Des. Codes Cryptogr. (2018) 86:1589-1599 @ CrossMark
https://doi.org/10.1007/510623-017-0415-8

Permutation polynomials of the type x" g (x*) over I 2.

Daniele Bartoli! . Luciane Quoos?

Received: 13 February 2017 / Revised: 20 July 2017 / Accepted: 13 September 2017 /
Published online: 20 September 2017
© Springer Science+Business Media, LLC 2017

Abstract We provide some new families of permutation polynomials of Fan of the type
x" g(x*), where the integers r, s and the polynomial g € IF,[x] satisfy particular restrictions.
Some generalizations of known permutation binomials and trinomials that involve a sort of
symmetric polynomials are given. Other constructions are based on the study of algebraic
curves associated to certain polynomials. In particular we generalize families of permutation
polynomials constructed by Gupta—Sharma, Li—Helleseth, Li—-Qu-Li-Fu.
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1 Introduction

Letg = p” be a prime power. A polynomial f (x) € I, [x]is a permutation polynomial (PP)
if it is a bijection of the finite field IF,. On the other hand, each permutation of F, can be
expressed as a polynomial over F,.

In general it is not difficult to construct a random PP for a given IF. Particular simple
structures or additional extraordinary properties are usually required in applications of PPs
in other areas of mathematics and engineering, such as cryptography, coding theory, or
combinatorial designs. Permutation polynomials meeting these criteria are usually difficult to

Communicated by D. Panario.

DX Luciane Quoos
luciane @im.uftj.br

Daniele Bartoli
daniele.bartoli @unipg.it

Dipartimento di Matematica e Informatica, Universita degli Studi di Perugia, Via Vanvitelli 1,
06123 Perugia, Italy

Instituto de Matematica, Universidade Federal do Rio de Janeiro, Rio de Janeiro 21941-909, Brazil

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10623-017-0415-8&domain=pdf

1590 D. Bartoli, L. Quoos

find. For a deeper introduction on the connections between PPs and other fields of mathematics
we refer to [7,14] and the references therein.

A PP f(x) is said to be a complete permutation polynomial (CPP) if f(x) 4 x is also a
PP; see for instance [2] and the references therein. CPPs are also related to bent and negabent
functions which are studied for a number of applications in cryptography, combinatorial
designs, and coding theory; see for instance [8,13,17]. Recently monomial CPPs have been
related to exceptional polynomials; see [3].

The aim of this paper is to provide some new families of PPs of I, of the type x" g (x*),
where the integers r, s and the polynomial g satisfy particular restrictions. We are interested
in some constructions arising from a well known criterion due to Park and Lee [15] (a shorter
proof can be found in [18]), given in the following lemma.

Lemma 1.1 [15,18] Let g(x) € Fyn[x]. If d, s, r > O are integers such that q" — 1 = sd,
then x" g(x*) is a permutation over Fn if and only if

(i) ged(r,s) =1, and
(i) x"g(x)® permutes Ug = {x € Fyn | x4 =1}, the group of d-th roots of unity in Fgn.

This criterion has been used in several papers in recent years, especially in even char-
acteristic and for polynomials g having a small number of terms in general (binomials or
trinomials). In the following we summarize some known constructions.

(1) In [9] the authors determine permutation trinomials of F,ou, of the type f(x) = x +
x8@= DAL 4 1@=DF1 \where

o (5.1) = (% ﬁ) and ged(2 —1,2" + 1) = 1, or

o (s,1) = (zk‘ﬁ ZE—L) and ged (2K 4+ 1,27 +1) = 1.

Here negative or fractional numbers should be interpreted modulo g + 1.

(i) In [12,19] PPs of F, of the type f(x) = x" (bx*@=D/d 4 ¢(x(@=D/d)) where the
polynomial g(x) € F,[x] is divisible by x4V 4 x4=2 4 ... 4 x + 1, are studied.

(iii) In[6,7] the author determines all permutation trinomials of qu of the form ax + bx? +
x2a-1 ¢ qu[x].

