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Abstract

In the rank modulation scheme, Gray codes are very useful in the realization of flash mem-
ories. For a Gray code in this scheme, two adjacent codewords are obtained by using some
“push-to-the-top” operations. Moreover, snake-in-the-box codes under the ¢,-metric (€s.-
snakes) are Gray codes, which can be capable of detecting one £ -error. In this paper, we give
two constructions of £4,-snakes. On the one hand, inspired by Yehezkeally and Schwartz’s
construction, we present a new construction of the £,,-snake. The length of this ¢,,-snake
is longer than the length of the £,,-snake constructed by Yehezkeally and Schwartz. On the
other hand, we also give another construction of £,,-snakes by using K-snakes and obtain
the longer £~.-snakes than the previously known ones.

Keywords Flash memory - Rank modulation - Gray codes - Snake-in-the-box codes -
K-snakes - £o-snakes

Mathematics Subject Classification 68P30 - 94A15

1 Introduction

Flash memory is a non-volatile storage medium that is both electrically programmable and
erasable. It has been widely used because of its reliability, relative low cost, and high storage
density. In flash memories, a block which contains many cells can maintain a block of
charge levels to represent information. However, the flash memory has its inherent asymmetry
between cell programming (injecting cells with charge) and cell erasure (removing charge
from cells). That is to say, increasing the charge level of a single cell (cell programming) is an
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easy operation, but decreasing the charge level of a single cell (cell erasure) is a very difficult
process. In the programming operation, some cells may be injected with extra charge. This
will lead to overshooting of charge. Hence, overprogramming (overshooting of charge) is a
severe problem because of some very difficult cell erasure operations.

The rank modulation scheme has been recently proposed in [9] to overcome these prob-
lems. In this scheme, one permutation is induced by relative rankings of the charge levels
on a group of cells instead of using absolute values of charge levels. This permutation
is used to represent information. Specifically, assume that ¢y, ¢2,...,c, € R represent
charge levels of n € N cells respectively, these charge levels induce one permutation
7 = [n(),...,7(n)] € S, such that cy(1) > cz@) > -+ > Cx@), Where S, is the set
of all the permutations over {1, 2, ..., n}. In the rank modulation scheme, the cell program-
ming uses only “push-to-the-top” operations [9]. That is, a cell is programmed by raising
the charge level of this cell above those of all others in the block. Hence, in the manner, the
overprogramming is no longer a problem.

If the relative rankings are changed because of injection of much extra charge or leakage
in the cells, the permutation induced by the relative rankings will be different from the
desired permutation, i.e., this leads to an encoding error. Hence, some error models have
been studied for rank modulation, including the £,,-metric [11,15], the Ulam metric [4], and
the Kendall’s -metric [1,10,12,17]. In this paper, we will focus on the £.,-metric and the
Kendall’s t-metric.

The {o-distance [15] between two permutations 7,0 € S, is the maximal number of
indices difference between 7 and o. For example, the ¢,,-distance between 7 = [1, 2, 3]
and o = [3, 1, 2] is 2, since ieI{I}azX%} lo (i) — m(i)| = 2. Moreover, the Kendall’s t-distance

[15] between two permutations 7, o € S, is the minimum number of adjacent transpositions
required to obtain the permutation o from 7, where an adjacent transposition is an exchange of
two distinct adjacent elements. For example, the Kendall’s t-distance between & = [1, 2, 3]
and o = [3, 1, 2] is 2, since we can do the adjacent transpositions [1, 2, 3] — [1,3,2] —
[3,1,2].

In the rank modulation scheme, Gray codes are important codes which represent informa-
tion in flash memories. In [9], Jiang et al. proposed the Gray codes by using “push-to-the-top”
operations. Recently, Gray codes for rank modulation have been studied in [5,6,10,15]. In
addition, a snake-in-the-box code is a Gray code in which the distance between any two
distinct codewords in the code under a given metric is at least 2. Thus, this code can detect
a single error in one codeword. In this paper, we will focus on the snake-in-the-box codes
under the £~.-metric and the Kendall’s T-metric.

In [15], Yehezkeally and Schwartz constructed directly a snake-in-the-box code of length
[511(L5]+(L5]=1!)in S, under the £o-metric. In this paper, we will improve on this result.
On the one hand, we will construct a snake-in-the-box code of length [57!(L5 ] + ([5])!) in
Sn under the £-metric. On the other hand, we will also construct the longer snake-in-the-
box code under the ¢,,-metric by using some snake-in-the-box codes under the Kendall’s
T-metric. Specifically, when n = 4k + 1 and k > 3, we can obtain a snake-in-the-box code
of length M in S, under the £-metric. Whenn =4k +3 orn =4k +4,and k > 2,
we can obtain a snake-in-the-box code of length w in S, under the £,.-metric.

The rest of this paper is organized as follows. In Sect. 2, we will give some basic definitions
for the rank modulation scheme and notations required in this paper. In Sect. 3, we give
directly two constructions of snake-in-the-box codes in S, under the {,,-metric. In Sect. 4,
we compare our results with the previous ones. Section 5 concludes this paper.
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2 Preliminaries

In this section, we will give some definitions and notations mentioned in [8,15] and [2].

Welet[n] £ {1,2,...,n}andletm £ [7(1), 7(2), ..., m(n)] be a permutation over [n).
Let S, be the set of all the permutations over [n]. For o, & € S, their multiplication 7 o o is
denoted by the composition of o on 7, i.e., 0 6 (i) = o (7 (i)), for all i € [n]. Under this
multiplication operation, S, is a noncommutative group. Let 7! be the inverse element of
m, for m € S,, and let A, be the subgroup of all even permutations over [n].

Given n flash memory cells, we name these cells 1, 2, ..., n.Let (c1, ¢2, ..., ¢,) € R" be
a vector of n real-valued variables, where ¢; is the charge level of the i-th cell for all i € [n].
In the rank modulation scheme, the n distinct variables c1, ..., ¢, induce one permutation,
denoted by 7 = [ (1), ..., m(n)] € S, iff cr1y > cr2) > -+ - > Cr(n)-

Definition 1 Given a set S and a set of transformations T C {f|f : S — S}, a Gray code
over S of size M, is a sequence C = (co, ¢y, ..., cpy—1) of M different elements from
S, called codewords, in which for each i € [M — 1] there exists some #; € T such that
ci = 1i(ci—1).

For convenience, we denote a transformation sequence of the Gray code C by 7¢, i.e.,
Tc = (f1, 1, ..., ty—1). The Gray code is called complete if M = |S|, and cyclic if there
exists fay € T such that co = fy(cp—1).

