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Abstract In this paper, several nonexistence results on generalized bent functions f : Z5 —
Zy, are presented by using the knowledge on cyclotomic number fields and their imaginary
quadratic subfields.
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1 Introduction

Let m and n be positive integers, m > 2, Z,, = Z/mZ = {0,1,...,m — 1}. A mapping
f 1 Z5 — Z is called a Boolean function with n variables. The Fourier transform of the
function f is given by Wy : Z5 — R with

Wr(y) = D (=)t

n
X€Zy

Communicated by C. Mitchell.

B<d Haiying Liu
hyliumath@pku.edu.cn

Keqin Feng
kfeng @math.tsinghua.edu.cn

Rongquan Feng
fengrq @math.pku.edu.cn

School of Mathematical Sciences, Peking University, Beijing 100871, China
Department of Mathematical Sciences, Tsinghua University, Beijing 100084, China

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10623-016-0192-9&domain=pdf

648 H. Liu et al.

where x -y = D', xiyi € Z> and R is the field of real numbers. A Boolean function f
is called a bent function if |Wf(y)| = 2% holds for every y € Z5. Bent functions from
Z} to Zy are introduced and studied by Rothaus [7] in 1976. Kumar et al. [3] generalized
the notation in 1985 by considering the functions from Z}!, to Z,,, and in 2009 [8], Schmidt
studied another generalized bent function from Z4 to Z,,, especially m = 2" In this paper

we will deal with functions f : Z) — Z,,. For m = 2, this is the usual Boolean function.
2 /=1

Let &, = e  m € C, the Fourier transform of f is given by Wy : Z5 — Z[¢,,] € C with
Wiy = D (=D (yezs). (1)
xXeZj

The inverse Fourier transform is

X 1 Xy n
o = o 2EDTWho) (v ez, @

n
YEZ)

and from (1) we get

Z |Wf(y)|2 = Z Z (_1)(x+x/).y§_h/:(x),f(x,)

YEZ; YEZLy x,x' €L
— z {h);(x)*f(x ) Z (_1)(x+x )y
x,x' €z YEZ)
=2" > 1=2"
x€Zf

Therefore, the maximum value M = max{]Wf (y)| : y € Z} has lower bound 27 and
M =27 if and only if |W,(y)| = 22 forall y € Zj.

Definition 1 A function f : Z5 — Z, is called (m, n)-generalized bent function if
|Ws(y)| =27 forall y € Z&, (m, n)-GBF in short.

For m = 2, this is the (Boolean) bent function in [7]. It is well-known that there exist bent
functions f : Z5 — Zj if and only if n is even. For even numbers n, many constructions on
bent functions with n variables have been found. One of the simplest examples is Rothaus’s
bent function f(x) = x1x2 + x3x4 + - - - + x2,—1x2;, where n = 2¢t. Form = 4 and m = 8,
several constructions and existence results on GBFs have been found in [5,8-13]. Generalized
bent functions have been widely investigated since they are applied in many fields such as
communication theory, cryptography and closely related to coding theory and combinatorial
design theory.

The main aim of this paper is to present several nonexistence results on (m, n)-GBFs.
Firstly we collect existence results in Sect. 2 by using previous facts given in [10,11] and
some simple observations. Then we show nonexistence results in the last three sections.
In Sect. 3 we prove that there is no {p’, n}-type GBF for any n > 1 and any odd prime
power p! by using a result in [4]. In Sect. 4 and Sect. 5 we use the basic knowledge on
cyclotomic number field K = Q(¢,) to get some nonexistence results. The point is that,
for (m, n)-GBFs f, the values of Wy (y) belong to the ring Z[{,,]. We introduce some basic
facts at the beginning of Sect. 4. Then we get further nonexistence results on GBF in Sect. 4
for semiprimitive case and in Sect. 5 for other cases by field-descent method. We end with
conclusions in Sect. 6.
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Nonexistence of generalized bent functions from Zg to Zm 649

2 Existence results

Firstly, we collect previous existence results on (m, n)-GBF f : Zg — Zm Where n > 1,
m > 2.

Lemma 1 (1)([7]) There exists a (2, n)-GBF if and only if n is even.
(2)([10]) If both m and n are even numbers, then there exists an (m, n)-GBF.
(3)([12]) If there exists a (2, n + 1)-GBE then there exists a (4, n)-GBF.

Remark 1 (A) For the proof of (2), let m = 2I, n = 2¢, o be an arbitrary permutation on th
and g : Z’2 — Zy, be an arbitrary function. Consider the following function f = f(x, y) :
Z ® T =175 — L,

f,y) =g +lx-a(y) (x,y€Zb).

It is easy to see that f is a GBF.

(B) The conclusion (3) has been proved in [12] as a consequence of some more general
results. Here we give a direct simple proof.

