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Abstract Forexactly and efficiently representing and storing data in flash memories, the rank
modulation scheme has been presented. In this scheme, Gray codes over the permutations
are important, which are used to represent information in flash memories. For a Gray code,
two consecutive codewords are obtained using one “push-to-the-top” operation. Specially,
a snake-in-the-box code under the Kendall’s r-metric is a Gray code, which is capable of
detecting one Kendall’s 7-error. In this paper, we consider only the Kendall’s t-metric on the
permutations. And we answer one open problem proposed by Horovitz and Etzion. That is,
we prove that the length of the longest snake in S,,4 is longer than the length of the longest
snake in S2;,41.
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1 Introduction

Flash memory is a kind of non-volatile storage medium that is both electrically programmable
and electrically erasable. Its reliability, high storage density, and relatively low cost have made
it widely used. And it has a set of cells maintained at a set of charge levels to encode messages.
The most conspicuous property of flash memories is its inherent asymmetry between cell
programming (injecting cells with charge) and cell erasure (removing charge from cells).
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While injecting a singe cell with charge is an easy operation, removing the charge from a single
cellis a very difficult operation. In fact, in the current architecture of flash memories, a single-
cell erasure operation requires copying a large whole block to a temporary location, erasing
it, and then reprogramming the whole cells in the block. When some cells may be injected
with extra charge in the programming operation, this will result in overshooting. Thus, the
overshooting (increasing a cell’s charge level above the desired amount) is a severe problem.
For this reason, in a programming cycle, charge is injected over several iterations, gradually
approaching the desirable level. This process is time-consuming. Moreover, there are other
common errors in flash memory cells because of charge leakage or reading disturbance.

In order to overcome these problems, the rank modulation scheme has been recently pro-
posed in [10]. In this scheme, one permutation suggested by the relative rankings of the
charge levels on a group of cells represents data instead of using absolute values of charge
levels. Thus, in this model codes are subsets of all the permutations on n elements, denoted by
S,,, which will represent information in flash memories. To avoid the overshooting, the pro-
gramming operation is restricted to the “push-to-the-top” operation [10]. In this framework,
a group of cells are programmed by raising the charge level of a single cell above those of
all others (“push-to-the-top” operations). Hence, in this encoding scheme, the overshooting
is no longer an issue. When errors caused by injection of extra charge or leakage are very
small, they may not affect the relative rankings, i.e., the permutation will not be changed.
However, it may happen that errors in the cells are large enough to change the relative rank-
ings. To detect and/or correct such errors we need an appropriate distance measure in the
permutations. There are several metrics on the permutations such as the £,,-metric [12,15],
the Ulam metric [5] and the Kendall’s 7-metric [2,11]. In this paper, we will consider only
the Kendall’s T-metric.

Gray codes using only “push-to-the-top” operations have been presented in [10]. More-
over, the Gray code was firstly proposed in [8] as a sequence of distinct binary vectors of
fixed length, where every adjacent pair differs in a single coordinate. In practice, they are
useful in many applications [13]. In order to understand the Gray codes, an excellent survey
on the Gray codes is given in [14]. In the flash memory, Gray codes for the rank modulation
scheme have been discussed in [6,7,10,11,16]. In fact, a Gray code is a simple cycle in a
graph, in which the edges are defined between vertices with distance one in a given metric.
Moreover, a snake-in-the-box code is a Gray code in which the distance of any two distinct
elements in the code is at least 2. Hence, this code can detect a single error in a codeword. In
general, the snake-in-the-box codes are usually considered in the context of binary codes in
the Hamming scheme, e.g., [1]. When we consider the Kendall’s T-metric, a snake-in-the-box
code for rank modulation under the Kendall’s T-metric is a Gray code in which the Kendall’s
t-distance between any two distinct permutations is at least 2.