Consider the Gray codes for rank modulation in flash memories, we have S = §,, and the
set of transformations comprises of all the “push-to-the-top” operations in S,,, defined by 7.
Next, we denote by #; : S;, — S, one “push-to-the-top” operation on index i, for 2 <i < n,
that is,

ti(lai,az, ..., ai—1,0a;,0ai41, ..., a,1) = laj,a1, a2, ...,a;—1,Git1, ..., anl,

and a p-transition will be an abbreviation of a “push-to-the-top” operation. Therefore, 7,, =
{tr,t3,...,1,}.

A sequence of p-transitions is called a transition sequence. Given an initial permutation
mo in S, and a transition sequence (fy(1), ta(2)s - - - » ta(r)) With a(i) € [n] for all i € [L],
we can obtain a sequence of permutations o, 71, ..., 7z in S,, where m; = to ;) (i —1) for
alli € [L]. When np, = mo and 7; # m; for each pair 0 < i < j < L, the permutation
sequence (7o, 71, ..., wr—1) is a cyclic Gray code, denoted by C,,. The transition sequence
Tc, 18 (Fa(1)s ta(2)s - - - > ta(L))-

Letd : S x § — N be a distance function, which induces a metric M over S. In the
following, we will introduce Gray code capable of detecting a single error.

Definition 2 Let M be a metric over S induced by a distance measure d. A cyclic (resp.
noncyclic) snake-in-the-box over S under the metric M by using transitions 7 is a cyclic
(resp. noncyclic) Gray code C over S by using 7, in which for any two distinct elements
w,o0 € C,we have that d(w,0) > 2.

In the following, we consider S = S,, and transitions 7 = T,,. For convenience, we call
a cyclic (resp. noncyclic) snake-in-the-box code C of size M over S, under the metric M,
using transitions 7, a cyclic (resp. noncyclic) (n, M, M)-snake, or a cyclic (resp. noncyclic)
M-snake. Moreover, we directly use an M-snake and an (n, M, M)-snake to represent a
cyclic M-snake and a cyclic (n, M, M-snake, respectively, otherwise, we will specially write
as a noncyclic M-snake or a noncyclic (n, M, M)-snake.
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In this paper, we will consider two metrics: Kendall’s 7-metric K and {~-metric, with
their /C-snakes and £~o-snakes, respectively. The Kendall’s t-distance and the £-distance
over S, are defined as follows.

Definition 3 For any two permutations o, © € S, the £, -distance between two permutations
7, 0, denoted by doo (77, 0), is the maximal number of indices difference between 7 and o.
Specially, we have the following expression for do (o, ),

dxo(o, 1) = max o (i) — m(i)].
i€ln]
Given a permutation 7 = [ay, ..., a,] € S, an adjacent transposition is an exchange of
two distinct adjacent elements a;, a; 11, in 7, forsome 1 <i <n — 1.

Definition 4 For any two permutations o, 7 € Sy, the Kendall’s t-distance between two
permutations 7, o, denoted by dg (7, ¢), is the minimum number of adjacent transpositions
required to obtain the permutation o from . Specially, we have the following expression
for dg (i, o),

di (o, m) =G, )07 () <o M Ar™l @) > a7 ()

Furthermore, let Cg—g be an (n, M, M)-snake, where 7¢ is its transition sequence

and 7 is its first permutation. Here, we let C° £ (mo, 71, ..., wy—1) and T¢ =
(ta(1)> ta2)s - - - » ta(m)) Such that m; =ty (i) forevery i € [M — 1] and tom)(Tp—1) =
7T0.

In [9], Jiang et al. presented an n-length rank modulation Gray code (n-RMGC) by using
“push-to-the-top” transitions. They [9] also proposed a cyclic and complete n-RMGC, Cr,,
where 7, is ts transition sequence. For convenience, we define 7, = (1y,,(1), f,(2) - - - » Ly (n1))-
Yehezkeally and Schwartz [15] constructed an (n, M, £~)-snake, whose size is [%1 !(L%J +
(L3 = DY foralln > 4.

Having the above definitions and notations, we will present two constructions of £-
snakes in the following section.

3 Main results
3.1 Construction of £,-snakes by using cyclicand complete RMGCs

In this subsection, we give one construction of f,-snakes by using cyclic and complete
RMGC:s. In order to use the code constructions presented in [9], we will give the following
two lemmas.

Lemma 1 [9, Theorem 4] For all n > 3, there exists a cyclic and complete (n — 1)-RMGC,
denoted by C'Z;zfl’ where T, £ (ty,,,l(l), ceey tynfl((nfl)!)).

Lemma 2 [9, Theorem 7] For all n > 4, given a cyclic and complete (n — 1)-RMGC,
C7,_,, denoted by one transition sequence T, 1 = (ty,_ (1), ty,_1(2)» - - - » by, (n—1)))), then
the following transition sequence, (ty, (1), ty,2) - - - » ty,))), defines an n-RMGC, denoted by
CT,, that is cyclic and complete:

t_ , k=1 dn),
b = : n—yn_1([k/n])+1 (mod n) )

tn, otherwise

forall k € [n!].
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By the above lemmas, we can obtain some properties of this RMGC which we will use
later.

Lemma 3 Foranyn > 3, there exists a cyclic and complete n-RMGC, denoted by C,, where
its transition sequence T, = (ty,,(1), - - ., ty,)), Such that forany j € {2,3, ..., n}, we have
that

Tyu(iy =1

for some i € [n!].

Proof We prove this lemma by induction. By Lemma 1, we have a cyclic and complete 7-
RMGC, denoted by C7,,, with its transition sequence 7,, = (y,,(1), - - - » ty, () forany n > 3.
By the construction of [9, Fig. 2], we have one transition sequence of a cyclic and complete
3-RMGC, denoted by Cz;, where T3 = (12, 13, 13, 1o, 13, t3). Hence, for any j € {2, 3}, there
exists i such that

lys(iy = 1j-
When n = m, assume that for any j € {2, 3, ..., m}, we have that
tyni) = 1j @

for some i € [m!].
By Lemma 2 and C7,,, when n = m + 1, we have a cyclic and complete (m + 1)-RMGC,
denoted by C7,, ,, with its transition sequence 741 = (fy,,,(1)s - - - » Ly ((m+1)1))» Where

Im42—y(Tk/m+1)]), k= 1(modm + 1),
Im+1, otherwise

(€)

Ly () =

for all k € [(m + 1)!]. Since y,, ([k/(m + 1)]) ranges over 2,3, ..., m, by (3), for any
j €{2,3,...,m+ 1}, we can obtain that
By (i) =1

for some i € [(m + 1)!].
So, there exists a cyclic and complete n-RMGC, denoted by Cz,, with its transition

sequence 7, = (ty,(1), - - - » Ly, (n)) such that for any j € {2, 3, ..., n}, we have that
lyiy =1j
for some i € [n!]. This completes the proof by induction. O

The following lemma gives one construction of a basic block which is useful for the
construction of £.,-snakes by using cyclic and complete RMGCs.