(iv) Many families of permutation trinomials are determined in [10]. In particular, if g is
even they provide some sufficient conditions for the trinomials

xba+et3 o Urdg+e-1 +x(£—1)q+z+4’
xla+e+2 +x(£+2)q+£ +x(Z71)q+Z+3’
xla+t+2 oy (HAg+0-2 +x(271)q+£+37
xla+t+3 +x(€+3)q+é +x(€—1)q+€+4’
xla+t+1 _|_x(é+3)q+é—2 +x(£—1)q+z+2’
xlatt+l +x(z+4)q+€—3 +x(£—2)q+€+3

to be PPs in ]qu.
(v) The author in [18] gives many sufficient conditions for a polynomial x" g(x*) to be a
PP.
(vi) A survey on other results on PP obtained using Lemma 1.1 can be found in [7, Sect. 3].
2n_
In this paper we investigate some families of PPs of I 2. of the type x"g(x o ) arising
from polynomials g(x) € F,[x] of particular shapes. In Sect. 2 we work with the notion

of a symmetric polynomial (Definition 2.1) in order to obtain permutation polynomials with
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many terms and, in particular, generalizations of some known permutation binomials and
trinomials in [4,9]; see Theorem 2.3. For instance, in Theorem 2.10 we show that for

g(X) — (xt1/2 + xq+1—t1/2) . (xtk/2 + xq+1—1‘k/2) (1 +xsl +xq+l—sl) .
(1 +X‘Yj +xq+lfsj) ;
2n71
a carefully chosen polynomial over Fy, f(x) = x"g(x 4+ ) € F,[x] permutes F 2 for any
r coprime with g2 — 1.
In Sect. 3 we examine polynomials g(x) = x> +bx +c € Fy[x], bc # 0, and obtain PPs

of > of the type x3g(x?1), where ged(3, ¢ — 1) = 1. Our approach involves the study of
the points (x, y) € Uyy1 x Uyy1 in the algebraic curve

—bx%y? 4 be(x®y + xy?) + (@ = D2+ YD) + (A +b* = Dxy +be(x +y) —b =0

associated to g(x). In particular we generalize some families of permutation polynomials in
[4,9,10].

Finally in Sect. 4 we give a generalization of a recent result by Helleseth and Li in [9,
Theorem 1] where the authors present classes of permutation polynomials of [F52. of the type
x(1+x$ @"=1) 4 1@~ D)) for suitable pairs (s, t). We extend their result by showing that the
polynomial x (1 4+ Ax* @"=D 1 Ax'@"=D) is a PP of [F,2m with exactly the same conditions
on the pair (s, t), for many suitable parameters A € Fom.

2 Permutation polynomials arising from ‘“symmetric’” polynomials

In this section if an integer ¢ is written as a fraction or as a negative integer, then it should be
interpreted as modulo ¢ + 1. For instance, t = -3 =¢ +1—-3 > 1.

Definition 2.1 A polynomial f(x) € F,[x]is said to be symmetric if
fah) =fx) VxeUpi={xeFp|xit =1}

Notice that if f(x) € Fy[x] is symmetric and f(x) # O for each x € U,, then
f(x)4~! = 1foreachx e Ug+1, thatis f(x) satisfies the following theorem.

Theorem [1, Theorem 3.1] Let ¢ — 1 = £s. Assume that f(t)° = 1 for any t € Uy. Then
P(x) = x" f(x%) is a permutation polynomial of ¥ if and only if (r,q — 1) = L.

We just point out that by definition we require that f(x) € IF,[x], whereas in [1, Theorem
3.1] the polynomial f(x) € Iqu [x]. Similar results can be found in [8, Theorem 3.1] and
[11, Theorem 7.10]. Also, observe that the symmetric property is closed under multiplication
and, for any symmetric polynomial f(x) € Fy[x]and & € Fy, f(x) + & is still a symmetric
polynomial. For instance, for any ¢ < ¢, the polynomials a + bx" + bx~" € F,[x] are
symmetric.