In[16], Yehezkeally and Schwartz constructed a snake-in-the-box code of length M»,, 41 =
2n + 1)(2n — 1) My, for permutations of Sy,11, from a snake of length My, for per-
mutations of S»,_;. Later Horovitz and Etzion [9] improved on this result by constructing a
snake of length My, 11 = ((2n + 1)2n — 1) M5, _ for permutations of S»,+1, from a snake
of length M5, for permutations of Sy,—1. They also presented a direct construction aim-
ing at obtaining a snake in S2,41 of size w — 2n + 1. These researches on this topic
restrict the “push-to-the-top” operations only on odd indices, so a snake with this restriction
in S7;,42 is equivalent to a snake in S»,+1. Thus Horovitz and Etzion [9] proposed the open
problem to prove or disprove that the length of the longest snake in S»,+> is not longer than
the length of the longest snake in S»,,+1. Recently, Zhang and Ge [17] gave a rigorous proof
for the Horovitz-Etzion construction of a snake in S, of size w — 2n + 1. In this
paper, we prove that the length of the longest snake in S,,47 is longer than the length of the
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longest snake in S>,+1. Moreover, we also give a construction of a snake in Sy, of size
M, +1 + 1 from a snake in Sy, 11 of size M, 1. Therefore, we answer the problem proposed
by Horovitz and Etzion.

The rest of this paper is organized as follows. In Sect. 2 we define the basic concepts of the
Gray codes in the rank modulation scheme, such as the Kendall’s 7-metric, the “push-to-the-
top” operation and some useful notations required in this paper. In Sect. 3 we review some
properties of the Kendall’s t-metric, and present some properties of K-snakes. In Sect. 4
we propose a construction of a snake in S, from a snake in S>,41. In Sect. 5 we give
a rigorous proof of the problem posed by Horovitz and Etzion. In Sect. 6 we present two
examples of a snake in Sy,47 from one of the longest snakes in S2,41. Section 7 concludes
this paper.

2 Preliminaries

In this section we will use some notations and definitions mentioned in [3,9], and we also
give some new notations.

Let[n] betheset{1,2,...,n},andletr = [z (1), #(2), ..., w(n)] be a permutation over
[n]. Denote S, the set of all the permutations over [n]. For o, m € S,, their multiplication
7 oo is defined as the composition of o on 7, i.e., T oo (i) = o (7 (i)), foralli € [r]. Under
this multiplication operation, S, is a noncommutative group. Lete, £ [1,2,...,n],i.e., €, is
the identity permutation of S,,. And let 7 ~! be the inverse element of 7= € S),. Moreover, we
define an inversion as a pair (7 (i), 7 (j)) such that 7 (i) > 7 (j) and i < j, where & € S,.

Given a set S and a subset of transformations 7 C {f|f : S — S}, a Gray code over S of
size M, using transformations from 7, is a sequence C = (co, ¢1, ..., cpy—1) of M distinct
elements from S, called codewords. In this sequence, for each i € [M — 1] there exists one
f; € T such that ¢; = #;(c;—1). We define a transformation sequence of the Gray code C by
Tc, where T¢c = (f1, 1, ..., fy—1). Moreover, the Gray code is called cyclic if there exists
fy € T such that ¢g = fp;(cpr—1). Then the transformation sequence 7¢ of the cyclic Gray
code Cis (f1, 12, ..., tpi—1, tm).

In the rank modulation scheme for flash memories, S = S,, and the set of transformations
T, consists of the “push-to-the-top” operations in S,. Next, We define #; : S;, — S, by one
“push-to-the-top” operation on index i, for 2 < i < n, that is,

tilay, a2, ....,ai-1,0ai,ai41,...,a5] = laj,a1,a2, ..., ai—1,Git1, ..., ay].

For simplicity, a p-transition will be an abbreviation of a “push-to-the-top” operation. Then
T, ={tr,13,...,1,;}.

A sequence of p-transitions will be called a transition sequence. Then, an initial per-
mutation 7y in S, and a transition sequence fy, fy,, ..., ty, can determine a sequence of
permutations g, 7y, ..., in S, where ; = ty, (7wi—1), ty; € Ty, foralli € [I]. If m; = mo
and foreach 0 <i < j < [, m; # m;, then the sequence is a cyclic Gray code using the
“push-to-the-top” operations, denoted by C,,. Thus, the transition sequence 7¢, of the Gray
code Cy, is (ty, by, - - o5 by))e

Given a permutation 7 = [ (1), 7(2),...,7(n)] € §,, an adjacent transposition is an
exchange of two distinct adjacent elements 7w (i), 7(i + 1) inw, forevery 1 <i <n — 1.
Then, we obtain the transformed permutation [7 (1), 7 (2), ..., 7(i—1), 7 (i+1), 7 (@), 7 (i+
2), ..., m(n)]. The Kendall’s t-distance between two permutations 7, c € S, , denoted by
dk (m, 0), is the minimal number of adjacent transpositions required to obtain the permutation
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o from the permutation 7. Therefore, a snake-in-the-box code under the Kendall’s metric
is a cyclic Gray code C in which for each two distinct permutations 7,0 € C, we have
dk (m, o) > 2. Consequently, a snake-in-the-box code C can detect one Kendall’s error. We
will call the snake-in-the-box code a K-snake or a snake.

