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Abstract A binary linear code C is a Z,-double cyclic code if the set of coordinates can
be partitioned into two subsets such that any cyclic shift of the coordinates of both subsets
leaves invariant the code. These codes can be identified as submodules of the Z,[x]-module
Zo[x1/(x" — 1) x Zp[x]/(x® — 1). We determine the structure of Z,-double cyclic codes
giving the generator polynomials of these codes. We give the polynomial representation of
Zy-double cyclic codes and its duals, and the relations between the generator polynomials
of these codes. Finally, we study the relations between Z;-double cyclic and other families
of cyclic codes, and show some examples of distance optimal Z,-double cyclic codes.
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1 Introduction

Let Z be the ring of integers modulo 2. Let Z7 denote the set of all binary vectors of length
n. A non-empty subset of Z is a binary code and a subgroup of Z is called a binary linear
code. In this paper we introduce a subfamily of binary linear codes, called Z;-double cyclic
codes, with the property that the set of coordinates can be partitioned into two subsets, the
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first » coordinates and the last s coordinates, such that any cyclic shift of the coordinates of
both subsets of a codeword is also a codeword.

Note that if one of these sets of coordinates is empty, for example r = 0, then we obtain
a binary cyclic code of length s. Therefore, binary cyclic codes are a special class of Z;-
double cyclic codes. Another special case is when r = s, where a Z;-double cyclic code is
permutation equivalent to a quasi-cyclic code of index 2 and even length. Theory of binary
cyclic codes and quasi-cyclic codes of index 2 can be found in [11].

Recently, Z,7Z4-additive codes have been studied (see [4,7]). For Z,Z4-additive codes, the
set of coordinates is partitioned into two subsets, the first one of binary coordinates and the
second one of quaternary coordinates. The simultaneous cyclic shift of the subsets of coor-
dinates of a codeword has been defined in [1], where the authors study Z,7Z4-additive cyclic
codes and identify these codes as Z4[x]-modules of a certain ring. Furthermore Z,Z,[u]-
additive codes and Z,Z;[u]-additive cyclic and constacylic codes have been studied in [2]
and [3] respectively, where these codes are another special classes of mixed type codes.

Since [9], a lot of variants of linear and cyclic codes over different rings are studied.
Obviously, these codes have a theoretical interest, from a mathematical point of view, since
they are related to algebraic structures such as rings, ideals or modules. But the interest for
such codes is not purely mathematical because some of them have binary images with better
parameters than classical binary linear codes. Here, we present a new variant of cyclic codes,
the Z,-double cyclic codes, closely related to generalized quasi-cyclic codes of index 2 [13].
We give examples of Z;-double cyclic codes that are optimal with respect to the minimum
distance. The aim of this paper is to study the algebraic structure of Z,-double cyclic codes
and their dual codes. The paper is organized as follows. In Sect. 2, we give the definition of Z;-
double cyclic codes, we find the relation between some canonical projections of these codes
and binary cyclic codes. Also we present the Z,[x]-module Zs[x]/(x" — 1) x Za[x]/(x* — 1),
denoted by R, 5. In Sect. 3, we determine the algebraic structure of a Z;-double cyclic code
and we state some relations between its generators. In Sect. 4, we study the concept of duality
and, for a Z;-double cyclic code, we determine the generators of the dual code in terms of
the generators of the code. In Sect. 5, we study the relations between Z-double cyclic codes
and other families of cyclic codes such as Z4-cyclic codes and Z;Z4-additive cyclic codes.
Finally, in Sect. 6 we give tables with the generator polynomials of some specific Z;-double
cyclic codes and their dual codes. In some cases, the codes are optimal with respect to the
minimum distance. We also give examples of Z-double cyclic codes obtained from Z4-cyclic
and Z,7Z.4-additive cyclic codes.

2 7Z»-double cyclic codes

Let C be a binary code of length . Let  and s be non-negative integers such thatn = r + s.
We consider a partition of the set of the n coordinates into two subsets of » and s coordinates
respectively, so that C is a subset of Z5 x Z5,.

Definition 1 Let C be a binary linear code of length n = r 4 s. The code C is called
Zo-double cyclic if

;o / ’
(uo, uy, ... up—2, up_1 | Ug, Uy, oo, Ug_n, usfl) eC
implies

! / / /
(Wr—1, U0, U, - Up—p | U1, UG, U, . Ug_o) € C.

@ Springer



Zo-double cyclic codes 465

Letu = (uo, uy, ..., ur—1 | ug, ..., us_,) beacodeword in C and let i be an integer. We
denote by
u = (uoi uris e LUy ) (1)

the ith shift of u, where the subscripts are read modulo r and s, respectively. Note that
uD = ulemH=D anqd_in fact, u® = wlem:D+) fori e 7.

Let C C Z), x Z be a Z,-double cyclic code. Let C, be the canonical projection of C
on the first  coordinates and C; on the last s coordinates. Note that C, and C; are binary
cyclic codes of length r and s, respectively. The code C is called separable if it is the direct
product of C, and Cs.

There is a bijective map between Z5, x Z3 and Zo[x]/(x" — 1) x Zo[x]/(x* — 1) given
by:

(U0 ULy« oy thp— |ty et ) > (o + g x - x4l x0T,
We denote the image of the vector u by u(x).

Definition 2 Denote the ring Z[x]/(x" — 1) x Zp[x]/(x* — 1) by R, . We define the
operation

* Zo[x] X Ry — Ry s
as

Ax) * (p(x) | g(x)) = (A(x)p(x) | A(x)q(x)),
where A(x) € Za[x] and (p(x) | g(x)) € R, 5.
The ring R, ; with the external operation « is a Z;[x]-module. Let u(x) = (u(x) | u'(x))
be an element of R, ;. Note that if we operate u(x) by x we get
xxu(x) =x* k) | u'(x))

=xx@o+ -+ urox" 2 up_ x| up+ -+ ug_zxs_z + ug_lxs_l)
= (uox 4 -+ 12X TV w1 x” | upx 4 Ul Ul x5)
= (U1 +uox + - Fupox" VUl Fupx 44wl xS,

Hence, x x u(x) is the image of the vector uD. Thus, the operation of u(x) by x in R,
corresponds to a shift of u. In general, x’ xu(x) = u® (x) forall i.