We also observe that a polynomial f(x) € Fy[x] is symmetric if and only if f(x) mod
(x7t1 — 1) is symmetric, and we can restrict ourselves to the study of symmetric polynomials
of degree less than g + 1.

Proposition 2.2 Letq > 3, and f(x) € Fy[x] be a symmetric polynomial. Then there exists
a& € Fy suchthat & + f(x) has no roots in Uy 1.
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Proof Since f(x)? = f(x9) = f(x), the polynomial f (x) defines a function from Uy to
F,. Forany x € Uy41, f(x) = f(1/x) and we conclude that f is not a surjective function,
i.e. there exists a § € F, such that f(x) +& #0,Vx € Uyy1. O

We now present a general construction of permutation polynomials of the type x” g(x*)
over I 2, using symmetric polynomials over [, and Proposition 2.2.

Theorem 2.3 Let f(x) € Fy[x] be a symmetric polynomial and & € Fy as in Proposition

22. Forg(x) = f(x)+&,s = q;':r—ll and r co-prime with g** — 1, the polynomial x” g(x*)

is a permutation polynomial of I .

Proof Since ged(r, s) = 1 from Lemma 1.1 it is enough to prove that x” g(x)* permutes the
set Ugq1. Lets = (¢ — 1)s1, where 51 = Z,Z’zll g*"~? . By the choice of £ for any x € Uyt

we have that g(x) # 0 and we can write

q\ 51
2 g()” = a (g1 = x" (g ) ) =",
gx)
since g(x) is symmetric. From the hypothesis gcd(r, ¢ + 1) = 1, the monomial x” permutes
Uq+1. O

Remark 2.4 We point out that Theorem 2.3 is a special case of the multiplicative version of
the following theorem; see [16, Theorem 5.1].

Theorem Assume that A is a finite field and S is a subset of A such that the map A : A — S
is surjective. Let g : A — A, h : S — S, and f : A — A be maps such that the following
diagram commutes:

A f(x)g(r(x))

A
R
§—" s

Then the map p(x) = f(x)g(A(x)) permutes A if and only if the following conditions hold.
(1) h is a bijection from L(A) to A(A).

(1) g(y) # O forevery y € A(A) with g2l (y) > L.
(ili) f(x) is injective on each A\~ (y) for all y € L(A).
In our case, A = qun, S = U1 U{0}, A(x) = x%, f(x) = x",h(x) = x"g(x)* and
g(x) € Fylx] is symmetric with no roots in Uy 1.

We finish this section showing how we can obtain a PP over Fyn, n = 2k from a PP over
F,2 using Lemma 1.1.

Theorem 2.5 Let g be a prime power, n = 2k, ¢" — 1 = sd, d = q + 1. Let r € N and
f € Fylx] be such that ged(kr, s) = ged(k,d) = 1 and h(x) = xrf(xq_l) isa PP ofIE‘qz.
Then the polynomial x*" f (x°) is a PP of Fyn.

Proof Since h(x) isaPP of F 2, in particular x” f (x)4~! permutes Uy. Consider the polyno-
mial i(x) = x* f(x*). Since ged(kr, s) = 1 we only have to show that xkr f(x)* permutes
U,. Note that f(x)? = f(1/x) and f(x)‘f2 = f(x), if x € U,. Therefore, if x € U, then

n—1__n=2_, . _ — n—2 n—=4, . 2
F)f = fx)? q" g ]=f(x)(q D(@G" 44"+ 4g+1)

- (f(x)q"-2+q"-4+-~+q2+l)q‘l = (f@")" " = (rer )"
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Hence x*” f (x)* permutes Uy if and only if x*" (f (x)7~ 1) (x" f) 1) permutes Uy.
Since x" f(x)4~! permutes Uy by assumption and ged(k, d) = 1, the assertion follows. 0O

2.1 Permutation polynomials over F 2., n > 1

Next we present symmetric polynomials over I, with no roots in U,y and construct many
families of permutation polynomials of 2.

