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Abstract Brualdi’s introduction to the concept of poset metric on codes over I, paved a
way for studying various metrics on . As the support of vector x in [Fy is a set and hence
induces order ideals and metrics on IFZ, the poset metric codes could not accommodate Lee
metric structure due to the fact that the support of a vector with respect to Lee weight is not a
set but rather a multiset. This leads the authors to generalize the poset metric structure on to
a pomset (partially ordered multiset) metric structure. This paper introduces pomset metric
and initializes the study of codes equipped with pomset metric. The concept of order ideals
is enhanced and pomset metric is defined. Construction of pomset codes are obtained and
their metric properties like minimum distance and covering radius are determined.
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1 Introduction

In 1995, Brualdi [2] introduced the concept of poset metric codes over [F; by imposing a
partial order relation on the set [n] = {1, 2, ..., n} of coordinates of a vector in IFZ Thus,
if P([n], <) is a poset on [n], a subset I C [n] is called an order ideal of P ifi € I, j <1
imply that j € I. For a subset A of P, the smallest order ideal containing A is denoted as
(A). Given a vector x = (x1,X2,...,X,) € IB‘Z, the support of x is supp(x) = {i : x; # 0}.
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The poset weight wp (x) of x is defined as wp (x) = [(supp(x))| anddp(x,y) = wp(x —y)
is a well defined metric on [Fg. Thus, by varying posets one gets different metrics on Fy like
Rosenbloom—Tsfasman (RT)-metric if P is a chain, Hamming metric if P is an antichain and
so on. Moreover, many results that hold for the Hamming metric, may fail for a particular
poset metric. For instance, the well-known equation p = Ld—glj, which relates the minimum
distance d of a code with its packing radius p, is not valid for general posets [4]. Thus,
extension of coding theory to poset metric spaces is interesting and has been the subject of
study for over two decades [7,8].

Note that the support of x which is defined as supp(x) = {i : x; # 0} is a set and hence
does not accommodate Lee metric by considering any particular poset. Moreover, the Lee
weight of an element / € Z,, is defined as wr (/) = min{l, m — [} whereas the Hamming
weight of any [ # 0 is 1. Also the Hamming weight of x = (x1, x2, ..., x,) € Z is sum of
the weights of the non-zero coordinates, so that it counts the number of non-zero positions
whereas Lee weight adds the Lee weights of non-zero coordinates in x. Thus, the support of
x € Zy, withrespect to Lee weightis to be defined as suppy (x) = {k/i : k = wr (x;), k # 0}
which is a multiset (Here, k/i stands for the notation that the position i is counted k times in
the multiset). This motivates us in finding a partial order-like relations on multisets.

1.1 On multisets and relations

Unlike in set theory which is well established, the research in multiset theory is in its initial
stages. In this subsection, a brief review of basic definitions and notations of multisets and
relations on multisets, introduced by Girish and John [5,6], are presented which will be
needed for our investigation and findings.

Definition 1 A collection of elements which may contain duplicates is called a multiset
(in short, mset). Formally, if X is a set of elements, a multiset M drawn from the set X is
represented by a function count Cps : X — W where W represents the set of non-negative
integers. For each a € X, Cjs(a) indicates the number of occurrences of the element a in M.

a € X appearing n times in M is denoted by a €" M orn/a € M. The mset M drawn
from the set X is represented as M = (ki /a1, ky/as, ..., ky/an}. If Cpr(a;) = ki then we
cansay ri/a; € MV 1 <r; <k;. An mset is called regular or constant if all its objects
occur with the same multiplicity and the common multiplicity is called its height.

A domain is defined as a set X of elements from which msets are constructed. The
cardinality of an mset M drawn from its domain X is |M| = ),y Cp(a). The support
set of M denoted by M* is a subset of X and M* = {a € X : Cy(a) > 0}, i.e., M* is an
ordinary set. M* is also called the root set of M.

Definition 2 Let M| and M, be two msets drawn from aset X. Then M is called a submultiset
(in short, a submset) of My (M1 € M) if Cpy,(a) < Cuy,(a) forall a € X. My is a proper
submset of My (M| C M>) if Cy,(a) < Cy,(a) for all a € X and there exists at least
one a € X such that Cy,(a) < Cuy,(a). Two msets M and M, are equal (M| = M) if
My € M> and M> C M.

Let M be an mset and A be a submset of M. An element a € A* is said to have full count
with respect to M if C4(a) = Cpy(a). If C4(a) = Cpy(a) Ya € A*, then A is said to have
full count with respect to M.

Analogous to the union, intersection and symmetric difference of sets, these operations are
also defined in multiset theory [3], in addition to the operations called as sum and subtraction
of msets:
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Let M| and M> be two msets with domain X. Addition (sum) of M| and M, is a new
mset M = M| @ M> such that for all a € X, Cy(a) = Cy,(a) + Cu,(a). Subtraction
(difference) of M, from M is an mset M = M| & M; such that for all a € X, Cp(a) =
max{Cpu, (a) —Cp,(a), 0}. The union of M| and M, is an mset M denotedby M = M| UM,
suchthatforalla € X, Cy(a) = max{Cy, (a), Cum,(a)}. The intersection of M1 and M is an
mset M denoted by M = M N M> suchthatforalla € X, Cy(a) = min{Cy, (a), Cm,(a)}.
The symmetric difference of M1 and M3 is an mset M denoted by M = M| AM; such that
foralla € X, Cy(a) = |Cpy,(a) — Cy,(a)l.

Definition 3 The mset space [ X]" is the set of all msets drawn from X such that no element
in an mset occurs more than m times.

Thus, if M|, M, € [X]™, the mset sum can be modified as follows:
Cuom, (@) = min{m, Cy,(a) + Cpp,(a)} foralla € X.

And for any mset M € [X]™", the complement M€ of M in [X]™ is an element of [ X]™ such
that Cysc (@) =m — Cp(a) foralla € X.

Notation 1 In [5], while defining the cartesian product of two msets M and M», the authors
introduced the notation (m/a, n/b)/k which means that a is repeated m times, b is repeated
n times and the pair (a, b) is repeated k times. From this, the count of the pair is k. Actually,
an element @ which is repeated k times is denoted by k/a. To avoid confusion and have
coherence, we modified the notation (m/a,n/b)/k to k/(m/a, n/b) which gives the same
meaning. In fact k/(m/a, n/b) and k/(a, b) are one and the same except the fact that the
former gives an additional information about the counts of a and b. C;(a, b) denotes the
count of the first coordinate in the ordered pair (a, b) and C»(a, b) denotes the count of the
second coordinate in the ordered pair (a, b).

Definition 4 Let M| and M» be two msets drawn from a set X; then the cartesian product
of M| and M5 is defined as

My x My ={mn/(m/a,n/b) :m/a € M1,n/b € Mj}.

Example 1 Consider an mset M = {4/a,2/b}. Then M x M = {16/(4/a, 4/a),
8/(4/a, 2/b),8/(2/b, 4/a),4/(2/b, 2/b)}.

