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Abstract It has become common knowledge that constructing g-ary quantum MDS codes
with minimum distance bigger than ¢ /2 + 1 is significantly more difficult than constructing
those with minimum distance less than or equal to ¢ /2 + 1. Despite of various constructions
of g-ary quantum MDS codes, all known g-ary quantum MDS codes have minimum distance
bounded by ¢ /2 + 1 except for some lengths. The purpose of the current paper is to provide
some new g-ary quantum MDS codes with minimum distance bigger than ¢ /2 + 1. In this
paper, we provide several classes of quantum MDS codes with minimum distance bigger
than ¢ /2 4+ 1. For instance, some examples in these classes include g-ary [n, n — 2k, k + 1]-
quantum MDS codes for cases: (i) g = —1 mod 5, n = (¢>+4)/5and 1 < k < (3¢ —2)/5;
(i)g=—1mod 7,n = (q2 +6)/7and 1 <k < (4g —3)/7; (iii) 2|g, g = —1 mod 3,n =
2g2 = 1D/3and1 <k < (2¢ — 1)/3; and (iv) 2|g, g = —1 mod 5, n = 2(g% — 1)/5 and
1<k<@Bg—-2))5.

Keywords Hermitian self-orthogonality - Generalized Reed-Solomon codes -
Quantum MDS codes

Mathematics Subject Classification 94B05 - 81Q99
1 Introduction

In the past two decades, the field of quantum error correction has experienced a great progress
since the establishment of the connections between quantum codes and classical codes (see
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[3]). One of these connections shows that the construction of quantum codes can be reduced
to that of classical linear error-correcting codes with certain self-orthogonality properties
(see [2,3,13,17,19]). The quantum codes obtained in this way are called stabilizer codes.
In the literature, many quantum codes have been obtained from classical linear codes with
symplectic, Euclidean or Hermitian self-orthogonality (see [1, 14,20], etc).

Foraprime power g, ag-ary ((n, K, d)) quantum codeis a K -dimensional vector subspace
of the Hilbert space (C?)®" which can detect up to d — 1 quantum errors, or equivalently,
correctup to | (d —1)/2] quantum errors. If we putk = log, K, we denote ag-ary ((n, K, d))
quantum code by [[n, k, d]],. It is well known that the parameters of an [[n, k, d]], quantum
code have to satisfy the quantum Singleton bound: & < n — 2d 4 2. A quantum code
achieving this quantum Singleton bound is called a quantum maximum-distance-separable
(MDS) code.

In the past few years, a lot of research work has been done for construction of quantum
MDS codes and several new families of quantum MDS codes have been constructed (see
[4,5,7,8,10-12,14,15,21-23]). If the classical MDS conjecture holds, then the length of a
g-ary quantum stabilizer MDS code is upper bounded by g2 + 1 [13]. It is interesting to
construct all possible quantum MDS codes. The problem of constructing g-ary quantum
MDS codes with n < g + 1 has been completely solved through classical Euclidean self-
orthogonal codes [7,18]. On the other hand, a few families of g-ary quantum MDS codes
with n > g + 1 have been given as well, most of which have minimum distance less than or
equaltog/2+1 (see[4,5,7,8,12,18]). Thus, construction of g-ary quantum MDS codes with
minimum distance bigger than g /2 + 1 turns out to be a more challenging task. Researchers
have made a great effort to construct such quantum MDS codes through generalized Reed-
Solomon codes, constacyclic codes and negacyclic codes (see [9-12, 14, 15,21-23]. However,
these constructions provide ¢g-ary quantum MDS codes only for some lengths n between g 41
and g2+ 1. Therefore, the construction of quantum MDS codes with relatively large minimum
distance still remains to be solved.

In this paper, we construct some new quantum MDS codes with minimum distance bigger
than g /2 + 1 through classical Hermitian self-orthogonal generalized Reed-Solomon codes.
More precisely, we select a suitable set of distinct elements {o1, a2, ..., o} C ]qu and a set
of nonzero elements {vy, vo, ..., vy} € F*, to obtain a Hermitian self-orthogonal generalized
Reed-Solomon code {(vy f(«1), v2 f(2), ..., vn f(0tn)) = deg(f) < k—1}. The key step in
the construction of such a code is to find sets {«7, o2, ..., a,} and {vy, va, ..., v,}. Finding
the sets {a1, @2, ...,y } and {vy, v, .. ., v,} is further reduced to finding a solution in (]F;’;)”

of the equation >__, aziﬂxg =O0foralli,j€{0,1,...,k—1}.
1.1 Main result and comparison with previous constructions