Lemma4 Foralln > 6, let {aj};*):l be a set of even integers of [n] and {b ; }f:l be a set of odd
integers of [n], where Q = | 5| and P = [3]. Leto = [b1,az,a3...,ag, a1, b2, b3, ..., bp]
be an initial permutation such that |ay — bi1| > 2. Then, there exist two noncyclic
(n, Q'+ Q, £xo)-snakes. One noncyclic (n, Q'+ Q, £~ )-snake, denoted by C;’Cm, is starting
with o and ending with one permutation 1y, where

m =laz,a3,...,ap-1,a¢9,a1,b1,b2,...,bpl.
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Another noncyclic (n, Q! + Q, €~)-snake, denoted by @g%nz’ is starting with o and ending

with one permutation m,, where

m = laz,as3,...,ap_1,a1,a9,b1,b2,...,bpl.
Proof We prove only the existence of Cg—’cﬂl, since the proof of the existence of
@g-‘;z is similar. For convenience, let C;‘C”‘ £ (00,01,...,001+0-1) and Tc =
(tay(1)s a1 ()5 + -+ e (Q14+0—1))-

Now, by Lemma 1, there exists a cyclic and complete Q-RMGC with its transition
sequence 7¢, where

Tg = (tyg(1)s tyg(2)s - -+ tyg(QY)- “)
By Lemma 3, since Q > 3, we have that
yo(s1) = 10 and tyo(sy) = 10—1 for some 51, 52 € [Q!]. (5)

By (4) and (5), we can obtain two transition sequences, denoted by 7, é and 7, 5, where

1
T = (tyg(si+1) byg(s142)s - -+ Ty () Tyo(1)s By () - -+ Byp(s1)
and
2
T5 = (tyg(sa+1)s typ(sa42)s - -+ Ty (0 Tyo(1)s Ty (2)s - -+ Tyg(s2)-

For convenience, we Qeﬁne TQj £ (llgj(l), 18;2)s - - - [ﬂj(Q!)) for j = 1, 2. Applying some
transition sequence Té on one initial permutation 7, where 7 = [c1, ¢2, ..., cg] € Sg, we

can obtain a cyclic and complete Q-RMGC, denoted by ol ;» with its last permutation 77 ;
7o

for j = 1, 2. By the construction of T, when j = 1, we have that

m =[c2,¢3,...,c0-1,c0,c1]. 6)
When j = 2, we have that

7w =[c2,¢3,...,c0-1,¢1,C0]l.

Next, we construct the transition sequence of C7™. We let oy £ o, then o9 =

[b1,as, ... ,agp,at, by,...,bp]. When 1 < j <Q-—1,we let I (j) = 1Q- Whenj =0,
we let tq,(0) = to+1. If 0 +1 < j < Q!+ Q — 1, we use the transition sequence ’TQ] to
construct the transition ty, (j), and let ty, (j) = 1g,(j—0)-

Finally, we will prove that forany 0 <i < j < Q!4+ Q —1, we have thatd (0, o) > 2.
By the construction of #,,(j), when 1 < j < O — 2, we have that

oj=lagy1-j,...,ag,b1,a2,...,ap—j,a1,ba,...,bp].
When j = Q — 1, we have that
op—1=laz,...,ap,b1,a1,b2,...,bpl.
When j = Q, we have that
op =lai,az,...,a9,b1,b2,...,bpl. (@)
By (6) and (7), we can obtain that

T =0Q140-1 = laz,...,ag,ai, by,...,bpl. (®)
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When 0 <i < j < Q — 1, we obtain easily that
doo(o'iy Uj) > 2. 9)

When0 <i < Q—landQ < j < Q!4+ Q—1,wehaveo;(Q+1) =ajando;(Q+1) = by,
then
doo(0i,0j) 2|0i (Q + 1) —0;(Q + 1)
=la; — b1|
>2. (10)

When O <i < j < Q!+ Q — 1, we know that the first Q elements of 0; and o; are different
permutations over {a j}J'Qzl- Since {a j}J'Qzl is a set of even integers, then

dwo(0i, 0)) > 2. (11)
Hence, by (8)—(11), we can obtain a noncyclic (n, Q!+ Q, £~ )-snake C;’Cm starting with o
and ending with 7y = [a2, a3, ...,a¢p, a1, b1, b2, ..., bp].

Similarly, we can construct another noncyclic (n, Q! 4+ Q, £~)-snake é;”z Let Té £
C

(Fay ()5 Lan(2)s + -+ > Lan (0140 —1)) and ég—’éﬂz £ (60,01, ..., 5Q;+Q_1). Analogously, when
1 <j<0—1 weletly =tg. When j = Q, welet ty,(0) = to+1. f Q+1 < j <
0!+ 0 — 1, we let t,(j) = tg,(j—0)- We define 69 = o. As the above discussion, we can
also obtain another noncyclic (n, Q! + Q, €o)-snake (:‘g—’énz starting with o and ending with

mp =lag,as,...,ap-1,a1,a9,b1, by, ..., bpl. a
Next we present an example to illustrate the constructions in Lemma 4.

Example 1 Consider n = 6, we have that P = Q = 3. By Lemma 4, we will construct two
kinds of noncyclic £~.-snakes which are basic building blocks for £,,-snakes. Now, we will
start this example with an initial permutation, denoted by op = [1, 4, 2, 6, 3, 5]. In order to
construct the blocks, we need one transition sequence of a cyclic and complete 3-RMGC,
i.e, 73 = (12, 13, 13, 12, 13, t3). By Lemma 4, we can obtain two transition sequences 7¢ and
T & where

Tc = (3,13, 14, 12, 13, 13, 12, 13)
and
Tp = (13,13, la, 13, 13, 12, 13, 13).

Next, we will give two noncyclic (6, 3! + 3, £ )-snakes by the two transition sequences and
09. One noncyclic (6, 3! 4 3, £~)-snake is constructed by 7¢ and o, which is depicted by
Fig. 1 as follows.
Another noncyclic (6, 3! + 3, £x)-snake is constructed by 7 and oo, which is depicted by
Fig. 2 as follows.