Definition 5 A submset R of M x M is said to be an mset relation on M if every member
(m/a, n/b) of R has count Cy(a, b) - C2(a, b).

Thus, if (m/a,n/b) € R we say “m/a is R-related to n/b” and write “m/a R n/b”.
Moreover, if m/a R n/b then we cansay r/a R s/b¥Yr <m,s <n.

Example 2 For the mset M given in Example 1, S = {5/(4/a, 2/a),8/(4/a, 2/b)}
is a submset of M x M but not an mset relation as 5 # 4 x 2 whereas R =
{4/(2/a, 2/b),6/(2/b, 3/a)} is an mset relation on M.

Definition 6 An mset relation R on an mset M is

(i) reflexive iff m/a R m/a forallm/a in M.
(ii) antisymmetric iff m/a R n/bandn/b R m/a imply m = n and a = b.
(iii) transitive iff m/a R n/b,n/b R k/c imply m/a R k/c.
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Definition 7 Let R be an mset relation on an mset M in [X]™. Then R is called a partially
ordered mset relation (or pomset relation) if it is reflexive, antisymmetric and transitive. The
pair (M, R) is known as a partially ordered multiset (pomset) and it is denoted by P.

Let P = (M, R) be a pomset and p = Cy(a), g = Cpy(b). Suppose that for a # b,
(p/a, q/b) ¢ Rbut (m/a, n/b) € R where either m < p or n < g or both. By reflexive
property, p/a R p/a, q/b R q/b. As p/a R m/a, n/b R q/b, it follows by transitive
property that (p/a, ¢/b) is an element of R, which is not true. So, in P, if (p/a, q/b) ¢ R
then we cannot say (m/a, n/b) € R forany m < p or n < q. Thus, every member of a
pomset relation R has full count with respect to M x M.

Example 3 Consider an mset M = {3/1,3/2,3/3,3/4} where M* = {1,2,3,4}.
Then R = {9/(33/1, 3/1),9/(33/2, 3/2),9/(3/3, 3/3),9/(3/4, 3/4),9/(3/2, 3/1),
9/(3/3, 3/4)} is a pomset relation on M and P = (M, R) is a pomset whereas Q =
{9/(3/1, 3/1),9/@3/2, 3/2),9/(3/3, 3/3),9/(3/4, 3/4),4/(2/2, 2/1)} is not a pomset
relation on M.

Definition 8 Let P = (M, R) and m/a € M. Then m/a is a maximal element of P if there
exists non/b € M (b # a) such that m/a R n/b; m/a is a minimal element of P if there
existsnon/b € M (b # a) suchthatn/b R m/a.

Definition 9 A submset structure C = (C € M, R) of P = (M, R) is a chain in P if every
distinct pair of points from C is comparable in P, i.e., V m/a,n/b (a # b) in C, either
m/a Rn/born/b Rmj/ainP.

A pomset P = (M, R) itself is called a chain if every distinct pair of points from M is
comparable in . When P is a chain, we call P a linear mset order (also a total mset order)
on M.

Definition 10 A submset structure A = (A € M, R) of P = (M, R) is an antichain in P
if every distinct pair of points from A is incomparable in P, i.e., V m/a,n/b (a # b) in A,
neither m/a R n/bnorn/b R m/a in P.

A pomset P = (M, R) itself is called an antichain if every distinct pair of points from M
is incomparable in P.

Now we have enough armour into our fold to define order ideals in pomsets which will
pave a way for introducing pomset metric on Z!,. We will do this in the next section.

In the remaining part of this paper, we will study various constructions of pomset codes
and their metric properties. To study the properties of new codes, especially, their minimum
distance and covering radius in terms of the constituent codes, suitable pomset structure
is to be imposed on new codes. As far as posets are concerned, there are several ways to
create new posets from given posets as in [1,9]. In this paper, we extended these operations
on pomsets, that is, we define new pomsets through direct sum of pomsets, ordinal sum of
pomsets, puncturing a pomset, extending a pomset and so on (which are dealt with in Sect. 3).

Thus, we could impose a new pomset structure to the codes constructed which enables
us to study minimum distance and covering radius. We obtain these parameters for codes
constructed through direct sum of codes whereas for codes constructed through (u, u +
v)-construction, puncturing codes and extension of codes, bounds on these parameters are
established. For product codes, we obtain the bounds on the minimum distance and the
covering radius by taking constituent pomsets to be combinations of chain and antichain.
These form the content of Sects. 4 and 5.
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Codes with a pomset metric and constructions 879

2 Ideals and pomset metric
2.1 Ideals in pomsets

By adopting Definition 37 in [5] and slightly modifying the definition of pre-class of M given
in [6], we introduce the definition of order ideal and the order ideal generated by a submset
in a pomset. Let P = (M, R) be a pomset. A submset / of M is called an order ideal (or
simply an ideal) of Pif m/a € I andn/b R k/a (b # a) for some k > 0implyn/b € I. An
ideal generated by an element m/a in M is defined by

(m/a) ={m/a}yU{n/be M :n/b R k/a for some k > 0 and b # a}.

More precisely, n must be equal to Cy (b) in the light of the discussion followed by Defini-
tion 7.
An ideal generated by a submset S of M is defined by (S) = |J (m/a). By Z(P) (resp.

mjaes
7" (P)) we mean the set of all ideals of P (resp. of cardinality r).

Remark 1 In the definition of an ideal / of P, n/b is not a maximal element and the count of
b in I is same as that in M. Hence, in an ideal of P = (M, R), non-maximal elements have
full count with respect to M.

Example 4 Consider S = {1/1,2/3} € M from Example 3. Now (S) = (1/1) U (2/3) =
{1/1,3/2,2/3} as 3/2 R 3/1 implies 3/2 R 1/1. In this ideal, 1/1 and 2/3 are maximal
elements; 3/2 is not a maximal element and so, the count of 2 is same as that in M.

Based on the above definitions, the following results are straightforward consequences:

Proposition 1 Let M € [X]" be an mset defined over X and P = (M, R) be a pomset. If A
and B are any two order ideals in P, then the following holds:

(a) AN Bisanideal

(b) AU B is an ideal.

(c) A® Bisanideal if M is a regular mset with height n.

(d) AD A = Aif Aisasubmset of a regular mset M with height n such that Cx(a) =
Cy(a) Ya € A*.

Proposition 2 Let M € [X]" be an mset defined over X and P = (M, R) be a pomset. If A
and B are any two submets of M, then the following holds:

(@) (ANB) < (A)

(b) (AU B) = (A) U(B).

(c) (A® B) C (A) ® (B) if M is a regular mset with height n.
(d) (A)A(B) € (AAB) € (AU B).

The following propositions are straightforward and show that every pomset has a good
stock of order ideals.

Proposition 3 Let P = (M, R) be a pomset. Let 0 < s <r < |M|and I € I"(P). Then
there exists J € I°(P) such that J C I.

