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Abstract In this paper, we study A-constacyclic codes over the ring R = Z4 + uZs4 where
u? = 1,for A = 3+2u and 24 3u. Two new Gray maps from R to Zi are defined with the goal
of obtaining new linear codes over Z4. The Gray images of A-constacyclic codes over R are
determined. We then conducted a computer search and obtained many A-constacyclic codes
over R whose Z4-images have better parameters than currently best-known linear codes over
Z4.
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1 Introduction

Codes over finite rings are a topic of much research in algebraic coding theory for over
two decades [1,3-6,9,10,12,14,15,17,20,21]. Among all finite rings, the ring Z4 of integers
modulo 4 has a special place in coding theory. In addition to the original discovery in [10]
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that showed that certain binary non-linear codes can be obtained as Gray images of Z4-linear
codes, codes over Z4 are known to be related to lattices [19], combinatorial designs [7], and
low correlation sequences [18]. As a result of increased research activity on codes over Zg,
a database of Z4-codes was introduced in [2], which is available online [8]. The database
is updated as researchers discover new codes with better parameters. When a new code is
added to the database, the previous codes are not removed. Several recent papers contributed
new codes to the database such as [14,20].

More recently, the rings of order 16 that are extensions of Z4 have received special atten-
tion. The interest in these rings increased after the introduction of linear and cyclic codes
over the ring Z4 + uZs, u? = 01n [20,21]. In [1], Ashraf and Mohammed studied (1+2u)-
constacyclic codes over this ring.

In [3], cyclic, quasi cyclic (QC), and constacyclic codes over Zg + wZa, w? = 2 have
been studied. Two Gray maps are defined and Gray images of codes over this ring have been
described. Moreover, new linear codes over Z4 are obtained using these Gray maps.

Due to the increased interest in codes over rings of order 16, these rings are classified
in [11]. One of the special properties of rings of order 16 is the fact that the smallest local,
finite, Frobenius, commutative, non-chain ring has order 16 [11]. In this work, we consider
one of the rings of order 16, Z4 [u] / (u2 — 1) which can also be described as R = Z4 + uZq4
with u? = 1. This ring is isomorphic to the ring Zg4 [u] / <u2 + 2u) viau — u+1.

In [14], Ozen et al. studied cyclic codes and (2 + u)-constacyclic codes over R. They
determined the form of generators of cyclic codes over this ring. They proved that the Z4-
image of a (2 + u)-constacyclic code of odd length over R is a cyclic code over Z4. They
presented many examples of good codes over Z4 obtained as images of cyclic codes over R.

In [17], Shi et al. defined a new Gray map from Z4 + uZs to Zi and studied (1 + 2u)-
constacyclic codes over R. They investigated properties of (1 + 2u)-constacyclic codes over
R. They proved that the Gray images of (1 4 2u)-constacyclic codes of length n over R are
cyclic codes of length 2n over Z4. They presented many examples of (1 + 2u)-constacyclic
codes R whose Z4-images have good parameters.

Inspired by these works, we introduce two new Gray maps from R to Zi. We are partic-
ularly interested in finding new codes with better parameters than the currently best known
linear codes over Z4. In fact, this was our main purpose and motivation for this work. We
have been able to obtain such codes using each map. Moreover, we give a description of Gray
images of cyclic and constacyclic codes over R.

2 Preliminaries

In [4,14,17], the authors considered the finite commutative ring R = Za4 + uZa,
where u> = 1. Clearly, R = Z4[u]/(u* —1). Its units are given by {I,3,u,3u,2 +
u,1 + 2u,3 + 2u,2 + 3u}. There are 7 ideals in this ring of characteristic 4 given by
{{0), Qu), (1 +u), (3+3u), 2+ 2u), (2u, 1 +u), R}. It is a local ring with the maxi-
mal ideal (2u, 1 + u).

In [14,17], constacyclic codes over R and their Gray images are studied for the constants
2 + u and 1 + 2u. In this paper, we consider constacyclic codes for the units 3 + 2u and
2+ 3u, and their Gray images under the new maps we introduced. Whereas the Gray maps on
this ring considered in earlier works double the code length, our Gray maps triple it. Hence,
we are able to find codes with new parameters not obtained in previous works.