Previously, the known g-ary quantum MDS codes with minimum distance bigger than ¢ /2+ 1
have only sporadic and special lengths n. More precisely, there exist g-ary [[n, n —2d 42, d]]
quantum MDS codes for the following n and d (we list some of the main results below):

(i) n=g>+1andd =g+ 1 (see [14]);andn = ¢> + 1 and d < g + 1 for even g and
odd d (see [8]); and n = q2 +1landd < g+ 1forg =1 mod 4 and even d (see
[12]).

(ii) n =¢?and d < ¢ (see [7,10,14]).

(i) n = (g>+1)/2and g/2+ 1 < d < q for odd g (see [12]).
@iv) n=r(g+1),r|g — 1 and qT_l iseven,2 <d < ‘IJFZLH (see [4]).

Vyn=r(g—1)and2 <d <(q+1)/2+r—1,q+ 1 =rt with r even (see [21]).
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i) n=r(g—1)+1landd <(g+r+1)/2forq =r —1 mod 2r (see [9]).
(vi) n=r(g+1)and2 <d <(qg+1)/2+r forrlg — 1, r odd, g odd (see [11]).
(viii) n =2r(g+1)and2 <d < (g+1)/2+2rforr|lg —1,r odd,g = 1 mod 4 odd
(see [11]).

Based on the above quantum codes, by using a propagation rule [6], one can obtain more
quantum MDS codes with smaller length and minimum distance that are still bigger than
q/2+1.

Our paper demonstrates new g-ary [[n, n — 2k, k + 1]] quantum MDS codes with the
following parameters:

(i) Letr > 1be aninteger 1<r< 2t+ 1 and ged(r,q) = 1.g = —1mod 2t + 1,n =
(O
I+ = and k < +1Xq T
(ii) Lett > 1bean1nteger 1<r <2t+1andgcd(r qg)>1l.q=—-1mod2t+1,n =
¢*=1) +1
S and k < 5% X g — 5
(iii) 1 <k <g —1,and some n € [2k, k> +1].

For instance, some examples in these classes include g-ary [n, n — 2k, k + 1]-quantum
MDS codes for the cases: (i) g = —1 mod 5,n = (¢> +4)/5and 1 < k < (3¢ — 2)/5; (ii)
g=—-1mod7,n=(g?>+6)/7and 1 <k < (4q —3)/7; (iii) 2|g,¢g = —1 mod 3, n =
2(q2 —1)/3and 1 <k < (2¢ — 1)/3; and (iv) 2|¢g, ¢ = —1 mod 5, n = 2(q2 —1)/5 and
1 <k<@Bg-—2)/5.

1.2 Organization

The paper is organized as follows. In Sect. 2, we present a systematic method to construct
Hermitian self-orthogonal generalized Reed-Solomon codes. We apply the results in Sect. 2
to obtain quantum MDS codes in Sect. 3.

2 Construction of Hermitian self-orthogonal codes
2.1 Hermitian self-orthogonality

For a vector v = (v, v2, ..., vy) € F”,, we denote by v/ the vector (v, v1, ..., vi). Fora
subset V in IE‘ZZ, denote by V4 the set {v? : ve V}.

Two vectors u, v € IE‘ZZ are called Hermitian orthogonal if u - v¢ = 0, where - denotes
the usual Euclidean product or dot product. For an F2-linear code C in IFZQ, the Hermitian
dual, denoted by C+H | of C is defined to be the set {xe ]F;’2 :x-¢? =0 forallc € C}. It
is easy to see that C1# is an F2-linear code and cti = (CJ-E)q, where C1£ is the usual
Euclidean dual of C. In particular, C is called Hermitian self-orthogonal if C € CLH . The

F -dimension of C1# isn — dim]qu C).

2.2 [F-solution of equation systems

Let oy, ap, ..., oy be n distinct elements in qu. Let S be asubsetof {0, 1, ..., q2 — 2} and
consider the set
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itgi itgi itgi oo
TS(alaaz»"~sa}‘l) = {(all qjsa; qjv"'vall’l q]): l?] GS}. (])

Here, 0° is set to be 1. We simply denote Ts(oy, &2, . .., o) by Ty if there is no confusion.
Lemma 2.1 The ]qu—linear span Span(Ts) has a basis in ]FZ.