Suppose that f = f(x,x") : Z5 @ Zr = Z;H — Zo(x € Z2, x' € 7Z») is a Boolean
bent function. Then for y € Z} and y’ € Zo,

£2F = Wey) = D (D
x€Zb,x' €l
= > ((nf 0y gl ) 3
xeZh
Fora,b € Zy = {0, 1} and y € Z7, let
Ny@by= > (D7,
xeZh

F0) =a, flv, )= b

then by (3) we get
40" — (Ny(0,0) + Ny(0, 1) = Ny(1,0) = Ny (1, 1))
+ (=1 (Ny(0,0) + Ny(1,0) = Ny(0, 1) = Ny(1, 1))..
Taking y’ = 0 and 1 we get

n+l1

2(Ny(0,0) — Ny(1, 1)) =2 (Ny(0, 1) = Ny(1,0)) = £277 . 4)
Now we define F : Z5 —> Z4 = {0, 1, 2, 3},
0, if f(x,0)= f(x,1)=0
Flx) = 1, if f(x,00=0, f(x,1) =1

2, if f(x,0) = f(x,1) =1
3, if f(x,0) =1, f(x,1) =0.

Then for each y € Z7,
Wr(y) = D (=" (@ =v=D)

xeZj
= Ny(0,0) + &Ny (0, 1) — Ny(1, 1) — &N, (1, 0)
= (Ny(0,0) = Ny(1, 1)) + &4 (Ny(0, 1) — Ny(1,0)) .
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By (4), we get

2 2
IWE(3)|* = (Ny(0,0) — Ny(1, D) + (Ny (0, 1) — Ny (1, 0))
— 2n—1 + 2n—1 —on
Therefore, F is a GBF.
(C) For even n > 2, there exist (4, n)-GBFs by Lemma 1(2). For odd n > 1, there exist

Boolean bent functions f : Zg“ —> 7 by Lemma 1(1). Thus there exist (4, n)-GBFs by
Lemma 1(3). Therefore, we have (4, n)-GBFs for any positive integer .

Next we show the following simple observation.

Lemma 2 (1) If there exist (m, n)-GBFs and (m, n')-GBFs, then there exist (m,n + n’)-
GBFs.

(2) Ifthere exists an (m, n)-GBE, then for any positive integer [ there exists an (Im, n)-GBF.
In other words, if there is no (m, n)-GBE, then there is no (m’, n)-GBF for any factor
m' > 2 of m.

Proof (1) Let f : Z§ — Zy, and f”: Zg/ — Zp, be GBFs. It is easy to see that
Foz 2, Fox) = f(x)+ f/(x) (x ezl x e Z’;’)

is a GBE.
(2) Given a GBF f : Z, — Zj,, consider the following well-defined function

F:Z) = Zim, F(x)=1f(x) (x€Zj).

Foreach y € Z7,

We(y) = D (=Dl =3 (=)™l = we).

x€eZh x€eZh
Therefore, F is a GBF if f is a GBF. |

From Lemma 1(1), Remark 1(C) and Lemma 2 we know that if both m and n are even or
4 | m, then there exists a (m, n)-GBF. The remaining cases are

Case (I) 2{m,or

Case (/1) 2fnandm =2 (mod 4).

No GBF has been constructed in the above cases by our knowledge so far. In the following
three sections we will show several nonexistence results for these cases.

3 Nonexistence results (I)

In this section we present a nonexistence result on GBF as a corollary to the following lemma,
which is a retelling of the main theorem in [4] given by Lam and Leung.

Lemma 3 [4] Letm = p‘fl . p¥s, where py, ..., ps are distinct prime numbers and a; > 1
(1 <i<s)LetS = {{,’;1 10 <i < m — 1}. Then for any integer n > 1, the equation
x|+ +x, =0has asolutionxj € S (1 < j <n)ifandonlyifn =nip; +---+ ngp;
has a non-negative integer solution (ny, .. ., ny).
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Nonexistence of generalized bent functions from Zg to Zm 651

Corollary 1 Let m = pfl - p& where p1, ..., ps are distinct odd prime numbers and
a>10<i<s).If

2" =nipr+---+nsps

has no non-negative integer solutions (ny, . .., ny), then there is no (m, n)-GBF.

Proof Suppose that f : Z5 — Z, is a GBF. Then |Wf(y)|2 = 2" for any y € Zj. By
inverse Fourier transform (2), for 0 # a € 7}, we have

PR 2% DD W=D S W) (— 1)

xeZh xe€Zb yers sz
l W(7) ' . V]
= 5w Z W)W ()(=D z(_l)x (+2)
y:2€Z; xeZl
! XTIy L, 1 5 '
=20 2 WrOWrmED™ = 2 30 W (=D
YeL; YEZy
= > ()" =0.
yeZ’z’

The left-hand side is a sum of 2" elements and each element is a power of ¢,,,. By Lemma 3,
the equation 2" = nyp; + - - - + ng ps has a non-negative integer solution (ny, ..., ng). This
completes the proof of Corollary 1. O

Corollary 2 There is no (m, n)-GBF provided one of the following conditions on m and n
is satisfied.

(1) m is an odd prime power and n is an arbitrary positive integer;

2 m=p{" - p3<pi<pr<---<pgand2" < p\ + p;

(3) m = p{'p5% p1 # pa ai, ax > 1, 2" = pipy — mipi — myps for some positive
integers my and my.

Proof This is a direct consequence of Corollary 1.

For (1), 2" = px has no solution x € Z since p is an odd prime;

For (2),if 2" = nyip; + -+ + ngps (n; > 0), then n; > 1 for at least two i. Therefore,
2" = p1+ p2;

For (3), if pips —mip1 —mapr = 2" = nip| + naps, then pip2 — p1 — p2 =
p1(ny+my—1)+ pa(n2+my—1) which contradicts to the well-known fact that py po — p1—p2
is the largest integer N such that N = p;x; + pax2 has no non-negative integer solution
(x1, x2). Therefore, 2" = n| p; + na p> has no non-negative integer solution (n1, n2). O

Example 1 By Corollary 2 it can be computed that there is no (74132, n)-GBF for all
aj,ar» >land1 <n <6.

