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Abstract Let p be an odd prime, and m, k and d be positive integers such that2 < k <
and ged(m, d) = 1.7 is a primitive element of the finite field F,». The weight enumerator

m+1
2

of cyclic codes over F), whose duals have 2k zeros 7= 4D/2 ang —n’(”jd“)/z(j =
0,1,...,k— 1) is determined in the present paper. The weight enumerator of cyclic codes
over F), whose duals have 2k — 1 zeros g @D =D /2 ang —n’(l’jd“)/z(j =
0,1,...,k —2) is also determined when 2 ¢ m holds.
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1 Introduction

Recall that an [n, [, d] linear code C over the finite field IF, is a linear subspace of IF; with
dimension / and minimum Hamming distance d, where p is a prime. Let A; denote by the
number of codewords in C with Hamming weight i in a code C of length n, the weight
enumerator of C is defined by

L+ Ajz+ Ay + -+ A"

The sequence (1, A1, Az, ..., A,) is called the weight distribution of the code C, which is a
very important parameter of the code. For instance, the error correcting capability of a code
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is closely related to its weight distribution. In addition, the weight distribution of a code also
allows the computation of the error probability of error detection and correction. Thus, it is
important to study the weight distribution of a linear code, both in theory and applications.

An [n, k] linear code C is called cyclic over F, if for any (co, c1,...,cn—1) € C, also
(cp—1,¢€0,...,cn_2) € C.Itis well-known that a linear code C in IF’;? is cyclic if and only if
C is an ideal of the polynomial residue class ring F,[x]/(x" — 1). Since F,[x]/(x" — 1) isa
principal ideal ring, every cyclic code corresponds to a principal ideal (g (x)) of the multiples
of a polynomial g(x) which is the monic polynomial of lowest degree in the ideal. This
polynomial g(x) is called the generator polynomial, and 2 (x) = (x" — 1)/g(x) is called the
parity-check polynomial of the code C. We also recall that a cyclic code is called irreducible if
its parity-check polynomial is irreducible over IF,, otherwise, it is called reducible. A cyclic
code over IF, is said to have ¢ zeros if all the zeros of the generator polynomial of the code
form ¢ conjugate classes, or equivalently, the generator polynomial has ¢ irreducible factors
over IF),.

Cyclic codes have wide applications in both storage and communication systems. More-
over, cyclic codes are applied in association schemes [3] and secret schemes [4]. Therefore,
determining the weight enumerator of a cyclic code is an important research object in coding
theory. But the weight distribution is known for only a few special classes. For example, the
weight distribution of some irreducible cyclic codes has been studied in [1,2,5,6,20]. For
cyclic codes with two zeros, the weight distribution is known in special cases [7,8,10,12,18,
22,24,26]. Studies for other cyclic codes refer to [9,11,13,14,17,23,27,28,30,31].

Throughout this paper, let m, k and d be positive integers such that 2 < k < mTH
and gcd(m,d) = 1. Let p be an odd prime and m be a primitive element of the finite
field Fpm. For j = 0,1,...,k — 1, let hj(x) and h_;(x) be the minimal polynomials of
7= PHHD/2 gnd =P HD/2 Gyer Fp,, respectively. Itis easy to check that /2 j, (x) and & j, (x)
are polynomials of degree m and are pairwise distinct, for ji, j» € {£0, £1, ..., =(k — D}.
The cyclic codes over I, with parity-check polynomial 2 (x)h(x) have been extensively
studied in [4,16,21,25]. Zhou and Ding [29] proved that the cyclic codes over F, with
parity-check polynomial %_g(x)hi(x) have three nonzero weights, and determined their
weight distributions. In [15], it was proved that the cyclic codes over ), with parity-check
polynomial &g (x)h_o(x)h(x) have six nonzero weights and their weight distributions were
determined as well.

General cases are more interesting. Let Cy, 4.2k and Cy, 4 2k—1 be the cyclic codes with
parity-check polynomial H];;(l) hj(x)h_j(x) and hg_1(x) H]]:é hj(x)h_;(x), respectively.
In this paper, the weight enumerator of the cyclic code C, 4,2« is determined as following.

