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Abstract Let B(X, Y) be a polynomial over F;» which defines an [F;-bilinear form on the
vector space Fyn, and let & be a nonzero element in [F;». In this paper, we consider for which
B(X, Y), the binary operation xy + B(x, y)& defines a (pre)semifield multiplication on Fyn.
We prove that this question is equivalent to finding g-linearized polynomials L(X) € Fyn[X]
such that Tryn /4 (L(x)/x) # Oforallx € IF;‘” .Forn < 4, we present several families of L(X)
and we investigate the derived (pre)semifields. When ¢ equals a prime p, we show that if
n > %(p — 1)(p2 —p+4), L(X) mustbe ag X for some ag € [y satisfying Tryn 4 (ag) # 0.
Finally, we include a natural connection with certain cyclic codes over finite fields, and we
apply the Hasse—Weil—Serre bound for algebraic curves to prove several necessary conditions
for such kind of L(X).
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1 Introduction

A semifield S is an algebraic structure satisfying all the axioms of a skewfield except (possibly)
the associativity. In other words, it satisfies the following axioms:

(S1) (S, +) is a group, with identity element 0;

(S2) (S\ {0}, %) is a quasigroup;

(83) Oxa=ax0=0forall a;

(S4) The left and right distributive laws hold, namely for any a, b, ¢ € S,

(a+b)xc=axc+bxc,
ax((b+c)=ax*xb+ax*c;

(S85) There is an element e € S such thate * x = x xe¢ = x forall x € S.

A finite field is a trivial example of a semifield. Furthermore, if S does not necessarily have a
multiplicative identity, then it is called a presemifield. For a presemifield S, (S, +) is neces-
sarily abelian [17]. A semifield is not necessarily commutative or associative. However, by
Wedderburn’s Theorem [27], in the finite case, associativity implies commutativity. There-
fore, a non-associative finite commutative semifield is the closest algebraic structure to a
finite field. We refer to [18] for a recent and comprehensive survey.

The first family of non-trivial semifields was constructed by Dickson [7] more than a
century ago. In [17], Knuth showed that the additive group of a finite semifield S is an
elementary abelian group, and the additive order of the nonzero elements in S is called the
characteristic of S. Hence, any finite semifield can be represented by (F,, +, %), where g is
a power of a prime p. Here (I, +) is the additive group of the finite field IF; and x * y can
be written as x x y = Zi,j aijx"’ yP’, which forms a mapping from F, x Fy toIFy.

Geometrically speaking, there is a well-known correspondence, via coordinatisation,
between (pre)semifields and projective planes of Lenz-Barlotti type V.1, see [5,13]. In [1],
Albert showed that two (pre)semifields coordinatise isomorphic planes if and only if they are
isotopic.

Definition 1.1 LetS; = (F”, +, %) and S, = (F”, +, %) be two presemifields. If there exist
three bijective linear mappings L, M, N : IE"[; — IE";, such that

M(x)* N(y) = L(x x y)
forany x, y € IF’I‘,, then S; and S, are called isotopic, and the triple (M, N, L) is called an
isotopism between Sp and S;.

Let P = (Fn, +, *) be a presemifield. We can obtain a semifield from it via isotopisms
in several ways, such as the well known Kaplansky’s trick (see [18, p 2]). The following
method was recently given by Bierbrauer [2]. Define a new multiplication by the rule

xxy =BT (Bi(x) %), (1.1)

where B(x) := lsx and B;(x)*1 = 1xx. Wehavexx1 = B~ (B1(x)%1) = B~ (1xx) = x
and 1 xx = B~ (B1(1) #x) = B~ (1 xx) = x, thus (Fn, +, #) is a semifield with identity
1. In particular, when PP is commutative, B is the identity mapping.
Let S = (Fn, +, *) be a semifield. The subsets
NiS)y={aeS:(axx)xy=ax(x=*y)forall x,y €S},
NuS)={aeS:(xxa)xy=xx*(axy)forallx,yeS},
N,S)y={aeS:(x*xy)*xa=xx(yx*xa)foralx,yeS},
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are called the left, middle and right nucleus of S, respectively. It is easy to check that these
sets are finite fields. The subset N(S) = N;(S) N N, (S) N N, (S) is called the nucleus of
S. It is easy to see if S is commutative, then N;(S) = N, (S) and N;(S) € N, (S), therefore
Ni(S) = N-(S) = N(S). In [13], a geometric interpretation of these nuclei is discussed. The
subset {a € S : axx = x % aforall x € S} is called the commutative center of S and its
intersection with N (S) is called the center of S.

Let G be a group and N a subgroup. A subset D of G is called a relative difference set
with parameters (|G|/|N|, |N|, | D], 1) if the list of differences of D covers every element in
G \ N exactly A times, and no element in N \ {0}. We call N the forbidden subgroup.

Jungnickel [15] showed that every semifield S of order ¢ leads to a (g, ¢, g, 1)-relative
difference set D in a group G which is not necessarily abelian. Assume that S is commutative.
If g = p” and p is odd, then G is isomorphic to the elementary abelian group C2";if g = 2",
then G = Cj. (Cy, is the cyclic group of order m.)