3 Algebraic structure and generators

In this section, we shall study submodules of R, ;. We describe the generators of such sub-
modules and state some properties. From now on, (S) will denote the submodule generated
by asubset Sof R, 5. Letm, : Ry — Zp[x]/(x" —1)and 7y : R,y — Zp[x]/(x* —1) be the
canonical projections, and let N be a submodule of R, 5. If 7, (N) = {0} (resp. 7, (N) = {0})
then we may consider that the generator polynomial of 7, (N) (resp. ws(N)) is x” — 1 (resp.
x* —1). Define N = {(p(x)|q(x)) € N | g(x) = 0}. It is easy to check that N' = 7, (N’)
by considering the map (p(x) | 0) — p(x).
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466 J. Borges et al.

Theorem 1 The Zz[x]-module R, s is a noetherian Za[x]-module, and every submodule N
of R, s can be written as

N = ((b(x) [ 0), (£(x) [ a(x))),

where b(x), £(x) € Zy[x]/(x" — 1) with b(x) | (x" — 1), and a(x) € Zo[x]/(x* — 1) with
a(x) | (x*—1).

Proof By using the fact that Z,[x]/(x" — 1) and Z;[x]/(x®* — 1) are principal ideal rings,
we have that Ny = 7, (N) and 7, (N') are finitely generated. Moreover, since N’ = 7, (N'),
it follows that N is finitely generated.

The generators of 7, (N’) may not be unique. Consider b(x) the generator of m,(N’)
satisfying b(x) | (x" —1). Then (b(x) | 0) is a generator of N’. Similarly, consider a(x) € N;
such that Ny = {(a(x)) and a(x) | (x* — 1). Then there exists £(x) € Z[x]/(x" — 1) such
that (£(x) | a(x)) € N.

We claim that

N = ((b(x) [ 0), (£(x) | a(x))).

Let (p(x) | g(x)) € N. We shall prove that (p(x) | g(x)) is generated by (b(x) | 0)
and (£(x) | a(x)). First, since g(x) = my(p(x) | g(x)) € Ny and Ny = (a(x)), there exists
A(x) € Zy[x] such that g(x) = A(x)a(x). Moreover,

(P(x) [ g(x)) = 2(x) * (£(x) | a(x)) = (p(x) — 2(x)L(x) | 0) € N',

that is generated by (b(x) | 0). Then, there exists i (x) € Zy[x] such that (p(x) — A(x)£€(x) |
0) = u(x) » (b(x) | 0). Thus,

(P(x¥) [ g(x)) = p(x) * (b(x) [ 0) + A (x) » (£(x) | a(x)).

Therefore, N is finitely generated by (b(x) | 0) and (£(x) | a(x)), and then R, s is anoetherian
Zy[x]-module. O

From the previous result, it is clear that we can identify Z;-double cyclic codes in Z5, x Z5
as submodules of R, ;. Hence, any submodule of R, s is a Z;-double cyclic code. From now
on, we will denote by C indistinctly both the code and the corresponding submodule.

Note that if C = ((b(x) | 0), (£(x) | a(x))) is a Z,-double cyclic code, then the canon-
ical projections C, and Cy are binary cyclic codes generated by ged(b(x), £(x)) and a(x),
respectively. Moreover, the generator polynomials of C,, Cy and C may not be unique. In the
following proposition we give some conditions to the generator polynomials of a Z;-double
cyclic code.

Proposition 1 Let C = ((b(x) | 0), (£(x) | a(x))) be a Z,-double cyclic code. Then, we
can assume that

1. Cy = (a(x)), witha(x)|(x* — 1),

2. - (C") = (b(x)), with b(x)|(x" — 1),

3. deg(£(x)) < deg(b(x)).

Proof The conditions for a(x) and b(x) follow from the proof of Theorem 1. Now, suppose
thatdeg(¢(x)) > deg(b(x)).Leti = deg(£(x))—deg(b(x))andletC; = ((b(x) | 0), (£(x)+
xtxb(x) | a(x))).

On the one hand, deg(€(x) +xixb(x)) < deg(£(x)) and since the generators of C| belong
to C, we have that C; € C. On the other hand,

(L) [ a(x) = (€(x) +x" *b(x) | a(x)) +x' * (b(x) | 0).
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Zo-double cyclic codes 467

Then, {((£(x) | a(x))) € Ci and hence C C C. It follows that C = C, which implies that
we may consider deg(£(x)) < deg(b(x)). O

Example 1 Consider the code C; generated by ((24+x+1]0), (x+1 | x*+x3+x2+
x4+ 1) C Rys.Since(x +Da(x+1 | x*+x3+x2+x+1)=x>+1]0) and
xZ4+x+110 belong to C1q, it is easy to see that 7, (C1) = (1). Clearly, the generators
of C; are not as in Proposition 1 since (x2 + x 4+ 1) # m-(C1). Thus, we may consider
Ci=(110), 0] x*+x3+x2+x+1)), and these polynomials satisfy the conditions of
Proposition 1.

Proposition 2 Let C = ((b(x) | 0), (U(x) | a(x))) be a Z,-double cyclic code. Assume the
generator polynomials of C satisfy the conditions in Proposition 1. Then, b(x) | xa (;)1 £(x).