Proposition4 Let P = (M, R) be a pomset. Let 0 < r < s < |M|and I € Z"(P). Then
there exists J € I°(P) such that I C J.
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2.2 Pomset metric on 7,

Consider the space Z]}, and the set X = {1, 2, ..., n}. Consider a regular mset M of height
%] drawn from X, ie, M = {L51/1,151/2,1%1/3,.... 151/n} € (X]'3]. Let P =
(M, R) be a pomset. Let x = (x1, x2, ..., x,) be an n tuple in Z!, . We define the support of
x with respect to Lee weight as

suppr(x) ={k/i | k = wr(xi), k # 0}

where wy, (x;) = min{x;, m — x;} is the Lee weight of x; in Z,,.
We define the pomset weight of x to be the cardinality of the ideal generated by suppr (x),
that is,

wpp(x) = [{suppr(x))]|.
The pomset distance between two vectors x, y in Z), is defined as
dpm(x,y) = wpm(x —y).

The pomset weight of a vector depends on the non-zero coordinate positions, elements in
those positions and the pomset structure that is considered. If the pomset is an antichain, then
the pomset weight and pomset distance are Lee weight and Lee distance respectively. Here,
[suppr, (x)*| is the Hamming weight of x and |{(suppr (x))*| is the poset weight of x.

Now we prove that the above pomset distance is indeed a metric on ZJ,.

Theorem 1 If P is a pomset on a regular mset M = {5 |/1, | 51/2, ..., |5 |/n}, then the
pomset distance dpp, (., .) is a metric on 7).

Proof Clearly dp,, (u,v) > 0, and dpy,(u,v) = 0iffu = v. Letu,v € Z. As wr(a) =
wr (—a) forany a € Z,,, suppr(u—v) = suppr(v—u). Hence wp,, (u —v) = wp,, (v —u).
Thus dp,, (u, v) = dpym (v, u). As dpy,,(u, v) = wpyp(w —v) = wpy(u — w + w — v), to
prove the triangle inequality, it suffices to show that the pomset weight satisfies the inequality
Wpp(x +y) < wpm(x)+wpy(y) forallx, y € Z),. Clearly suppr (x +y) € suppr(x) ®
suppr (y).Since (suppr (x+y)) C (suppr(x)®suppr(y)), from Proposition 2 (c), we have
wpm(x+y) < [(suppr(x) @ suppr(y))| < [{suppr(x)) ® (suppL(y))| < |[{suppr(x))|+
[{suppr (y))I. o

We call the metric dp,, (., .) on Z}, as pomset metric. If Z};, is endowed with a pomset
metric, then we call a subset C of Z' a pomset code of length n. A linear pomset code C
of length 7 is a submodule of Z7,. If the pomset metric corresponds to a pomset P, then C
is called a P-code. Minimum pomset distance dp,, (C) of a P-code C is the smallest pomset
distance between distinct codewords of C. We denote pomset code C of length n, cardinality
K and minimum distance dp,, (C) by (n, K, dp;;).

Example 5 Let C={(0,0,0,0), (1, 3,0, 2),(2,0,0,4), (3,3,0,0), (4,0,0,2),(5,3,0,4)}
C Zg be a P-code for the pomset P given in Example 3. The support of u =
(5, 3,0, 4) with respect to Lee weight is suppy (u) = {1/1,3/2,2/4} and (suppr(u)) =
{1/1,3/2,3/3,2/4}. Thus, wp,, (u) =9, dpy, = 6.

Let u be a vector in Z};, and r be a non-negative integer. The pomset ball with center u and
radius r is the set

Br(u)={veZ! :dpuu,v) <r}

of all vectors in ZJ;, whose pomset distance to u is less than or equal to r.
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In Sects. 4 and 5, it is necessary to specify the parameters of code C C ZJ), with respect to
Hamming and RT metrics as well. Note that the Hamming weight of x, wg (x), is the number
of non-zero coordinate positions in x and the RT weight of x, w,(x), is the maximum
coordinate position thatis non-zeroin x. dy (x, y) = wy(x —y) and d,(x, y) = wp(x —y)
are the Hamming and RT distances between two vectors x and y. We use the notations
dy (C) and d,(C) to denote the minimum Hamming distance and the minimum RT distance
of C respectively and Dy (C) and D,(C) to denote the maximum Hamming distance and
the maximum RT distance of C respectively. The maximum weight of a code C, denoted by
W(C), is the maximum of weights of all codewords of C. The maximum distance of a code
C, denoted by D(C), is the greatest distance between codewords of C. For linear codes, D(C)
is the same as W (C).

3 Construction of pomsets

For a given pomset P = (M, R), we define a pomset P= M, ﬁ) as follows:
P and P have the same underlying mset
and
m/a R n/bin P if and only if n/b R m/a in P.

The pomset P is called the dual pomset of P. If P is a chain or an antichain then P is also a
chain or an antichain respectively. Moreover, it is obvious to see that the order ideals of P
are precisely the complements of the order ideals of P, i.e., Z(P) = {I°|I € Z(P)}.

Remark 2 For all practical purposes and foregoing discussions, whenever we consider a
chain pomset P = (M, R), we regard the elements of M in such a manner that p/i R ¢q/j
fori < j.

Pomsets beget pomsets Given any two pomsets, one can construct a new pomset by what
we call as direct sum, ordinal sum, direct product and ordinal product of pomsets. In what
follows, we describe how we achieve them.

(a) Direct sum of pomsets Let Py = (M, Ry) and P, = (M>, Ry) be two pomsets with
M} = [n1] and M} = [n2] respectively. Now consider an mset M with M* = [n| +n3] and

Cyp, (0) if i <ny,
Cu, (i —ny) if i > ny.

Cm(i) = {

Define an mset relation R on M in the following way. Given p/i, q/j € M, we say

. . i,j<np and p/i Ry q/j or
plERal = {i,j = m and p/G —n) Raq/(j —m).

We can easily see that P = (M, R) is a pomset and term it as the direct sum of P; and P,
denoted by Py & P».

If the constituent pomsets Py and [P, are chains then IP is not a chain but it is a disjoint
union of two chains of sizes |M1| and |M;| respectively. In fact, P can never be a chain by
its construction. But if IP; and [P, are antichains then PP is also an antichain.

(b) Ordinal sum of pomsets Let Py = (M1, Ry) and P, = (M3, Ry) be two pomsets with
M} = [n1] and M} = [n2] respectively. Now consider an mset M with M* = [n| +n3] and

Cu, (i) if i <nq,
Cyu,(i —ny) if i > ny.

Cm(i) = {
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Define an mset relation R on M in the following way. Given p/i, q/j € M, we say

i,j <np and p/i Ry q/j or
PliRqlj = i, j>m and p/(i —n1) Ry q/(j —ny1) or
i <np<j.

Clearly, P = (M, R) is a pomset and we term it as the ordinal sum of P} and P, denoted by
P + Ps.

