z1| + |Z>] is a square. Since Z; N Z, = {J, all nonzero coefficients of Z1 — Z; is
41. On the other hand, if ¢ is an odd prime divisor or |Z1| + |Z>|, then ¢ divides the all
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nonzero coefficients of Z; — Z, by applying Fourier inversion formula. This is impossible. It
follows that | Z| +|Z,| = 2'. Again, we are done if r > 1 as then |G | = 2b, + | Z1| +|Z3|
is even. Hence, we may assume that t = 0, i.e., |Z1| + |Z>2| = 1. Note that the coefficient
of 1g in [2Y% + 2Y(Z) + Z») + Z? + Z2] is |G ¢| and the coefficient of 1¢ in [2Y? +
2Y(Z1 + Z») + 2Z1Z>] is the same as the coefficient of x in G%c. As Z =1, it follows that
2by = |Gy| — 1. Hence, a, = |G| —4|G¢| +4(Gys| — 1) = 2" — 4. Recall that 4pla,.
Hence either p =2""2 — 1l or p < 2" 3.

The proof is then completed. O

Corollary 3 Let n be odd and m = 2[[i_, p?i, where p1 < pa» < -+- < pg are odd primes
and «;’s are all positive integers.

(a) If s = 1, then there is no (m, n)-GBF if one of the following conditions is satisfied:

1) p1 > on=2.
(ii) pi is not a Mersenne prime and py > 2"73;
(iii) p1 =3, 5 (mod 8).

(b) If s = 2, and r is the least integer such that p,+1 + p1 > 2" + 2, then there is no
(m, n)-GBF if there is no (2 ]_[;:l pf” ,n)-GBFE. In particular, there is no (m, n)-GBF if

p1>2"2and py+ pr > 2" +2.

Proof Tt is easily seen that (i) and (ii) of (a) directly follow from Theorem 2. If (iii) holds, it
is known that no (2p}", n)-GBF exists.

To prove (b), it is sufficient to show that for i > r 4 1, p; does not divide the c-exponent
of any E for x # 1. As before, we wirte E, = )" D; and k; the reduced exponent of
D;. We may assume that p; divides k;. If k| consists of at least three prime factors, then
1Dl =2+ (p1 —2) + (pi —2). Thus, 2" > py + p; =2 > p1 + pr41 — 2 > 2". This is
impossible. Therefore, we have k1 = p;.

Otherwise, we assume that p; divides the reduced exponent k, of T(E). If k, = p;, it
follows from the argument in (a) that 4p; < 2". This is impossible as 2" < p; + p; < 4p;.
Therefore, p |k, forsome j # i. Butthen by Proposition3,2" > p;+p;—2 > p,y1+p1—2.
This is impossible. O

Remark 4 When compared with [7, Theorem 2], our result in Corollary 3 is stronger in all
cases quoted in Table 2 [7] therein except for the case that p = 191.

4 Nonexistence results forn = 3

In this section, we show that there in no (m, 3)-GBF for all m odd or m = 2 (mod 4).
By Proposition 4, we may assume that all prime factors of m are less than or equal to 7.
According to Corollary 2, we conclude that there is no (m, 3)-GBF if m is odd. Therefore, we
may write m = 2 - 345”7¢. For convenience, we fix the following notation. Let g», g3, g5, g7
be elements of order 2, 3, 5, 7, respectively. Let P,, Pz, P5, P; be subgroups of order 2, 3, 5
and 7, respectively.

We assume that f is an (m, 3)-GBF. We first determine what E, is if x # 1. As seen
before, t(E,) = 0O for any character of order m. Recall that P (k) denotes the set of all prime
factors of the integer k.

Lemma8 For any x # lg, write Ex = Y D; where each D; is a minimal v-sum with
reduced exponent k;i. Then P(k;) = {2}, {3}, {5}, {7} or {2, 3, 5} or {2, 3, 7}. Moreover,
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(a) If P(ki) = {j} for some j € {2,3,5,7}, then D; = Pjh; for some hj € C3.
(b) If P(ki) =(2,3,7), then Ex = g5(P; + g2 P5) for some integer a.

