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Abstract

A construction of APN functions using the bent function B(x, y) = xy is proposed in Carlet
(Des Codes Cryptogr 59:89-109, 2011). At this time, two families of APN functions using
this construction are known, that is, the family of Carlet (2011) and the family of Zhou and
Pott (Adv Math 234:43-60, 2013). In this note, we propose another family of APN functions
with this construction, which are not CCZ equivalent to the former two families on [Fs. We
also propose a family of presemifields and determined the middle, left, right nuclei and the
center of the associated semifields.
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1 Introduction

Let m, n be positive integers. Let For be the finite field of 2" elements, and denote by F, its
multiplicative group. For any finite set S, we denote by | S| the cardinality of S. A function F on
%! is called an APN function if F satisfies [{x € F}' | F(x+a)+F(x) = b}| < 2forany non-
zeroa € I3 andany b € F75'. We call F' aquadratic functionif F(x+y)+F (x)+F(y)+F(0)
is IFp-bilinear for any x, y € }'. Two functions F| and F, on ' are called CCZ equivalent
if the graphs G, := {(x, F1(x)) | x € F}'} and Gp, := {(x, F2(x)) | x € F}'} in F}' x F'
are affine equivalent, that is, if there exists a IF>-linear isomorphism L € GL>(IFy x F7})
and an element v € F5' x 7' such that L(GF,) + v = GF,. A I'-rank of a function F on
%' is the rank of the incidence matrix over I, of an incidence structure {P, B, I}, where
P =Fy xF}, B=F5 xF} and (a, b)I(u, v) for (a, b) € P and (u, v) € B if and only if
F(a+u)=b+v.

Proposition 1 (Edel-Pott [11]) If two functions Fy and F> on I are CCZ equivalent, then
they have the same I"-ranks.
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In this note, we identify F; with [Fo» and IF%” with [For x Fonas IF-vector spaces, and consider
the APN function F on 5" with the following form:

F:Fa xFy 3 (x,y) = (x3, G(x, y)) € Fan x Fon. (1

APN functions of this type were first considered by Carlet in [9]. The conditions on G such
that F is an APN function are given by Carletin4.2.1 of [9]. If F is quadratic, these conditions
are as follows:

1. Fon 5 x = G(x,y) € [Fon is an APN function for every y € Fon,
2. Fon 5 y +— G(x,y) € Fon is an APN function for every x € [, and
3. Fn 3 x — G(x, ax) € Fon is an APN function for every o € F5,.

2 Known examples and their /-ranks in Fys

For two positive integers m, n, the greatest common divisor of them is denoted by
GCD(m, n). So far, only two examples of APN functions of the form (1) are known.

Theorem 1 (Carlet [9]) Let n be an integer withn > 2, i, j integers such that GCD(n,i —
Jj)=1.Lets,t,u,v € Fonwiths #0,t #0. Set G(x,y) = sx2+? +ux2iy2j +vx2jy2i +
ty2i+2j. Then F(x,y) := (xy, G(x,Yy)) is an APN function if and only if the polynomial
G(x,1) = sx2+2 + ux? + vx? + t has no root in Fon.

Theorem 2 (Zhou-Pott [15]) Let m, n be positive integers withn > 2 and GC D(m, n) = 1.
Let a € szn and o € Gal(Fyn /TF2), the Galois group of Fon over Fy. Let G(x,y) =
x4 qy@ Do Then F(x, y) := (xy, G(x, y)) is an APN function if and only if « ¢
(@@ + 0 |a,t € Fan).

Corollary 1 (Zhou-Pott [15]) Let m,n be positive integers with n > 2 even and
GCD(m,n) =1.Leta € IFQX,, and set G(x,y) = x2" 1 +ay(2'"+1)2‘. If o is non-cubic (i.e.,
o # 13 foranyt € Fon) and i is even, F(x, y) := (xy, G(x, y)) is an APN function.