Theorem 1.1 Let m, d and k be positive integers such that 2 < k < mTH and (m,d) = 1.

Then Cp.q,2k is a cyclic code over ¥, with parameters [p™ — 1, 2km, %(p — D(pn! -

p[%]_2+k)]. Furthermore, the weight enumerator of Cy g2k IS ((xk(z%))z, where oy (z) is
determined in Theorem 2.1 (details in Sect. 2).

If2 ¢ m, the weight enumerator of the cyclic code C,,; 4,2k—1 is also determined as

following.

Theorem 1.2 Let m and d be positive integers such that 2 { m and (m,d) = 1,
where k is a positive integer satisfying 3 < k < mTH Then Cyy.4.2k—1 is a cyclic code over
F), with parameters [p™ — 1, 2k — 1)m, %(p —D(pm ! - p[%]’3+k)]. Furthermore, the
weight enumerator of Cp, g 2k—1 18
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o () gy o ) o ()

where oy (z) is determined in Theorem 2.1 (details in Sect. 2).

Remark Cp 4211 in the case of k = 2 has been studied in [15], and the minimum distance

has different expression between cases of k =2 and 3 <k < m; 1 , therefore, only the case

of3<k < mT“ is presented here.

2 Preliminaries

In this section, we will introduce a result by Kai-Uwe Schmidt [19]. We need the Gaussian
binomial coefficients, which are defined by

s—1

n
( ) =[1w@" —a"/@ —4".
5/4q

t=0

For j = 0,1,...,k — 1, let Hj(x) be the minimal polynomials of 7= PHD gver Fp,
respectively. Let Em,d, k be the cyclic code over F ), with parity-check polynomial H’;;(l) Hj(x).
Then it can be expressed as

~ . )
Cm,d,k = {c(u(),ul ,,,,, ug_1) - (MO, Ulyonny uk—l) c Fpm }’
where
m_
k—1 . P
T4+t
c(uo,ul ..... Ug—1) — Tr Zujn([) ) ’
/=0 t=0

and T'r(-) is the trace function from pm to F p.gm,d,  has length p™ — 1 and dimension km.
Moreover, the weight enumerator of Cy, 4.k, denoted by o (z), is determined. We have the
following result.

Theorem 2.1 [19] We have, ay(z) = 1 +2; L ai 2", wherem —2k+2 <i <m,7 =1
or —1 and

P lp—1) for oddi,
Wi = . .
e (p’”’1 — Tn(—l)’/zp’""ﬂ’]) (p—1) for eveni.
n is the quadratic character of Fp. If m is odd,
k+u—”’2i3

1/ m=L o o
ayy—1,1 = E( 2 ) Z (—l)pr(J*I) (u) (p(k+“ J— )m _ 1) 7
u—1 P2 s j p2

+3
by

1 m—1 o u R
azu.r=§(p2”+rn(—1)”p”)( 2 ) > (—l)fp’(’_')(.) (plmmi=3m — 1),
u Jp2 =0 J/ p?
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If m is even,
m k+u7m+4
a2u71r=1(172” 2 Z (=1)/ p/U=b -1 pm1<+2j—(m+l)(mT+2+j—u)’
’ 2 u J 2
p
1 k+u—
au,t —*( ) Z (— 1)/ JG—= 1)( ) 2(pmk+2j7(m+l)(%+j7u) _ l)
p
m kﬂ‘*Lﬂ
+ 2 n( D“p ( ) > e plun 1>() (pri=mbig oo _y),
e =0 J 2

3 The weight enumerator of C,, 4,2«

Theorem 1.1 can be proved as following. Obviously, Cp, 4,2« has length p™ — 1 and dimension
2km. Also, it can be expressed as