In the following, by Lemma 4, we will give one construction of an (n, M, £)-snake of
size M = [51!(L5] + L5]!). Suppose P e [7]and Q £ L5, then [n] has P odd elements
and Q even ones. Consider n > 6, we let oq be the first permutation of the £.,-snake, where

oo=1[1,4,...,20-2,2,20,3,5...,2P — 1]. (12)
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[1’47 27 6’ 37 5]

+ i3
[27 1747 6’ 37 5]

+ i3
[4,2,1,6,3,5]

i\ ty
[6,4,2,1,3,5]

i\ to
[4, 6,2,1,3, 5]

4 i3
[2, 4,6,1, 3, 5]

+ i3
[6, 2,4,1,3, 5]

1 to
[2, 6,4,1, 3, 5]

4 i3
[4, 2,6,1,3, 5]

Fig. 1 A noncyclic (6, 3! + 3, £s0)-snake constructed by 7¢ and oq

[1,4,2,6,3,5]

+ t3
(2,1,4,6,3,5]

+ t3
[4,2,1,6,3,5]

A ta
[6,4,2,1,3,5]

+ t3
(2,6,4,1,3,5]

+ t3
[4,2,6,1,3,5]

A to
(2,4,6,1,3,5]

+ t3
[6,2,4,1,3,5]

+ t3
[4’ 67 27 1737 5]

Fig.2 A noncyclic (6, 3! 4 3, £~0)-snake constructed by Té and o

First, we construct one transition sequence, denoted by 7 = {t,,(1), ty(2), - - -» ty(m)}- T
and og can yield one permutation sequence, denoted by C7 = (09, 01, ..., o)), where the
codewords satisfy o = t,,(j)(0j—1) forall 1 < j < M.

By Lemma 1, we take a cyclic and complete P-RMGC by using the following transition
sequence

Tp = (typ(1)> typ2)s - - - » typ(PD)- (13)

By LemmaA 4, we can obtain two noncyclic (n, My, £~ )-snakes of size M| = Q!+ Q,
Cg—’cm and C ;’gz, respectively, where o, 7, 7, are defined in Lemma 4. Cg—’cm is given by the
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following transition sequence

Tc = (tay(1)» lay )5 + - - » Loy (M1 1)) - (14)
Similarly, C‘;’Cﬂz is determined by the following transition sequence

To = (ay(1)> Tan@)s - -+ 5 laa (M) —1))- (15)

By (12)—(15), we construct the transition sequence 7 = (¢ (1), - . . , ,,(m)). When we use
one transition sequence 7¢ or 7, we must guarantee the initial permutation to satisfy the
condition |a; —bi| > 2 of o in Lemma4. Here, forall 1 <k < P!, o(—1).(0!+0) is the initial
permutation. Moreover, by = op(1) = 1,00(Q) = 2 and a1 = 0o(Q + 1) = 20 for oyp.
According to the construction of o and Lemma 4, forall 2 < k < P!and o _1).c0!+0), We
have a; = 2 or 2Q. In order to satisfy these conditions, we construct the transition sequence
T as follows.

Foralll <k < P!, welet

Iy (k(0'40)) = yp()+0- 16)
By (16), O‘k.(QngQ)(l) = O‘(kfl).(QerQ)()/P(k) + Q) forall 1 < k < P!. When we pick
one transition sequence Z¢ or 7 to apply on o—1).(gi+0), by Lemma 4, we obtain that
ok(0'+0)(Q + 1) = ok—1).(01+0)(Q + 1) or ok—1).(01+0)(Q) forall 1 < k < P!. Hence,
or.0+0)(1) = og—1).c0+0)(yp (k) + Q) and or.(01+0)(Q + 1) = ou—1).(01+0)(Q +
1) or og—1).(0+0)(Q) for all 1 < k < P! That’s, ox_1).c0+0)(yp(k) + Q) and
0k.(0'+0)(Q + 1) are by and a; in Lemma 4 respectively. In order to satisfy the condi-
tion |a; — by| = 2 of o in Lemma 4 for all 1 < k < P! — 1, we choose one transition
sequence 7¢ or 7 by using the following method.
Foralll <k < Pland1 < j < Q!+ Q — I, when |o—1).c01+0)(vp (k) + Q) = 1 or 3,
if o—1).0+0)(Q + 1) =20, we let

Ly ((k=1)(Q+Q)+)) = T (j)s a7
else if O‘(kfl).(Q%Q)(Q) =20, we let

by ((k=1)-(QH0)+)) = lar(j)- (18)
Hence, when |0 —1).(g1+0) (vp (k) + Q) = 1 or 3, by using one transition sequence 7¢ or 7
applied on o_1).(0!+0), We always have oy.(p1+0)(Q + 1) = 20. Then, |oy.(g1+0)(1) —
ok.(01+0)(Q + D[ = 2. When |o—1).(01+0)(vp (k) + Q) =20 — L, if 64—1).(01+-0)(Q +
1) =2, welet

by (k=1)-(Q+Q)+)) = Tor () (19)
else if (T(k,1).(Q!+Q)(Q) =2, we let

by (=1)-(QIH+0)+)) = lar(j)- (20)

Hence, when [o—1).(01+0)(vp (k) + Q) = 20 — 1, by using one transition sequence 7¢ or

7; applied on o(x—1).(g1+ ), we always have oy.(1+0)(Q + 1) = 2. Then, |O'k-(Q!+Q.)(1)._

O‘k.(QngQ)(Q +1)| > 2. When |U(k71)~(Q!+Q)(VP k)+Q)=5,7,...,20 —3, we arbitrarily
choose one o or ay, i.e.,

by (k=1)-(Q1+Q)+)) = Ly (j) OF Lay(j)- e2y)

Thus, when |o—1).o1+0)(¥p(K)+ Q) = 5,7, ...,20 —3, by using one transition sequence
TC or Té applied on o(k—1)-(Q'+Q)» W€ have |O‘k.(Q[+Q)(1) - Gk.(Q[+Q)(Q + 1)| > 2. Here,
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when |o—1).(01+0)(yp(k) + Q) =5,7, ..., or2Q — 3, we can choose some « or a; such
that the number of choices of a» is an even number.

Hence, this construction of the transition sequence satisfies the the condition |a; —b1| > 2
of o in Lemma 4. Next, we will prove that C7 is an £.-snake in the following theorem.

Theorem 1 For all n > 6, there exist an (n, M, Loo)-snake of size M = [511(L5] + [5]).
Proof By the construction of C7 and Lemma 4, for all 1 < k < P!, we have that

lok.(01+0)(1) — ok.(01+0)(Q + )| = 2. (22)

Sinceog(1) = 1, 0p(Q+1) = 20, then |opg(1)—09(Q+1)| > 2. Thus, forall0 < k < P!—1,
Ok.(0!+ ) satisfies the condition of Lemma 4.