In case i = 0, or o is an identity mapping, Theorem 2 and Corollary 1 are covered by
Theorem 1.

Lemma 1 Let F be a function and L a Fa-linear function, both defined on Fon. Then F and
F + L are CCZ equivalent.

Proof We sometimes denote L(x) by x L, which means the linear operator L acts on x. Then

in Fon x Fon, we see (x, F(x)) ((1) ?) =, Fx)+xL)=(x, F(x) + L(x)). ]

The following corollary may be well known.

Corollary2 The APN functions in Theorem 1 are CCZ equivalent to F'(x,y)
= (xy, G'(x, y)) with G'(x, y) = x¥"t1 4 axy? + by?" ! wherem =i — j, a € {0, 1}
and some b € F;n, such that the polynomial G (x, 1) = X"t 4 ax + b has no root in Fan.

Proof By the coordinate change (x, y) — (x, Ax +y) for some A € Fon, we can eliminate_ u,
that is, we have F(x, y) = (xy + Ax2, G (x, y)), where G| (x, y) = s'x2 T2 4 v/x¥y? 4

t’y2l+2'/ with s/, v, ¢’ € Fon, s', 1’ # 0. Next, by the linear transformation ®@; : (u, v) —
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(u, (v/s/)zij) on Fan x Fon, we have @ (F(x, y)) = (xy +Ax2, Ga(x, ¥)) with G2 (x, y) =
x2" U 4oaxy? 4+ by?" ! wherem =i — jand a, b € Fyn with b # 0. If a = 0, we have
established the statement if we set G’ := G, since @ (F (x, y)) = (xy + ax2, G (x, y)) is
CCZ equivalent to F'(x, y) = (xy, G'(x, y)) by Lemma 1.

Leta # 0. By the coordinate change (x, y) — (a® " x, y) followed by the linear transfor-
mation @, : (u, v) — ((1/a® " yu, (1/a%> " T1)v) onFar x Far, we have @y (@1 (F (x, y))) =
(xy + V'x2, G'(x, y)) for some 1’ with G'(x,y) = x¥"T! + xy?" + b'y?"*+! for some
b" # 0. We set b := b’. Then we have established the statement for the case a # 0, since
Dy (P (F(x, ) = (xy+A'x%, G'(x, y))is CCZequivalentto F'(x, y) = (xy, G'(x, y)) by
Lemma 1. Note that, in both casesa = O anda = 1, the polynomial G’ (x, 1) = 2" lyax+b
has no root in Fo» by assumption on G(x, 1). ]

We have the following fact by Helleseth and Kholosha.

Fact1 (Theorem. 1 of [12]) For a positive integer m < n with GC D(m, n) = 1, the number
of b € I3, such that the polynomial x2" 1 4 x 4 b has no root in Fyn is (2" + 1)/3 if n is
odd, and 2" — 1)/3 if n is even.

Hence there are many polynomials x2" 1 +ax + b as in Corollary 2 which have no root in
[F2n. As for the constant term b € [F3, with n even such that the equation ¥ x4+b=0
with GC D(m, n) = 1 has no root in [Fy», interesting and useful results are proved in [7].

The I"-ranks of the APN functions F’ in Corollary 2 on F,s, which equal the I"-ranks of
the APN functions F in Theorem 1 on [F,s by Proposition 1 and Corollary 2, are calculated
using Magma [6]. They are all 13,200, which is the I"-rank of the function x3 4+ x!7 +
u'®(x!® 4 x33%) + u15x* in the Table 10, 2.1 of [11].

As for the functions F in Corollary 1 by Y. Zhou and A. Pott, there are the cases m = 1
orm =3,andi = 0ori = 2 on Fys. According to Zhou—Pott [15], the I"-rank is 13,200 if
i = 0 (in this case F belongs to the family of Theorem 1). On the other hand, the I"-rank
is 13,642 if i = 2. Thus, on F,s, the APN functions in Corollary 1 with i = 2 and the APN
functions in Theorem 1 are CCZ inequivalent.