A code of length n over R is a subset of R". C is a linear code if C is a R-submodule of
R". Let A be a unit in R. A linear code C over R of length n is called A-constacyclic if it is
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invariant under the constacyclic shift operator o (rg, 71, ..., rn—1) = (AFp—1,70, - - -, 'rn—2),
where (rg, r1, ..., m—1) € C. The cyclic codes are a special case of constacyclic codes with
A = 1. If o is the cyclic shift operator, that is o (rg, 71, ..., 7—1) = (Fp—1,70, - - -, 'n—2),

then C is said to be cyclic if o (C) = C, and C is said to be A-constacyclic if o (C) = C.
As usual, a A-constacyclic code of length n over R can be identified as an ideal of the
quotient ring R [x] / (x"* — A) via the R-module isomorphism.

¥ : R" — R[x]/{x" — 1)
(ag, ..., an—1) —> ap +aix +axx> + ... —l—an_lx”_](mod(x” — A))

Hence, we use polynomial and vector representations of codes interchangeably.

Next, we define two Gray maps from R to ZZ. The Gray map on R used in previous works
doubles the length of a code. Our Gray maps triple the code length, hence we obtain codes
of different lengths over Z4 from a given code over R. Our first Gray map is

¢1 : R— 73
a+ubv+—— (b,2a +3b,a + 3b)
This map is extended component-wise to
¢ : R" — Zi”
o= (g, ...,0n—1) —> ¢()
= (bo, ..., bu—1,2a0+3bo, ..., 2a,_1 +3b,_1,a0 + 3bo, ...,a,—1 +3b,—1)

where o; = a; + ub;, wherei =0, 1,...,n — 1. ¢ is a Zs-module isomorphism.
We define another Gray map as follows,

¢ R— 73
a + ub v+ (a,2a + 3b,3a + 3b)
This map is extended component-wise to
¢ : R" — Zi"
o = (o, ..., qn-1) —> $2(a)
= (ag, ..., ay—1,2ay + 3bo, ...,2a,-1 + 3b,—1,3a0 + 3bo, ...,3a,—1 + 3b,_1)

where o; = a; + ub;, wherei =0, 1,...,n — 1. ¢ is a Zs-module isomorphism.
The polynomial correspondence of the Gray maps can be described as

@ : R[x]/{x" =) — Zg[x]/{x*" — 1)
a(x) +ub(x) —> ®(a(x) + ub(x)) = b(x) + x"2a(x) + 3b(x)) + xzn(a(x) + 3b(x))
(@ (a(x) + ub(x)) = a(x) + x" (2a(x) + 3b(x)) + x> (3a(x) + 3b(x)))
In the rest of the paper A will denote either the constant 3 4 2u or 2 + 3u, unless otherwise

A, if n 1s odd.

1, if n is even.

stated. We note that A" =

Definition 1 Let a € ZZ” with a = (a(o) |a(1)|a(2)), a® ¢ Zj fori = 0,1,2. Let ¢
be a map from Z3" to Z3" given by ¢ (a) = (o (a?)|o (aV)| o (a'?)) where o is the
cyclic shift from Zj to Zj given by o (a(i)) = (aGr=b,a@o . . aGr-2) for every a®) =
(a("v‘)), ..., ain=1) where a@-h € Zg, j=0,1,...,n — 1. A code of length 3n over Zy4 is
said to be quasi cyclic (QC) code of index 3 if ¢ (C) = C.
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3 The Gray images of some constacyclic codes over R

Proposition 1 Let ¢ be the (3 + 2u)-constacyclic shift on R", let ¢ be the Gray map
from R"™ to Zi", and ¢ be the map defined above.Then we have ¢o = V@1, where the
permutation  of Zi” is defined by (X1, X2, ...y Xny Xnbls e ooy X20s X2npls - oo s X3p) =
(Xz(1)s X£(2)s - - - » Xe(3n)) With the permutation ¢ = (1,n + 1) of {1, 2, ..., 3n}.