Lemma 2.6 Let g be an odd prime powerand g+1 = 2%m, m odd, and t1, . . . , ty be positive
integers such that 2% | t;,i = 1, ..., k. Consider h(x) = (x"" + 1)--- (x* + 1) € Fy[x]. If
x € Ugyy, then h(x) # 0.

Proof If x € Uyy1 and h(x) = 0, then x4t = 1 and x%" = 1 forsomei = 1,...,k.
Since ged(2¢;, g + 1) = ged(#;, g + 1) we have that gcd(xq‘H —1,x%" +1) =1, whichisa
contradiction. O

Proposition 2.7 Let g be an odd prime powerandq+1 = 2m, m odd, t1, . . ., t be posmve

integers such that 2% | ti fori = 1,...,kandt; +---+ 1t <2(q + 1). Fors = qqill, r

co-prime with g** — 1, and
g(x) — (xtl/z +x7t1/2) . (xtk/z +x7tk/2) ,
the polynomial f(x) = x"g(x*) € Fy[x] permutes I 2.
Proof Let x € Ugyy. Since x # 0, g(x) = x~(H-F0/2(x1 4 ). (x 4+ 1) # 0 by

Lemma 2.6. The polynomial g(x) is clearly symmetric and the result follows from Theorem
2.3. O

Lemma 2.8 Suppose the characteristic of ¥, is different from 3. For any t < q + 1 with
ged(3t, g + 1) = 1, the polynomial g(x) = 1+ x' + x~" has no roots in Uy41.

Proof Let 1 + x' 4+ x~" =0, then x> = 1. Since gcd (3, g + 1) = 1 and the characteristic
is not 3, the polynomials g(x) and x4+ — I have no roots in common. O

The following result is similar to [4, Theorem 3.4], where the authors give necessary and
sufficient conditions for the trinomial x (1 + x*@~1 4 x=*@=1) to be a PP of F 2.

Proposition 2.9 Suppose the characteristic of ¥ is different from 3 and consider t, . . ., tk
positive integers such thatt; < q+1and ged(3t;, q+1) = 1fori =1,... k. Lets = i
r co-prime with g* — 1, and

g)=(1+x"4+x) - (I4+x%+x7%) degglx) <g+1,.

Then f(x) = x"g(x*) permutes qun.

Proof The polynomial g(x) is clearly symmetric since it is the product of symmetric poly-
nomials and, by Lemma 2.8 it has no root in U, . The result follows from Theorem 2.3.
O

Theorem 2.10 Letq = p”, p > 3 prime, and g+ 1 = 2%m, m odd. Let ty, . . . , tr, be positive
integers such that 2% | t; fori = 1,...,kandt; +--- +tx < 2(q +1). Let sy,...,s; be
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q2n_]

positive integers such that s; < q+1and gcd(3s;, g+ 1) =1,i=1,...,j. Fors = T

r co-prime with ¢** — 1, and
g(x) — (xtl/z +x7[1/2) . (xtk/z +x—zk/2) (l +xs1 +x7‘vl) . (1 +X‘Yj +x7sl') ,

degg(x) < q + 1, the polynomial f(x) = x"g(x*) € Fy[x] permutes F ;.

Proof It follows directly from Propositions 2.7 and 2.9 and by considering & = 0 in Theorem
2.3. O

3 Permutation polynomials from g(x) = x3 + bx + ¢, bc # 0

In this section we give generalizations of some families that appearin [4,5,9, 10]. For instance,
in [10, Theorem 2.3] the authors use the fact that 1 + x + x3 has no roots in Upm 1 and that
the polynomial x3(1 + x + x3)2" -1 permutes the set Upny to construct PPs over Fyon of
the type x3(1 + x2" 1 4 x32"=3) whenever 3 t m. In characteristics 2 and 3 the authors in
[4] work with trinomials g;(x) = 1 4+ x* +x’, 1 < s < ¢ with no roots in U1 in order to
obtain PPs of F > of the type x"g; (x27 1.