Proof By Proposition 1, N’ = ((b(x) | 0)). We have that ’;s(;)l * (L(x) | a(x)) € N’ and,
therefore, £=L¢(x) € (b(x)) and b(x) | £=Le(x). O

> Ta(x) a(x)

Corollary 1 Let C = ((b(x) | 0), ({(x) | a(x))) be a Zy-double cyclic code. Assume
the generator polynomials of C satisfy the conditions in Proposition 1. Then, b(x)
| 25 ged(b(x), £(x)).

a(x)

We have seen that R, g is a Zy[x]-module, and the product by x € Zy[x] is equivalent
to the double right shift on the vector space Z;, x Z5. Moreover, we have that Z), x Zj is
a Z»-module, where the operations are addition and multiplication by elements of Z,. Our
goal now is to find a set of generators for C as a Z,-module.

Proposition 3 Let C = ((b(x) | 0), (U(x) | a(x))) be a Z,-double cyclic code. Assume the
generator polynomials of C satisfy the conditions in Proposition 1. Define the sets

St = {(b(x) | 0),x % (b(x) | 0), ..., x" ~9ED=T 4 (h(x) | 0)},
S = {(L(x) | a(x)), x * (€x) | a(x)), ..., x %@y (0(x) | a(x))).

Then, S1 U S forms a minimal generating set for C as a Zo-module.

Proof 1t is easy to check that the codewords of S| U Sy are linearly independent.

Let c(x) = p1(x) * (b(x) | 0) + pa(x) * (£(x) | a(x)) € C. We have to check that
c(x) € (S1USy).

If deg(pi(x)) < r — deg(b(x)) — 1, then p(x) (b(x) | 0) € (S1). Otherwise, using
the division algorithm, we compute pi(x) = ql(x) (x) + r1(x) with deg(ri(x)) < r —
deg(b(x)) — 1, hence

r

-1
p1(x) x (b(x) | 0) = (ql(X)xb(x) +r1(X)> * (b(x) | 0) = r1(x) * (b(x) | 0) € (S1).
It follows that c¢(x) € (S; U $) if pa(x) x (£(x) | a(x)) € (S U 7).
If deg(pa(x)) < s — deg(a(x)) — 1, then pz(x) * (x) | a(x)) € (S2). If not, using
the division algorithm, consider py(x) = qz(x)x (x) + ra(x), where deg(r2(x)) < s —
deg(a(x)) — 1. Then,
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x¥—1

a(x)

N

—1
= (qz(x)x )* (L(x) | a(x)) +ra(x) x (€(x) | a(x))

a(x)

p2(x) * (£(x) [a(x)) = (qz(X) + rz(X)) * (£(x) [ a(x))

X

= (92(x) £(x) [ 0) + ra(x) » (€(x) | a(x)).

N
a(x)
To prove that pa(x) x (€(x) | a(x)) € (S1 U S) first note that ro(x) x (£(x) | a(x)) € (S2).
Finally, by Proposition 2, b(x) divides f:(;)l £(x) and it follows that (g2 (x) ); g(;)l L(x)|0) e
(S1). Thus, c(x) € (S; U Sy). o

Corollary 2 Let C = ((b(x) | 0), (£(x) | a(x))) be a Zy-double cyclic code. Assume the
generator polynomials of C satisfy the conditions in Proposition 1. Then, C is a binary linear
code of dimension r + s — deg(b(x)) — deg(a(x)).

4 Duality

Let C be a Z,-double cyclic code and C -+ be its dual code (see [10]). Taking a vector v of
Ct,u-v=0foralluin C. Since u belongs to C, we know that uD is also a codeword.
So,uD .y =u.v() =0 forallu € C, therefore vV is in Ct and C~ is also a Z,-double
cyclic code. Consequently, we obtain the following proposition.

Proposition 4 Let C be a Z,-double cyclic code. Then the dual code of C is also a Zy-double
cyclic code.

We denote C+ = ((b(x) | 0), (£(x) | a(x))), where b(x), £(x) € Za[x]/(x" — 1) with
b(x) | (x" — 1) and a(x) € Z[x]/(x* — 1) with a(x) | (x* — 1).

The reciprocal polynomial of a polynomial p(x) is x9&€P™) p(x~1) and is denoted by
p*(x). As in the theory of binary cyclic codes, reciprocal polynomials have an important role
in duality (see [11]).

We denote the polynomial Z;":BI x' by 6, (x). Using this notation we have the following
proposition.

Proposition 5 Let n,m € N. Then, x™ — 1 = (x" — 1)0,,(x™).
Proof Ttis well known that y”* — 1 = (y — 1)6,,(y). Replacing y by x", the result follows. O
From now on, m denotes the least common multiple of » and s.

Definition 3 Let u(x) = (u(x) | #/(x)) and v(x) = (v(x) | v/(x)) be elements in R, ;. We
define the map

0:Rys X Ry —> Zn[x]/(x™ — 1),
such that
o(U(x), V(x)) =u(x)fm (x")x ™ TIECED % () 4
+u (0)fm (x )™ IO () mod (x™ — 1),

The map o is linear in each of its arguments. That is, o is a bilinear map between Z[x]-
modules.

From now on, we denote o(u(x), v(x)) by u(x) o v(x). Note that u(x) o v(x) belongs to
Zolx]/(x™ = 1).
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Zo-double cyclic codes 469

Proposition 6 Letuand v be vectors in 2l x 5, with associated polynomials u(x) = (u(x) |
u'(x)) and v(x) = (v(x) | v/ (x)), respectively. Then, v is orthogonal to u and all its shifts if
and only if

u(x)ov(x) =0.

Proof Let u® = (uo_j, ui—iy . Up_—i | ”6—1‘7 ..., uy_;_;) be the ith shift of u. Then,

r—1 s—1
u® . v = 0if and only if Zuj_,-vj + Zu}c_iv,’( =0.
=0 =0

Let S; = Z, —oUj—ivj+ Zk —0 uk lvk Computing u(x) o v(x) we obtain

r—1r—1 r—1r—1
—1- -1
u(x)ov(x):é?%(xr) ZZuj_nvjxm ”—I—ZZujvj_,,xm +n
n=0 j=n n=1 j=n
s—1s—1 s—1s—1
_I_Qm(xS) Zzuk t 4 m 1— t_l_ZZukvk txm 141 .
t=0 k=t t=1 k=t

Then, arranging the terms, we have that

m—1

u@)ovr) =Y Sx™ ' mod (x™ - 1).
i=0
This implies that u(x) ov(x) =0 ifand only if S; =0for0 <i <m — 1. O

Lemma 1 Letu(x) = (u(x) | u'(x)) and v(x) = (v(x) | v/ (x)) be elements in R, such
that u(x) o v(x) = 0. If u’(x) or v'(x) equals 0, then u(x)v*(x) = 0 (mod (x" — 1)).
Respectively, if u(x) or v(x) equals 0, then u’(x)v*(x) =0 (mod (x* — 1)).