4 Nonexistence results (II): semiprimitive case

In this and next sections we will consider the cases 2 t n and 2 t m or m = 2 (mod 4).

Firstly, we introduce some basic facts on cyclotomic number field Q(¢,,) where Q is the
field of rational numbers. We refer to books [2] and [14] for details. If m = 2 (mod 4), i.e.,
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t+1
2+ ol

m = 2t and 2 1 ¢, we have Q(&,,) = Q(¢&) since & = 921 and —¢&, = & = Czt;"l =%,
Therefore, we can only consider Q(¢,,) for odd m.

FACT(1). For the cyclotomic field K = Q(&,,) wherem > 3andm % 2 (mod 4), K/Qis
a Galois extension with degree [K : Q] = ¢(m), where ¢(m) is the Euler (totient) function.
The Galois group of K/Q is

Gal(K/Q) ={oa :a € 7},

where Z) = {1l <a <m —1: (a, m) = 1} is the multiplicative group of units in the ring
Zm, |Z},| = @(m), and the automorphism o, of K is defined by o,(¢m) = ¢5. We have
040p = 0ogp for a, b € Z},. Therefore, we have the following isomorphism of groups

7 = Gal(K/Q), a+> oq.

FACT(2). Let L be any (algebraic) number field which means L/Q is a finite extension.
An element @ € L is called an (algebraic) integer in L if there exists a monic polynomial
f(x) € Z[x] such that f(«) = 0. The set of all integers in L is a (commutative) ring, called
the ring of integers in L and denoted by &1 . For K = Q(¢,,) we have

Ok =2l =2 nZ & --- ® ™17,
Namely, each integer @ € Ok can be uniquely expressed as
a=ag+aiim+ -+ agm-165™M" (4 € 7).

We denote the group of units in €y, by Uy, and the group of roots of unity in &7 by Wp.
Then W C Uy, and for K = Q(&,) (2 1 m), Wk = ({om) = {{ém :0<i<2m—1}and
for o € Ok, we have @ € Wk if and only if |o ()| = 1 for each 0 € Gal(K /Q).

FACT(3). Let L be a number field. Any nonzero ideal A of &, can be uniquely (up to the
order) expressed as

A=P!... P&,
where Pi, ..., Py are distinct (nonzero) prime ideals of 67 anda; > 1 (1 <i < s).In
other words, the set S(L) of all nonzero ideals of & is a free multiplicative commutative
semigroup with a basis B(L), the set of all nonzero prime ideals of .. Such semigroup S(L)
can be extended to the commutative group / (L), called the group of fractional ideals of L.
Each element of / (L), called a fractional ideal, has the form AB~! where A, B are ideals of
Op.Foreach o € L* = L\{0}, a0 is a fractional ideal, called a principal fractional ideal.
And we have (¢01)(BCOL) = a0 and («0p)~! = a~1 0} . Therefore, the set P(L) of all
principal fractional ideals is a subgroup of 7 (L).

FACT(4). The group C(L) = % is finite and called the (ideal) class group of L. |C(L)|
is called the class number of L, denoted by #(L). An element [A] of C(L) is called the ideal
class of a fractional ideal A. Therefore, [A]") = 1 for any ideal class [A] in C(L).

FACT(S). Let K = Q(gp) where 2 t m > 3, and G = Gal(K/Q) = {0, : a € Z},}.
Let H = (02) be the cyclic subgroup of G generated by o> and M be the subfield of K
corresponding to H by Galois Theory. Namely, for « € K, we have « € M if and only if
o2(a) = o. H and M are called the decomposition group and decomposition field of 2 in K,
respectively. We have

KM= H =, 01 =16 H] = 2% =g,
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where [K : M] = dimy K, the dimension of K as a vector space over M, [G : H] = |G/H|.
Andr = ordy(m), the order of 2 in Z,,. That is, r is the least positive integer such that 2" =
(mod m).

20y is an ideal of &'y; and

20 =p1p2- - Pg,

where p; are distinct prime ideals of ). Foreach 1 < i < g, p;Ox = P; is a prime ideal
of Ok . Therefore, we have the decomposition of 2 in Ok as

20K = PiPy--- Py,

where Py, ..., Pg are distinct prime ideals of Ok. From p; € ) we know that 05 (P;) =
02(piOk) = 02(pi) Ok =piOg = P (1 <i <g).

FACT(6). (decomposition law in imaginary quadratic fields) Let d = pj --- ps where
Pl, ..., ps are distinct odd prime numbers, s > 1, K = Q(v/—d). Then

(D). 0k ={A+ B/—d: A, BeZ),ifd=1 (mod 4);

Ok = {%(A +BJ/—d):A, BeZ, A=B (mod 2)},ifd =3 (mod 4);

D).

P2, _ifd=1 (mod4)
20k = PP,P#P, ifd=7 (mod8)
P, ifd=3 (mod 8);
(I1ID). For any odd prime number p,
P2, if pld
pox = | PP.P#P, if ptdand (*7”’) =1
3 if ptdand (%’):—1,

where P denotes a prime ideal of O, P = {@ : « € P} and _?f‘!) is the Legendre symbol.
After above preparations, we can prove the following result.