We are going to analyze trinomials of the type g(x) = x> + bx +c € F,, with be # 0
in order to obtain PPs of F 2 of the type x3g(x971), where ged(3,q — 1) = 1. Many
constructions will work in any characteristic. Following the criterion in Lemma 1.1, we need
to show that x3g(x)4~! permutes U, . Suppose that g(x) has no roots in U, . Then for
any x € U, we have that

x3g(x)‘1_1 _ 3 g(x)? _ 3x3q + bx? + ¢ 3x’3 +bxT4e  exP+bx?r+1

= X = X = .
g(x) X3 +bx+c xX3+bx+c X3 +bx+c
. . . 3 b2 . . .
Given the rational function f(x) = %, we associate the algebraic curve Cy with

equation “—————

FO=10) _ .
Y
Cy :—bx2y2—+—bc(x2y—+-xy2)+(c2 — D2+ yz) + (P + b — Dxy +be(x +y)—b=0.
(D

The rational function f (x) permutes U,y ifand only if forall x # y € Uy+1, Cr(x,y) # 0.
First we require that a polynomial of the type x> + bx + ¢ € IFy[x] has no roots in Uy 1.

Proposition 3.1 Ler g(x) = x> +bx +c € Fy[x], with be # 0. Then g(x) has no roots in
Ugy+1 in the following cases:

W) 2+b—1#£0and b+1—c23+b32b+1—cA) +b3c* £0;
() 2+b—1=0and T? — ¢T + 1 has no roots in Uyt

Proof Let x € Uy and g(x) = 0. By raising the equality g(x) = 0 to the power g and
multiplying the result by x> gives that

B4 byl +e=0=>x+bx =0 cxd +bx>+1=0.

By multiplying g(x) = 0 by ¢ and comparing the result with cx> + bx? 4+ 1 = 0, we obtain
that

bx* —bex +1—c2=0.
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Now we raise this equation to the power ¢ and multiply the result by x to get
(1 =cHx>—bex+b=0.
From these two last equations, we get
b* — (1 = *)? = be(® +b — Dx.
Ifb—1+c%#0thenx = % has to be a root of g(x) and we geti). If b — 1 +c2=0

then bx2 — bex + 1 — ¢ = 0 implies x2 — ex + 1 = 0. O

Proposition 3.2 Let g be even. Suppose x> + bx + ¢ € Fy[x], with bc # 0, has no roots
cx3+hx2+l

in Uy 1. Then the fractional polynomial f(x) = T rbrtc

cases

permutes Uy 11 in the following

(i) c=k+klandb = c*+ 1, where k € F, \ {0, 1};
(i) b = 1 and c is such that Trr,F, (1 + 1/02) = 0 and the roots of T>* +¢T + 1 € Fy[T]
belong to F 2 \ Ug 1.

Proof We are going to show that with the given conditions on b and ¢ the curve Cy has no
points (x, y) € Uyy1 x Uy+1. In the first case the curve Cy defined in (1) splits into
@+ +OE+E D +kH =0.
Since k € F, \ {0, 1}, k ¢ U,y and therefore —k, —k ¢ Ug+1. In the second case the
curve Cy factors as
(xy +ax+ By + Dy +px+ay+1) =0,

where «, 8 are the roots of T2+ cT + 2+ 1. By the assumption Trquz(l + l/cz) =0,
we have that , 8 € F,. The roots of T? + ¢T + ¢ + 1 belong to Uy if and only if
¢ + ¢+ 1 =0 and in this case {a, B} = {0, 1}: the two factors of Cy are xy +x +1 =0
and xy +y + 1 = 0. Itis easily seen that they do not have points belonging to Uy +1 X Uy41.
Suppose that ¢ + ¢+ 1 # 0. Then a, B ¢ Uy+1 and for any x € U,41 we have that

q_<ozx+1)q_o{+x
YENTTE) Tt

Then y?*! = 1 if and only if

o+ x ((xx-l—l

= (51>

—1
il ) <:>a2x+ax2+(x+x:,82x+ﬂx2+ﬂ+x

— x>+cx+1=0.
[m}

Remark 3.3 Note that if Try,F, (1 + l/cz) =1lthena, B € ]qu \ [F,. In this case, for any
x € Uy41, we have that

g (ax+1 q_ Bt+x
= x+ B _ax+1_y '