Proof Let u’(x) or v’(x) equals 0. Then

0=u(x)ov(x) =u(x)fm (x")x™ 174Dy () 4+ 0 mod (x™

Therefore, u(x)0m (x")xM~ 174D p*(x) = p/(x)(x™ — 1), for some w'(x) € Zy[x].

Let pu(x) = ' (x)x92@CD+1 By Proposition 5, u(x)x™v*(x) = u(x)(x” — 1), and hence
u(x)v*(x) =0 (mod (x" — 1)). The same argument can be used to prove the other case. O

The following proposition shows that the dual of a separable Z,-double cyclic code is
also separable.

Proposition 7 Let C = ((b(x) | 0), (((x) | a(x))) be a separable Z,-double cyclic code.

Assume the generator polynomials of C satisfy the conditionsin Proposition 1.Thent(x) = 0.
x"—1 S—1

Moreover, C1 is a separable Z»-double cyclic code such that C+ = ((b*(x) | 0), (0| x* ) )).

Proof If C is separable, then C = C, x C; and clearly £(x) = 0. Hence it is easy to see

that C+ = C+ x Ci+. By [11], we have that C;+ = <g*(—x§> and C;- = { *(x)) Therefore, the

statement follows. O

In view of Proposition 7, we shall focus on non-separable Z,-double cyclic codes for the
rest of the section. From now on, we will denote ged(b(x), [(x)) by gp.1(x).
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470 J. Borges et al.

Proposition 8 Let C = ((b(x) | 0), (U(x) | a(x))) be a Z,-double cyclic code. Assume the
generator polynomials of C satisfy the conditions in Proposition 1. Then,
|Cr| — 2r—deg(b(x))+l< , |CS| — 2s—deg(a(x)) ,
(Cr)t) = 208CENTH ()| = 208,
(CH)y| = 298D, J(C )| = 2derat e,

where k = deg(b(x)) — deg(gp,i(x)).

Proof Let C be a Z,-double cyclic code with C = ((b(x) | 0), (£(x) | a(x))), and assume the
generator polynomials of C satisfy the conditions in Proposition 1. Then, by Proposition 3,
C is generated by the matrix whose rows are the elements of the set S; U S,. The subcode
of C generated by the elements of S and the subcode generated by the elements of S, have
generator matrices of the form

G| = (Ir—deg(b(x)) A‘ 0) ’
G2 = (B| D Ii—destatxy)) -

respectively.

Consider the subcode Cq of C with 0 in the first » coodinates. Clearly Cy is generated by
elements in S and therefore the dimension of Cy is s — deg(a(x)) — «, for some k > 0.
Taking into account k and the matrices G| and G», we have that C is permutation equivalent
to a binary linear code with generator matrix of the form

Iy —deg(b(x)) A1 A2| 0 0 0
G = 0 BK Bl Dl IK O ’
0 0 0|D2 R Iy—deg(a(x)—«

where B, is a square matrix of full rank. Note that ¥k = deg(b(x)) — deg(gp,(x)). The
cardinalities of C,, (C,)%, Cs and (C;)* follow easily from G. The values of |(C1),| and
|(CL)s]| can be obtained from the projections on the first » and on the last s coordinates of
the following parity check matrix of C

AL 0 0 B B.R
H=| A0 lygbxy—«| O  Bj  BiR'
00 0 |legawy D Dy+ DiR!
[m}

Corollar)_' 3 Let C = ((b(x) ] 0), ((x) | a(x))) be a Zo-double cyclic code with dual code
CLt = ((b(x) | 0), (£(x) | a(x))). Assume the generator polynomials of C and C* satisfy
the conditions in Proposition 1. Then,

deg(b(x)) = r — deg(gp,1(x)),
deg(a(x)) = s — deg(a(x)) — deg(b(x)) + deg(gp.i(x)).
Proof Ttis easy to prove that (C,) is a cyclic code generated by b(x). Therefore, |(C,)*| =

2r=deg®() Moreover, by Proposition 8, [(C,)L| = 292G« with k= deg(b(x)) —

deg(gp1(x)). Thus, deg(b(x)) = r — deg(gp.1 (x)).
Since C* is a Zy-double cyclic code, (CL)y is a cyclic code generated by a(x), and
hence |(CL),| = 2979:2l@W) By Proposition 8, we have that |(C1),| = 298@N+K with
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Zo-double cyclic codes 471

k = deg(b(x)) — deg(gp.1(x)) and consequently deg(a(x)) = s — deg(a(x)) — deg(b(x)) +
deg(gp,i(x)). O

The previous propositions and corollaries will be helpful to determine the relations

between the generator polynomials of a Z;-double cyclic code and the generator polyno-
mials of its dual code.