Proof Letr = (rg,...,rn—1) € R", where r; = a; + ub;,i = 0,1,...,n — 1. Then we
have

o(r) = (B +2urp—1,r0, ..., rn—2)
= (Ban—1 + 2by—1) + u@Bby—1 + 2a,—1), ap + ubo, ..., an—2 + ub,_2)
By applying the Gray map ¢;, we have
¢1(0(r)) = Qap—1 +3by—1,bo, ...,by—2,by—1,2a0 + 3bo, ..., 2a,—2 + 3b,2,
an—1+3by—1,a0 +3by, ..., an—2 +3b,_2)
On the other hand,
@(@1(r)) = (bu—1,bo, ..., bu—2,2ay—1 + 3by—1, 2ap + 3bo, ..., 2ap—2 + 3by—2,
ap—1 +3by—1,a0 +3by, ...,a,—2 +3b,2)
Finally, applying the permutation ¥ to ¢(¢1(r)) we obtain ¢p10 = Y @@;. O

Theorem 1 The ¢1-image of a (3 + 2u)-constacyclic code over R of length n is permutation
equivalent to a QC code of index 3 over Z4 of length 3n.

Proof Let C be a (3 + 2u)-constacyclic code over R. Then o (C) = C. Applying ¢;, we

have ¢; (0 (C)) = ¢1 (C) . By Proposition 2, we get ¢1 (0 (C)) = ¥ (¢ (¢1 (C))) = ¢1 (C).
Therefore, ¢ (C) is permutation equivalent to a QC code of index 3 over Z4 with length 3n.
]

We also have similar results for the map ¢, with a different shift constant. The proofs of
the following proposition and the theorem are very similar to the corresponding results for
@1, hence they are omitted here.

Proposition 2 Let ¢ be the (2 + 3u)-constacyclic shift of R", ¢o and ¢ be defined as in the
previous section. Then we have ¢p20 = Y @po, where the permutation ¥ of Zi" is defined by
Y(X1, X2, ooy Xy XL+ oo 5 X205 X201 - -+ X30) = (Xg(1)s X£(2)s - - - » Xe(3n)) With the per-
mutation { = (1,n 4+ 1) of {1,2, ..., 3n}.

Theorem 2 The Gray image of a (2 + 3u)-constacyclic codes over R of length n is permu-
tation equivalent to a QC code of index 3 over Z4 with length 3n.

We note that for odd lengths, cyclic codes and constacyclic codes are equivalent.

Proposition 3 Let n be an odd integer and let A be one of the units of R specified above.
Then

¥ Rx]/(x" = 1) — R[x]/{x" — 1)
c(x) —> ¥(c(x)) =c(ix)

is a ring isomorphism.
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Proof The proof similar to the proof Proposition 3.6 in [17]. O

It follows that for an odd length n there is a one-to-one correspondence between cyclic
codes and constacyclic codes. Next two corollaries formally state this fact.

Corollary 1 Let n be an odd integer and let A € R. Then I is an ideal of R [x]/ (x" — 1) if
and only if W (I) is an ideal of R [x] / (x" — A). Hence there is a one-to-one correspondence
between the ideals of R [x]/ (x" — 1) and the ideals of R [x] / (x" — \) such that the cyclic
code 1 is equivalent to the constacyclic code W (I).

Corollary 2 Let ¢ be the map from R" to R" defined as
¢ : R"— R"
2= (20, s 2n-1) > (20, Az1, A%20, . A M)

C is a cyclic code over R of odd length n if and only if £(C) is a A-constacyclic code of
length n over R.

As in [17], we characterize A-constacyclic codes over R of odd length as follows.

Theorem 3 Let n be an odd number and C be a A-constacyclic code of length n over R.
Then C is an ideal in R [x] / (x" — A) generated by

C={n@(P1(X) +2) + (1 +wnrx)(p2(X) +2), (1 + w(X)(p3(X) + 2))
where X = Ax, t;(x), pi(x), g (x) are monic pairwise coprime polynomials in Z4[x] such

that x™ — 1 = t;(x) pi (x)g;i (x), wherei = 1,2, 3.

By using a special generator polynomial of a cyclic code and by the relationship between
cyclic codes and A-constacyclic codes given in Proposition 3, we can express a generator of
a A-constacyclic code C as

C = (g1(%), uga(¥x))

where X = Ax as in [17].