By the construction of C7 and Lemma4, forall0 <k < P!—1,0<i < j < Q'4+0-1,
we have that

doo (Ok(Q1+ Q) +i+ Ok(Q1+0)+j) = 2.

Furthermore, for k, k € [P!] and k < k, since the code generated by its transition sequence
Tp = (typ1)> typ(2)> - - - » typ(py)) is a cyclic and complete P-RMGC code, we are assured
that for all 0 < j, ] < Q'+ Q — 1, the last P — 1 elements of both o _1)(g1+0)+; and
OG—1)(Q'+0)+] Are all odd and represent two distinct permutations. Hence, we have that

oo (T4—1)(Q+0)+)> T -1y (o1t 0)4]) = 2

Finally, we will prove that op\(g14+0) = 0p. Since the code generated by the transition
sequence Tp = (typ(1), typ(2)s - - - » typ(py) 18 @ cyclic and complete P-RMGC code, we
have that opip1+0)(1) = 1. By the construction of oy, 7, and Lemma 4, the number of
times of 74 chosen (i.e., a2) over the entire construction is even. Then, we can obtain that
OPI(Q+Q) = 00-

So, Cr is an (n, M, £oo)-snake of size M = [51!(|5] + L5]). O

Next we present an example to illustrate the construction in Theorem 1.

Example 2 For this example, consider n = 6 (i.e., P = Q = 3 ), we need one transition
sequence of a cyclic and complete 3-RMGC, i.e., 73 = (13, 13, 12, 13, 13, t2). We start our
cyclic (6, 54, £~ )-snake described in Fig. 3 with the same permutation o in Example 5, and
use the two kinds of basic noncyclic ¢.-snakes presented in Example 5 as building blocks.
In Fig. 3, “ (1)” stands for an omitted transition sequence 7¢ = (3, 13, t4, 02, 13, 13, 12, 13).
While “| (2)” stands for another omitted transition sequence 7p = (13, 13, l4, 13, 13, 12, 13, 13).
When n = 6, by using one cyclic and complete 3-RMGC, we indeed construct a cyclic £o-
snake of size 54.

3.2 Construction of £,,-snakes by using /C-snakes

In this subsection, we will construct £~,-snakes by using some snake-in-the-box codes under
the Kendall’s t-metric. In order to present the construction, we need some notations and
lemmas of snake-in-the-box codes under the Kendall’s t-metric.

Given a permutation 7 = [ay, ..., a,] € S,, an adjacent transposition is an exchange
of two distinct adjacent elements a;, @; 1, in 7, for some 1 < i < n — 1. The Kendall’s
T-distance [15] between two permutations 7, 0 € S, denoted by dg (7, o), is the minimum
number of adjacent transpositions required to obtain the permutation o from 7. A KC-snake
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oo [1,4,2,6,3,5]

I (2)
os [4,6,2,1,3, 5]

+ te = t3ys
o9 5,4,6,2,1,3]

ll( )
o17 [4,2,6,5,1, 3]

+ te = t343
g18 [3 4 2 6 5 1]

U( )
026 [4 6 2 3 5 1]

+ ts = tays
027 [5,4,6,2,3,1]

U( )
Jg35 [ 2,6,5,3, 1]

+ te = t3+3
036 [134’236’573]

4 (1)
044 [4’2’63]—)573]

+ te = tays
045 [374’276 175]

4 (1)
053 [472’673)175]

+ ts = tays
o54 [1,4,2,86,3,5]

Fig.3 A (6, 54, £~0)-snake obtained by using a cyclic and complete 3-RMGC

is a Gray code such that dic (o, ) > 2 for any two distinct permutations o and 7 in the code.
Moreover, the Kendall’s 7-metric is right invariant [3], that is, for every three permutations
o,m, p € S,, we have dg (0, m) = dkg (o o p,w o p). For convenience, we denote by an
(n, M, K)-snake a K-snake of size M in S,. In order to establish our results, we need the
following results on /C-snakes.

Lemma5 [7] For each n > 3, there exists a 2n + 1, Ma,+1, K)-snake in Az,41 of size
My = (2"+1) with the transition sequence including ty, 1. The largest (5, M5, KC)-snake
has M5 = 57

Furthermore, we require the following lemmas for constructing £~.-snakes by using /C-
snakes.

Lemma 6 Suppose {aj};f:l, n > 2, is a set of integers of the same parity. Let o; =

[oi(1),...,0i(n),0i(n+1), bnta, ..., bl € Sy fori = 1,2, where oy # o2, {fh(])}”Jrl =
{aj }] 1 U {x} fori = 1,2, and the parity of x differs from that of the elements of {a; }] - If
o1 and o3 are both odd permutations or even permutations, then ds (o1, 02) > 2.

Proof Since o1 # o072, then ds(01,02) > 1. Suppose do(01,02) < 2, we have

that dy(01,00) = 1. We let oy = la1,a2,...,ai,X,8i+1...,0an, byya, ..., byl,
laj, — x| = 1, and |aj, — x| = 1, where ji,j» € [n]. When i > j; and
i > Jj», since {aj};f:] have the same parity and de(o1,02) = 1, then o =
lai,....,aj,—1,x,aj41,...,ai,aj,,8i41,...,00, byy2, ..., byl or oo = [ay,...,aj,—1,
X,Qjyt1s .oy Uiy Ay, Qitls .-, 0n, bpia, ..., by). Similarly, in all the cases, o7 can be
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obtained from o using one transposition of a;; and x for i = 1 or 2. Then, the parity of o}
differs from the parity of o», which causes a contradiction. Hence, we have that d (o1, 02)
> 2. O

Lemma 7 Suppose C, is an (n, M, K)-snake in A, with its first permutation wo and one
transition sequence Ic, = (tu(1), ta(2), - - - » ta(M,))- For any oo € S,, by applying the transi-
tion sequence Ic, on the permutation oy, we can obtain another (n, My, KC)-snake, denoted
by C, = (00,01, ...,0M,-1), where 0j = ty(jy(0j—1) forall j € [M,, — 1]. Moreover, all
the permutations of én have the same parity.

Proof By [14, Lemma 3], we have that é’n isan (n, M,, K)-snake and o; 000_1 = o]‘[o_l for
alli € [M, —1]U{0}. Since the Kendall’s t-metric is right invariant and o; oa(;1 = m; on(;],
for any two distinct i, j € [M, — 1] U {0}, we can obtain that dg (0;, 0;) = dg(m;, 7}).
So, when C,, is an (n, M,,, K)-snake in A,,, we have that all the permutations of C » have the
same parity. O

The following lemma gives the construction of a basic block which is useful for the
construction of £,,-snakes by using KC-snakes.