From this construction, we can observe that IP can never be an antichain. If ’; and P, are
chains then P must be a chain.
(c) Direct product of pomsets Let P; = (M7, R1) and P, = (M>, Ry) be two pomsets with
M} = [n1] and M} = [n2] respectively. Now consider an mset M as My x M;. Given
ki/(p/it, q/j1),ka/(r/ia, s/j2) € M| x M>, define an mset relation R on M as:

ki/(p/i1, q/j1) R ka/(r/i2, s/j2) <= p/i1 Ry r/izand q/j1 Ry s/j>.

One can easily show that P = (M, R) is a pomset and is called as the direct product of P
and P, denoted by P; ® P».

(d) Ordinal product of pomsets Let P = (My, R;) and P, = (M3, Ry) be two pomsets
with M| = [n1] and M3 = [n;] respectively. Now consider an mset M as M| x M. Given
ki/(p/it, q/j1), ka/(r/ia, s/j2) € M| x M>, define an mset relation R on M as:

iy =iy and ¢g/j1 Ry s/j» or

ki/(p/i1, q/j1) R ka/(r/iz, s/j2) < {p/il Ry /iy where i) % io.

Similarly, it is easy to show that P = (M, R) is a pomset and is called as the ordinal product
of P; and IP, denoted by Py x P5.

Observe that, if S is a submset of M, then R is a pomset relation on S.

If IP is either the direct or the ordinal product of P; and P, its structure depends up on
the constituent pomsets. By considering [P} and P, as combinations of chain and antichain,
for example, and by representing M by n; x np matrix, we shall analyse the structure of P,
as follows:

Letky/a,ky/b € M where a = (p/i1, q/j1) and b = (r/ia, s/j2). Consider P to be
an antichain. If P, is also an antichain then, for both P = P; ® P, and P = P; x Py, the
elements ki /a, ky /b are not comparable in P unless i{ = i> and j; = j» as p/i; (¢/j1) and
r/iay (s/j2) are not comparable in Py (Py) for iy # i (j1 # j2). If P, is a chain then ¢ /j;
and s/j, are comparable for any ji, jo. Moreover, p/i and /i, are comparable for i} = i»
but not for i1 # i. Hence, any two elements in M are comparable only if they are from the
same row. This is true for both direct and ordinal product of pomsets.

Now, consider IP; to be a chain. Let [P, be taken as an antichain. Since the roles of IP; and
P, are interchanged when compared to the previous case, Py ® [P, must be a disjoint union
of ny chains. When P = Py x [P, it is obvious to see that each row in M is an antichain
and each column is a chain. Moreover, if k| /c € M where ¢ = (p’/i, ¢'/}), then for any
ky/d € M withd = (r'/k, s'/1)suchthatk # i, p’/i and r’/k are comparable with respect
to IP; and thus, k| /c and &/, /d are comparable.

Now, letting IP> also to be a chain, each row and each column in M will be a chain when
P = P; ® P,. Moreover, let kj/c € M where ¢ = (p'/i, ¢’/j). Then, for any element
ky/d € M whered = (r'/k, s'/1) inthe (k, [)-cell, k| /c and &} /d are not comparable when
k > i but/ < j; they are not comparable when k < i but/ > j too. This ensures that each
element in the cells (k, /) is related to the element in the cell (i, j) ifk <iand!/ < j; and the
element in the (Z, j) cell is related to each element in the cells (k, [) if k > i and [ > j. Now,
in the case of the ordinal product, any two elements in M are comparable by definition.
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Table 1 Product of pomsets

Py Py Py ®P Py x Py
Antichain Antichain Antichain Antichain

Chain Disjoint union of n chains Disjoint union of n chains
Chain Antichain Disjoint union of n5 chains *|

Chain *) Chain

*1 Each row is an antichain and each column is a chain such that the element in the (i, j) cell is comparable
with all the elements in the cells (k, [) such that k # i

*2 Each row and each column is a chain such that the element in the (i, j) cell is not comparable with any of
the elements in the cells (k, /) for which k > i but/ < jandk <ibutl! > j

We summarize the above results as Table 1.

Example 6 Let M, be a regular mset with M} = [2] = {1, 2} and height 2 and M> be a
regular mset with M} = [3] = {1’,2, 3’} and height 2. Define R = {2/(2/1, 2/D}iemr U
{2/(2/1, 2/2)} and R, = {2/(2/1i, 2/1')}1'5/1/1; as pomset relations on M1 and M; respec-
tively. Here, Py = (M1, R;)isachainand P, = (M3, R») is an antichain. Consider a submset
M C M; x M given in matrix representation as follows:

u— (M@ 2/ 2/2/1, 272 2/2/1, 2/3)\ _ (2/1 2/2 2/3
= N2/, 21y 27272, 272) 272272, 2/3)) T \2/4 275 2/6) 5

If P = P; ® P, on M, then one can easily see that it is a disjoint union of 3 chains (which
are columns of M).

Given any pomset P, one can puncture it or extend it to obtain another pomset as described
below.
(e) Puncturing pomsets Let P = (M1, Ry) be a pomset with M = [n]. Now construct a new
mset M by deleting the i'" element from M. Consider M such that M* = [n — 1] and

Cum, (J) for j < i,

CM(I):{CMl(j—i—l) for j > i.

Given p/j,q/! € M, define an mset relation R on M as follows:

Jil<i and p/j Ry g/l or

Jl=i and p/(j+1) Ry g/ +1) or
j<i,l>i andp/j Ryg/(I+1) or
Jj=il<i andp/(j+1) Ry q/l

rli Rq/l

P° = (M, R) is a pomset. If P is a chain (antichain) then IP° is also a chain (antichain).

(f) Extending pomsets Let P = (M1, Ry) be a pomset with M} = [n]. Now construct a new
mset M with M* = [n + 1] from M; by inserting an element with count k¥ > 0 either in
the beginning or at the end or in the interior of M. If the new element of M is k/i, then the
count function on M is defined as

Cum, (J) for j <,
Cu(H=1{k>0 for j =i,
Cy,(j—1) forj>i.
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Define an mset relation R on M in the following way. Given p/j, q/l € M, we say

Jil<i and p/j Ry q/! or

Jol>i and p/(j —1) Ry g/l —1) or
pli Rq/l< 3 j<il>i andp/j R q/(l—1) or

j>i,l<i andp/(j—1) Ry q/l or

j=1=i.

It is easy to see that P= (M, R) is a pomset.

4 Construction of codes in pomset metric

In this section, we combine any two P-codes by direct sum construction, (u|u + v)-
construction and as product codes. Later, discussion on codes arrived through puncturing
and extension is given. The pomset structure that could be imposed on the resultant codes
will have its effect on the minimum distance and covering radius.

(A) Direct sum of codes Fori € {1, 2}, let C; be an (n;, K;, dp,m) P;-code over the ring Z,,.
Then the direct sum of Cy and C, is defined as

CidCr={(u,v)|lu eCy,v e}

and is a pomset code of length n| + n, and cardinality K| K>.