For convenience, we denote by an (n, M, K)-snake a K-snake in S, of size M. We let C;g
be an (n, M, K)-snake, where 7¢ is its transition sequence, and 7 is its first permutation.
For simplicity, we let Cgrg £ (mo, 71,72, .-, wy—1) and T¢ = (ty, Lyy, - - - » Lyy,) SUCh
that m; = t,(mr;—1) foralli € [M — 1] and ¢, (my—1) = 7mo. And we denote by |C§g|
the number of permutations in this permutation sequence, i.e., |C §2| = M. For a transition
sequence s = (f,, Ik, - - - » ;) and apermutation 7 € S,,, we denote by s (77) one permutation
obtained by applying the sequence of p-transitions s on s, that is, #, is applied on 7, #, is
applied on 1, (), and so on. Then we have s(7r) = 1, (t5,_, (- - -(t2(11 (7)) - +-)).

Yehezkeally and Schwartz [16] proved that if C is an (n, M, KC)-snake, then M < ”7'
In particular, when n = 3, they constructed the longest (3, 3, K)-snake. Moreover, when
n = 5, Horovitz and Etzion [9] obtained the longest (5, 57, K)-snake. These two results will
be ready for constructing some examples.

Based on the above definitions and notations, we will prove that the length of the longest
K-snake in S3,4 is longer than the length of the longest C-snake in Sy, 41, for all n > 1.
For convenience, we let Z, be the length of the longest /C-snake in S,,. Hence, we just need
to prove that Z>, 4> > Zy, 41, foralln > 1.

3 Kendall’s T-metric and /C-snake

In this section, we will give some properties of the Kendall’s t-metric and the K-snake. And
we will also present some lemmas, which will be used for proving the main result.

According to the definition of the Kendall’s t-distance, for any two permutations o, 7 €
Sn, we have the following expression for dg (o, ) [11],

dg(o.m)=|{G, )07 @) <o () ArTl @) = 27 ()Y )

Moreover, the Kendall’s T-metric is right invariant [4], that is, for every three permutations
o, 7, p €Sy, wehave dg (o, m) = dg (0 o p, o p). Dueto (1), we can obtain the following
lemma.

Lemma 1 For any two permutations o, w € Sy, suppose o(l) = n,m(k) = n, and let
or=[o),02),...c0—=D,ol+1),...,0m)], 7 =[w(),n?2),...,7k—1), w(k+
1), ..., (n)], then we have that o1, w1 € S,_1 and dg (o1, 1) < dg (o, 7).

Proof According to the definition of o1, 7y, then o1, 71 € S,,—1. Due to (1), we obtain that

di (o, ) =l{G, ) 1o ') <o ' () ArTl ) > 7 ()Y
=G, )o@ <o (AN >, 1<i, j<n—1)
G, o) <o AN > aTG), i=n o j=n)
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and
dg (o1, m) =[{G. ) o1 () <o G) AT THE) > 1T ()Y
=G, o7 D) <o (HAarT ) =T G) L <ij<n—1}].
Hence, we have dg (o1, m1) < dg (o, 7). O

A KC-snake is obtained by applying its transition sequence on its first permutation. Suppose
Ci}g is an (n, M, K)-snake with its first permutation mo, where 7c = (tx,, txy, - - - 5 Ly, ). If
we change its first permutation with the identity permutation €,, we can get a permutation
sequence C by applying 7¢ on €,. Then C is an (n, M, K)-snake, denoted by C;i‘c as stated
in the next two lemmas.

Lemma?2 Forany t; € T, and w,0 € S,,we have t;(wr) o 0 = t;(;w o o). Moreover,
for a transition sequence s = (ty, ty,, ..., ty) for all the ty, € T,,1 € [l], we also have
s(m)oo =s(mroo).