3 Another example

Theorem 3 Let m, n be positive integers withn > 2 and GCD(m,n) = 1. Let a € Fon and
b € F3,. Let us define

1

2m 3m 2m n m
G(x,y) =x>"T2" fax®"y¥" 4 boy*" 1. 2)

Then F(x,y) := (xy, G(x,Yy)) is an APN function if and only if the polynomial P(x) :=
x2"*+1 4 ax + b has no root in Fan.

We note that, if a = 0, then F(x, y) in Theorem 3 belongs to the family of Theorem 2.

The next theorem is a different expression of Theorem 3. Note that Theorem 3 is obtained
. . 2m
from Theorem 4 by the substitution x > x2" .

Theorem 4 Let m, n be positive integers withn > 2 and GCD(m,n) = 1. Let a € Fyn and
b € F3,. Let us define G(x, y) = 2" 4 axy? + by?"+1, Then

F(x,y) = (x"y,G(x,y)
withx® = xz_zm, is an APN function if and only if the polynomial G (x, 1) := x"pax+b

has no root in Fon.
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Using the expression of G (x, y) in Theorem 4 and using the same method as in the proof
of Corollary 2, we have the following proposition.

Proposition 2 The function F(x, y) = (xy, G(x, y)) in Theorem 3 is CCZ equivalent to the
function F'(x,y) = (xy, G'(x, y)), where G'(x,y) = P a’xzzmyzm + byt
for some a’, b with a’ € {0, 1} and b’ € F,. Moreover, F' is APN if and only if P'(x) =

x2" 4 a'x + b’ has no root in Fon.
We omit the proof because it is a copy of the proof of Corollary 2.

Proof of Theorem 3 We have to check the conditions 1,2,3 of Section 1 by Carlet. (See the last
paragraph of Section 1 of this article.) The conditions 1 and 2 are clearly satisfied. We have to
investigate on the condition 3. Since G (x, ax) = X2 L g2 )22 pg2 2"
we see that G(x, ax) is the composition mapping of the Gold function z := g(x) = x?"*+!
and the linear mapping Ly (z) = zzzm +aa?" 72" + ba?"+17. Hence, we see that G(x,ax)
is an APN function if L,(z) is an injective mapping on Fo», that is, the polynomial L (z)
has no root other than z = 0. Since b # 0 by assumption, we see that Ly (z) has no root
other than z = 0 if and only if the polynomial Le(z)/z = 22" ! + aa®" 7"~ + ba?"+!
has no root in Fan. Let s := z2" ~!. Then we see that this condition is equivalent to the
condition that Ly (z)/(e?"t1z) = (s/a)?"*! + a(s/a) + b has no root in Fpu. Lastly,
let t := s/a, then we see that G(x, ax) is an APN function if the polynomial P(¢) :=
Lo(2)/(@®"*12) = "1 + ar 4 b has no root in Far. Now, assume to the contrary that
P(¢) has a non-zero root ¢ in Fon. Then Ly (z) has a non-zero root z = (af)/@" =1 Since
o = (ozt)l/(2m_1) is a permutation on IF;, for a fixed root r # 0 and since g(x) = X2
is a Gold function, there exist a € IFZX,,, b € Fyn and a € IF;,, such that the two equations
g(x+a)+g(x) = b and g(x+a)+g(x) = b'+(ar)'/@" =D have solutions. Let b := Ly (b').
Then we have b = Lo (b’ + (ar)/@" D) by definitions of  and «. Let x1 and x; be solutions
of g(x +a) + g(x) = b and g(x + a) + g(x) = b’ + (ar)"/@" =D respectively, then
X1 + a and xp + a are also solutions of them. Recall G(x + a, a(x + a)) + G(x,ax) =
Lo (g(x+a)+g(x)) with g(x) = x2"+1. Then, from G (x +a, a(x +a))+ G (x, ax) = b, we
have g(x+a)+g(x) = b’ and g(x +a) +g(x) = b'+(at)/@"~D_Hence we have more than
four solutions x1, x; +a, x2 and x, +a for the equation G(x +a, a(x +a)) + G(x, ax) = b.
Thus G(x, ax) is not an APN function for some o € IE‘;,, if we assume that P () has a
non-zero root ¢ in Fon. m]