Theorem 1 Let m and n be odd positive integers. Assume that the following semiprimitive

condition is satisfied.
There exists a positive integer | such that

2l=—1 (mod m). &)
Then there is no (m, n)-GBF and (2m, n)-GBF for any odd integer n > 1.

Proof For any odd integer n > 1, if there is no (2m, n)-GBF, then by Lemma 2(2) there is
no (m, n)-GBF. So we only need to show that there is no (2m, n)-GBF.

Suppose that there exists a GBF f : Z5 — Zyy, thena = Wy (0) = erZ'z’ ;-szgx) € Ok
where K = Q({2m) = Q(¢m), Ok = Z[¢n] by FACT(2). And aa = |Wf(0) 2 = 2" since

f is a GBE. Let [ be the least positive integer satisfying (5). Then r = ord(m) = 21 and, by
FACT(5), we have

20Kk =Py Py, g = <P(m)7
r
where P; are distinct prime ideals of Ok, and
2"0kg = (P Py)". (6)
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On the other hand, from « | @ = 2", where « is the complex conjugate number of o, we
have

alg = P - Pg* (a; > 0).

By FACT(5), we know that 02(P;) = P;, sothat o_1(P;) = ou(P;)) = P; (1 <i < g).
Therefore,

o_1(@) 0k = o_1(P)™ -+ 0_1(Pg)% = P/" - P = a0k,

Buta = 3% 7" 4;z), (a; € Z) by FACT(2), s0 we get

o(m)~1 '
o= > a,") =a
i=0
Therefore,
2aq

@@ 0k = (@0k)(o-1(@)0k) = P - P, )

From uniqueness of the decompositions (6) and (7) of e = 2", we have 2a; = n which
contradicts to 2 t n. Therefore, there is no (2m, n)-GBF for any odd integer n > 1. This
completes the proof of Theorem 1. O

At the beginning of the paper [1], the author presented an explicit description on odd
integers m > 3 satisfying the semiprimitive condition (5) (for m = 1, this condition is true
automatically). For each nonzero integer d, let d = 2'd’ where t > 0 and 2 1 d’. We denote
t by Va(d). For easy displaying, we let d; := orda(p;) in the following.

Lemma4 [1] Letm = p‘f] - p&s (s > 1) where p; are distinct odd prime numbers. Then
there exists | > 1 such that 2" = —1 (mod m) if and only if V»(d;) > 1 is independent of i.

pi —1
Now we determine V5 (d;). If p; =7 (mod 8), then 217 = (1%) =1 (mod p;). Since

i—1
24 22l and d; | 251, we know that Va(d;) = 0. 1f p; = 3 (mod 8), then 2”7~ =

(%) = —1 (mod p;). Therefore, d; = 2a, where a | ”"T_l. Since piT_l is odd, a is odd

Pi
’J"T_l = 2b,2 tb. Thus d; = 4b', b’ | b, so that Vo(d;) = Vo(4) = 2. At last, for p; = 1
(mod 8), Table 1 below shows that V,(d;) can be different integers.
For odd m = pf‘ ... p¥, by Theorem 1 and Lemma 4 we know that if V>(d;) > 1 is
independent of i, then there is no (m, n)-GBF and (2m, n)-GBF for any odd integer n > 1.
Therefore, we get the following result.

and Vo(di) = Va(2) = 1. 1f p; = 5 (mod 8), then 27" = (l) = —1 (mod p;) and

Corollary 3 Let m = pi” -+ p§* where p; are distinct odd prime numbers and a; > 1.
Then there is no (m, n)-GBF and (2m, n)-GBF for all odd integers n > 1 provided one of
the following conditions is satisfied.

Table 1 The values of V5 (d;) for prime numbers p; = 1 (mod 8)

pi=1(mod8) 17 41 73 89 97 113 137 193 257 1553 1777 65,537

d; 8 20 9 11 48 28 68 9 16 194 74 32
Va(d;) 3 20 0o 3 2 2 5 4 1 1 5
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(I): Foreach1 <i <s, p; =3 (mod 8), or p; =1 (mod 8) with V2(d;) = 1;
(II): Foreach1 <i <s, p; =5 (mod 8), or p; =1 (mod 8) with V(d;) = 2;
(III): Foreach1 <i <s, pi =1 (mod 8) and V»(d;) > 3 is independent of i.

Remark 2 At the end of this section we explain the meaning of the semiprimitive condition
(5). Let K = Q(&m), 2 1 m, and M be the decomposition field of 2 in K. The decomposition
group of 2 is the subgroup (02) of G = Gal(K/Q) = {0, : a € Z},}. Then there exists / > 1
such that 2! = —1 (mod m) < o_;(= cré) € (o) & foreacha € M, a(= o_1(a)) =
a&s MCR

Namely, the semiprimitive condition (5) is equivalent to M is a real number field. In the
next section, we will show several new nonexistence results on GBF for the field M is not real.

5 Nonexistence results (III): field-descent

In this section we use the field-descent method given in [1] to show some nonexistence results
on (m, n)-GBFs for odd integers n > 1. The method is based on the following result.