Proof Let V be the set {v € Span(Ts) : v¢ = v}. Then it is clear that V = Span(Ts) N IE‘Z
Thus, it is sufficient to show that every vector in Span(T) is an F,2-linear combination of
vectorsin V. o o

Note that T{ = Ty since (oz?“”)q = a}qﬂ forall1 < ¢ <nandi, j € S. This implies
that Span(7s)? = Span(Ts).

Let 1, o be an Fy-basis of Iqu. For any v € Span(Ty), consider the vectors vi = v + v¢
and vo = av+a?vY. Itis easy to see that both v| and v, belong to V. Since the 2 x 2 matrix

( ! 1q ) is invertible, we have
o«

-1
vy (11 A4
(¥)=(ae) (1) @
This completes the proof. O

Lemma 2.2 If the F 2-linear span Span(Ts) has dimension less than n, then the system of

equations Asx = 0 has a nonzero solution in IE‘Z, where the rows of Ag consist of all |S|>
vectors in Ts.

Proof Letvy,va, ..., Vi € IFZ be an IE‘qz—basis of Span(Ts), where k is the dimension of the
qu—linear span Span(7s). Let A be the k x n matrix whose rows consist of vi, va, ..., Vg.
Then the system of equations Ax = 0 and Asx = 0 has the same solution space. Since k < n
and A is a matrix with entries in [F;, the system Ax = 0 has at least one nonzero solution in

[ Thus, it is also a solution of Agx = 0. The proof is completed. O

Lemma 2.3 Let t > 1 be an integer and assume that ¢ = —1 mod 2t + 1 (and hence

(2t + D|(g> = 1)). For an integer r with 1 < r < 2t + 1 and ged(r,q) = 1, put n =
2 2

1+ r(gﬁ—ll). Lety € Fpo bea %-th primitive root of unity and let By, ..., By € IE'Z’;2

such that {B;{y)};_, represent distinct cosets of IF;Z/()/). Label the elements of the set
{0} U (Uf:]ﬁi(y)) by ay, a2, ..., a,. Then the equation system Asx = 0 has a nonzero

solution in (F5)" if S {0, 1,2,..., 4 x g — 545 — 1),

Proof First we claim that, forany i, j € S, gi 4 j is not divisible by (q>—1)/(2t +1) unless
i = j = 0. Suppose that this were not true. Then gi + j is equal to £(¢% — 1)/(2t + 1) for
some | < ¢ <2tandi, j € S. By the identity

2
L -1 Lg +¢ lg+1
ql+j:£xq :qx(q 1)_{_(]_M7

2t + 1 2+1 2t +1
we have
l l L 1
i = q+ —1, P _ﬂ. 3)
2t +1 2t + 1
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Case l. £ >t + 1. Then

t+ D@+ t+1 t
> — 1> X q —
2t +1 2t +1 2t +1

Thus, i ¢ S and hence this contradicts the fact thati € S.
Case 2. £ < t. Then

tig+1) t+1 t
2t +1 2t +1 2t +1

Thus, j ¢ S and hence this contradicts the fact that j € S.
2
For i, j € S with (i, j) # (0, 0), by the above fact one can write gi + j = ¢ X % +a

2_
for somec >0and 1 <a < %— 1.
Now it is clear that the first row of Ag is the all-one vector 1 and every other row has the
form

2
R ik G A
qitj pqi+j 4iti 2 qitj (21+1 )
0,8 .81 v B LB Y

5 e ey

2

<=1_1)4
qitj pqit] e qitj y2 qi+j (2f+1 )
B Br , Br r Y

e ey

for some i, j € § with (i, j) # (0,0)and 1 < a < el 1. Therefore, the vector

2t+1
( r(gt ;11), 1,1,. 1) is a solution of the equation Agx = 0. The proof is completed. O
Lemma 2.4 Lett > 1 be an integer and assume that ¢ = —1 mod 2t + 1. For an integer
2
rwithl <r <2t+1and gcd(r,q) > 1, put n = r(g, 11) Lety € Fpo be a 2,—_7_11 th
primitive root of unity and let By, ..., B, € IFZZ such that {B; (y)}i_, represem‘ distinct cosets
of IF:;Q/(J/). Label the elements of the set Ui_, Bi{y) by a1, a2, ..., an. Then the equation
system Asx = 0 has a nonzero solution in (F;)" if S € {0, 1,2, ..., 2’[‘;11 X q — 2tt+l -1}

Proof First of all, the condition ged(r, ¢) > 1 implies that the length n is divisible by the
characteristic of IF,.
From the proof of Lemma 2.3, we know that, for i, j € S with (i, j) # (0, 0), one can

2 2
. . . q-—1 g —1 _
wrlteqz—i-j—cx2[+1+af0rs0mec20andl§a<2t+l 1.