Proposition 4 Let ¢ be defined as above. Then ¢1¢ = I ¢ (and ¢p¢ = I¢,) where the
permutation I of Zi” is defined by

TT(x1, X2, ooy Xpy Xptds - - o0 X205 X2t 1s -5 X30) = (Xg(1), X2(2)s - - - » X2 (3n))

with the permutation t = 2,n+2)4,n+4)...(n —1,2n — 1) of {1,2, ..., 3n}.

froof Letr = (rg,...,7rqn—1) € R", where r;, = a; + ub;,i = 0,1,...,n — 1. Since
cr) = (ro, B+ 2wry, 3+ 2u)’ra, ..., G+ 2u)" r,_1) = (ro, B+ 2u)r1,r2, 3 +
214)}’3, ey, (3 + 2u)rn,2, rnfl), we have ¢1 (C(I’)) = (b(), 2ay +3by, by, ..., by_1,2a0 +

3bo, by, ...,a0 + 3by,ay + 3by, ...,a,—1 + 3b,_1).

On the other hand, ¢1(r) = (bo,...,by—1,2a0 + 3bo,...,2an—1 + 3b,—_1,a0 +
3bg, ..., au_1 + 3b,_1). By applying IT, we have ¢ ¢ = II¢;. Similarly, we have
$28 = I1¢. o

Corollary 3 Let n be an odd integer. If I" is the Gray image (under ¢y or ¢;) of a linear
cyclic code over R, then I' is permutation equivalent to a QC code over Z4 of index 3 of
length 3n, via the permutation I1 defined above.
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Table 1 Representations of the

elements of R

Table 2 New linear codes over Z4 obtained from constacyclic codes over R

Element of R Encoding
0 0
1 1
2 2
3 3
u 4
14u 5
2+4+u 6
34u 7
2u 8
1+ 2u 9
2+ 2u A
3+ 2u B
3u C
1+ 3u D
24 3u E
3+ 3u F

n A Map Generator polynomial Parameters of 7Z4 image
15 2+ 3u &1 1 E3E260E3806 [45, 4820 24]
15 2+ 3u &1 181806303E1 [45, 41020 2]
15 24 3u o1 162E26 [45,42020 g]
21 2+ 3u 1 162 E201 E22320626 [63, 41220 24]
21 2+ 3u &1 160026162E16201 [63, 41420 24]
21 2+ 3u & 1E1E3806 [63, 42820 8]
21 2+ 3u 1 18303 E162E0E36 [63, 41020 16]
21 2+ 3u &1 1628181 [63, 43020 8]
10 342u &1 13FA5B81 [30, 4820 16]
15 24 3u & 16262806 [45,41020 12]
21 2+3u & 1E161038100£30201 [63, 41020 28]
21 2+ 3u & 102016 [63, 43220 8]
10 342u & 13DA7B81 [30, 4820 14]
20 3+ 2u & 12C070A2D2E29 [60, 41620 16]
30 34 2u # x’;f;ju 190, 4420, 60]

Proof Let I" be such that I' = ¢ (D) (or I' = ¢»(D)), where D is a linear cyclic code over
R. From Proposition 10, ¢ (£ (D)) = (¢ (D)) = (") (and $2(Z (D)) = M (¢2(D)) =
I1(I")). We know that ¢ (D) is a linear A-constacyclic code C. So ¢1(¢ (D)) = ¢1(C) (and
$2(2(D)) = ¢ (C)). By Proposition 4, ¢1(C) (and ¢,(C)) is permutation equivalent to a
QC code of index 3 over Z4 with length 3n.

@ Springer

m}



On some constacyclic codes over Zgy [u] / <u2—1> 1255

4 Computational results

Finding new linear codes over Z4 was our main motivation for this work. We conducted a
computer search to look for new linear codes over Z4 by generating constacyclic codes over R
(for the two values of A discussed in this paper) and computing their Z4-images using each of
the Gray map we introduced. We have been able to find 15 new linear codes over Z4 with better
parameters than the currently best-known codes in the database [8]. We present the details of
these codes in Table 2 below. The generator polynomial g (x) of each code is a monic divisor of
x"— A for A = 2+ 3u or 3+2u. For the sake of saving space, we use a compact representation
of the polynomials where coefficients are listed in descending order and elements of R are
encoded according to Table 1 below. Each element of R is encoded by a single character in
the set {0, 1,3,4,5,6,7,8,9, A, B, C, D, E, F}. Thus the generator polynomial in the third
row of Table 2, for example, is 2+ Q4 w)x* +2x3 + (2 4+ 3u)x? + 2x + u + 2. For the
last entry in the same table, we gave an alternative description of the generator polynomial
because it has a large degree. We only computed the Lee weights of the codes over Zg4.
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