Lemmas$s [/] Let K = Q(&y) and M be the decomposition field of 2 in K. Ifzhefe exists
o € Ok such that a@ = 2", then there is B € Ok such that 2 € Oy and BB = 2".
Moreover, if [K : M) is odd, then B € Oy.

From Corollary 3 we know that for an odd prime number p, there is no (2p’, n)-GBF
for any / > 1 and odd numbers n > 1 if p = 3,5 (mod 8), or p = 1 (mod 8) and
Va(orda(p)) > 1. For the remaining (non-semiprimitive) case p = 7 (mod 8), we have the
following result.

Theorem 2 Let m = p', wherel > 1 and p = 7 (mod 8) be a prime number. Let s = %,

where g is defined as before and ). be the least positive odd integer such that x*> + py? = 2212

has a solution (x, y), x, y € Z. Thenthereisno (2p', n)-GBF for any odd integer1 < n < %

Proof Suppose there exists a (2p', n)-GBF f, then a = Ws(0) € Ok (K = Q(,1)) and
aa = 2". By Lemma 5, there exists 8 € Ok such that ,82 € Oy and ﬂﬁ = 2" where M is
the decomposition field of 2 in K. Since (%) =1,[K : M] = ris odd. Therefore, 8 € Oy
and [M : Q] = g = 2s, where s is odd since ¢(p') = (p—1)p'~! = 2 (mod 4). The Galois
group G = Gal(K /Q) is isomorphic to the cyclic group Z;l. By Galois theory, there exists
an unique quadratic field 7,Q C T € M, [T : Q] =2 and [M : T] = s. It is well known
that T is the imaginary quadratic field Q(\/—p) (one of the ways for proving this fact is by
] 21

the quadratic Gauss sum >/, (’;);;, = /=p.,sothat y=p € Q(¢p) € Q(¢n) = K and
T = QW/=p)).

K:Q(Cm) (1)
r| |
M (02)
T=Q(v=p)
2
Q G
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656 H. Liu et al.

Table 2 The values of s and A
for prime numbers p =7
(mod 8)

p 7 23 31 47 71 79 103 127 151 191 199

s 1 1 3 1 1 1 1 9 5 1
nry 1.3 3 S5 7 5 5 5 7 13
A 13 3 5 7 5 5 5 7 13 9

Let Nyyr : M —> T be the norm mapping and y = Nyy7(B) € Or, then yy =
Nym/r(B)Nm/r(B) = Ny (BB) = Nyyr(2") = 2™ where ns is odd. By FACT(6) in
Sect. 4, y € Or can be expressed as y = %(A + B/—p) where A, B € Z, A = B
(mod 2). Therefore, 2" = yy = %(A2 + pB?). By the definition of A and 2 t ns we get
ns > A. Therefore, there is no (2 pl, n)-GBFif2{nandn < % This completes the proof of

Theorem 2. ’ ]

Remark 3 (A). Let p be an odd prime number. For any / > 1, we denote r; = ord>r(p')
!
and g7 = 2D s easy to see that if 2P~! = 1 (mod p?), then r; = p'~'ry, so that
!

r

g = ‘p(r’]’) = % = gy forall [ > 2. Tt is known that 27~ = 1 (mod p?) for all odd
prime numbers p < 6 - 10° except p = 1093 and 3511. Thus it is enough to compute g; for
such p.

(B). The definition of X is elementary. Now we prove the existence of A and explain its
meaning from an algebraic number theory point of view. Since A is the least odd integer such
that x2 + py2 = 2**+2 has a solution (x,y)=(A,B) € 72, we know that both A and B are
odd, so that § = %(A + B/—=p) € Or and 88 = 2*. From p =7 (mod 8) we know that
207 = PP where P and P = o_;(P) are distinct prime ideals of &7 (FACT(6) in Sect.
4). Let [ P] be the ideal class of P in the class group C(T). We have 1 = [207] = [P][P],
so that [P] = [P]™!. From 8§ &y = 2* ¢y = P* P* and the minimum property of A we get
80r = P* or P* and A is the order of [ P] in C(T). Therefore, Mh(T) (the class number of
T). By Gauss’s genus theory, h(T) is odd for T = Q(,/—p) and p = 7 (mod 8). On the
other hand, we have 2**2 = A2 4+ pB2 > p which implies that A > %22 — 2 In particular,

log2
we have A > 3if p =7 (mod 8) and p > 23. And A = h(T) ifh(T)Ois a prime number.

Example 2 There are 11 primes satisfying p = 7 (mod 8) within 200. Table 2 presents the
values of s, 2(T) and A for T = Q(/=p).

For p = 47,79 and 103, we have s = 1 and A = 5. By Theorem 2, there is no (2 - pl, 1)-
GBF and (2 - p', 3)-GBF for all / > 1. For p = 199, we have s = 1 and A = 9. There is no
2- 199, n)-GBF forn =1,3,5,7 and all/ > 1. Similarly, there is no (2 - 191/, n)-GBF for
n=1,3,5709,11andalll > 1.

The following two corollaries are direct consequences of Theorem 2 and Remark 3.
Corollary 4 Suppose that p = 7 (mod 8) is a prime number, 2P~" % 1 (mod p?), and
ordr(p) = pT_l Then there is no (2p[, n)-GBF for alll > 1 and 2 { n < A where A is
defined in Theorem 2.