We have calculated the I"-ranks of the APN functions in Theorem 3 under the conditions
that @ # 0 using Magma [6]. We obtained that the ["-rank is 13,700 if b5 = 1, and the
I-rank is 13,798 if b° # 1. If a = 0, the I'-rank is 13,642, since APN functions (2) are in
a family of Corollary 1 with i = 2 if a = 0. Therefore, we see that the family in Theorem 3
has more than two CCZ equivalent classes on F,s. We notice that the I"-ranks 13,700 and
13,798 of the APN functions in Theorem 3 do not appear in the list by Edel and Pott [11], or
the list by Budaghyan et al. [8] arising from the known infinite families of APN functions,
which means the function is also not equivalent to other known families such as the Gold or
the Budaghyan—Carlet-Leander functions.
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APN functions I"-ranks in Fzg
Theorem 1 [Carlet] 13,200
Corollary 1 with i = 2 [Zhou—Pott] 13,642
Theorem 3 with a # 0 and b° = 1 13,700
Theorem 3 with a # 0 and b #1 13,798

4 Related presemifields on Fpn

Let p be a prime number. Let F' := IF,» be the finite field of p" elements. The polynomial
ax?" ' 4 bxP" + cx +d e F[x] with a # 0 is called a projective polynomial. A recent
reference is Bluher [5]. Let K be a subfield of F" with |K| > 3. Let o be a generator of the
Galois group Gal(F /K) of F over K. Leta, b € F and P(x) := x° ! 4 ax + b. Note that
P(x) is a projective polynomial. We assume that the equation P(x) = 0 has no root in F.
Let o be a non-zero element in F with the norm N }; (—a) # 1. Let us define a multiplication
Xoqy :=x%y+axy?, which is the multiplication of the twisted presemifield of Albert [1].

Lemma2 [fxoy,y=0,thenx =00ry=0.

Proof Let x # 0 and y # 0, and assume that x o, y = 0. Then from x°y + axy® = 0 we
have (x/y)? /(x/y) = —a. Thus we have a contradiction since the norm of the left hand side
is 1, and the norm of the right hand side is not equal to 1 by assumption on «. O

We need the following lemma.

Lemma 3 Ifthe projective polynomial P(x) = x° ' +ax +b above satisfies P (x) # 0 forall
x € F, then the linear mapping Lg : F — F defined by Lg(x) := x°’ +aB’x’ +bpotlx
is invertible for any non-zero B € F.

Proof Assume to the contradiction that Lg(z) = 0 for some non-zero z € F. Since z # 0,
we have z0° =1 4 ap®z2° ' +bp°~! = 0. Let us put X := z°~!. Then we have X°*+! +
aB®X +bp°! = 0. Note that X # 0since z # 0and X = z° /z. Next we divide both sides
of the equation by 8°*! and put ¥ := X/8. Then Y°+! 4 a¥Y + b = 0 with ¥ % 0. Thus
we have P(Y) = 0 with Y # 0, which contradicts to the assumption that P(x) # O for all
x eF. O

Theorem 5 Let (x,s), (y,t) € F x F. We define a multiplication x on F x F as follows.
Then we have a presemifield (F x F, +, %).

(x,8) % (y,1) == ((x o y)"2 —a(x?t —ay®s)’ —b(s oq 1), xt + ys). 3)

We notice that, if a = 0, p is odd, « = 1 and the extension degree [F : K] is odd, this
presemifield is a member of the presemifields in Theorem 1 of [15].