Proposition 9 Let C = (D(x) 1 0), ((x) | a(x))) be a Zp-double cyclic code with dual
code C+ = ((b(x) | 0), ({(x) | a(x))). Assume the generator polynomials of C and ct
satisfy the conditions in Proposition 1. Then,

x" =1

g;[(x) )

b(x) =

Proof We have that (b(x) | 0) belongs to C -+ Then,

(b(x) ] 0) o (b(x) | 0) =0,
(€(x) [a(x)) o (b(x)|0) =0.
Applying Lemma 1 to the previous equations, we obtain
b(x)b*(x) =0 (mod (x" — 1)),
LxX)b*(x) =0 (mod (x" — 1)).
Therefore, gb,l(x)l;*(x) = 0 (mod (x" — 1)), and there exists u(x) € Zp[x] such that

&b, (xX)b*(x) = u(x)(x"—1). Moreover, g ;(x) and b*(x) divide (x" —1), and by Corollary 3

we have that deg(b(x)) = r — deg(gp.;(x)) and then b*(x) = gf:,?xly O

Proposition 10_ Let C = ((b(x) | 0), (€(x) | a(x))) be a Z-double cyclic code with dual
code C+ = ((b(x) | 0), (£(x) | a(x))). Assume the generator polynomials of C and C*+
satisfy the conditions in Proposition 1. Then,

@ = Dgj ()

)= T o

Proof Consider the codeword

b Y4 b
) e | ate) — -2 *wu)u»=<0| @)aQQ.

8b.1(x) 8b.1(x) 8b.1(x)
Then, since (£(x) | a(x)) € C*, we have that (£(x) | @(x)) o (0 | 2%5a(x)) = 0. Thus, by
Lemma 1, a(x) 920 = 0 (mod (x* — 1)), and hence a(x) “2"0) — (x5 — 1) (x),

851 () g, (x)
for some pu(x) € Zy[x]. By Corollary 1, it follows that % divides (x* — 1). Therefore,
bl
if ar()b*(x) _ a*(x)b* (x)
80 T FTIe)
3,deg(a(x)) = s — deg(a(x)) — deg(b(x)) + deg(gp.i(x)), thus

0 (mod (x* — 1)) we may consider that = (x* — 1). By Corollary

a*(x)b*(x)

deg(x® — 1) =s =deg | a(x)—
gb,[(x)

) = deg((x* — Dp(x)).

(' =gy, (x)

Hence, we obtain that u(x) = 1 and a(x) = b
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Proposition 11 Let C = ((bfx) [ 0), (€(x) | a(x))) be a non-separable Zy-double cyclic
code with dual code C+ = ((b(x) | 0), (£(x) | a(x))). Assume the generator polynomials of
C and C* satisfy the conditions in Proposition 1. Then,

="l
x) = x),
b*(x)
where A(x) = x™—de(atx)+deg(£(x)) ( ) )_1 mod (LW )
g1 () g0 )

Proof Let¢(x) = (b(x) | 0) + (£(x) | a(x)) € C*. Then

E(x) 0 (b(x) | 0) = (b(x) | 0) o (b(x) | 0) + (£(x) | a(x)) o (b(x) | 0)
=0+ (L) | @) o (b(x) | 0) = 0.

By Lemma 1, we have that £(x)b*(x) = 0 (mod (x" — 1)) and therefore

i ="l
X) = b*(x) X).

Computing (2(x) | a(x)) o (£(x) | a(x)) and arranging properly we obtain

O D80 (gm0t L. a1 |
b*(x) 8h,1(x)

that is congruent to 0 (mod (x™ — 1)). Then, either

)\(x)xmfdeg(e(x))fl& 4+ xm—deg@-1) = (mod (x™ — 1)), @)

g}j[(x)
or
() dee(EC) - ) 4 ymdeg@)1) = 0 [ mod b* (x) o)
* - * .
gb’,(x) g[,y[(x)
Since ;**(éc)) divides x™ — 1, clearly (2) implies (3). Hence,
b,l

k(x)xm@=xm—deg(a(x))+deg(£(x)) mod m .
1) P

We have that x™ = 1 (mod ( b (x) )). Moreover, the greatest common divisor between

g;;(x)
2(x) d b £ (x)

is 1, and then

is an invertible element modulo ( b (x) ) Therefore,

8b,1(x) an g1 (X) ) e
—1
Alx) = xm—deg(a(x))+deg(£(x)) Z:& mod b**(x) |
gb,l(x) gb,l(x)

We summarize the previous results in the next theorem.

Theorem_2 Let C = ((b(x) | 0), (£(x) | a(x))) be a Z,-double cyclic code with dual code
CLt = ((b(x) | 0), (£(x) | a(x))). Assume the generator polynomials of C and C* satisfy
the conditions in Proposition 1. Then,
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1. b(x) = 2 =1

gZ,](x)’
— oy (@ =Dgp )
~ - a*(x)b*(x)
3. £(x) = g M), where

0, if C is separable,
Ax) =

* -1 *
m—deg(a(x))+deg(€(x)) (%) mod ( L (é\f))> _otherwise.
bl bl

5 Relations between Z;-double cyclic codes and other codes

In this section, we study how Z,-double cyclic codes are related to other families of cyclic
codes, say Zs-cyclic codes and Z,Z4-additive cyclic codes. Since these families of codes
have part or all the coordinates over Zg, their generator polynomials also have coefficients
over the ring Z4. From now on, the binary reduction of a polynomial p(x) € Z4[x] will be
denoted by p(x).

Let p(x) be a divisor of x* — 1 in Z;[x] with n odd and let £ be a primitive nth root of
unity over Z;. The polynomial (p ® p)(x) is defined as the divisor of x”* — 1 in Z;[x] whose
roots are the products &£/ such that £ and &/ are roots of p(x).

From [12] and [10], it is known that a Z4-cyclic code C of length n is generated by a single
element f(x)h(x)+2f(x) € Z4[x]/(x" — 1), where f(x)h(x)g(x) = x" —1in Z4[x], and
IC| = 4de(s(x))pdeg(h(x)).

Letu = (u, ..., u,—1) be an element of Zjj such that u; = it; +2u; with it;, u} € {0, 1}.
As in [9], the Gray map ¢ from Zj to Z%” is defined by

GO = (s ooty | g+ sy it + ).
Letu(x) = @(x) 4 2u’(x) be the polynomial representation of u € Zi;. Then, the polynomial
version of the Gray map is ¢ (u(x)) = (w'(x) | @(x) + u'(x)). The Nechaev permutation is
the permutation 7 on Z%" with n odd defined by
7 (Vo, V1, - -+, ¥20—1) = (Vr(0)> Vz(1)s - - - » V2 (2n—1)),
where t is the permutation on {0, 1, ..., 2n — 1} given by
1,n+1DGB,n+3)...Qi+1,n+2i+1)...(n —2,2n —2).