Corollary 5 Suppose that p =7 (mod 8) is a prime number, p > 23,2P~1 2 1 (mod p?)
and the ideal class number h(T) of T = Q(/—p) is a prime number. Then there is no
(2p[, n)-GBF foralll > 1and2tn < @ where s = "’2—1.
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From now on we assume m = p?l pgz where pj, p» are distinct odd prime numbers,
ai, ay = 1. Letr’ = ordy(p{"), r"" = orda(p3?), then r = ordy(m) = lem{r’, r'"}. Let
My, M, and M be the decomposition fields of 2 in K| = Q(é‘ al) K, = Q({ az) and

K = Q(zw) = K1 Ky, respectively. Then g1 = [M; : Q] = 221 ¢y = [M, : Q] = 22"

a1 a2
and g = [M : Q] = £ = YOS _ e0D o) ooy, 1) = grgy - ged(r, 1),

Theorem 3 Suppose p1 =7 (mod 8), p» = 3,5 (mod 8) and m = pl p22 (aj,a2 = 1).
Then g = 2s and s is odd, where g is defined as above. Let A1 > 1 be the least odd integer
such that x> + p1y*> = 2"%2 has a solution (x,y), x, y € Z. Let Ay > 1 be the least
odd integer such that x> + p1y* = 2*2%2py has a solution (x,y), x, y € Z. (If there is
no solution (x,y) € Z? of x> + p1y> = 2*22p, for any odd ry > 1, we assume that
Ay = 4+00). Let A = min{Ay, Ap}. Then there is no (m, n)-GBF and (2m, n)-GBF provided
one of the following conditions is satisfied.

(D).24n < % and (;—’;1) =—1;
A —_
().2tn < % and (%) =1

Proof Firstly, we consider the case p; =7 (mod 8) and p» =3 (mod 8). We know that

1 -1 4
r’is odd and ' | X4 (p1') = p12 Py !

1
" =2b, bisoddandb | 5% (p3?) =

Therefore, g1 = w(f)l) =2 (mod 4), g, = (p(fz isodd, and g = g1g2 - ged{r', r"} = 2s,
2 { 5. The imaginary quadratic field 7 = Q(,/—p1) is a subfield of K. Since M N K; =
M; (i =1,2)and [M; : Q] = gy iseven, [M; : Q] = grisodd, weknowthat T € M| C M,
/—p2 ¢ M. Therefore, L = M(\/—py) is a quadratic extension of M in K. Moreover, since
Gal(K /M) is the cyclic group generated by o, and [K : M] = “’(;,") is even, we know that
L is the unique quadratic extension of M in K.

K= Q(gm)
K = @(Cpfln) K Q(CPZZ)
L=M(y"F)
, 2 7!
My 1gi g Mo
T=Q/=p &2
2

Suppose that there exists a (2m, n)-GBF, 2 { n > 1. Then we have « € O such that
a@ = 2". By Lemma 5, there is a 8 € ¢ such that B2 € &) and BB = 2". Since
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{1, \/—p2} is a basis for extension L/M, we have 8 = A + B/—p2, A, B € M. By
B2 = A% — pyB> + 2AB/—=p; € Oy and J—p; ¢ M we get AB = 0. Therefore,
B=Ael0rNM=0yorB=B/—prely.

Iff=A¢€ Oy, theny = Nyyr(B) € Or where Nyyr(B) = HoeGaim/T)0 (B) 18
the norm mapping from M to T (and also from &)y to O7). We have yy = Ny 7(BB) =
Ny (2") = 2™ where s = % = [M : T]. By FACT(6) in Sect. 4, y = %(x + y/—p1)
where x, y € Z. Then x> + p1y? = 4yy = 22 From 2 { ns and the definition of A; we
getns > Aj.

If g = B/—p2 € O and B € M,considertheelementy = Hoecal(L/T)/Gal(L/M)a(ﬁ)
= [loccaiyr) ©B) - Noccaiwry/Garw/my W —=p2) = Nyuyr(B) - (£4/=p2)° where

s+l
Nuyr(B) € T.Let§ = Nyyr(B)p,” € TN 0L = Or. Then § = O+ y/=pn),
x,y € Zand x> 4+ p1y? = 485 = 4NM/T(BB)p§Jrl = 4yypr = 212 p,. Therefore,
p2txyand x2 = —p1y? (mod py). So (_p—’;‘) = 1. This means that if (_p—’;‘) = —1 then
B = B./—p; is impossible. If (_p—‘;‘) =1, from x2 4 p1y*> = 2"5%2 p, and the definition of
A2 we getns > Ap.

In summary, if there is a (2m, n)-GBF with odd n, then n > )‘S—‘ when (_TI;I) = —1 and
n > min{’\s—‘, %} = % when _p—’;' = 1. This completes the proof of Theorem 3 for the

case p; =7 (mod 8) and pp =3 (mod 8).
Now we consider the case p; = 7 (mod 8) and pp =5 (mod 8). In this case,

1
r’is odd and r' | 14 (r{').
1
r” =4b, bisodd and b | 4 (p5?) .

ajl a
Therefore, g| = ‘p(’:} ) =2 (mod 4), g, = ‘p(f,? ) is odd, and g = g1 g2 - ged{r’, r"} = 2s,

2 t 5. Then we have the same field extension diagram as the one in the case (p1, p2) = (7, 3)
(mod 8) except L = M (,/p2) for pp =5 (mod 8). The conclusion can be derived by the
similar argument. This completes the proof of Theorem 3. O

Rel_nark 4 We have seen the existence of A1 in Remark (B) of Theorem 2. Namely, 207 =
PP and X is the order of the ideal class [P] in the class group C(T). In particular, A |
h(T) = |C(T)|. By Gauss’s genus theory, #(T") is odd, and so is Aj.