Proof Let k, be the reduced exponent of E,. Note thatk, #2-3-5-7,3-5-7,0r2-5-7
as ||E|| > (7—2) + (5 —2) + 2 > 8. Therefore, either |P(k;)| = 1, P(k;) = {2,3,7} or
{2, 3, 5}. (a) then follows from Lemma 2.

For (b), note that || D;|| < 8. Hence, by Proposition 3(b), D; = h(PS + g2 Py) for some
element h € Cy,. As ||Ex|| = 8, Ex = D;. As E, = E)(fl), we have h = g for some
integer o. O

Corollary 4 If 7|k, then E, = g5 (P7 + g2P3).

Proof We will follow the notation used above. By assumption, 7|k; for some i. If k; = 7,
then D; = P7h;. Since [|E.|| = 8, it follows that [|D;|| = 1 if j # i. This is impossible as
then (D) # 0. Hence, k; is not a prime and therefore, k; =2 -5 - 7. By Lemma 8 (b), our
desired result follows. m]

Let iy be as defined in Sect. 3. As we have seen before, ay, = ¥ (E,) = 0 mod 4. With
the condition E, = E )(fl) , this allows us to narrow down the possibilities of £, when 7 does
not divide the c-exponent of E.

Lemma?9 [f7 1 ky, then E, is in one of the forms below:

(a) Ex = LW and a, = 0.

(b) Ey = (P3+ Ps)g5 and a, = £8.

(©) Ex = g51g2(8% + 85+ 83 (g3 +g9) + (g2 + gl or g51g2(8" + g2 + g2) (g3 + 83) +
(g5 —l—gg)] and ay = 4. In particular, supp(E,) N Py = (. [Recall that go is the identity
of Ciu. |

Proof We continue with the notation used in Lemma 8. If all k;’s are prime, then in view of
Lemma 8,

E,=PX+ PY+ PsZ,
where X, Y, Z € N[Cy,]. As ||E,|| = 8 and 8 = 2||X|| + 3||Y || 4+ 5]| Z]|. It is clear that
NIXTL 1Y 121D = (4,0, 0), (1,2,0), or (0,1, 1).

If (I1XI, 1Y, 1ZI) = (1,2,0), then E, = Py(h; + hy) + P3h3. In this case,
W (Ey) = £3. This is impossible. Next, if (||X]|], ||Y]l, [|Z|]) = (4,0, 0), then (a) holds.
It (IXIL 1YL 11 Z]) = (0, 1, 1), then Ey = P3hy + Pshy. By Lemma 6(a), h; = ggi. Note
that ¥ (Ey) = £2 # +4 if @1 # a» mod 2. Since a, = 0 mod 4, (b) holds.

As k;’s are not all prime, we may assume that k1 is not a prime. Then by Lemma 8§,
k1 = 2-3-5.But then by Proposition 3(b), ||D1|| > 6. If E, # Dy, then ||D;|| < 2. Hence
Dy = Pyh/ forsome b’ € Cy, and || Dy|| = 6. Thus, Dy = (P P§+ PS)h for some h € C3o.
Since ||Ex|| = 8, Ex = D1 + Dy. But ¥(E,) = ¥(D1 + D) = £2. This is impossible
as 4|a,. Hence, E, is a minimal v-sum and £, = D; = Dh for some D € N[C3g]. As
E, = E)(fl), we have h € C3p. So, E, € N[C3p]. We may write E, = Z?:o A,-gg, where
A; € N[Cg]. Clearly,

4
8= llAill.
i=0
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Let 7 be a character of order 30. If A; = 0 for some i, then 7(A;) = O for all j as
7(Eyx) = 0. Then, E, is not a minimal v-sum unless Ey = A; for some j. So, k|6 and
k1 # 30. This is impossible. Hence, ||A;|| > 1 for each i.