‘We now combine the results from Propositions 3.1 and 3.2 to present families of permutation
polynomials in even characteristic.
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Theorem 3.4 Let g = 220+ phere h € N. Consider g(x) = x> + bx + ¢, with b, ¢ € IFZ.
Then x3g(x4~) isa PP of F ;2 in the following cases:

(i) c=k +k L b=c*+1, wherek Fy\ {0, 1} and T2+ ¢T + 1 has no roots in Ugvr;
(i) b=1, Tr]Fq”Fz(l + 1/c2) = 0 and the polynomial T? + ¢T + 1 has no roots in Ug+1.

Proof The conditions on b and ¢ € I, guarantee that g(x) has no roots in U4 and f(x) =

% permutes Uy 1. Since g = 22h+1 we have that ged(3, ¢ — 1) = 1. Now apply the

criterion in Lemma 1.1. O

Proposition 3.5 Let g = p" and p # 3 be an odd prime. Suppose x> + bx + ¢ € Fqlx],
cx3+bx2+l

bc # 0, has no roots in Uy 1. Then the fractional polynomial f(x) = Tbxtc

Ugy+1 in the following cases

permutes

) 2 #1,b= —c2 41, T?> = ¢T + 1 has no roots in Ugr1s
(i) (b,¢) = (=3,1)and T* — T + 1 has no roots in Ugs1s
(iii) (b,c) = (=3, =1)and T* + T + 1 has no roots in Ugt1;
(iv) b= -3, ¢ ¢ {xl,+2}, and T?> — ¢T + 1 has no roots in Uyt

Proof We are going to show that with the given conditions on b and ¢ the curve Cy has no
points (x, y) € Uyy1 X Ugy1. In the first case the curve Cy splits in

O —ey+ D2 —cx+1)=0

and we require that the roots of x? —cx + 1 and y? — cy + 1 are not in Ug+1. In the second
and third case we get the following decompositions:

(xy—=y+ Dy —x+1)=0and (xy +y+ Dxy+x+1) =0,

respectively. In the second case let x € Uy 41 and (x, y) € Cy,theny = —1/(x — 1) and we
have that y € U, if and only if x? — x + 1 = 0. For the third case an analogous argument
works.

Finally, in the last case the curve factors as

xy+kx+jy+Dxy+jx+ky+1) =0,

where j and k are the roots of 37% 4+ 3¢T 4 ¢ — 1 = 0. The curve Cy has apoint (x, y) €
Ugs1 x Ugyq if and only if

jx+1

Sk S Yarn

If k and j do not belong to I, then k = j4 and % € Uy41. We conlude that k and j are

in IF,. Note that k, j € U, if and only if k, j € {£1}, thatis ¢ € {£1, £2}, impossible.
Therefore x + k # 0. Finally,

Jjx+1\" _ j+x

x+k ) kx+1

equals ;‘X‘:"] if and only if x? + (j + k)x + 1 = 0, thatis 72 — ¢T + 1 has roots in Uy41. O

We now combine the results from Propositions 3.1 and 3.5 to present families of permu-
tation polynomials in odd characteristic different from 3.
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Theorem 3.6 Let g be odd, g =2 mod 3, and g(x) = X 4+bx+ce Fylx]. bc # 0. Then
gx?Yisa PP of F ;2 in the following cases

@) 2 #1,b= —c2 41, T?2 — ¢T + 1 has no roots in Ugv1;
(i) b= -3, c? #4, —3c% 4 12 is a square in Fy, and T? — ¢T + 1 has no roots in Ugt1.