Now we give a method to determine the value of A in the case p; =7 (mod 8), p» =3, 5
(mod 8) and (_p—il) = 1. By definition, Ay = 400 if the equation x> + p;y> = 2/*2p, has
no solution (x, y) € 72 for any odd integer [ > 1. Otherwise A, is the least odd integer such
that x2 + p1y2 = 2222, has a solution (x, y) € Z2. We claim that if A» # 400, then
A < Ar.Sothat A = min{iy, A2} = Ao

Suppose that 1, # o0, then x? 4+ p;y? = 2*2%2 p; has a solution (x, y) = (A, B) € Z>.
From the minimal property of A, we know that 2+ AB, and so 7 = %(A + B./—p1) € Or.
Therefore,

(Or)TOr) = 2" pr)Or = (PPY200.

The last equation is because of 207 = PP and 20T = QQ.
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Again, from the minimal property of 1, we get
nor = (PY2Q', P'e (P, P}, Q'€ (0, 0).

Therefore, [P'*2[Q'] = 1. Namely, [Q’] belongs to the cyclic group of order A generated
by [P]. On the other hand, suppose that [P']'[Q'] = 1 for some [,0 <[ < A; — 1. If [ is
odd, then Ay = < A; — 1. If [ is even, then [P/ ~/[Q'] = ([P')'[Q'])"! = I so that
M=Ai—1 <A

In summary, if the equation x> + p1y> = 2/*2p; has no solution (x, y) € Z? for [ =
0,1,..., A1 — 1, then > = +00 and A = Aj. Otherwise, there exists an unique odd / such
that 1 <7 < A and x2 + p1y? = 2!*2p, has a solution (x, y) € Z2. Then A, = < A; and
A =min{iy, 2} = Ap.

Example 3 Consider m = p{' p5* where p; = 199 =7 (mod 8). By Table 2 we know that

a1
g1=2r" =% = 991994~  and 3y = 9.

(1) For p2 = 59=3 (mOd 8), r’ = 2b, b=29. 59“2_1, g = 1. Thus g =818 -
ged{r',r") = 2and s = § = 1. Since (1) = (=%2) = —1. By Theorem 3 we get
that there is no (1994t . 5992 n)-GBF and (2 - 1994 . 592 »)-GBF for a;, a» > 1 and
n=1,3,5"7.

(2). For p» = 101 = 5 (mod 8), r” = 4b, b = 25- 101271 g, = 1. Thus g =
8182 - ged{r',r"} =2 and s = § = 1. Since (_p—’;‘ = (%) = —1, by Theorem 3 we

get that there is no (199! - 10192, n)-GBF and (2 - 199%! - 10192, n)-GBF for a;, a > 1 and
n=1,3,57.

(3). For pp = 5, ¢" = 4b, b = 5271 go = 1. Thus g = gig - ged{r', 1"} = 2
ands = § = 1. From 117 + 199 - 17 = 320 = 2% -5 we get A, = 9 — 4 = 5 (in fact,

212419912 =27 .5)and A = A, = 5. Since (’p—’;l) = (%99) =1, by Theorem 3 we get

that there is no (19941 . 5“2 n)-GBF and (2-199% . 5% n)-GBF fora;,ap > landn =1, 3.

Theorem 4 Suppose that p; =3 (mod 8), po =5 (mod 8) andm = p{' p5* (a1, az > 1).
Then g = 2s and s is odd. Let % > 1 be the least odd integer such that pyx* + pyy? = 212
has a solution (x,y), x, y € Z. Then there is no (m,n)-GBF and (2m, n)-GBF provided n
is odd and one of the following conditions is satisfied.

@. (%) =1;or
(I, (%) = _landn <

“ >

Proof We have

(ri")
/
a

I’//:4b, ZJ[b, gzz(p(pZ)

r//

¥ =2a,2ta, g1 = i is odd,

is odd.

Therefore, g = g1g2 - ged{r',¥"} = 2g1g> - gcd{a, b} = 25, 2 1 s. From 2 } g1 g» we know
that neither Q(,/— p1) nor Q(,/p2) are subfields of M. Therefore, o2 (y/—p1) = —./p1 and

02(/P2) = —/p2,sothato2(/—p1p2) = /—p1p2 whichmeans T = Q(/—p1 p2) is the
quadratic subfield of M and the quadratic extension of M is L = M (\/p2) (= M(\/—p1)).
Thus we have the field extension diagram as following.
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K:Q(CM)
/ \
K= Q) K= 0()
L= M
/M\