Proof Tt is clear that the multiplication (x, s) * (y, t) is additive on both (x, s) and (y, ).
Now assume that (x, s) * (y, #) = (0, 0). Then we have to prove that, if (x, s) # (0, 0) then
(v,1) = (0,0), and if (y, t) # (0, 0) then (x, s) = (0, 0). We only give the proof of the first
case, since we are able to give the similar proof for the second case.

Firstly, let s = 0, then x # 0 since (x, s) # (0, 0), thus we have ¢t = 0 from the second
equation xt + ys = 0 of (3). Therefore, we have x o, y = 0 from the first equation of (3)
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and hence we have y = 0 by Lemma 2. Thus we have proved that (y, r) = (0, 0). By the
same way, we have (y, t) = (0,0) if x = 0.

Next, we will prove that (y,7) = (0, 0) under the conditions (x, s) x (y,¢) = (0,0)
with x # 0 and s # 0. We assume to the contradiction that (y, ) # (0, 0). From this
assumption, we must have y # 0 and ¢t # 0 by the second equation xt + ys = 0 of
(3). Since xt 4+ ys = 0 with x,y,s,t # 0, there exists a non-zero § € F such that
s/x = —t/y = B. Let us substitute s by Bx, and t by —By on the first equation of (3). Then
we have (x oqy y)(’2 +aB®(x oq ¥)7 + BT (x oy y) = 0. Let us put z := x oy y, then we
have z°° + aB’z% + b1z = 0. Recall that z # 0 by the assumption that x # 0,y # 0
and by Lemma 2. Thus we have a contradiction since Lg(z) = 4 aB®z® +bpotz £0
by Lemma 3. O

Let (F x F, 4+, x) be the associated semifield of the presemifield (F' x F, +, x) of The-
orem 5 with the identity element (1, 0) * (1, 0). Then,

((x, 8) % (1, 00)*((1, 0) % (y, 1)) = (x,8) * (y, 1)

for any x,s,y,t € F by Kaplansky’s trick (see [13]). As for the definitions of middle,
left, right nuclei and the center, we refer to Lavrauw and Polverino [13]. We note that the
center C of the semifield is the intersection of the associative center (the intersection of the
three nuclei) and the commutative center (consists of the elements which commute with all
elements of the semifield). We will prove the following theorem.

Theorem 6 We assume that the extension degree [F : K] > 3. Then the middle nucleus N,
is isomorphic to K ifa # 0. The right nucleus N, and the left nucleus N; are also isomorphic
to K. The commutative center is isomorphic to K if o # 1 or a # 0. Hence the center C is
isomorphic to K if a # 0.

We notice that K is a subfield of N,,, N;, N, and C of the semifield (F x F', 4+, ) because
of Proposition 3 of [3], since it is easy to check that (Ix,Is) % (y,1) = (x,s) * (Iy,lt) =
I((x,s)*(y,t)) forany ! € K and any x, s, t, y € F for the multiplication * defined by (3)
and the field multiplication of F denoted by /(x, s) = (Ix,ly). Inthecasea = 0and o = 1
(hence p and [F : K] must be odd since N 1? (—a) # 1), the results of Theorem 6 for middle,
left and right nuclei follow from Theorem 2(b) and Theorem 3 of [15]. The commutative
center is F' x F since the associated semifields are commutative in the casea = 0 and o = 1
(see [15]). We will prove Theorem 6 using the Propositions 3—6 below, which will be proved
in the following part of this article.