Let p be an odd prime. A function f : Fpn — Fn is called planar if the mapping

x> fx+a)— fx)

is a permutation of IF ,» for every a € 7, . Planar functions were first defined by Dembowski
and Ostrom in [6]. It is not difficult to verify that planar functions over F» are equivalent to
(p"*, p", p", 1)-relative difference sets in C,zj’. Planar functions over Fy», introduced recently
in [25,29], has a slightly different definition: A function f : Fo» — o is called planar, if
the mapping

x> f(x4+a)+ f(x)+ax

is a permutation of Fy» for every a € F%,. They are equivalent to (2", 2", 2", 1)-relative
difference sets in Cj; see [29, Theorem 2.1].

Let f be a planar function over F», where ¢ is a power of prime. A switching of f is
a planar function of the form f + g& where g is a mapping from Fy» to F, and § € ]FZ,,.
Switchings of planar functions over F,», where p is an odd prime, were investigated by
Pott and the third author in [24]. In [29], it is proved that switchings of the planar function
f(x) = 0 defined over Fo» can be written as affine polynomials Zaile + b, which are
equivalent to f (x) itself.

In the present paper, we will investigate the switchings of (pre)semifield multiplications.
To be precise, we will consider when the binary operation

x*y=xxy-+ B(x, yE

on [Fyn defines a (pre)semifield multiplication, where * is a given (pre)semifield multiplica-
tion, & € F¥, and B(x, y) is an F,-bilinear form from Fyn x Fyn to F,. (One may identify
Fyn with IE‘Z, although it is not necessary.) We call x *x y a switching neighbour of x x y. In
particular, we will concentrate on the case in which « is the multiplication of a finite field.

In Sect. 2, we show that finding B such that x xy := xy+ B(x, y)& defines a (pre)semifield
multiplication is equivalent to finding g-linearized polynomials L(X) € F,»[X] such that
Tryn/q(L(x)/x) # 0 forall x € ]FZn. For n < 4, we give in Sect. 3 several g-linearized
polynomials L(X) € Fyn[X] satisfying this condition and we discuss the presemifields
of the corresponding switchings. In Sect. 4, we prove that when ¢ = p is a prime and
n> (p—D(p*—p+4)/2,the only L(X) satisfying the above condition are those of the form
BX where Trn/,(B) # 0.InSect. 5, we explore a connection of the g-linearized polynomials
L(X) satisfying the above condition with certain cyclic codes over . Finally, in Sect. 6 we
derive several necessary conditions for the existence of the g-linearized polynomials L(X)
from the Hasse—Weil-Serre bound for algebraic curves over finite fields.
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2 Preliminary discussion

Let Tryn /4 be the trace function from Fy» to F,. We define

n—1
B(x,y) :=Trgu/q (Z bixyq’), x,y €Fqn,

i=0

where b; € Fyn. It is easy to see that B(x, y) defines an [F,-bilinear form from Fyn x Fyn to
4, and every such bilinear form can be written in this way.
In the next theorem, we consider the switchings of a finite field multiplication.

Theorem 2.1 Letxx*y := xy+B(x, y)§, where B(x, y) := Tryn (Z:l;ol bixyqi), b € Fyn,
andé& € IF;n. Then * defines a presemifield multiplication onF 4n if and only if for any a € ]Ff]n,

Tryn /g (M(a)/a) # —1, where M(X) ==& Y"1 b; X4" € Fu[X].

Proof (=) Let x * y be a presemifield multiplication. Assume to the contrary that there is
a € Fy, such that

Tryn/y(M(a)/a) = —1.

We consider the equation x *a = 0. It has a solution x if and only if there exists # € F, such
that

xa =E&u and 2.1
B(x,a) = —u. 2.2)

Plugging (2.1) into (2.2), we have B(§u/a, a) = —u, which means that

n—1
I,{Trqn/q (g Zbiaq’—l) = —Uu,
i=0

uTryn;q(M(a)/a) = —u,

which holds for any u € F, according to our assumption. Therefore, x * a = 0 has a nonzero
solution. It contradicts our assumption that * defines a presemifield multiplication.

(«=) It is easy to see that the left and right distributivity of the multiplication % hold. We
only need to show that for any a # 0, x x a = 0 if and only if x = 0. This is achieved by
reversing the first part of the proof. O

Let x x y be the multiplication defined in Theorem 2.1. Then it is straightforward to verify
that the presemifield (Fyn, +, *) is isotopic to (Fyn, +, *), where

x*y:=xy+ B'(x,y)

and B'(x,y) = Tryn/q(€ Z;:O] bixy‘fi). Therefore, we can restrict ourselves to the switch-
ings of finite field multiplications with & = 1.
For the switchings

x*y+ B(x, y)§
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of a (pre)semifield multiplication =, it is difficulty to obtain explicit conditions on B(x, y).
The reason is that generally we can not explicitly write down the solution of x x a = &u as
we did for (2.1).