Claim ||A;|| <3forall j =0,...,4

Otherwise, we assume that [|A,|| > 3 for some £. It then follows that [[A ;|| < 2if j # €.
Since E, = E)(fl), we have £ = 0. On the other hand, if ||A || = 2 for some j, then again
[|A¢|| # 2 whenever ¢t # j. Using the condition E, = E)(C_l) again, we have j = 0. This
is impossible. Hence, all other [|A || = 1. Thus we conclude, [|Ag|| = 4 and [|A;|| = 1 if
i=1,2,3,4. Write A; = h, where h € Cg. As t(Ag) = t(h), we have t(Ag + g2h) = 0.
Note that ||Ag + g2/1|] = 5. Since t(Ag + g2h) = 0, we may apply a similar argument as
in Lemma 8 to conclude that Ay + goh = P>hy + P3hy for some hy, hy € Cg. Therefore,
Ao = Pohy 4+ h3+hg or Ag = hy + P3hy for some h3, hy € Cg. In either case, it contradicts
the assumption that £, is a minimal v-sum.

Hence, we conclude that [|A || < 2 for all j. Using the assumption that E, = E)(fl)
again, we then obtain two possible cases.

@ [l1Aoll = [lA1]l = l|A4]l = 2 and || Az|| = ||A3]| = T or
(i) [lAoll = [lA2]| = ||A3]| = 2 and [|A1]| = ||A4]| = 1.

It remains to show that E, is of the desired form when (i) holds. We may assume that
A; = h; for some h; € Cg fori = 2, 3. Since 7(Ey) = 0 for any character 7 of order 30, we
sethy =h3=h.AsE, = E)((_l), we see that h = g5.

Note that fori =0, 1,4, ||A; + g2h|| = 3 and t(A; + g2h) = 0. Therefore, A; + g2h =
P3goh as goh is in the support of all A; + goh. In other words, A; = P; (g2h) fori =0, 1, 4.
It is now clear that E, is of desired form. This shows that (c) holds. ]

Theorem 3 There is no (m, 3)-GBF for any integer m odd or m =2 (mod 4).

Proof Recall that by earlier discussion of this section, we may assume that m = 2-3¢.5.7¢.
We first remove the case 7|m.

We may assume that 7 divides the c-exponent of E, for some x # 1. By Lemma 9, we
see that Ex = h®(PS +hP5) and ¥/ (E,) = £4. It follows from Eq. (8) that @, = 34 for any
v # 1. Therefore, E, is of the form in Corollary 4 or Lemma 9(c). That means there is no
element in supp(E,) of order a multiple of 21 for any v. This contradicts Lemma 5. Thus,
we may assume that 7 does not divide the c-exponent of Ey for all x € G. By Proposition 4,
it remains to show that (2 - 3¢ - 52, 3)-GBF does not exist.

In view of Lemma 9, E; € N[C3¢] for all x # 1. It follows that supp(Dy) C G - C3oh’
for some h' € C,,. After multiplying Dy with WL we may assume Dy € N[G - C3].
Recall that we may assume that 1 < |G s| < 4. We may assume that 16 € G instead of
1g € G\ Gr. We now discuss by cases.

Case (1) |Gy| =2.

As 16 € Gy, we write Gy = {lg, v}. Note that a, = 8 or 0. It follows that a, = 8
anda, = 0if x # 1g,v. By Lemma 9, we have E, = Ps + P; and E, = P, W, for some
Wy € Z[C3o] if x # 1, v.

Let n : Z[G - C30] — Z[G - Cs] be a ring homomorphism such that n(g2) = —1 and
n(g3) = 1 and n(gs5) = gs; and n(x) = 1 for all x € G. Note that n(E,) = 0 if a, = 0 as
E, = P,W, for some W, € N[C3p]. Thus, we get

n(D (D) Y =114 ps.
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Write n(Dy) = Zaigg where a; € Z. Observe that if we further map gs to 1, then the
resulting map is just y. Thus, wehave Y~ a; = (D). Thenas |G s| =2, (Dy) = Y a; =
8 —2-2 = 4. By considering the coefficient of identity of 11+ Ps, we get Y ai2 = 12. Thus
|a;| > 2 for some i. If the maximum value of |a;| is 2, then there must be two more a;’s with
|aj| = 2 and the rest is 0. That is impossible as then 2 divides n(Ds) but 2 does not divide
11 4+ Ps in Z[ Ps].