Let ¥ be the map from Zj into Z%” defined by ¥ = ¢, with n odd. The map  is called
the Nechaev—Gray map, [15]. Therefore we give the following theorem.

Theorem 3 ([15, Theorem 20]) Let C = (f (x)h(x) 4+ 2 f(x)) be a Z4-cyclic code of odd
length n and where f(x)h(x)g(x) = x™ — 1. Let ¢ be the Gray map and let r be the
Nechaev—Gray map. The following properties are equivalent.

1. ged(f(x), (8 ® () = Lin Zo[x];
2. ¢(C) is a binary linear code of length 2n; ~ _
3. ¥(C) is a binary linear cyclic code of length 2n generated by f (x)?h(x).

Using the last theorem, we can relate Z,-double cyclic codes to Z4-cyclic codes.

5.1 Z;-double cyclic codes versus Z4-cyclic codes

Let C be a Zy-cyclic code of length n, and w € ¢(C). The codeword w can be written as
(ufy, s uly_y Niig + ugy, .. iy + u),_y), for (uo, ... . up—1) = u = ¢~'(w) € C. By
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definition of the Gray map, we have that w'V is (u/ |, ug, ..., u/_,|ip—1 +ul,_,, iio +
Uy oy lp—a +u,_5) = ¢@u—1,uo, ..., uy—2). Therefore, since C is Z4-cyclic, we have
that w® € ¢(C).

In general, the Gray image of a linear code over Zy4 is not linear. Hence, we shall consider
Zo-double cyclic codes as images of Z4-cyclic codes, C = ( f(x)h(x) 4+ 2 f(x)), in the case
that such a code C has linear image under the Gray map; that is, when gcd(_f(x), (gRg)x)) =
1 in Zy[x], by Theorem 3. Consequently, we obtain the following proposition.

Proposition 12 Let C = (f(x)h(xz + 2f(x)) be a Za-cyclic code of odd length n, where
fh(x)gx) =x" — 1, and ged(f(x), (g ® &)(x)) = 1. Then, ¢ (C) is a Zy-double cyclic
code in 7l x 7.

Our goal is to establish a relation between the generator polynomial of the Z4-cyclic code
C and its Z,-double cyclic image, ¢ (C).

Leti € {2,4}.If Cis a Z;[x]-module and g1, ..., g € C. Then (g1, ..., g); will denote
the Z;[x]-submodule of C generated by g1, ..., g;.

The following theorem is proved in [14, Theorem 8].

Theorem 4 Let n be odd and let f(x), h(x), g(x) be in Za|x] such that f(x)h(x)g(x) =
x™ = 1. Then ( f (x)h(x) +2 £ (x))a = (f(X)h(x))2+2(f (x))2 if and only if ged(f (x), (§ ®
2)(x)) = linZs[x].

Lemma 2 Let C be a linear code over Zy of type 2V4% such that ¢(C) is a linear code.
Let {ui}g/:1 be codewords of order two and {V_,'}i.:1 codewords of order four such that C =

({“i}l)'/:p {Vj}§:1>4. Then,
$(C) = PNy, (DY) (B2V)YS Do

Proof From [6, Lemma 3], it is known that if C is a linear code over Zj4 of type 2749 such
that C = ({ui}l).’zl, {v‘/}§=1)4, then

(@2 = (PN DTNV (BQVIY_y SV} % V)}1=j<15)2
where u * v denote the component-wise product for any u,v € Zj. We know that
¢(C) is linear if and only if 2u x v € C for all u,v € C, [9]. Since ¢(C) is a
binary linear code, then {2v; * v,}1<j<<s € C. Therefore, ({¢p(2v; * v;)}1<j<i<5)2 S

(PN} (o DYy (0 2V)YI) o O
Theorem S Let C = (f(x)h(x) + 2f(x))a be a Z4-cyclic code of odd length n, where
FOR(x)g(x) = x" — 1 and ged(f (x), (g ® §)(x)) = 1. Then,

P () = (fFh(x) ] 0), (f(x) | F(x))2.

Proof By Theorem 4, the generators of C are ( f (x)ﬁ(x))z and 2( f (x))2. By Proposition 12,
we have that ¢ (C) is a Z,-double cyclic code. Then, by Lemma 2, it is easy to see that the
generator polynomials of ¢ (C) are ¢ ( f (x)ﬁ (x)) and ¢ (2 f (x)). The corresponding images
of the Gray map are ¢ (f(x)h(x)) = (0] f(x)h(x)) and ¢ (2 (x)) = (f(x) | f(x)), hence
#(C) = (0] f)h(x)), (f(x) | f(x)))2. Therefore,

¢ (C) = (fFOR) 10), (f(x) | F(x))2.
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5.2 Z-double cyclic codes versus Z,7Z4-additive cyclic codes

A 7o Z4-additive code C is a subgroup of Z§ x Zf (see [4]). Since C is a subgroup of Z5 x Zf, it
is also isomorphic to a commutative structure like Z}Z/ X Zﬂ and it has |C| = 27128 codewords.

A Z7Z4-additive code C C Z§ x fo is called cyclic if the set of coordinates can be
partitioned into two subsets, the set of Z, and the set of Z4 coordinates, denoted by X and Y,
such that any cyclic shift of the coordinates of both subsets leaves invariant the code. As it

was done in (1), for (u, v) € Z5 x Zf we also denote by (u, v)D such shift. These codes can
be identified as submodules of the Z4[x]-module Zo[x]/(x% — 1) x Z4[x]/ (x? — 1). From
[1] and [5], we know that if C C ZF x Zf is a ZoZ4-additive cyclic code, where § is an odd
integer, then it is of the form

C=(0x)[0), (€@) | f)h(x)+2f(x)))4,

where f(xX)h(x)g(x) = xP — 1in Z4[x], b(x), £(x) € Zolx]/(x* — 1) with b(x)|(x* — 1),
deg(£(x)) < deg(b(x)), and b(x) divides xfﬂ(—;)lﬂ(x) (mod 2).