Notice that x — x°y 4 axy’ is an injective mapping for any fixed y # 0, and y >
x%y 4+ axy? is an injective mapping for any fixed x # 0. Let y,7 € F.Lety’ € F be the
unique element determined by

O ey —at” = (7 +ay)” +a@n)” @
from y and 7. Then we easily see that
. 0)*(1,0) = (1,0) % (', 1).
Letx,s,y’,t € F.Let A € F be an element which satisfies that
(A, y's +xt) % (1,0) = (x,5) * (Y, 1).
Then A is uniquely determined by

(A% + ozA)"2 +a(a(y's +x1))° = (x oy y’)‘72 —a(x%t —ay?s)? —b(sogt). (5)
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Lety,t,z,u € F.Let B € F be an element which satisfies that
(1,0) % (B, zt + yu) = (y, 1) * (z, u).
Then B is uniquely determined by
(B+aB%)” —a(zt + yu)® = (yog 2)° —a(y’u —az’t)” —b(togu).  (6)

Let X := (x,5) % (1,0), Y := (y, 1) * (1,0) = (1,0) * (y/, 1) and Z := (1, 0) * (z, u).
Let us assume that

(XxY)*Z = Xx(YxZ). (7)

Then we easily see, using Kaplansky’s trick (see [13]), that

(A, y's +xt) * (z,u) = (x, ) * (B, zt + yu).
Thus, from (7), we have the equations:
(A og z)”2 —a(A%u —az®(Y's + x1))° — b((y's + xt) og 1)
= (x oy B)”2 —a(x?(zt + yu) — aB%s)° — b(s oy (2t + yu)) )
and

Au+z(y's + xt) = Bs + x(zt + yu). ©)

Recall that the extension degree [F' : K] > 3 by assumption, and o is a generator of the
Galois group Gal(F /K). We use the following lemma.

Lemma4 Leta, b, c € F such that az;’2 +bz{ +czi =0forsomez; € F,i =1,2,3which
are linearly independent over K. Thena = b = ¢ = 0.

Proof See 3.51. Lemma of [14]. O
Proposition 3 The middle nucleus N, is isomorphic to K if a # 0.

Proof We have to determine Y = (y, t) * (1,0) (= (1, 0) % (y/, 1)) if (7) is satisfied for any
X =(x,s)*(1,0) and Z = (1,0) * (z, u), i.e., for any (x,s), (z,u) € F x F.Letu =0
and s # 0. Then from (9), we have B = zy’. Next using (6) with u = 0 and B = zy/, we
have

G2+ a(y2)°) —a@t)’ = (you2)° +al@:"t)’.
Thus we have

/02

2 2 2 3 3 3 2
@y —a® ¥ )2 + (0 4+aa’t’ —y7 )% +at°z° =0

for any z € F. Then by Lemma 4, we have t = 0 since a # 0, and y'° = y, y° = y/, hence
y"2 =y, for (y,t) withY = (y,7) % (1,0) = (1,0) * (y/, 1) € N,y. Letu = 0 and s # 0.
Then we have B = zy’ = zy? by (9) as above. By (8) withu = 0, and using 7 = 0, y’ = y°,
we have

(Aoy2)” +a(@z’y’s)” = (x"y7z+axyz®)" +alayz’s)°.
Thus we have

(O[UZAUZ _aUZXUZy)ZU3 + (A(73 —i—aothsU _xo'3y0' _ aaUyO’SU)ZUZ — 0
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We notice that A is determined only by y, 7, x, s by the Eq. (5) and independent of z, u.
Then we have A?” = x"zy and aa’ (y — y?)s® = 0. Thus we have y° = y,ie.,y € K if
a # 0. Therefore we must have Y = (y, 0) * (1, 0) with y € K. Hence N,, is isomorphic to
K ifa #0. O

Proposition 4 The left nucleus Nj is isomorphic to K.

Proof We have to determine X = (x, s)* (1, 0) if (7) is satisfied forany ¥ = (y, t) % (1,0) =
(1,0) % (y/,t) and Z = (1,0) * (z, u) with y, y', t, z, u € F. Firstly, we assume that s # 0
to the contradiction. Let # = 0. Then from (9), we have B = zy’. Next using (6) withu = 0
and B = zy’, we have

G2+ a(y'2)°) —a@t)’ = (you 2)° +a(@®t)’.