Cin,d 2k = [C<a0,a1 ..... @1,b0b1 b)) S A0s -+ Ak—1, b0, ..., b1 € ]Fpm],
where
m_
k=1 . . ; . P2
_ (P2 . (P12
Clag,ar,....ar1,bo,br,bi) = | TF Z (a] (7t r / ) +bj (_7[ r / ) )
Jj=0 =0
Let A be a fixed nonsquare element in I .
The weight of the codeword ¢4, q;,....ax_1,b0.b1,....bx—1) = (€05 €15 .., Cpm_2) in Cpy a2k

is given by

W (C(ag,ar,....ar_1,b0,b1,....bx 1))
=#H0<t=<p"—-2:¢ #0}

k—1
=#10<r<p"™ —2 teven:Tr Z(a_,- + b‘/)(n’)(l”d*l)ﬂ) £0
=0

k—1
+#10<1<p" —2.10dd:Tr (> (a; —bj)(n’)<1’"’+1>/2) £0
j=0
| y k-1 i
=S |#0=st=p" 2277 Z:‘)(a,erj)(n)P ;éo]
l:

k—1
+#J0<t<p"—2:Tr (D> (aj —b; DA D2 (o )P"’“) £0
j=0

.....

N =
S
/N
o
N
(=)

+
B
B
+
=
2
T
=
~—

@ Springer



Two classes of cyclic codes and their weight enumerator 5

codewords in Cm d.k- Notice that the map C’m d2k = Cm dk X Cm d ks
k—1)d
(ao, ..., bg—1) — ((ao +bo, ... ax—1 +bk-1), ((ao — bo)A, . .., (ar—1 — be-a P +1)/2))

is bijective, we conclude that the weight enumerator of the code Cy, 4,2 is

S W@wo2,

aeC beC

where C = Em,d,k- This is easily seen to be equal to

2
(Z ZW(c)/z) ’
ceC

which is (o (z%))z. Theorem 1.1 is proved.

4 The weight enumerator of C,, 4,2¢—1 for odd m

LetCp,q,21—1 be the cyclic code defined in Sect. 1. We shall prove Theorem 1.2 in this section,
assuming 2 { W. There is a partition of cyclic code Cyyy 4.k

U a1
UE]Fpm

For each v € Fm, Cx—1,y is a set of codewords and it can be expressed as

Cr—1p = {c(uo,ul SUk—p,v) - MO, UL, .. UR—2 € IFp’”}a
where
m__
() P2
J4 1)t *=Ddy 1)
Clug.ut,.tt—av) = | TT Z"‘j”(p ) o )
j=0 t=0

We denote o —1,,(z) by the weight enumerator of Cx_1 . Notice Cx—1 0 = 5m,d7k_1, hence
ak—1,0(2) = ax—1(2). If v # 0, we have the following lemma.

Lemma 4.1 For any v € ., we have oak—1,y(2) = atj—1,1(2).

Proof Let ¢, be a primitive pth root of unity. In terms of exponential sums, the weight of

the codeword €, uy,....ux_s,v) = (€0, €1, ..., Cpm_3)in Cx—1,y is given by
W(c(uo,ul,...,uk_z,v)) = #{0 <t< Pm —-2: Ct 7& O}
1 e yer
VRS0
t=0 yeF,
m 1 pr=2 yTr((Zl;;g ujn(”jdH)r)ﬂm(P(ki“d“)t)
SIEr DI
p t=0 yeF,

jd k—1)d
2 x”j “)+vxp( )“)

SRTEES ¥ 3

yE]Fp erE‘*
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Since 4oty is odd, ged( p*=Dd L1 p™ _1) =2.Lety be an element in F*%,., when y
traverses [ ’[’;m, yP bt traverses all square elements in IF’;,,,. We conclude that there exist

y € Fpw and 1 € F), such that v = m/p(kil)d"'l. Then we have

W(c(uo,ul,...,ukfz,v))

LT 3D W

yEIFp xe]F

jd k—1)d
(( j (z)u.ix”ﬂ“)+u(yn"( >“)

=p"—-1-— Z Z )Tr(( j %M’lMjVf(”jd“)(w)"jdﬂ)+(VX)”(k7])d+l)

yEFP xeF” pm

_ o _1_72 z )Tr

\eIF,; xeF* o

Py %M—lu’,y—(pfd+1)xp.fd+1)+xp(’<*'>d+1)

=W (c(u"uoyfz,lf‘uly*(pd“),...,IF'Ltk—zy’(”WQ)d*'),1)) )

Notice that the map Cx—1,y — Ck—1.1,

Clug,ui,...,up—2,v) > c(u—luoy—Z’M—lulyf(ﬁd+l),_N’M—lukizyf(p(kfz)‘brl)’1)

is bijective, so we assert that the weight distributions of Cx_1 , and Cx—1,; are the same, which
implies ax—1,,(z) = ax—1,1(z) forany v € F;m. Lemma 4.1 now is proved. O

From the above lemma, one immediately deduces the following.