Proof Note in [9] that t;(;r) o 0 = t;(w o 0). According to the definition of s(;r) and
ti(m)oo =t;(woo),wehavethat s(r) oo = s(wr 0 0). ]

Lemma 3 Suppose Cg—g and C are defined as above, then Cisan (n, M, K)-snake, denoted
by CGT"C Moreover, if ng is one of the longest snakes in Sy, of size Z,, then C;’lc is also one

of the longest snakes in S, of size Z,,.

Proof For convenience, we let C;g = (mo, 71, ..., Ty—1) and ¢ = (7o, W1y v, TM—1)-
By Lemma 2, we have that r; = 7; omg forall 0 < i < M — 1. Since the Kendall’s 7-metric
is right invariant [4] and Cgrg is a snake, then Cisan (n, M, K)-snake. Consequently, if Ci}g
is one of the longest snakes in S, of size Z,,, then C?C is also one of the longest snakes in S,
of size Z,,. O

Since S, is a finite set of size n! and 7, is also a finite set of size n — 1, then the set
of all C-snakes in S, is a finite set. Hence, there must be some of the longest K-snakes. By
Lemma 3, there must be a C-snake in which its first permutation is the identity permutation
€,. Consider one of the longest K-snakes in S»,,41 with its first permutation €3,1, denoted
by C;gc”“. Then its transition sequence 7¢ must contain one p-transition #,41 as stated in
the next theorem.

Theorem 1 Suppose C;gc"“ is one of the longest snakes in Sy,+1 of size Zopy1, then its

transition sequence Tc must contain one p-transition ty, 1, for alln > 1.
To prove Theorem 1, we need the following lemma.
Lemmad Foralln > 1, Zyy41 > Zop.

Proof Firstly, consider that when n = 1, we will obtain that Z»,+1 > Z,. Whenn =1, we
have that Z3 = 3 and Z, = 0, then Z3 > Z,.

Since Zhang and Ge [17] gave a rigorous proof for Horovitz-Etzion construction of a
snake in Sy, 41 of size w —2n+1foralln > 2, we have that Zo, 1 > w —2n+1

for all n > 2. On the other hand, Yehezkeally and Schwartz [16] showed that Z,, < @ for

all n > 2. Therefore, Zy,41 > w —2n+1 > @ > 7o, forall n > 2. So, we have
that Zy,,41 > Zo, foralln > 1. O
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Next, we will prove Theorem 1 by using Lemma 4.

Proof Suppose the transition sequence 7¢ has no transition t,4+1, and we let C;?C”“ =

(w0, 7015 v oo T2y, —1) and T¢ ) (teys - - Lzy 1 ). Since 7wy = €xp41, then mp(2n + 1) =
2n + 1. Furthermore, since 7; = ty, (7r;—1) for all i € [Z2,41 — 1] and 7¢ has no transition
tnt+1,thenm;2n + 1) =2n + 1, for all i € [Z5,41 — 1]. If we delete the last same element

21+ 1, we can obtain a new snake C;zc" in S»,,. Then we have that Z,,, > IC?C" | = |C§3C”+1 | =
Zon+1, by Lemma 4, which causes a contradiction. Hence, 7¢ must contain at least one
p-transition 7,4 1. ]

Consider one of the longest IC-snakes in Sz,41 with its first permutation €3,41, whose
transition sequence contains fp,41. By Theorem 1, we will obtain that every element of
[2n + 1] must be transited to the top using one p-transition operation in this snake. This result
is stated in the next theorem.

Theorem 2 Suppose C;gc”“ is one of the longest snakes in Sy,11 of size Zrp+1, where

Tc = (tyy, oo Lz ), C;ZC"“ = (70, 1y ..., W7y, 1), and Ty = €2,41. And we denote
Te(C%”“) 2 (7 (xjt1) 10 < i < Zoyi1 — 1}. Then, we have that Te(C%”“) =[2n+1].

To prove Theorem 2, we first introduce some notations and establish some lemmas.
Let C%:” be a noncyclic Gray code in S,, where o is its first permutation, 7 is its last

permutation and 7¢ is its transition sequence. For convenience, we let |C;V’C”| = M,
o _ _ o,
CTC = (mo,m1,...,mpm—1) and T¢c = (tx, ..., Ix),_,). Moreover, let Te(CTC ) be a

set of elements which are transited to the top by using the p-transitions, defined by
TACET) = {mi(xis1) 10 < i < M —2}.