Lemma 8 Let {aj}jQ:] be a set of integers of the same parity, and let {bj}§):1 be also

a set of integers of the same parity such that {aj}jQ=1 U {bj}j.):1 = [n]. We define
o 2 [b1,a,a,..., ag,by, b3, ..., bpl. Suppose we have an (Q + 1, Mg, K)-snake
in Agy1 with one transition sequence Tic,o4+1 = (ty(1), ly(2), - - -» ly(Mg, 1)) Such that
fy(Mgi1) = T0+1, where Q is an even integer. Then, there exists a noncyclic (n, Mp11, £eo)-

snake starting with o and ending with the permutationw = [a1, a2, ...,ag, b1, by, ..., bpl.

Proof According to Lemma 5, when Q is an even integer, there exists an (Q + 1, Mg41, K)-
snake in A1 with one transition sequence 7, p41 such that fy(Mgy) = to+1. We let

C%"  be the claimed noncyclic £4-snake, where C" = (op, 01, ..., OMgyi—1) and
ATQ+1 To+1
To+1 = (la(t)s la@)s - -+ > la(Mp 1 —1))-

First, we denote by oy £ 4. Next, we construct the transition sequence or 0+1. We let
ta(jy = ty(j) forallj € [Mg41 —11. (23)
By (23) and its first permutation o, we have that
oj=[oj(1),...,0;(Q+1),b2,b3,...,bp]
forall j € [Mp4+1 —1]. By (23) and Lemma 7, due to the (Q +1, M1, K)-snakein Ap1,

we have that C;” is anoncyclic Gray code, and all the permutations of ng” have the same
0+1 0+1
parity. Since Iy(Mgy1) = 1Q+1, We have m = OMgi1—1 = a1, a2, ...,a9,b1,b2,...,bp].

Finally, for any two distinct permutations o;,,0;, € C;” , since they have the same
0+1

parity and 0, = [0};(1),...,0;,(Q + 1),b2,b3,...,bp],fori =1 or 2, by Lemma 6, we
have that

doo(o'jl’o'jz) > 2.

Hence, we can obtain that C;” is a noncyclic (n, Moy1, £oo)-snake starting with o and
0+1
ending with the permutation w = [ay, a2, ..., a9, b1, b2, ..., bp]. O

Next we present an example to illustrate the construction in Lemma 8.
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2|3[1|7|3|1|5]3|2|7|3|2[1|3|2|5|3|7|1|2|7|1|5|7|1|3|7|2|5|7|2|1|7|2|3|7|5|1|2|5|1|3|5|1|7|5|2|3|5|2|1|5|2|7|5|3|1
1|2{3|1|7[3|1|5]3|2|7|3|2|1|3|2|5|3|7|1|2|7|1|5|7|1|3|7|2|5|7|2|1|7|2|3|7|5|1|2|5|1|3|5|1|7|5|2|3|5|2|1|5|2|7|5|3
3|1(2|3|1{7|3]1|5|3|2|7[3]|2]1|3|2|5|3|7|1|2|7|1|5|7|1|3|7|2|5|7|2|1|7|2|3|7|5|1|2|5|1|3|5|1|7|5|2|3|5|2|1|5|2|7|5
5|5(5(2|2|2|7|7|1]5|5|5|7|7|7|1|1|2]5|3|3|3|2|2|2|5|5|1|3|3|3|5|5|5|1|1|2|3|7|7|7|2|2|2|3|3|1|7|7|7|3|3|3|1|1|2|7
7|7(7|5(5|5|2|2|7(1|1]1|5]5|5|7|7|1|2|5|5|5|3|3|3|2|2|5|1|1|1|3|3|3|5|5|1|2|3|3|3|7|7|7|2|2|3|1|1|1|7|7|7|3|3|1|2
4|4(4(4(|4(4]|4]4|4(4|4(|4(4]|4]4|4(4|4(|4(4]|4]4|4(4(4]|4(4|4]4|4(4(4]|4]4]|4]4|4(4(4]|4]4|4]4(4(|4(4]|4]4|4]4|4|4(4]|4]4|4]4
6/6(6/6|6(6|6|6|6|6|6|6|6|6]6|6|6|6|6]6|6|6|6|6|6|6]6|6|6|6|6|6|6|6|6|6|6|6|6|6]6|6|6|6|6|6|6]6|6|6|6|6|6|6|6|6|6

Fig.4 A noncyclic (7, 57, £0)-snake constructed by ’ZA';QS and 6¢

Example 3 Consider n = 7, we have P = 4 and Q0 = 3. By Lemma 8, we will con-
struct a noncyclic £4-snakes which is a basic building block for £,-snakes. Now, we
will start this example with an initial permutation, denoted by op = [2,1,3,5,7, 4, 6].
First, Horovitz and Etzion [8] gave a (5,57, K)-snake in As with one transition sequence,
dAenoted by Tx5 = (T T ), where T is a partial transition sequence of 7x s and
T = (13,13, 15,13, 13, 15, 13, 15, 15, 13, 13, I5, 13, 13, I5, 13, I5,, I5, I5). .

Next, by Lemma 8 and 7x 5, we can construct one transition sequence, denoted by 7x s,
where

Tks=(1T,7T,13,13,15,13, 13, 15, 13, 15, 15, 13, 13, 15, 13, 13, 15, 13, 15, 15).

We can construct one noncyclic (7, 57, £)-snake by the transition sequence 7 .5 and G¢
depicted in Fig. 4.
Here, every column in Fig. 4 represents one permutation over {1, 2, 3,4, 5, 6, 7}.

In the following, by Lemma 8, we will give one construction of an (n, M, £+,)-snake by
using some /C-snakes.

When n = 4k + 1, k > 1, then [n] has 2k even elements and 2k + 1 odd ones. For
convenience, we let Q = 2k and P = 2k + 1. First, we denote by oy an initial permutation,
where

oo=1[1,2,4,...,20-2,20,3,5...,2P =3,2P —1].