This equation holds for any z € F. Notice that y, y’, ¢ are independent of z. From this
equation, we have

3 2
(arrzyrrz _a(rzy/a )Zr73 + (yr73 +aa”z” _y/U )202 +at(rza =0

for any z € F. Then by Lemma 4, we have y'* =y, y? =y’ (and t = 0 if a # 0). Thus we
must have y“2 = y if s # 0. However, since y, t are any element in F and [F : K] > 3, we
have a contradiction if s #% 0. Therefore, we must have s = 0 if X = (x,s) * (1,0) € N,.
Since s = 0, we have A = xy from (9) if u # 0. Letu # 0 and t = 0. Then by (4) we have

Y +ay? =" +ay.
By (5), we have
Xy +axy? =x7y° + axy.
Thus we have
Y =y =aly = y?) and 2% (y' = y7) = ax(y — 7). (10)

We note that, if y — y'° =0 or y’ — y° = 0 then y“2 = y by (10). However, there exists
y € F such that y"2 # y since [F : K] > 3. Using this y, we have

(G =y =x0 =y

with y’ —y? # 0 by (10). Therefore, we must have x° = x. Thus we have X = (x, 0)* (1, 0)
with x € K. Hence N is isomorphic to K. O

Proposition 5 The right nucleus N, is isomorphic to K.

Proof We have to determine Z = (1, 0) * (z, u) if (7) is satisfied for any X = (x, s) * (1, 0)
and Y = (y,1) * (1,0) = (1,0) % (y/,t) with x,u, y,y’,t € F. Firstly, we assume that
u # 0 to the contradiction. Let s = 0. Then from (9), we have A = xy. Next using (5) with
s =0and A = xy, we have

()7 +axy)” +alaxt)” = (x 0y ¥)°" —a(x"1)°.

This equation holds for any x € F. Notice that y, y’, r are independent of x. Thus we
have

2 3
x(73(y0’3 _y/o' )+x02(a02y(72 _aazylo' _atd) +x(7(aa0to’) =0
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for any x € F. Then by Lemma 4, we have y'° =y, y° =y’ (and t = 0 if a # 0). Thus we
must have y"2 = y if u # 0. However, since y, t are any elementin F and [F : K] > 3, we
have a contradiction if u # 0. Therefore, we must have u = 0if Z = (1, 0) * (z, u) € N,.
Since u = 0, we have B = zy’ from (9) if s # 0. Lets # 0 and r = 0. Then by (4), we have

Y +ay? =y +ay.
By (6), we have
2y +az’y’ =y"z4+ayz®.

Then by the same method as in the proof of Proposition 4, we have Z = (1, 0) * (z, 0)
with z € K. Hence N, is isomorphic to K. O

Recall that, if @ = 0 and @ = 1 (hence p and [F : K] must be odd since N}?(—oz) # 1),
the presemifield in Theorem 5 belongs to the commutative presemifields of Theorem 1 of
Zhou—Pott [15].

Proposition 6 The commutative center is isomorphic to K if a # 0 or o # 1.

Proof Letx,s,y,t € F.Letx',y € F be
(x,8) % (1,0) = (1,0) % (x/, s) and (v, ¢) * (1,0) = (1,0) = (', ).
Then we have
(' + owcm)‘72 —as® = (x + otx)‘72 +a(as)?, and (11)
O +ay)” —at® = (6% +ay)® +al@). (12)

Letus assume that (x, s)*(1, 0) is in the commutative center. Then, forany (y, t) € F x F,
we have

(0, 0% (1,0)*((1,0) % (x', ) = ((x, 8) % (1, 0)x((1, 0) * (', 1))
By Kaplansky’s trick, we have
0,0 % (& 8) = (x,8) % (Y, 1) 13)

for any (y, 1) € F x F. We will prove that x = x’ € K and s = 0. It follows from (13) that

(Y o x’)"2 —a(y%s —ax'’ 1) —b(t oy )
= (x og y/)“'2 —a(x°t —ay'’s)° —b(s oy t), and (14)
X't +ys=xt+y's. (15)

We easily see that, if x = x’ € K and s = 0, then (14) and (15) are both satisfied for any
y,t € F because of (12).