Proposition 5 Let C; be an (n1, K1, dp,m) P1-code and Cy be an (n2, K2, dp,m) P2-code
both over the ring Z,,. Then their direct sum C = C; ®Cs is an (n1+n2, K1 K2, dpp) P-code
for some pomset P. If P is a direct sum of Py and P, then dp,, = min{dp,, dp,m}. If P is an
ordinal sum of Py and P, then dp,, = dp,m.

Proof Letx,y € C. Thenx = (u,v) and y = (1, v’) for some u,u’ € C; and v, v’ € Cs.
If P is a direct sum of P; and P, then dp,,(x,y) = wppu(x —y) = wpm —u') +
wpym(v — V') and it is wp,, (u — u") when v = v' or wp,, (v — v') when u = u’. Thus,
dpy = min{dp,, dp,;,m}. If P is an ordinal sum, then wp,, (x — y) = ny L%J + dp,m when
v # v and hence dp,, = dpm. O

(B) (u|lu + v)-construction of codes For i € (1,2}, let C; be an (n, K;, dp,) P;-code over
the ring Z,,. The (u|u + v)-construction produces the code

C={(u,u+v)ueCy,vel}

of length 2n and cardinality K| K>.

Proposition 6 Let C; and Cy be any two P1- and P-codes of same length with parameters
(n, K1,dp,m) and (n, K2, dp,m) respectively over the ring Z,,. Then (u|u + v)-construction
produces a (2n, K1 K>, dpy,) P-code for some pomset P. If P is a direct sum of Py and P
then either dp,, > min{dp,, dp,m} or dpy > min{dpy, dpm +d3, dp,m +da}, whereas, if

P is an ordinal sum then either dpy, > dp,, or dpy =n L%J + min{dp,;., d3, ds}. Here, d3
and dy are minimum Py-distances respectively of the codes C1 and {u + viu € C1, v € Ca}.

Proof Letx = (u,u+v),y = (u’, u’ +v’) € C be such that x # y for some u, u’ € C; and
v,V €Cy. Thenx —y = (u—u',u —u' +v—"). If Pis a a direct sum of P; and P;, then
dpm(x,y) = wp W —u")+wpym(u—u'+v—0"). Thus, dpp (x, y) = dp,y whenu = u’,
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dpm(x,y) > dpm+d3 whenv = v and dpy, (x, y) > dp;y +ds whenu —u'+v—v" # 0.
But,only ifu —u’'+v —v' = 0dpy(x, y) > dp,m. As the last case is not guaranteed, either
dpm > min{dp m, dp,m} or dpp, > min{dp,p., dp,m +d3, dp,y + da}. If P is an ordinal sum
of Py and P2, then dp (x, y) = n 5] +dpym Whenu = u', dpy (x, y) = n|’5 | +d3 when
v=1v"anddpy(x,y) =n|%5 | +ds whenu —u’' +v—v" # 0. Butdp,, (x, y) = dp, only
ifu —u' 4 v —v" = 0. Thus, either dp,, > dp;y or dpy = n|% | 4+ min{dp,, ds, ds}. O

(C) Product codes For i € {1, 2}, letC; be an (n;, K;, dp,) P;-code over the ring Z,,. The
product of C1 and C; is defined as

C1Q)C2={e=u®vjucCivel)

where u ® v = (u;vj|1 <i <ny,1 < j < ny)andisacode of length nyn;. The codewords

of product code can be represented by n; x np matrices: if u = (uy, up, ..., u,,) and
v = (v1, V2, ..., Vy,) then
uipvy uiv2 e ULUp,
uzv1 uzv2 ter o UQVUp,
UR V=
Un V1 Up, V2 cor UpUpy

Note that, if one of the constituent code is {0} then C is also {0}. In this paper, we consider
only the codes C; # {0} for i = 1, 2. Observe also that C; @ C; = (":ce ¢ R Ca}.
Moreover, C = C; Q) C» is a P-code for some pomset P.

Example 7 Let C; and C; be two codes over the field Zs generated by matrices G| = [2 3]
and G, = [1 0 2] respectively. Consider C; and C, with respect to the pomsets P; and P,
given in Example 4 respectively. Then

0 0 0 1 0 2\ (2 0 4\ (3 0 1 4 0 3
) 30 1
is a P-code. Let ¢ = 2 0 4 . Then suppr(c) = {2/1,1/3,2/4,1/6}. f P =P} @ IP,
then (suppr (c)) = {2/1,2/3,2/4,1/6} and wp,, (c) = 7.If P = P| xIP; then (suppy (c)) =
{2/1,2/2,2/3,2/4,1/6} and wp,,(c) = 9.

Let Py and P, be pomsets on My = {|7]/1,15]/2,...,5]/n1} and My =
{Lz1/1,151/2, ..., |5 ]/n2} respectively. Let M be a regular submset of M} x My of
height L%J such that M* = (M; x M>,)*. Then the mset relation R defined as in direct
product and ordinal product in Sect. 3 is a pomset relation on M.

Let’s first consider the case where P is a direct product of P and P, on M. To illustrate,
if we take IP; to be a chain and IP; as an antichain then by Table 1, IP is a disjoint union of n,
chains. Thus the ideal generated by an element in the (7, j) cell is the union of that element
and the mset of the elements in the cells (k, /) where k < i and [ = j. Similarly, if P; and
P, both are chains, the ideal generated by an element in the (i, j) cell is the union of that
element and the mset of the elements in the cells (k,/) in M where k <iand!/ < j; k =i
and/ < jik <iandl = j.

With similar arguments, we established bounds for minimum distance of product codes
in the following proposition:
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Proposition 7 Let Ci C 7)) and Co € Zy? be two linear P1- and Pa-codes of minimum
distance dp,;, (C1) and dp,,,(C2) respectively (where m is prime). Then the product code
C =C1 Q Cy is aP-code for some pomset P, with minimum distance dp,, (C). If P is a direct
product of Py and P, then the following hold:

(a) If Py and P, are antichains then dy (C1)dy (C2) < dpm(C) < du(Cdy(C2)| 5 .

(b) If Py is an antichain and P, is a chain then dp (C1)(d,(C2) — l)I_%J +dpm(C1) <
dpm(C) < du(C1)dp(C2)'5 ]

(c) If Py is a chain and P is an antichain then dy (C2)(d,(C1) — D[F] + dpym(C2) <
dpm(C) = dp(C1)du(C2) 5 ).

(d) IfPy and P are chains then dpy, (C) = (dpm(C1) — 1)d,(C2) + dpym (C2).

A

A

Proof Letce C. Thenc=u®v,u € C; and v € (5.

(a) Since P is an antichain, the proof is obvious.

(b) Since P is a disjoint union of n; chains, to find the pomset weight of ¢, we need the
number of non-zero rows in ¢ and RT weight of each such row. From this, the proof
follows.

(c) The Table 1 and the discussion preceding this proposition complete the proof.