Lemma 5 Suppose C %Cé" is defined as above, where €, is the identity permutation in S,. If
o (1) = n, then Te(Cg—’CE”) O[n-—1]

Proof Since its first permutation is o with o (1) = n, then o has an inversion (n, i) for all
i € [n—1]. While its last permutation is €, with € (n) = n, then €, has no inversion (n, i) for
any i € [n—1]. Only applying one p-transition on some element i € [n — 1], the permutation
induced by the operation will has no inversion (n, i). Hence, T,(C ;’:”) 2 [n—1] O

In order to prove Theorem 2, we still need the following property of the noncyclic Gray
codes.

Lemma 6 Suppose C;’C” is defined as above, where o(1) = n. If n ¢ Te(Cg’Cﬂ), then
77l = |Te(C;’Cn)| + 1. Furthermore, when Te(CUT’C”) = [n — 1], we have 7~ (n) = n.

Proof Since n ¢ Te(Cg’Cﬂ), then the element n isn’t transited to the top all the time. For
any two permutations my, mx—1, where k € [M — 1], then we have that m; = 1, (7x—1)
and ;1 (xx) # n. Thus, 7x has no inversion (n, wx—1 (xx)) whether 7z has an inversion
(n, mx—1(xx)) or not. Hence, m has no inversion (n, i) for some i € [n — 1] if only if the
element i is transited to the top in one p-transition operation. Since ¢ has an inversion (n, i)
foreveryi € [n — 1] and Te(C%’Cﬂ) is a set of elements which are transited to the top, then
has no inversion (n, i) forany i € Te(C;’C”). Hence, 7' (n) = |T, (Cg—’cn)l + 1. Specially, if
T(CT") =[n — 1], then 7~ (n) = n. a]

Next, we will prove Theorem 2 by using the above lemmas.
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Proof By Theorem 1, 7¢ must have one p-transition ;1. We let Ix; be the first 5,+1. Since
Ix; is the first 5,1 and mp = €3,41, then rxy(2n+1) =2n+1forall0 < k < j — 1. Hence,
;1) = tx;(wj—)() = wj—1(x;) = wj—12n + 1) = 2n + 1. If 1, is the last transition,
then j = Zs,41 and mp(1) = Iy; (wj—1)(1) = 2n + 1, since my = €441, which causes a
contradiction. Therefore, 1 < j < Zp, 41 — 1.

Since C;gc"“ is a snake in S»,,41 with its first permutation €, 1, then there is a noncyclic

snake C ;’ Conl , 1.e., it is one part of this snake from the (j + 1)-th permutation to the first
C
). By Lemma

permutation. Hence, it is a noncyclic Gray code, where 7 o= (ty JIRPRU Zonr )"

€2n+1

5, since (1) = 2n + 1 and €, 11 is the last permutation of CA‘;’ , we have that
; C

7.(C7 %) 2 2nl. @)

By (2)and 7r;_1(x;) = 2n + 1, we have that Te(ngc"“) =[2n+1]. ]

4 Construction of a snake in S, from a snake in S2, 41

In this section, we will give a construction of a [C-snake in S»,4+2 from one of the longest
K-snakes in Sp,,4+1 for all n > 1. According to some properties of the IC-snakes, we can prove
that this construction is feasible.

Suppose C, 2”“ is one of the longest snakes in Sp,i, where |C62”“|

= Zot1.
T = (txys brys - - - txz2 ) and CEZ"+l (700, 71 - - ., 25,1 —1). Next, we will construct a
permutation sequence Cin Sont2 from C1 62"*' , where |C| = Zou4+1 + 2.

In order to construct C, we need some deﬁnitions and notations. Next, we define py :
Sy — S, by one “push-to-the-top” on element k, for 1 < k < n, that is

pilar,az, ... ai-1,k, a1, ..., an]) = [k, a1, a2, ..., ai—1, Ay, - - -, aAnd,s
for any [ay, a2, ....,ai—1,k,aiy1,...,a,] € S,. In particular, when k is the top element,
then pi(lk,aa, ..., a,]) = [k,as,...,a,]. Hence, an initial permutation og in S, and a
sequence py,, ..., Py, can determine a sequence of permutations oy, o7, ..., o7 in S,, where
0; = py,(0i—1), yi € [n]foralli e [I].
Consider Cf, 2”“ , we can obtain a sequence (py,, . . ., Pyzys: ), denoted by Pc, where y; =

i —1(x;) for all i € [Z2y+1]. Hence, Pc and 7q can generate C, 2"“ , Where m; = py, (i 1)
foralli € [Z2,41] and 7z,, | = mo. Here, we call Pc a generatmg sequence of CEZ”Jrl