Firstly, assume that o 7# 1. We assume that s # 0 to the contradiction. Let + = 0. Then
we have y = y’ by (15). Using y = y" and t = 0, we have y + ay® = y° + ay by (12).
Hence we have y — y¢ = a(y — y?). However, since @ # 1, we must have y° = y. Thus
we have a contradiction since y is an arbitrary element in F and [F : K] > 3. Therefore
we must have s = 0. Next let 7 # 0. Then x = x’ by (15). It follows from (11) and s = 0,
x = x’ that x + ax® = x° + ax. Thus we have x° = x since o # 1 by assumption.
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Next, assume that « = 1 and a # 0. We recall that p and [F : K] must be odd since
N[ (—a) # 1. Lett = 0. Then we have y = y’ by (12)and & = 1. Since y = y/, o« = 1 and
t = 0, it follows from (14) that

2 3
(x/U _xaz)y0'3+(x/(f _x03+2as6)y0220.

Since y is an arbitrary element in F and [F : K] > 3, we have x = x" and s = 0. Next
we calculate (14) — (12) xx‘72 using x = x’, s = 0 and @ = 1. Then we have

b=y (" —x) =0.

We note thaty # y'ifr # Oby (12)anda # 0,« = 1. Hence we must have X0 —x0% = 0,
that is, x € K. Thus we see that, if (x, s) * (1, 0) is an element in the commutative center,
we must have x € K and s = 0. Therefore the commutative center is isomorphic to K. O

In [3], Corollary 3, the middle nucleus N,, of the semifield associated to the presemifield
B(p,m,s,l,Cy,C2), podd, [ # 0, is determined as a quadratic extension of the center (in
a quadratic extension of F' which is isomorphic to F x F as F-vector spaces) under some
conditions on C1, C», and conjectured that N,, is always a quadratic extension of the center if
I # 0.In[2], Theorem 9, the middle nucleus N,, of the semifield associated to the presemifield
BQ2,m,s,l,t),s > 0,1 # 01is a quadratic extension of the center. Therefore, under some
conditions, the semifield associated to the presemifield B(p, m, s, [, t) in Definition 1 of [4]
with p odd and / # 0, or the presemifield B(2, m, s, [, t) in Definition 1 of [2] with/ # 0 are
not isotopic to the semifield (F x F, 4, ) associated to the presemifield (F x F, +, *) in
Theorem 5 of this article. We conjecture that these semifields associated to the presemifields
B(p,m, s, [, t) with p any prime and [ # 0, are not isotopic to our semifield (F x F, 4, x).
The semifields S(L1, Ly) of type (a) and (b) in Sect. 4 of Dempwolff [10] of size q2” with ¢
an odd prime power and # a positive odd integer, have middle nucleus isomorphic to IF, and
left nucleus isomorphic to Fg», right nucleus isomorphic to Fy (type (b)) or F 2 (type (a))
(see Theorem 4.3 of [10]). So these semifields are not isotopic to our semifield (F x F, 4, x)
if n > 1. The semifields S(a, r, s, t) in Section 4 of Dempwolff [10] of size qz” with g an
odd prime power and n a positive odd integer have right nucleus isomorphic to IF, s with
f =2xGCD(n,r) (see Theorem 4.11 of [10]). Hence these semifields are not isotopic to
our semifield (F x F, 4+, %) since n is odd and the right nucleus K of (F x F, 4, %) is a
subfield of Fyn.
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