The extended Gray map ® and the extended Nechaev—Gray map W are the maps from
Z5 x Zf into Zg”ﬂ given by

O(u,v) =, ¢(v), Y, v)=(,¥yv)),

whereu € Z5, v € fo , ¢ is the Gray map and ¢ is the Nechaev—Gray map.

Table 1 Optimal Z,-double cyclic codes

Code Generators [r, s] Parameters

C b)) =x2+x4+1,6x) =x,a(x) =x +1 [3.3] [6,3,31*

Cy b(x) =x2 +1,0(x) = La(x) = x% +x + 1 [2.6] [8,4,41F

C3 bx)=x34+x2+x+1,00x) =x2+x,ax)=x+1 [4.,4] [8,4,4]F

Cy b(x) = x* 43 px 41, €(x) = 22 x4+ 1 a(x) = x24x+1 [6,6] [12,6,4]

Cs b(x) = xT+1, £(x) = x*+x24x+1, a(x) = x*4x24x+1 [7.7] [14,3,81*

Ce bx)=xC4+ 0 +xt + 3+ x4+ 1,00) 17,71 [14,4,7
:x3+x2+1,a(x):x4+x2+x+1

Cy b)) =x*+ 3+ 2+ 1, L) =x3 +x + Lak) [7,7] [14,7,47F
=x3+x2+1

Cg bx)=x"+1,e0x)=x>+x+1,akx) [7,14] [21,5,10*
S R Ak I S ER s RN R |

Co bx)=xC 4+ x5 +xt + X3+ 22 x4+ 1,0(x) [7,14] [21, 10,7 T*
:x4+x3+1,a(x):x5+x2+x+1

Cio b)) =x0 + x5 +x* + 3 +x2+x+1,£(x) [7,14] [21,12,51*
s=x+l,a(x)=x3+x2+l

ch bx)=x3+x2+1,6(x)=1,a(x) =x2+1 [7,14] [21,16,3]*

Cis b(x) =x2+1,6(x) =x+ 1,a(x) [2,30] [32,14,8]
=xl0 4Bl b T 420 405 4 x 41

Ci3 bx) =x20 4 x19 4 p18 4 (17 4 15 4 124 114 10 [31,31] [62,36,10]

+0 408 3 a1, ex) = P B3 12
+xl1 +x9+x8+x7+x5+l,a(x) =x0 4+ 341
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Call Cy (respectively Cy) the punctured code of C by deleting the coordinates outside
X (respectively Y). Notice that if ¢ (Cy) and ¥ (Cy) are binary linear codes, then ®(C) and
W (C) are not necessary binary linear codes.

Example 2 Let C = ((x — 1 | x + 1))4 C Z3 x Z3 be a Z,Z4-additive cyclic code with
b(x)=0,l(x)=x—1, f(x) =1, h(x) =x—1and g(x) = xZ 4+ x + 1. Since fx) =1,
by Theorem 3, we have that ¢ (Cy) is linear. By [5], a generator matrix for C is

11200
00[310
001301

We know that ®(C) is linear if and only if 2(u, v) * (w, z) € C for all (u, v), (w, z) € C, [7].
Clearly, 2(0, 0, 3, 1,0) % (0,0, 3,0, 1) = (0,0, 2,0,0) ¢ C. Therefore, ®(C) is not a binary
linear code.

Theorem 6 Let C = ((b(x) | 0), ({(x) | f(x)h(x) +2f(x)))s C Z5 x Zf be a Zo74-
additive cyclic code, where B is an odd integer and f(x)h(x)g(x) = x# — 1. Let W be the
extended Nechaev—Gray map. If W (C) is a binary linear code, then V(C) is a Z>-double
cyclic code of length o + 28 and dimension o — deg(b(x)) + deg(h(x)) + 2 deg(g(x)).

Proof By the definition of W, the length of W (C) is @ +28 and, since W (C) is a linear code, we
need to prove that W ((u, v))(l) € W(C) forall (u, v) € C. By [15], we can easily deduce that
W ((u, v))P = W@, —v)). We have that (u, —v)V € C and consequently W ((u, v)(D
belongs to W(C). Hence, W (C) is a Z-double cyclic code. Finally, since |V (C)| = |C|, we
have that |C| = 2% deg(b(x))+deg(h(x)) gdeg(g(x)) by [1]. o

Table 2 Dual Z;-double cyclic codes

Code Generators of the dual codes [r, s] Parameters

Cq bx)=x3+1,6x) =x+1,ax) =1 [3,3] [6,3,3]

Cy bx)=x2+1,ix)=1a(x)=x2+x+1 [2,6] [8,4,41

C3 bx)=x3+x2+x+1,0(x) =x2 +x,a(x) =x +1 [4.4] [8,4,4]°

Cs b(x) = x*+x34x+1,0(x) = x24x+1,a(x) = x2+x+1 [6,6] [12,6,41°

Cs by =x3+x24+1,ix) =1ax) =1 [7.7] [14,11,2]

Cs bx)=x*+x2+x+1,00x) =x> +x,ax) =1 [7,7] [14,10,3]

C; bx)=x*+x3+x2+1,0x0) =x3 +x+1,ax) [7,7] [14,7,41°
=x3+x2+1

Cg bx)=x*+x3 +x2+1,0x) =x,a(x) =x +1 [7,14] [21,16,3]

Cy bx)=x"+1,00x) = x*+x3+x24x,a(x) = x> +x+1 [7,14] [21,11,6]