(d) Now PPis such that each row and each column is a chain. Thus, to find the pomset weight
of ¢in C, we need a cell (i, j) that has non-zero entry such that entries in the cells (k, /)
are all zero fork =i,l > jandk > i+ 1 (wheni # ny), [ > 1. We obtain it by RT
weight of constituent codewords of ¢. Hence proved. O

Now, let’s consider the case where IP is an ordinal product of P} and P, on M. If P is a
chain and P, is an antichain then from the Table 1, the ideal generated by an element in the
(i, j) cell is the union of that element and the mset of all the elements in the cells (k, /) in M
for which k < i but for every /.

From the Table 1, for some cases, the ordinal product coincides with the direct product.
From this and the above discussion, we proved the following proposition:

Proposition 8 Let Ci C 7)) and Co € Zy? be two linear P1- and Pa-codes of minimum
distance dp,;, (C1) and dp,,,(C2) respectively (where m is prime). Then the product code
C = C1 QCa is a P-code for some pomset P, with minimum distance dp, (C). If P is an
ordinal product of P| and P, then the following hold:

(a) If Py and Py are antichains then dg (C1)dy (C2) < dpm(C) < dH(Cl)dH(Cz)L%J.

(b) If Py is an antichain and P, is a chain then dy (C1)(d,(C2) — l)L%J +dpm(C1) <
dpm(C) < du(Cdy(C) 7).

(¢) IfPy is a chain and P, is an antichain then dp,,(C) = (dp,m(C1) — 1)na + dp,m (C2).

(d) IfP; and P, are chains then dp,,(C) = (dp,m(C1) — Dna 4+ dpym (C2).

(D) Puncturing codes Let C be an (n, K, dp,,) P-code over the ring Z,,. We can puncture C
by deleting the coordinate i from each codeword. Puncturing of C is defined as

-1
Co=A{(uy,up, ..., ui—1, Uixl, .., up) € L0 (U, uz, ..., u,) €C}

and is a code of length n — 1 and cardinality K ", If there exists pair of codewords of C that
coincide in all positions except at i’ position then K < K; otherwise K = K.

Proposition 9 Let C be an (n, K, dp,,) P-code over the ring Z,,. Then the punctured code
C°isan (n — 1, K ,dpey,) P°-code for some pomset P°. If P° is a punctured pomset of P
then dpoy, < dpy.
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Proof Let C° be obtained by deleting the coordinate i from each codeword of C. Let
c{,c3 be any two distinct codewords of C° obtained by puncturing ci,c2 € C respec-
tively. Let u® = ¢{ — ¢j where u = ¢y — ¢ = (uy,uz,...,uy,), say. Suppose that
ui = 0. Then k/i ¢ suppp(u) forall 1 < k < [5].If |5]/i is related to some ele-
ment of suppy (u) then |3]/i € (suppp(u)); otherwise |5]/i ¢ (suppr(u)). Thus,
wpoy(U°) = wpy(u) — L%J or wpoy(u°®) = wpy(u). On the other hand, if u; # 0
then k/i € suppyr(u) where 1 < wr(u;) = k < L%J. If k/i is not a maximal element in
(suppr (u)), then L%J/i € (suppr (u)) and hence, w po,, (u°) = wpy (1) — L%J. Ifk/iisa
maximal element in (suppy (1)) then wpey, (u°) < wpy,(U) —k < wpy, (). O

(E) Extending codes Let C be an (n, K, dp,,) P-code over the ring Z,,. We can create longer
codes by adding a coordinate. Extension of C is defined as

o> 1
C={(ur,uz, ... up,uns1) € Z " (ur, uz, ..., uy) € C}

and is a code of length n + 1. Extension of C can also be obtained by adding an overall parity
check and is given by

C =i, u, ... up, tys1) € Z (i, ua, ..., uy) € C with
uy+uz+ - +upy =0}

Proposmon 10 LetCbhean (n, K, dp,,) IP- code over the ring Zyy,. Then the extended codeC
(C) isan (n+1,mK,dp,) (n+1,K,dp,,)) P- codeforsomepomcetP IfIF’zv an extended
pomset of P then

g = |dem ifOgC

Pm =11 if0ecC.

(In case of C, dpm < dp,, <dpm+ %))

Proof Let i € C be obtained by adding a coordinate w41 € Zy, tou € C. Then wp,, () =
wpm (W) +wr (Uy41), wﬁm(ﬁ) = 1.Ifu = 0, choose uy4+1 = 1; otherwise, choose u,,+1 = 0.
The result follows. If i € C is obtained by adding an overall parity u#,+1 tou € C, and since
wﬁm(ﬁ) = wpm W) +wr (Uyy1), it follows that dp, < dﬁm <dpm + L%J o

5 Covering radius

This section deals with the study of covering radius of pomset codes constructed in the last
section.

Definition 11 Let C be a pomset code of length n over the ring Z,,. Then the covering radius
of C is the maximum pomset distance of any word in Z}, from the code C. Mathematically it
can be expressed as

p(C) = max{dpn(x,C)} = max{min{dpn(x, c)|c € C}}
xeZl, xeZp,
so that for each x € Z7,, there exists a ¢ € C such that x € B,c)(c).

If C is any linear code of length n over Z,, and u is in ZJ,, the coset of C determined by
u and denoted by u + C, is {u + ¢ : ¢ € C}. The weight of the coset u + C is the minimum
of weights of all elements in it. We know that in coding theory, a coset leader is a word of
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minimum weight in any particular coset. Thus, the weight of a coset is the weight of the coset
leader in that coset. Moreover, it is well-known that p(C) is the largest value of the weights
of all cosets of C.

The following result is concerned with the direct sum of linear codes and its coset leaders.

Proposition 11 Let C1 and Cy be two linear pomset codes of length ny and ny respectively
over the ring Zy,. If u and v are coset leaders of some cosets of C; and Cy respectively, then
(u, v) is a coset leader of some coset of the direct sum code C = C1 ® Cy in Zy, e

Proof Let w = (u, v). Then w € x + C for some x € Z/2 Let y € x + C. Since C is
linear, y = w + ¢ for some ¢ = (c¢1,¢c2) € C. Now, y = (u + ¢1, v + ¢2). If we consider
C with respect to direct sum of pomsets then wp,, (y) = wp,m (U +c1) + wp,p (v + ¢2) >
wpm (1) +Wpym (V) = wpy, (w). On the other hand, if C is considered with respect to ordinal
sum of pomsets, then the following two cases arises:

Case 1 Supposev # 0.Here wp,, (w) = ny L%J +Wp,m (V). Since wp,, (V4¢) > wp,m (V)
forall ¢ € Co, v+ ¢ # 0. Hence, wp, (y) = ny 53]+ wpm(v+c2) = 5] +
Wpym (V) = wppm(w). B

Case 2 Suppose v = 0. Then wpy,(w) = wp ). If v+ c2 # 0 then wp,(y) =
ny L%J + ngm(v +c2) > wP]m(u) = me(w); otherwise me(Y) = wP]m(u +
c1) = wpm(u) = wpp(w).