Next, we will construct a transition sequence, denoted by 7¢c = (t) (1), Iy (2), - - - » by (M))-
By the transition sequence 7¢ and the initial permutation o, we can obtain a permutation
sequence, denoted by Cg% = (09,01, ...,0m—1). Given a (P, Mp, K)-snake in Ap with
one transition sequence (fy(1), ta(2)s - - - » ta(Mp)) and fo(Mp) = tu+1, by Lemma 8, we take
anoncyclic (n, M p, £~,)-snake by using the following transition sequence

Tp = (1) Ta2)» - - - » ta(Mp—1))- 24)

By Lemma 1, we can obtain a cyclic and complete P-RMGC by using the following transition
sequence

Tp = (typ(1)s typ(2)s - - - > Lyp(PY)- (25)
By (24)—(25), we construct the transition sequence 7¢c = (ty (1), ty(2), - - - » ty(m)) such that
M = Mp - P! as follows.
Foralll <i<Pland1 <j<Mp—1,welet
by (i—1)-Mp+j) = ta(j) (26)
ly-Mp) = lyp(D+0- 27

By (26)—(27) and the initial permutation o, we obtain the permutation sequence o; =
ty(poj—1) forall 1 < j < Mp(P)! — 1.
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Similarly, when n = 4k 4+ 3 or 4k + 4, and k > 1, then [r] has Q even elements and P
odd ones. Hence, when n = 4k + 3 or 4k + 4, we always have P = 2k + 2. Then, according
to Lemma 5, there exists a (P 4+ 1, Mp41, K)-snake in A p| with one transition sequence
(tey (1) Tay 2) s -+ - » Ty (Mpp)) @0d o (Mp, ) = tp+1. We will give another construction of an

(n, M, £~)-snake by using some K-snakes. First, we denote by 69 an initial permutation,
where

60=102,1,3,5,...,2P —=3,2P —1,4,6...,20 — 2,2Q]. (28)

Next, we construct another transition sequence, denoted by 7 o= s> 182)» - - - » t/3 ( M))'
By the transition sequence 7 and the initial permutation 60, We can get a permutation
sequence, denoted by 6’59 = (60,01, ..., 61‘;[71).

Givena (P+1, Mp1, K)-snake in A p | with one transition sequence (7o, (1), fa;(2)» - - - »
tay(Mp1)) and fg (Mp.,) = tp11, by Lemma 8, we take a noncyclic (n, Mp,1, £)-snake
by using the following transition sequence

Tpi1 = oy (1)s Ty 2) -+ + > Loy (Mpig—1))- (29)

By Lemma 1, we can obtain a cyclic and complete Q-RMGC by using the following transition
sequence

To = (tyo(1)s tyg @) - - -+ Iyp(0Y)- (30)

By (29)-(30), we construct the transition sequence 7p = (1g(1), 18(2)s - -

M = Mpyq - Q! as follows.
Foralll <i < Q'and1 < j < Mps1 — 1, welet

"tﬂ(M)) such that

IB((i—1)-Mpy1+j) = la(j)» 3D
I8G-Mps1) = lyg(i)+P- (32)

By (31)-(32) and its first permutation 69, we obtain the permutation sequence 6; =
t,g(j)((}j_l) foralll < j < Mpy;-Q!— 1.

Finally, in the following theorem, we will prove that c ;(; and Cf[‘é are {o-snakes.

Theorem2 Whenn =4k + 1 and k > 1, given a 2k + 1, Maky1, K)-snake in Ajky1, there
exists an (n, M, Loo)-snake of size M = Moy - 2k + 1)\. Whenn = 4k + 3 or 4k + 4, and
kAZ 1, given a 2k + 3, Ma43, K)-snake in A3, there exists an (n, M, Loo)-snake of size
M = Maiys - [ 5]

Proof Whenn = 4k + 1, then Q = 2k and P = 2k + 1. According to Lemma 5, there exists
a 2k + 1, Maj41, K)-snake in Axr41 and a (2k + 3, Maky3, K)-snake in Apiy3. We will
prove that the above C;(é is an fso-snake. Since o9 = [1,2,4,...,20,3,5,...,2P — 1],
by the construction of this £.-snake, we have that for all 0 < i < P! — 1, 0.y, satisfies
the condition of Lemma 8. Then, by the construction of C g% and Lemma 8, forall0 <i <
P!'—1and0 < j; < jo < Mp — 1, we have

doo (01 Mp+ji> Oi-Mp+tjp) = 2.

Furthermore, for [,/ € [P!]and [ < I, since the code generated by the transition sequence
Tp = (typ1)> typ(2)> - - - » typ(py)) is a cyclic and complete P-RMGC code, we are assured
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that for all 0 < j, ] < Mp — 1, the last 2k elements of both 1), +; and O 1yMpt] ATC
all odd and represent two distinct permutations. Then, we have that

doo(OU-1)Mp+j> OG_1yMp+]) = 2

Finally, we note that £, (3. p1)(0m,.P1—1) = 00, since the code generated by the transition
sequence 7p is cyclic. Hence, Cg% isan (n, M, £~,)-snake of size M = Mp - P! = Moy -
2k + 1 )

Similarly, when n = 4k + 3 or 4k + 4, by the construction of C gﬁ’é , we can obtain that

CA‘;‘; is an (n, M, {s0)-snake of size M = Moyis - 5] O

Corollary1 When n = 4k + 1 and k > 3, there exists an (n, M, Lo)-snake of size M =
2 ~
M' Whenn = 4k+3 or4k+4, andk > 1, there also exists an (n, M, £ ~,)-snake of size

M = w Moreover, there exists a (9, 6840, {oo)-snake and a (7, 342, £o)-snake.

Proof By Theorem 2 and Lemma 5, we can prove this corollary. O

Next we present an example to illustrate the construction in Theorem 2 and Corollary 1.

Example 4 For this example, consider n = 7 (i.e., P = 4, Q = 3 ), we need one transition
sequence of a cyclic and complete 3-RMGC, i.e, 73 = (1, 13, 13, 12, 13, 13). We start our cyclic
(7, 342, £+ )-snake described in Fig. 5 with the same permutation o in Example 12, and use
the basic noncyclic £~-snakes presented in Example 12 as a building block.

In Fig. 5, “|}” stands for an omitted transition sequence 7 k.5 denoted in Example 12.
When n = 7, by using K-snakes in As, we can obtain a cyclic (7, 342, {~,)-snake.

g0 [25173a5a7745 6]
i)
o56 1,3,5,7,2,4,6]
1 te = toga
o57 [4,1,3,5,7,2,6]
i)
g113 [1737577747276]
1 t7 = t34a
0114 [6717375777472]
4
J170 [173757776747 2]
\L tr = t3+4
g171 [2717375777674]
U,
0227 [1737577727674]
+ ta = tata
0228 [6717375777274]
4
o284 [1,3,5,7,6,2,4]
+ t7 = t344
0285 [4717375,77672]
4
0341 []—737 577747672]
+ t7 =t344
0342 [271737577747 6]

Fig.5 A (7,342, £~)-snake constructed by using a KC-snake in Aj
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4 Comparison

In this section, we compare our results with those of others. Yehezkeally and Schwartz [15]
presented one construction of an (n, M, o, £~ )-snake of size

Mo = (%1! (ng + (LgJ - 1)!) forall n > 4. (33)