Now it is clear that the first row of Ag is the all-one vector 1 and every other row has the
form

2

=1 _1)q
qitj pqit] 4i+i,2 qi+j (2t+1 )
Bl LB Y B LBy

2
A A A - —1)a
qitj pqitj,a pqiti, 2a qitj (2f+1 )
Br B Ty B Ty By

for some i, j € § with (i,j) # (0,0)and 1 < a < 2t+1 — 1. Therefore, the vector

(1,1, ..., 1) is a solution of the equation Asx = 0. The proof is completed. ]
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2.3 Hermitian self-orthogonal codes

For a subset S of {0, 1,2, ..., q2 — 1}, denote by Pg the ]qu-linear space of polynomials
Ps := Span{x’ : i € S}. 4)
In particular, for S = {0, 1, 2, ..., k — 1}, we denote Pgs by Py. It is clear that the dimension

of Py is | S|. Furthermore, for a vector v = (vy, v2, ..., v,) € (F’q‘z)" and n distinct elements
o1,Q,...,0, In ]qu, we define the qu-linear code

Cs@,v) = {(vf(an), vaf(@),....vaf(an) : f € Psh (&)

where a = (a1, a2, ..., ap).
Assume that the largest number o 0f S is less thann, then Cg(v)isan[n, | S|, > n—inax]-
linear code over ]qu.

Lemma 2.5 Let S be a subset of {0, 1,2, ..., 42 — 1}. Assume that Asx = 0 has a solution
(b1,by, ..., by) € (]F;)”. Letv; € ]FZZ such that v?“ =b; forall 1 <i < n. Then the code
Cs(a, v) is Hermitian self-orthogonal.

The proof of Lemma 2.5 is straightforward. Note that v; always exists since b; € F.
Now we apply Lemmas 2.3 and 2.4 to obtain two classes of Hermitian self-orthogonal
codes.

Theorem 2.6 Lett > 1 be an integer and assume that ¢ = —1 mod 2t + 1.
2
(i) Foranintegerr with1 <r <2t + 1 and gcd(r,q) =1, putn =1+ r(gH__ll). Then for
any k < % X q— ﬁ, there exists a Hermitian self-orthogonal [n, k]-MDS code
over I[*‘qz.
2
(ii) For anintegerr with 1 <r <2t + 1 and gcd(r,q) > 1, putn = r(gt_;ll). Then for any
k < % X q — ﬁ, there exists a Hermitian self-orthogonal [n, k]-MDS code over

]qu.

Proof (i) Consider the set S = {0,1,2,...,k — 1}. Let y € qu be a %-th primitive
root of unity and let By, ..., B, € IFZZ such that {;(y)}/_, represent distinct cosets of
IFZZ/()/). Label the elements of the set {0} U (Uleﬂ,- (y)) by a1, 2, ..., a,. Letv; =1

2
forall2 <i <mandv; € IFZZ such that v’f“ = —r(gt_:]”. Then by Lemmas 2.3 and

2.5, the code Cg(a, v) is Hermitian self-orthogonal.
(i1) Similarly, this part follows from Lemmas 2.4 and 2.5.
O

For certain given length n, Theorem 2.6 provides Hermitian self-orthogonal codes with
dimension bigger than ¢ /2. In the following theorem, for given dimension k, we provide
Hermitian self-orthogonal codes for certain length.

Theorem 2.7 For any k with 1 < k < g — 1, there exists a Hermitian self-orthogonal
[n, k]-MDS code for some n with 2k < n < K2+ 1.