Cio b)) =x"+1,0x) =x0 +x* + X3 +x2 +x+1,ax) [7,14] [21,9,6]
=3 +x4 —',—x3 +1

Ch b(x) =x"+1,8x) =x0 + x5 +x2+1,a(x) [7,14] [21,5,7]
=x9+x6+x5+x4+x3+x+l

Ciz b(x) =x+1,0(x)=1,a(x) [2,30] [32,18,2]
=B 9 a8 T+ x2 x 41

Ci3 b(x) = x20 4 x23 4 520 )20 4 (17 4 16 4 15 4 14 [31,31] [62,26,15]

+aB a8 a4t 2+ 1, )
:x24+x23+x22+x21 +x20+x19+x18+x17+x16+x13
ol 10458 4 x5 434y, a(x) = 093+l
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_+mk+<»\”Akvah_.__.mk._.vkﬂﬁow,_._.k.f

[+ X0+ (XE+ % = (0] €+ ¥+ Xe + x +

[9°€10¢ ] (XA X g X (X X X = (0)g OYEF X (XE+ o X+ X+ o ¥ = (DY) S St
_+mk+vkﬂﬁéw;+mk+vkﬂ I+ XT+ Xe+ ¥ =

[9°s10€] (D7 T+ X+ X4 g¥+ ¥+ X = (0)q OS¢+ 1+ xg+ g¥ + g ¥+ ¥ = (DY) S S1
ﬁ+ma+oRHA53,H+m%+o»\H ﬁ+mk+o»\”

[9¢8r] (D7 T+ X+ X+ x4 X+, x= (g Mg+ x+ xe+ X+ gxg+ 0 = (DY) S 6
~+R+NRHCQQJ+x+NRH ~+R+NRHA5&;+

[+°8°81] (07 T4 X+ X4 X+ X X4 X+ X4 X = (X)q X X X X X X XX = (0)Y(¥) [ 6

[v6vl] [+X=@p 1 +x=()) 1+ X+ X+ ,x=(0)q €+ X =) T+ x4 X¢+ X0+ X = (DY) f L
~+Nk+mxﬂc\vs,~+mk+mxﬂ m+xm+mxm+mxﬂ

[9°6 411 (071 + X+ g+ X+ ¥+ X+ ¥ = (Vg (O T+ X+ X+ X X (X ¥ = (DY) f L

[vT9l [+x= O +x= )71+ X =(0)9q €+ x=0Jf'c+x= 0y S €

s1ojowrered Areurg $10JeIQUT O1[94d 9[qnop-Ty SI0JeI0U3 JI[oK0-Y7 u

S9P02 J1194K2- 77 w01y s9pod J119Kd A[qnop-C7 € AqR],
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m+RHARth_+%+NRm+mRN+vRH

[eeri1e] T+ Xt X+ X = ()0 X+ x = ()7 'T+X+cx = (Vg Y f e =07 1+ X+ ¥ =(09q (1]
[+ X+ Xt gr =@ x4 x= E+x=@/ T+, 0=y J T+ +x=

[LL12] (107 1+ X+ g+ X+ X+ X ¥ = (Vg (007 1+ X+ ¥4 X 0+ X+ X = (Vg [L'L)
T+ X+ X+ x4+ X+ x4 X = EHXTHXe+ X =) TH+X+ X+ X+ ¥+ X+ ¥ =

[o1°°12] (D T+ X+ X = (17T + X = (V)q QOO L X+ X+ gt = (17T + X = (V)q [L'L]
[+ X+ X+ X+ Xt g X = m+km+mkm+mkﬂﬁxv&rm+nkﬂ

[8¥°811] (D T+ x4 X4 X = (X7 T+ ¥ =(0)q YOS T+ X+ X+ =) T+ ¥ = (09g [Ly]
€+ X7+ e+ X =
T+ X+ X+ x4+ X+ ¥4 X = S T4+ X+ X X X X ¥ =

[9°c81] (D[ + X X X = ()] ] + % = (1) VYOS T+ X+ X+ X= (071 + ¥ = (0)q [(L't)
[+x4 x4+, x= ﬁﬂﬂkvx.;._.x.__.mkm._.mamnfwkﬂ

[p°11°81] (DT + g = (1)) T + X+ ¥ F x = (1) (VYOS T+ X = (07 T+ X+ X+ ¥ = (0)q ['t)
[+ X+ X4 0= (X)o7 + (X F X = c+x=(x)/‘¢c+ X = Oy f 1+ Xt X =

[L€s1] (N T+ X+ X4 X 0+ X X ¥4 X = (1)g (D7) THX+ X4 X X X X 4 X X = (0)q [€°6]
[=O)/ T+x+x=

[£5'6] [+ X+ 0= (P [+ X = (07 + X+ X = (V)q (Y [ X = ()7 ]+ x + x = (1) [e'€]
=S¢t x=

[p°c'g] [+ X = (0] +x = (1)) ] + ;¥ = ()q (YO LT+ X = (7] + ¥ = (V)q [£'7)

s1ojowered Areurg S10JeIUT O1[94d 9[qnop-Ty SI10JeI0U93 JI[0AD aAnIppe-t7 iy [d ‘0]
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6 Examples

Table 1 gives some examples of Z;-double cyclic codes which have the best known minimum
distance. In the table, the parameters are [n, k, d], where n = r + s is the length, k is the
dimension, and d is the minimum distance of the code. It is denoted by [.]* when the code is
optimal according to [8]. It is denoted by [.]; when the code is self-dual. Table 2 shows the
generators and the parameters of the dual codes of the codes in Table 1.

In Sect. 5, we have studied how Z,-double cyclic codes are related to other families of
cyclic codes. By Theorem 5, we know how to construct the generators of Z-double cyclic
codes starting from the generators of Zs-cyclic codes. Also, by Theorem 6 we know that the
image of a Z,7Z4-additive cyclic code under the Nechaev—Gray map, whenever it is linear, is
also a Zy-double cyclic code. In Tables 3, 4, we present some examples of Z,-double cyclic
codes obtained from Z4-cyclic codes and Z;Z4-additive cyclic codes.
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