Based on their construction of £,-snakes, we proposed one construction of £~,-snakes by
using cyclic and complete RMGCs. In this construction, we could obtain an (12, My 1, £oo)-
snake of size

My = f%'ll (LgJ + (ng)!) forall n > 6. (34)

Hence, these £~,-snakes are better than Yehezkeally and Schwartz’s ones for all n > 6.
We also gave another construction of £,-snakes by using K-snakes. By Corollary 1, we
can obtain an (n, M, 2, £~ )-snake, where

(DD iy — 4k 4 1
My = qn ’ (35)
! G it = 4k + 3 or 4k + 4,
for all k > 2.
By (34)—(35) and Corollary 1, when n = 4k + 1,4k + 3, or 4k + 4, and k > 2, we have
that M, » > M, 1. Thus, we can obtain that

My > My > Mo (36)

forall n = 4k + 1, 4k + 3 or 4k + 4, and k > 2. Hence, by (36), the second construction is
superior to the first one and Yehezkeally and Schwartz’s one in some cases. Moreover, when
n =4k + 1,4k + 3 or 4k + 4, and k > 2, the second construction improves the size of the
(n, My 0, x)-snake by a factor of O (n?). We note that a similar improvement was made
in [16]. Specifically, Yehezkeally and Schwartz [16] constructed an (n, M, 3, £~ )-snake,
where

P! iy = 4k + 1,

GREDLGADL . g ifn = 4k + 2,
QDI Gy — g 4 3,

QDL 3y = 4 4 4,

Mn,3 =

and pogy2 > %, for all k > 3. Moreover, in the case of n = 1 (mod 4), the factor ppi42
is eliminated. Hence, when n = 4k + 1,4k + 2,4k + 3 or 4k + 4, and k > 3, the results in
[16] also improve the size of the (n, M, ¢, £~0)-snake by a factor of 0(n?).

Finally, we also compare our results (i.e., M, 1 and M, ) to error-correcting codes with
the ¢~-metric which are not necessarily Gray codes (LMRM-codes) in [11] and [13]. The
authors in [11] and [13] presented (n, M, £~,)-LMRM codes with sizes

M= <|_g_|’>n modZ(L%J!>27(n m0d2). (37)

When n = 4k 4+ 1,4k + 3 or 4k + 4, and k > 2, the second construction (i.e., M 2)
improves the size of the (n, M, £~,)-LMRM codes by a factor of O (n/4). Whenn = 4k + 2,
My = 2k + D!((2k + D! 4+ 2k + 1) and M = ((2k + 1))?. Hence, when n = 4k + 2,
M, 1 = O(M), but M, is strictly larger than M.
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5 Conclusions

Gray codes in S, under the ¢.-metric are very useful in the framework of rank modulation
for flash memories. In this paper, we gave two constructions of £,,-snakes which improve on
Yehezkeally and Schwartz’s construction. On the one hand, we presented one construction
of €~o-snakes by using cyclic and complete RMGCs. On the other hand, we gave another
construction of £..-snakes by using /C-snakes. By our constructions, we can obtain longer
f~o-snakes than Yehezkeally and Schwartz’s ones.

Acknowledgements This work was supported by the 973 Program of China (Grant No. 2013CB834204) and
the National Natural Science Foundation of China (Grant Nos. 61571243, U1836111).

References

1. Barg A., Mazumdar A.: Codes in permutations and error correction for rank modulation. IEEE Trans. Inf.
Theory 56, 3158-3165 (2010).
2. Buzaglo S., Etzion T.: Bounds on the size of permutation codes with the Kendall t-metric. IEEE Trans.
Inf. Theory 61, 3241-3250 (2015).
3. Deza M., Huang H.: Metrics on permutations, a survey. J. Comb. Inf. Sys. Sci. 23, 173-185 (1988).
4. Farnoud F., Skachek V., Milenkovic O.: Error-correction in falsh memories via codes in the Ulam metric.
IEEE Trans. Inf. Theory 59, 3003-3020 (2013).
5. Gad E.E., Langberg M., Schwartz M., Bruck J.: Constant-weight Gray codes for local rank modulation.
IEEE Trans. Inf. Theory 57, 7431-7442 (2011).
6. Gad E.E., Langberg M., Schwartz M., Bruck J.: Generalized Gray codes for local rank modulation. IEEE
Trans. Inf. Theory 59, 6664—-6673 (2013).
7. Holroyd A.E.: Perfect snake-in-the-box codes for rank modulation. IEEE Trans. Inf. Theory 63, 104—-110
(2017).
8. Horvitz M., Etzion T.: Constructions of snake-in-the-box codes for rank modulation. IEEE Trans. Inf.
Theory 60, 70167025 (2014).
9. Jiang A., Mateescu R., Schwartz M., Bruck J.: Rank modulation for flash memories. IEEE Trans. Inf.
Theory 55, 2659-2673 (2009).
10. Jiang A., Schwartz M., Bruck J.: Correcting charge-constrained errors in the rank-modulation scheme.
IEEE Trans. Inf. Theory 56, 2112-2120 (2010).
11. Klgve T., Lin T.T., Tsai S.C., Tzeng W.G.: Permutation arrays under the Chebyshev distance. IEEE Trans.
Inf. Theory 56, 2611-2617 (2010).
12. Mazumdar A., Barg A., Zémor G.: Construction of rank modulation codes. In: Proceedings of IEEE
International Symposium on Information Theory, pp. 834-838 (2011).
13. Tamo I., Schwartz M.: Correcting limited-magnitude errors in the rank-modulation scheme. IEEE Trans.
Inf. Theory 56, 2551-2560 (2010).
14. Wang X., Fu EW.: On the snake-in-the-box codes for rank modulation under Kendall’s 7-metric. Des.
Codes Cryptogr. 83, 455-465 (2017).
15. Yehezkeally Y., Schwartz M.: Snake-in-the-box codes for rank modulation. IEEE Trans. Inf. Theory 58,
5471-5483 (2012).
16. Yehezkeally Y., Schwartz M.: Limited-magnitude error-correcting Gray codes for rank modulation. IEEE
Trans. Inf. Theory 63, 5774-5792 (2017).
17. Zhang Y.W., Ge G.N.: Snake-in-the-box codes for rank modulation under Kendall’s t-metric. IEEE Trans.
Inf. Theory 62, 151-158 (2016).

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer



	Snake-in-the-box codes under the ellinfty-metric for rank modulation
	Abstract
	1 Introduction
	2 Preliminaries
	3 Main results
	3.1 Construction of ellinfty-snakes by using cyclic and complete RMGCs
	3.2 Construction of ellinfty-snakes by using mathcalK-snakes

	4 Comparison
	5 Conclusions
	Acknowledgements
	References