In order to give one construction of C, firstly, we choose €2, to be the first permutation
of C. Let Ps be a generatlng sequence of C, and let 7 be a transition sequence of C.
), and
Pe £ (P$ys Py -+ Pz, 41 ), where 77y = €3,+2. Secondly, we propose one construction
of Pg in the following.

Wheni = 1, we let §1 = 2n + 2. Moreover, for2 <i < Zp,+1 + 1, we let y; = y;_1.

According to the construction of Px and 7o, we obtain 77y = py, (77x—1) for all k €

For convenience, we let C 2 (710,711,...,7r22”+1+1), T 2 (txl, FORI XZZ Lt

[Z2n+1 + 1]. Hence, we get a permutation sequence C with its first permutation €,,4> in
Son42, Where C = (7o, A1, ..., AZyyy s BZ5p4+1)- In the next section, we will prove that

R0 = R Zyp,14+1 = €2n42. For simplicity, we let C2+2 £ (7, 71, ..., fz,,,,). Next, we will
prove that C+2 is a K-snake in Sy, 42.
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Remark 1 When C+2 is a Gray code, then y; # 7;—1(1) for all i € [Zyy+1 + 1].
Hence, in this case, we can use C+2 and P to obtain the transition sequence T =
((Z TN tXZZnH“) where y; = 7;_1(x;) for allz € [Zayy41 + 1]

5 A rigorous proof of Z>,12 > Z2,+1

In this section we will prove that the length of the longest snake in S»,47 is longer than
the length of the longest snake in S»,4 for all n > 1. That is, we need to prove that
Zonta > Zop4 for all n > 1. Specially, assume that Ce+2 is a K-snake in Sont2, we will
obtain that Z, 12 > |é‘52"+2| = Z+1+ 1 > Zy,41. In order to prove that Zy, 2 > Zop+1,
we only need to prove that Cn+2 is a K-snake in S2n+2. To prove this result, we need the
following theorem.

Theorem 3 Let C2+2 and C%H] be defined as above. Suppose I = 7t~ Y@2n +2), for all
k € [Zong1 + 11. And let #7272 2 [7(1), .., 7l — D, 7kl + 1), o, 7 2n 4+ 2)]
forallk € [Zyy41 + 1]. Then, we have thalrr<2"+2> = mr_1 forallk € [Zy,41+ 1], where

7y, = 0. Moreover, we can obtain that io = 7 z,,,,+1 = €2a42 and C+2 is a Gray
code with Pp.

Proof From Pg and g, we have 711 = py, (7o) = [2n 42, 1,2, ..., 2n + 1]. Since 7y =

€n+1, then

A~ <2n+2
AT = . 3)

Firstly, we can obtain a fact that for any o € S>,42 and y € [2n + 1], then

py(0)<2”+2> _ Py(0'<2n+2>). (4)

Forall 1 <i < Zy,41, since y;+1 = y;, then $;41 € [2n + 1]. By (3) and (4), we have

A <2n+2>

2 — p&z (ﬁ,l)<2n+2>

A <2n+2>) —

= ps, (7 Py, (o) = 7. Q)

Similarly, we can obtain that ﬂk<2”+2> =m_ forall k € [Zy,41 + 1].

By Theorem 2, we have that Te(CQ”“) = [2n + 1]. According to the construction of Px,
we obtain that

Te(éﬁl,ﬁlzn+1+l) T (C€2n+1) — [zn 4 1] (6)
Since 71(1) = 2n 4+ 2, by Lemma 6 and (6), we have that 7z,, ,+1(2n 4 2) = 2n + 2.
Moreover, n?f’jﬁ T Zpns1 = 70 = €2n41. Hence, we obtain 7z, 41 = o = €242

Since C, 2”“ is a snake and 7 <2"+2> = mp—1 forall k € [Z2,41], we have that 7; # 7;

for two dlstmctl Jj €[ Zaps1]. Moreover we have n0<2"+2> = 7%1<2"+2>

7t; # 7t; for two distinct i, j € [Z2,41]U {0}. Hence, we obtain that Cen+2 g a Gray code
with P@- O

and 7o # 71, then

According to Remark 1 and Theorem 3, we know that Cen+2isa Gray code with 7. Next,
we prove the main result using Theorem 3.