T Q(/=rip2

‘ &2

Suppose that there exists a (2m, n)-GBF and 2 { n > 1. Then we have @ € & such
that o2 € Oy and @ = 2". Fromoa = A + B./p> (A, B € M) and o? = A2+ p232 +
2AB./ps € Oy we know that AB = 0. Therefore,a_: AeMNOL =0pyora =B, /p>.
Ifa=Ac¢€ ﬁM, then ﬂ = NM/T(Ol) € ﬁT and ﬂﬂ = NM/T(OZ&) = NM/T(Z") = 2",
By B = %(x +yJ/=p1p2). X, y € Z, we have x + p1pry* = 2"+2_ So that x? = 2"5+2
(mod p1) and then (%) = 1| since 2 t ns. But (%) = —1 since p; = 3 (mod 8). We get
a contradiction. Therefore,« = B./p> € 0, B € M. Let

y = I1 o (@) = Nuyr(B)(E(/p2") € 01,

o€Gal(L/T)/Gal(L/M)

s+1

where Nyyr(B) € T.Thené = Nyyr(B)p,” =y /p2€ 0L NT = Or and
88 = Nuyr(BB)py*' = yy7p2 = (H(a&))pz =2"p).
o

By § = 3(x + yJ/=p1p2). X, y € Z we get x> + p1 poy? = 2"+2 py, which implies x> =
2552, (mod py). Thus 1 = (2£2) = — (£2),and palx. Sothat pa()>+ p1y? = 27542,
By the definition of A we get ns > A.

In summary, there is no (1, n)-GBF and (2m, n)-GBFif2 { n and (%) —lor2fn<?

N

and (%) = —1. This completes the proof of Theorem 4. O

Remark 5 We explain the existence of A in the case p; =3 (mod 8), p» =5 (mod 8) and

(%) = —1. By definition, A is the least odd integer such that X2+ pipay? =2*"2prhasa

solution (x, y) € Z>. By FACT(6) in Sect. 4, we have the decompositionin T = Q(/=p1 p2).
p2Or = Q%and 267 = PP since —p p» = 1 (mod 8). We know that O = (p, =pip2)
is not a principal (prime) ideal in 7 and [Q]2 = [(p207)] = 1. Thus the order of [Q] is
two. We also know that 4 (T) = 2k, 2 { k ([6], Propositions 3 and 4). Let d be the order of
[P], then x? + py pay? = 29%2 has a solution (x, y) € Z*. Thus x> = 2¢%2 (mod p), so

2 d+2
that 1 = (E) = (—1)4*2, which implies that 2 | d and d = 2e. Since d | h(T) = 2k
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we get e | k. Therefore, e is odd. Thus both [ P¢] and [ Q] are elements of order two. Since
the size of the class group C(T) is h(T) = 2 (mod 4) and then it has unique element of
order two, we get [P¢] = [Q]. Therefore, [P¢Q] = 1. Namely, P¢Q is a principal ideal
aOr, where @ = 3(x + y/=p1p2), (@@)0r = (PP)*QQ = (2°p2)Or. Therefore,
X2+ pipay? =2¢12p,y 2 t e. From the minimal property of A we get that A is just e, the
half of the order of [ P].

Example 4 Let m = p{' p5* (a1, ay > 1) where pj = 19 =3 (mod 8), p =29 =5

(mod 8), then (22) = (33) = =1,/ = 1819971, gy = 1,7 = 2829271, g5 = |

and so g = g1g2 - ged{r’, r""} = 2,5 = § = 1. The equation 19x? +29y? = 2/*2 has no
solution (x,y) € Z* forl = 1,3,5,7,9 and 11, but 2'3+2 = 32768 = 19 - 212 + 29 . 292,
We get A = 13 and , by Theorem 4, there is no (1941292, n)-GBF and (2 - 19412992, n)-GBF
and forany aj,ap > landn =1,3,5,7,9, 11.

6 Conclusion

In this paper we deal with the existence problem of generalized bent function f : Zj — Z,
, called a (m, n)-GBF. In Sect. 2 we proved that there is a (m, n)-GBF if 2 | ged{m, n} or
4 | m. For the remaining cases we presented a series of nonexistence results in Sects. 3-5
including the following results.

There is no (m, n)-GBF for any odd integer n > 1 if one of the following conditions on
m is satisfied (p, pi, ..., ps denote odd prime numbers, a, ay, ..., as; > 1).

(A). m = p? (Corollary 2);

B).m =2p% p=3,5 (mod 8),or p=1 (mod 8) and ord,(p) is even (Corollary 3);

(©).m =2p" p%, p1 =3 (mod 8), py =5 (mod 8) and (%) — 1 (Theorem 4);

(D).m =2p{' p5* - p{*. p1, ..., psaredistinctand p; = py = ... = p; =3 (mod 8),
orpj=pr=...=ps =5 (mod 8) (Corollary 2);

In Sect. 4, the decomposition field M of 2 in K = Q(¢,,) is real. For all cases in Sect.
5,[M,Q] = 25,215 and M contains an imaginary quadratic subfield 7. The nonexistence
results are derived by using field-descent method from K to M (Lemma 5), then from M
to T by norm mapping, and by using some knowledge on the decomposition law of prime
numbers in O and the structure of the class group of 7. Next step we may consider the case
that [M, Q] = 4s, 2 1 s and M contains an imaginary quadratic subfield 7. In this case we
would use specific knowledge on integral basis of &7, the decomposition law in &7 and the
structure of the class group of 7. The derived conditions on nonexistence of GBF would be
more complicated if the Galois group G(7/Q) is cyclic.
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