Remark 3.7 Note that ¢ = 2 mod 3 implies that 72> — T 4 1 and T2 4+ T + 1 have roots in
Ug+1.

4 A generalization of PP over [F52n

In [9, Theorem 1] the authors present classes of permutation polynomials of F 2, ¢ = 2™,
of the type x (1 + x*@~D 4 x?(@=D) for suitable pairs (s, r). We extend their result showing
that there exists a parameter A such that the polynomial x (1 + Ax*@—D 4+ Ax"@=D) is still
a PP of [F > with exactly the same conditions on the pairs (s, ). In this section the pairs of
integers should be interpreted as modulo 2" + 1 when they are negative or fractions.

Lemmad.l Lerg = 2", a € Ugy1 \ {1}, A*@* + 1) +a # 0, e1 = g4y, and A €
For, A # 0. Suppose X2 = %. Then for any i > 2

| e +1/A=0,

X = eix+1 2k
m, eFl +e] + l/A 7&0,
.. ok . e,gfleﬁ-l .
where e; = oo if e;_| + ey +1/A =0, otherwise ¢; = —————— foranyi > 2.
! e\ +e1+1/A

Proof The proof can be done by induction and is very similar to [9, Lemma 2]. O

Theorem 4.2 Let g = 2™,k > 1 such that gcd(2k —1,2"+1)=1,and A € F;k NIF,.

Then f(x) = x(1+ x4+ A for (5,1 = (57, 577 ) is a PP of By

Proof The proof is very similar to [9, Theorem 1]. Following Lemma 1.1, we need to prove
that h(x) = x(14+Ax* +Ax")?~! for (s, 1) = (2,(2—: 2,:—_11) permutes U, +1. Since ged (28 —
1,2™ 4+ 1) = 1, this is equivalent to showing thath(xzk_l) = xzk_l(l + Ax —|—Ax_1)2m_1
permutes Uy 1. First of all notice that 1 + Ax? +Ax" ! £0ifx € Ug+1. Suppose the
contrary. This yields x2" = x~!, AP x+A=0. By raising the second equality to the
power 2" and multiplying the result by x2 ! we get Ax>*+! +x2 + A = 0,50 %% = x and
therefore x = 1. Since ged(2 —1,g+1) = land 1+ Ax% + Ax"' = 1+ A+A=1#£0
Ax? 1?44

. - . k_
we obtain a contradiction. So for any x € U,y we can write h(x* 1 = T .
AxPH 4 x+A

Now leta € Uy and consider x € U, satisfying
Ax2+ + K2 + A o ax+A(a+1)
. =a &&= x* = ——.
AxP x4+ A Ala+ Dx+1

We need to prove that (2) has at most one root x € U, foreacha € U, 1. Now we consider
three cases depending on a.

(@)

Case 1a = 1. Then x2~! = 1 and since gcd(2X — 1,2 + 1) = 1 we get only one
solution x = 1.
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Case 2 A%2(a®> + 1) +a = 0. Then (2) yields = A(a + 1), which has at most one
solution in Uy 1.
Case3a # 1 and A%2(a® + 1) + a # 0. Then (2) reads
n ax+A(a+1) e1x +1
X = = N
Ala+Dx+1 x+e +1/A

where e A(a B If k is odd then taking i = m in Lemma 4.1 we obtain that
% = 1 which implies x> = AZ’”H We only have at most one solution. If

k= 2-fk1, where 2 t ky, since gcd(Zk —1,2™ 4+ 1) = 1 we have that k/ gcd(m, k) is odd
and 2/ | m. We take i = m/2/ and the argument is the same as in the odd case.

[m}

Theorem 4.3 Let g = 2", ged(2* +1,2" +1) = 1, A € Fye NF,. Then f(x) = x(1 +

A= 4 AxD), (5,0 = (R gy ) isa PP in F o,

Proof The proof is basically the same as in [9, Theorem 2] and Theorem 4.2. O
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