Theorem 4 The length of the longest snake in S»y,7 is longer than the length of the longest
snake in Sop41, foralln > 1, ie., Zopyoa > Zop41-
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Proof By Lemma 3, there must be a snake C;zc”“ of size Zp,i1, where C;gc"“ =

(o, 71, ..., 25,,—1) and o = €zn41. By the construction of C?+2 and Theorem 3,
we know that C>+2 is a Gray code, where C"+2 = (779, 71, ..., Tz,,,,). Next, we will

prove that C2+2 is a snake in Sz,+2.

By Theorem (3), we have that

ﬁ,k<2n+2> = Ty (7)

for all k € [Z3,41]. According to Lemma 1 and (7), for any two distinct permutations
A, ;€ C+2,1 <, j < Zon41, We can obtain that

dK (7%1'; 7%]) > dK (ﬁ,i<2n+2>’ ﬁ,j<2n+2>)
=dg(mi—1,mj_1)
>2. 3)
Fori =0,2 < j < Z3,+1, we have that

A A _ A <2n+2> ~A<2n+2>
dg (70, 7j) = dk (€2n42. 7j) > dk (€2n+2 s )

=dg(en+1,Tj—1)
=dk (o, wj—1)
>2. 9
Wheni =0, j = 1, since n > 1, we have that
dig (o, 1) =2n+1> 2. (10)

By (8), (9) and (10), since Cent2isa Gray code in Sy;,42, then Ce2+2 is a KC-snake in Son42-
Hence, we have that
Zonta > |C 42
=Zot1 +1
> Zonyl.

So, the length of the longest snake in S»,+> is longer than the length of the longest snake in
Sopt1 foralln > 1. ]

6 Examples of a snake in S3,4> from one of the longest snakes in S>;+1
6.1 A snake in S4 from one of the longest snakes in S3

Yehezkeally and Schwartz [16] proposed one of the longest snakes in S3 of size 3, denoted by

C?c’ where C?C = ([1,2,3].[3, 1,2],[2, 3, 1]) and 7¢c = (3, 13, 13). Next, we construct a

snake C¢ in Sy from C?C in S3 using the above construction, where Cé = (7o, 71, T2, 73).

Let P, be a generating sequence of C¢, where Peey = (P35 P3y» Piss P3y)- BY C;?C, we

have that Pcé% = (p3, p2, p1). According to the construction of Pg, and 7o, we have that
C

Ppe, = (pa, p3, p2, p1) and 7o = €4. Then we obtain that 71y = pj, (77x—1) for all k € [3].

Therefore, we have C¢ = ([1,2,3,4],[4, 1,2, 31,3, 4, 1,2],[2, 3,4, 1]).
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113|2|5(3|2|4|3|1|5]3]|1[2]3|1[4|3[5]|2|1|5]|2|4|5]|2[3|5]|1[4|5|1|2|5|1|3|5[4|2|1|4|2[3|4|2|5|4|1|3|4|1|2[4|1[5]|4|3|2
2(1(3]|2|5(3|2]|4[3|1]|5]3[1]|2[3(1]|4|3[5]|2|1[5]|2]|4(5|2|3[5|1]|4|5[1]|2|5|1|3|5(4|2|1|4|2|3[4|2]|5|4[1|3[4[1]|2]|4[1|5]|4|3
3(2(1]3|2(5(3|2[4|3]|1|5(3]|1|2(3]|1]4[3]|5]|2[1]|5]|2(4|5]|2(3|5]|1|4[5]|1|2|5|1|3|5|4|2|1]|4|2(3|4|2|5(4|1|3[4]|1|2(4|1|5(4
414|4(1]|1(1|5]|5(2]|4(4]|4|5(5|5|2|2|1[4|3|3[3]|1|1]|1]|4[4|2|3|3|3[4]|4|4[2]|2[1|3|5|5]|5|1|1]|1[3]|3|2|5|5|5|3|3|3]|2[2|1]|5
5[5|5|4[4|4[1]1]|5(2]|2(2]|4|4(4|5|5]|2|1[4]|4]|4[3]|3[3]|1]|1[4|2|2|2]|3|3|3]|4[4]|2[1|3|3|3|5|5|5|1|1]|3|2|2]|2|5|5|5|3|3|2|1
. €

Fig.1 The (5, 57. K)-snake C7.