Thus, wp, (y) > wp,(w) forall y € x 4+ C. Hence proved. O

Theorem 2 Let Cy and Cy be two linear Py- and Py-codes of length ny and ny respectively
over the ring Zy,. Let C = C1 @ Ca be a P-code.

(@) IfPis adirect sum of Py and P; then p(C) = p(C1) + p(C2).
(b) IfPis an ordinal sum of Py and P then p(C) = nj L%J + p(Ca).

Proof (a) Let y = (y1, y2) € Zi ™" where y; € Zi! and y, € Z?. Then y; = x| + ¢ for
some ¢; € C1 and y» = xp + ¢ for some ¢, € Cp such that x; and x; are respective coset
leaders. Now y = x + ¢ where x = (x1, x2) € Zi "2, ¢ = (c1, ¢2) € C so that

dpm(y,¢) = wpu(y —¢) = wpp(x) = p(C1) + p(C2). ey

Thus, for each vector y € Zn +"2, one can find at least one codeword c¢ in C such that

dpp(y,c) < p(C1) + p(Co). If u and v are the coset leaders of largest weight in Z;, and
Zn? respectively, then the vector w = (wy, wa) where wy = u + ¢, wp = v + ¢ for
some ¢1 € C; and ¢ € C will be such thatdp,,(w, ¢’) = wpy, (w—c') = wp, ((u, v)+
(c1,¢2) — ) > wpy(u, v) = p(C1) + p(Cp) for any ¢’ € C (due to Proposition 11). In
fact, for this w, the codeword ¢ = (c1, ¢7) is closest at pomset distance p(Cy) + p(C2).
Hence, p(C) = p(C1) + p(C2).

(b) If P is an ordinal sum of PP; and PP, then inequality (1) becomes dp,,(y, c) < ny I_%J +
p(C2). Similar arguments like those in (a), will yield the desired result. ]

Corollary 1 IfCy = 7Z,? then p(C) = p(Cy) irrespective of whether P being direct sum or
ordinal sum of Py and P;.

Thus, in case of direct sum of codes, we could determine its covering radius in terms
of that of the constituent codes. In what follows, for the pomset codes obtained through
(u, u 4 v)-construction, puncturing and extension, we will establish upper bounds on their
covering radius.
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Theorem 3 For i € {1,2}, let C; be a linear P;-code of length n over the ring Z,,. Let
C={(,u+v)ueCy,v e C} bealP-code.

(a) IfPis a direct sum of Py and P then p(C) < p(C1) + p(C2).
(b) If P is an ordinal sum of Py and P, then p(C) < n; I_%J + p(C2).

Proof (a) Lety = (y1, y2) € Z%{' where y1, y2 € Z . Then y; = x1+cj and y» = x2+c; for
some cq, ¢p € Cy such that x| and x; are coset leaders. Since C; is linear, c; —c| = ¢3 €
C1.Nowy = (y1, y2) = (x1+c1, x2+c3) = (x1+c1, x20+c1+c¢3). Letxz = xo+c¢3. Now
x3 must be in some coset of C, with coset leader x4. So, x3 = x4 + ¢4 for some ¢4 € C>
andy = (x;1 +cr, x4 +ca+c1) = (x1,x4) +(c1,c1+ca) =x+c,x € Z,Zn” andc € C.
Now dpp(y, ¢) = wpm(X) = wpm(X1) + wWpym(x4) < p(C1) + p(C2). Thus, for each
y € an", one can find at least one codeword ¢ in C such that dp,,, (y, ¢) < p(C1) + p(C2).

(b) The proof follows easily. O

Corollary 2 IfC; C C; then the following hold:

(@) IfPis adirect sum of Py and P then p(C) = p(C1) + p(C2).
(b) LetP be an ordinal sum of Py and ). If Cy # 7y, then p(C) = n|'F ]+ p(C2); otherwise,
p(C) = pCh).

Theorem 4 Let C° be a punctured P°-code of a linear P-code C C 7, where P° is a
punctured pomset of P. Then p(C°) < p(C).

Proof Let 'y € Z .y must be in some coset of C and hence y = x + ¢ for some ¢ € C
such that x is a coset leader. Now, puncture the vectors x and ¢ on i coordinate and denote
the resultant vectors by x° and c° respectively. Clearly, x° € Zf‘n_] and c° € C°. Then
yo=x°+c° € Zf,’fl and dpo,, (¥°, ¢°) = wpoy (x°) < wpy(x) < p(C). As y and hence
y° are arbitrary, p(C°) < p(C). O

Theorem 5 Let C (C) be an extended P-code of a linear P-code C C 7, where Pisan
extended pomset of P. Then ,o(C) < p(C). (In case ofC p(C) < ,o(C) < p(C) + |_ 1).

Proof Lety' = (y, yut1) € Z! where y € Zj3,. y must be in some coset of C with coset
leader x. So, y _x+cf0rsomec eC.y = (x+c Yut1) = (x,0) + (¢, yu+1) = X' +7C,
where x’ = (x,0) € Z”+1 and ¢ = (c, yp11) € C. dp, (Y, 0 = wp, (x') = me(x 0) =

wpm(x) < p(C). Thus, for each y’ € Z"“ one can find at least one codeword ¢ in C such
that dpm(y ©) < p(C) and hence ,o(C) < p(C). For the case ofC let ¢ = (c, cya1) be the
extended codeword of ¢ in C where dpy(y, ¢) < p(C). As, dp,,(y'.©) = Wp, (O =0 =

W, (V=€ Ynt1 —Cnr1) = Wpm (Y — ) +wr Yny1 — ug1), p(C) < p(C) < p(CO)+ |51
O

In the following, lower and upper bounds for covering radius of product code are established
with respect to the pomset P where PP is either direct or ordinal product of constituent pomsets.
The bounds are arrived at in terms of some of the fundamental parameters of the constituent
codes and by considering the codes with respect to combinations of chain and antichain
pomsets.

Theorem 6 Let C; and C> be two linear IP|- and Py-codes of length n| and n» respectively
over the field 7, (Where m is prime). Let C be a product code of Cy and C with respect to a
pomset P. If P is a direct product of Py and P then the following hold:
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(a) If Py is a chain and P, is an antichain then

(dp(C1) = Ddu(C)L5 | +dpm(C2) if dp(C1) # 1,

AR P if dp(C) = 1.
.. (ny — Dna| 7]+ p(C2) if Dy(C1) =ny,
W PO =) yny 2 if Dy(C1) # 1.

(b) If Py and Py are chains then

Q) p(C) > (dp(C1) = Ddp(C)LF | +dpm(C2) if dy(Cr) # 1,

p(C2) if dp(C1) =1.
. (n1 = DLFIR+p(C2) if Dy(C1) =ny,
@ »(€) = nina| %] if D,(C1) # ny.

Here, R is the covering radius of C» with respect to RT-metric.
(¢) If Py and P, are antichains then
p(C) = max{(dw (C1) — Ddpm(C2), (dr (C2) — Ddpm(C1)}.