Proof Choose a subset A = {B1, B2, ..., By24 1} of qu and consider the generalized Reed-
Solomon code C = {(f(B1), f(B2),--., f(Br241)) : f € Px}. Then the Euclidean dual
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C-LE of C has minimum distance k + 1. Let S = {O,.l,.2, ok - ]} and consider the (k2 +
1) x k% matrix A g whose rows consists of (,BIq’J”, ﬁg’ﬂ, o ﬁzzlif) forall0 <i,j <k—1.
By Lemma 2.2, the equation Agx = 0 has a nonzero solutionb = (b1, b2, ..., b2, ) € IFZ.
Itis clear that b is a codeword of C1£ and hence the Hamming weight wtg (b) > k+1. Letthe
supportof bbe {iy, i, ..., i, } and denote ﬁij bya;.Letv; € ]qu such that v?“ = bl-]. . Then
it is easy to see that Cg(a, v) is Hermitian self-orthogonal, where S = {0, 1, ...,k — 1}.
Furthermore, it is clear that Cg(a, v) is an [n, k]-MDS code. Since C is Hermitian self-
orthogonal, we must have n > 2k. The proof is completed. O

3 Construction of Quantum codes
The construction of quantum codes in this section is based on a connection between classical
Hermitian self-orthogonal codes and quantum codes given in [2].

Lemma 3.1 ([2]) There exists a g-ary [[n, n — 2k, k + 1]] quantum code whenever there is
a q*-ary classical Hermitian self-orthogonal [n, k] MDS code.

3.1 Quantum MDS codes

Combining Theorem 2.6 with Lemma 3.1 gives the following quantum MDS codes.

Theorem 3.2 There exists a g-ary [[n, n — 2k, k + 1]]-quantum MDS code for the following
q,n and k.

(1) Lett > 1 be an integer and let r satisfy 1 < r < 2t + 1 and gcd(r,q) = 1. The

2
paramzeters q,nand k satisfy g = —1mod 2t + 1,n = 1+ r(gH_fll) and k < % X
4~ 251
(1) Let t > 1 be an integer and let r satisfy 1 < r < 2t + 1 and gcd(r,q) > 1. The
2
parameters q,n and k satisfy g = —1 mod 2t + 1,n = r(gH_—]l) and k < % X q —
t
2t+1"

Remark 1 The family of quantum MDS codes constructed in Theorem 3.2 are new except
for the case of + = r = 1 in Theorem 3.2(i) which was presented in [9].

In the following example, we show some quantum MDS codes from Theorem 3.2(i).

Example 3.3 By taking r = 1 and ¢t = 1, 2, 3, 4 in Theorem 3.2(i), respectively, we obtain
the following g-ary quantum codes.

(i) Ifg = —1 mod 3, then there exists a g-ary [(g2+2)/3, (g% +2)/3 —2k, k+ 1] quantum
MDS code for any k < (2¢g — 1)/3. This class was presented in [9].
(ii) Ifg = —1 mod 5, then there exists a g-ary [(g>+4)/5, (¢> +4)/5—2k, k+ 1] quantum
MBDS code for any k < (3¢ — 2)/5.
(iii) Ifg = —1 mod 7, then there exists a g-ary [(g2+6)/7, (g>+6)/7 —2k, k+ 1] quantum
MDS code for any k < (4g — 3)/7.

Example 3.4 Let g be even. By taking r = 2 and t = 1, 2, 3, 4 in Theorem 3.2(ii), respec-
tively, we obtain the following g-ary quantum codes.

(i) If ¢ = —1 mod 3, then there exists a g-ary [Z(q2 —1)/3,2(g> — 1)/3 — 2k, k + 1]
quantum MDS code for any k < (2¢ — 1)/3.
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(i) If ¢ = —1 mod 5, then there exists a g-ary [2(q2 - 1)/5, 2(q2 - 1)/5 =2k, k+1]
quantum MDS code for any k < (3¢ — 2)/5.

(iii) If ¢ = —1 mod 7, then there exists a g-ary [2(q2 — 1)/7,2(¢%> — 1)/7 — 2k, k + 1]
quantum MDS code for any k < (4g — 3)/7.

Remark 2 To the best of our knowledge, except for the quantum MDS codes given in Exam-
ple 3.3(i), all other quantum MDS codes in Examples 3.3 and 3.4 are new.

Theorem 3.5 Forany 1 < k < g — 1, one can find some n € [2k, K+ 1] such that there
exists a g-ary [[n, n — 2k, k + 1]]-quantum MDS code.

Remark 3 Theorem 3.5 in fact produces some new quantum codes. For instance, for even g,
we obtain an [n, n—gq —2, q /24-2]-quantum MDS codes for some n € [g42, (g/2+1)>+1].
This code could not be produced by propagation rules from known codes.
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