Hence, the maximum value of |;| is 3. Then there are exactly three a;’s with |a;| = 1.
Since ) a; = 4, exactly one a; is —1. So we may assume that n(D ) =3 + g5 + gg - g;/
with 1 # B # y # 1. Clearly, we may assume either § =4 or y = 4.

If B = 4, then we may take y = 2 or 3. Then, the coefficient of g;/ is —2, which is
impossible. If y = 4, then § = 2 or 3. In that case, the coefficient of g’; is —2, which is also
impossible. Therefore, we have |G | # 2.

Case (2) |G y| = 4. We may assume that G y = {l¢, vi, v2, V3}.

Subcase (a) v3 = viv2 and G is a subgroup of order 4. Hence, G2 = 4Gy and (G —

2Gf)2 = 8G y — 8G yv for some nonzero v € G. Therefore, a, = &8 forall x € G. In view
of Lemma 9, E; = g5 (P3 + Ps) for all nonzero x € G. By Lemma 5, this is impossible as
there is no element in supp(E,) which is divisible by 15 for any v.

Subcase (b) vz # viva. Let H = {lg, v, va, viva} be the subgroup of order 4. Then

sz = 2G + 2 — 2vjvov3. For convenience, we write v = vjvovs. Thus, a, = —8 and

ay =0if x # 1g orv. Asv ¢ H, there exists a ring homomorphism n’ that maps H - P3 to

identity, and n’(g2) = n’(v) = —1. Then as before n'(E,) = 0 if a, = 0. Hence, we obtain
0D (D) Y =8+ (=1)(=3 — Ps) = 11 + Ps.

Write /(D) = ) aigg. Observe that )~ a; = (G — 2G y) = —4. As shown above, there
is no solution in Z[ Ps].

Case (3) |G| = 1 or 3. Ten a, = &4 for all x # 15 in G. Therefore, by Lemma 9(c), for
any E, with 1g #x € G,

E¢ = g5[(g" + g5 +g9)(g3 + g3) + g2(g2 + )] or
&% + g2 + 8D (g3 + 83) + g2(gs + gD

Observe that if we write E, = Z?:o Wxigé, then ||[Wyo|| =2 and P> Nsupp(Ey) = 0.

Write Dy = Z?:O Bigg where B; € Z[G - C¢] and Dngfl) = Z?:o Zigg with
Z; € N[G - Cg]. For each i, B; = A;o + Aj1g3 + Aizgs where A;; € N[G - P,]. If
||A,'j|| > 2, 1e., A,’j = x1hy + x2hp + ---, where x1, x> € G and hy, hy, € P>, then
AjATY = 2+ xixahihy + -+ Hence, supp(Ey,) N (g%, g2} # #. This contradicts
Lemma 9(c). Thus, |A;;| < 1 and ||B;|| < 3. Note that

4
1Zoll =8+ D IIWeoll=8+2x7=22=>|Bil*
x#£lg i=0
Observe that not all ||B;|| < 2. Using the equation above, we may assume that || B;|| =

[|B;]| = 3 and || Bx|| = 2 for some distinct i, j, k. Then we have

2
B; = Zuzggigg = u0g20p (1 +uou1gy' " *g283 + Moulggr%g%) .
t=0
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Let ¢ be acharacter on G-C3g suchthat¢ (uou1) = (—1)*1 7% and ¢ (ugup) = (—1)%27%,
Note that such a ¢ exists as uou| # uouz. Then, itis clear that ¢ (B;) = 0. Thus, ¢ (D) |2 =
|¢(Bj)§5/ + (;5(Bk)§5k|2 = 8. In other words, we have

6BH> + 6B +¢(B)d B ™ + ¢ (Bod(BHLE ™ =38.

This is impossible unless ¢(B;) = 0 or ¢(Byx) = 0. But then ||Bi|| = 2 and ||A;|| < 1
imply that ¢ (By) # 0. Thus ¢(B;) = 0 and |¢(By)|? = 8. This is impossible as || Bx|| = 2.
This finish showing that |G r| # 1 or 3.

The proof is then completed. O
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