116(3[2[5]3]|2|4[3]1]|5]|3|1[2]|3]|1[4[3[5]|2|1[5]2]|4|5|2[3|5]|1|4[5[1]|2]|5|1|3|5]|4|2|1|4|2]|3[4|2|5]|4|1[3[4]|1|2|4[1|5]|4|3|2
2(116(3|2(5]|3|2|4|3|1[5|3|1|2|3[1]|4(3|5|2|1[5]|2(4|5(2|3[5|1|4|5[1]|2(5]|1|3|5[4|2|1|4|2|3|4|2|5(4|1[3]|4[1]|2(4|1[5]|4|3
3[2|1(6|3(2]|5(3]|2|4|3[1]|5|3|1|2(3|1|4|3|5|2[1]|5|2]|4|5|2(3|5[1]|4[5]|1[2]|5|1|3|5]|4|2|1|4|2|3|4|2|5|4[1|3[4|1|2]|4[1|5(4
4|3(2|1[6|6(6|5(5|2(4]|4[4]|5|5]|5|2|2[1|4|3|3|3|1|1|1]|4[4|2(3|3|3]|4[4]|4[2]|2[1|3[5]|5[5|1|1|1[3]|3|2|5|5|5|3|3|3|2|2[1|5
5(4(4]4|1|1(1{6|6]|5(2(2[2]|4|4[4|5|5]|2|1[4]|4|4|3(3[3|1]|1[4]2]|2]|2|3(3[3]|4|4[2[1]3]|3|3[5|5]|5|1|1[3|2]|2|2|5|5|5|3|3|2|1
6|5[5]5]|4]|4[4[1]|1]|6[6[6]6]|6|6[6|6]|6]|6|6[6]|6|6|6|6[|6]|6|6|6]6]|6|6|6[6]|6]|6|6[6[6]|6|6|6({6]|6|6|6|6({6]|6|6|6[6[6]|6|6|6[6]|6

Fig.2 The (6,58, K)-snake C€6

6.2 A snake in S¢ from one of the longest snakes in Ss

Horovitz and Etzion [9] gave one of the longest snakes in S5 of size 57, denoted by C;éc,
where C?C = (mo, 71, ..., 56). For convenience, we will give the permutation sequence
in Fig. 1, and its transition sequence 7¢ = (s, s, s) with a partial transition sequence s =
(t3 13, 15,13, 13, 15, 13, 15, 15, 13, 13, 15, 13, 13, 15, 13, 15, 15, 15). Next we can construct a snake
C* in Se from CT in S5 using the above construction, where Ce = = (7o, 71, ..., T57). Let
P be a generating sequence of C<, where Ppeg = (P§1s P5ys -+ > Pisg)-
By C7., we can obtain that P g = = (p3, P2, P5, P3, P2, P4: P3: P1, D5, P3, P1, P2, P3,

P1, P4, P3 Ps, P2, P1, P5, P2, P4, PS P2, P3, P5, P1, P4, P5, P1, P2, P5, P1, P3, P5, P4, P2,
P1, P4, P2, P3, P4s P2s P5, P4, P1s P3s P4, P1, P2, P4s P1s P5, P4, D3, P2 p1)-
According to the construction of P b6 and 7y, we have that 79 = €¢ and Preg =
(P6, PC€5 )
Tc

Then by Pp, and 7p, we can obtain Cé = (Ro, 71, ..., 757) in Fig. 2, where 13 =
P3 (J'Arkfl) for all k € [57].

7 Conclusions

Gray codes in S, under the Kendall’s T-metric using only “push-to-the-top” operations play
an important role in the framework of rank modulation scheme for flash memories. In this
paper, we proved the conjecture of Horovitz and Etzion that the length of the longest snake
in 2,47 is longer than the length of the longest snake in S>,. We also gave a construction of
a snake with size Zs,4+1 + 1 in Sp,42 from one of the longest snakes of Zo,+1 in Sz,41.
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