Lemma 4.2 We have,

Olk 1(2), v =0,

ar—1,0(2) = i1 (@ (2) — ox—1(2)), v € Fu.

pm

Now we prove Theorem 1.2. Obviously, Cp, 4.2¢k—1 has length p™ — 1 and dimension
(2k — 1)m. Moreover, it can be expressed as

Cind ok—1 = {c(ao,...,ak_l,ho,...,bk_g) tag,ai, ..., ak—1,bo, b1, ..., b2 € ]Fpm},
where
k—1 k-2 P2
1(pids1)/2 id 12\
Cag,...ar_1,bo,.bx2) = | TT zajn (P2 ij (_”(p v )
j=0 j=0 =0
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The weight of the codeword ¢4, ....ax_;,bo,....bx—2) = (€0, €15 - .., Cpm_2)inCp q,2k—1 is given
by

W(c(ao,...,ak_l,bo,...,bk_z))
=#0<r<p"—-2:¢ #0}

k=2
k—1)d jd
—#]0=r=p" —20even: Tr (a1 )P T2 LS @) 4 b P2 ) 20
=0

k=2
k—1)d jd
+#f0<r=p" —210dd: Tr [ag_y )P T2 LS @) — )@ V2] 20
j=0
1 (k—)d k=2 jd
=5 (#r T (e @D S @+ b 0
j=0

k=2
(k—D)d+1 (k—1)d jd jd
+# e Tr (AP a3 @y - b P D2 P ) 2o
=0
1
=3 (W (c(“0+b0q~--,ak—2+bk—2,ak—1))

c(”O.erO,4--,ak—2+bk—2sak—l) and c((ao—bo)x,...,(ak,z—bk.,z))»(l’(k_z)dﬂ)/2,ak,1A<P<kfl)‘f+l>/2) are code-
wordsinCy—1,q,_, andC, _, a AP DA 2 respectively. By an argument similar to the proof
of Theorem 1.1, the weight enumerator of Cy;, 4,2¢—1 is given by

1 1

ak,le]F/,m

By Lemma 4.2, Theorem 1.2 now follows.

5 Concluding remarks

In this paper, the weight enumerator of cyclic code Cy, 4,2« is completely determined when
(m,d) = 1. The weight enumerator of cyclic code Cy, 4,2¢—1 is also determined under the
condition (m,d) = 1l and2 ¢ m. Moreover, when (m, d) = e, the weight enumerator
of C,4,2k and Cp, 4,2k—1 are also determined as following. Since the proof is similar to that
of Theorems 1.1 or 1.2, we omit the details.

Theorem 5.1 Let m and d be positive integers such that (m,d) = e. Let k be a positive
integer satisfying 2 < k < mz—':e Then Cy,q,2k is a cyclic code over F), with parameters

[p" —1, 2/‘7’", %(pe — D(p"—° — pe([%]fz%))]. Furthermore, the weight enumerator of

Crm.a.2k is (Bk (Z%))z, where By (z) is the weight enumerator ofam,d,k, which can be deduced
from [19].

m
€
ged(Z k—1)’
where k is a positive integer satisfying 2 < k < mz—"e'e Then Cp, 4.3 is a cyclic code over

Theorem 5.2 Let m and d be positive integers such that (im,d) = e and 2 {
IFpe with parameters [p™ — 1, 37'", %(pe — D) p" ¢l and Cp. 4,261 is a cyclic code over F e

@ Springer



H. Yan, C. Liu

with parameters [p™ — 1, @, %(pe —D(p"—c — pe([%]_3+k))] when3 <k < mz—"e'e
Furthermore, the weight enumerator of Cy 4 2k—1 IS

(e () oy () s (),

where By (2) is the weight enumerator of 5,,17,1,1(, which can be deduced from [19].
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