(d) IfPy is an antichain and P, is a chain then

. (dp(C2) = DA @) %] +dpm(@) i dp(Co) # 1,
W r©= {p(co if dp(C2) = 1.
. (na = Dnil3]1+p(C1) if Dp(C2) = na,

@) pl0) = {nmL%J if Dp(C) # .

Proof (a) Now the pomset P is a disjoint union of np chains from Table 1. Let Z =
(Z1,Z2, .oy Zn)T € Zpt™"™ where Z; € Zp?. For each Z; € 7,2, there exists a
codeword V; in C; such that dp,,,(Z;, V;) < p(C2). Letu = (uy,up,...,uy,) be
a codeword in C;. Then, we have codewords ¢; = (u1V;, u2V;, ..., up, Vol in C
for each i. (i) Suppose that Z; # 0, Z; = 0 for 2 < i < n;. Let u be a mini-
mum RT weight codeword with RT-weight w,(u) = s. If s # 1 then dp,,(Z,¢;) =
(s = Dwuus V) 5] + wpym(usV1) > (dy(C1) — Ddu(C2) 5 ] + dpym(Ca). Other-
wise, dpp(Z, ¢;) = wp,m(Z1 — u1V1) = p(C2). (ii) Now suppose that Z,, # 0 and
u be a codeword with maximum RT weight. If w,(u) = n| then we have a codeword

¢ inCas (1 Vy,, uaVy,, .. an) anddpy(Z,¢) = (n1 — Dwy(Z,, — VaDlg] +
dp2m<zn1, Vi) = (01— Do 2140 (C). I, () # 1 thendp(Z, €,,) < nina 2],

(b) Now P is such that each row and each column is a chain. But the process of the proof is
same as that in (a) and hence the desired bounds are achieved.

(c) Letu = (uy,uz,...,u, ) be a codeword in C; of minimum Hamming weight such
that u; # for an i. Then, we have a codeword ¢ in C as (u1v, usv, ..., uy, )T where
0 # v € Cp. There exists a Z = (Z1, Za, ..., Zn,)T in Zp! ™" such that Z; = u;v # 0
and Z; = O for all j # i. Now dp;y(Z,¢) > (du(C1) — D)dp,u(C2). Now choose
a codeword y from C; of minimum Hamming weight such that y; # 0 for a j. Now
we have a codeword ¢ in C as x ® y where 0 % x € Cj. There exists a Z in Z, "™
such that its j column is same as that in ¢’ and the remaining columns are zero. Then
dpm(Z',¢) = (dg(C2) — Ddpm(Ch).

(d) Since P is a disjoint union of n chains row-wise, the proof is similar to the case (a). O

Now the corresponding bounds for the case where IP is an ordinal product of P; and P,
are given as the following theorem whose proof we omit due to similarity with Theorem 6.

@ Springer



Codes with a pomset metric and constructions 891

Theorem 7 Let C; and C> be two linear P1- and Py-codes of length n| and n» respectively
over the field 7, (where m is prime). Let C be a product code of Cy and C, with respect to a
pomset P. If P is an ordinal product of P and P, then the following hold:

(a) IfPy is a chain and P, is an antichain then

() p© = | @©) = DmlF]+dpnC) if d,C) # 1,

p(C2) if dp(Co) = 1.
. (n1 — Dzl 31+ p(C2) if Dp(C1) = nu,
W PO =y 2] if Dp(C1) #n1.

(b) If Py and Py are chains then

0 o = | @€ =Dmal3]+dpu@) if dp(C) # 1.

p(C2) if d)(Co) = 1.
.. (n1 — Dna| 5]+ p(C2) if Dy(C1) =ny,
W PO =) yny 2 if Dy(C1) # 1.

(¢) If Py and Py are antichains then
p(C) = max{(dy (C1) — 1)dp,m(C2), (dg (C2) — Ddpu(C1)}.
(d) IfPy is an antichain and P, is a chain then

. (dp(©2) = D COLL] +dpm(C) i dp(C) # 1,
® e 2 {p(&) if dy(C) = 1.

(n2 = Dni[5] +p@C1) if Dp(C2) = na,

(ii)) p(C) < {HIVZZL%J if Dp(C2) # na.

6 Conclusion

The poset weight of a vector x defined as the cardinality of the ideal generated by the support
of x is a generalization to weights such as Hamming weight and RT weight. As the poset
weight of x does not accommodate Lee weight, the support of the vector with respect to Lee
weight (which is a multiset) is defined in this work. By defining order ideal in pomsets, a new
metric called pomset metric is introduced which generalizes posets in general and gives rise
to Lee metric if the underlying pomset is an antichain. The construction methods in posets
are extended to arrive at new pomsets which are subsequently imposed upon the constructed
pomset codes obtained through direct sum, (u#, u 4+ v)-construction, puncturing, extension
and direct product of codes. Basic parameters such as minimum distance and covering radius
are studied, and bounds are established upon the new pomset codes. Moreover, bounds for
minimum distance and covering radius of product codes are established by considering the
constituent codes with respect to various combinations of chain and antichain pomsets.

References

1. Barg A,, Felix L.V, Firer M., Spreafico M.V.P.: Linear codes on posets with extension property. Discret.
Math. 317, 1-13 (2014).

2. Brualdi R.A., Graves J.S., Lawrence K.M.: Codes with a poset metric. Discret. Math. 147, 57-72 (1995).

3. Chakrabarty K., Biswas R., Nanda S.: On Yagers theory of bags and fuzzy bags. Comput. Artif. Intell. 18,
1-17 (1999).

@ Springer



892 I. Gnana Sudha, R. S. Selvaraj

4. D’Oliveira R.G.L., Firer M.: The packing radius of a code and partitioning problems: the case for poset
metrics on finite vector spaces. Discret. Math. 338, 2143-2167 (2015).

5. Girish K.P,, John S.J.: General relations between partially ordered multisets and their chains and antichains.
Math. Commun. 14, 193-205 (2009).

6. Girish K.P., John S.J.: Multiset topologies induced by multiset relations. Inf. Sci. 188, 298-313 (2012).

7. Hyunl.Y., Kim H.K.: Maximum distance separable poset codes. Des. Codes Cryptogr. 3, 247-261 (2008).

8. Panek L., Firer M., Kim H.K., Hyun J.Y.: Groups of linear isometries on poset structures. Discret. Math.
308, 4116-4123 (2008).

9. Stanley R.P.: Enumerative Combinatorics, vol. 1, 2nd edn. Cambridge University Press, Cambridge (2012).

@ Springer



	Codes with a pomset metric and constructions
	Abstract
	1 Introduction
	1.1 On multisets and relations

	2 Ideals and pomset metric
	2.1 Ideals in pomsets
	2.2 Pomset metric on mathbbZmn

	3 Construction of pomsets
	4 Construction of codes in pomset metric
	5 Covering radius
	6 Conclusion
	References