Let a be an elementin Fyn such that Tryn /, (o) = 1. To find M (X) satisfying the condition
in Theorem 2.1, we only need to consider the g-linearized polynomial L(X) := M(X)+a X €
Fyn[X] such that

Tryn/q(L(x)/x) #0 forallx € IF:;H. 2.3)

Obviously, when L(X) = BX, where Tryn/,(B) # 0, we have Tryn/, (L(x)/x) # O for
every nonzero x. The question is whether there are other L’s. We will give several results
concerning this question throughout Sects. 3-6.

The proof of next proposition is also straightforward.

Proposition 2.2 Let L(X) = >~ 1a, X4 e Fyn[X]. IfTrq /q(L(x)/x) # Oforallx € F} P
then the mapping x — L(x) is a permutation of Fyn

We include several lemmas which will be used later to investigate the commutativity of
presemifield multiplications.

Lemma 2.3 Letx xy := xy + B(x, y), whgre B(x,y) :=Tryn/y (Z?:_ol bixyqi), b € Fyn.
Then * is commutative if and only if b; = b,zl,,- foreveryi=1,...,n—1.
Proof Clearly, x x y = y * x if and only if B(x, y) = B(y, x), i.e.
n—1 ) n—1 )
Tryn /g (Z bixy? ) = Tryn/q (Z biyx? ),
i=0 i=0

which means that

Tryn /q(xZ(b —p ):0

for every x, y € Fyn. Therefore we complete the proof. O

It is possible that a non-commutative presemifield PP is isotopic to a commutative presemi-
field. We can use the next criterion given by Bierbrauer [2], as a generalization of Ganley’s
criterion [8], to test whether this happens.

Lemma 2.4 A presemifield (P, +, x) is isotopic to a commutative semifield if and only if
there is some nonzero v such that A(v * x) * y = A(v x y) % x, where A : Fgn — Fyn is
defined by A(x) * 1 = x.

Given an arbitrary presemifield multiplication, it is not easy to get the explicit expression
for A(x). However, we can do it for the switchings of multiplications of finite fields.

Lemma 2.5 Let x x y = xy + B(x,y) be a switching of Fyn, where B(x,y) :=
Tryn/q (Z;‘;OI b,-xy‘ll), bi € Fyn. Let A : Fyn — Fyn be such that A(x) * 1 = x for every
x € Fyn. Then

—tx
Ax) =x+ Trqn/q (1—|—Trn/(t)) s 2.4
q°/4q

where t = 310 b.
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Proof First, we have
uxl=u+ B(u,l)
n—1
=u-+ Trqn/q (Z biu)

i=0
=u+ Trynq(tu).

It is worth noting that 1 % 1 = 1 + Tryn /4 (¢) # 0. Let s := —t/(1 + Tryn 4 (¢)). Replacing u
by the expression in (2.4), we have

A(x) x 1 =x + Trgnjq(sx) + Trgnjq[tx + tTrgn g (sx)]
= x + Trgn/q[s(1 + Trgn/q (1)x + tx]

=x.
O
3 Switchings of [';» for small n
In this section, we investigate the switchings of finite fields (Fyn, +, -) where n < 4.
Lemma 3.1 Let L(X) = a1 X7 4+ apX € qu [X]. Then the polynomial
FOO =Trg2 1y (LOO/X)
has no root in IF[’;2 if and only if the equation x4~" = y has no solution x € ]FZ‘]2 for every
y € F 2 satisfying
ary® + Trp2,(ao)y +af = 0. (3.1)

Proof Lety := x9~!, where x € IF;Z. Then
Try2/, (L(x)/x) = Trp2, (a1 x? " + ap)

= Tqu/q (aly + aO)

= aiiy" +ary + Try2 ), (ao)

=y (a1y* + Trp2,(a0)y + af)
since y?T! = 1. Therefore, f has a nonzero root if and only if there exists a (¢ — 1)th power
in IF‘:2 satisfying (3.1). O
Theorem 3.2 Let L(X) = a1 X9 +apX € F2[X]. Then

FOO =Trga g (LXO/X) (32)

has no root in FZZ ifand only if g(X) = X? +Try2,,(a0) X +a§1+1 € F,[X] has two distinct
roots in .

Proof 1f a; = 0, then f(X) = Tr,2,,(ao) and g(X) = X? 4 Tr 2/, (ap)X. It is clear that f
has no nonzero roots if and only if g has two distinct roots.
In the rest of the proof, we assume that a; # 0.
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(<) Letayy € Fy (y € Fj2) be aroot of g. By Lemma 3.1, it suffices to show that
yq—H ;é 1.

Case 1. Assume that ¢ is even. Since g has two distinct roots, we have Tr 2,4 (ao) # 0.
Since

1
(@™ = (@y)? =T (@)ary +af ",
we have
Try2,,(ao)y
+1 _ q°/q
Yyt =14 e 1.

Case 2. Assume that ¢ is odd. We have y = 2171(—Trqz/q (ao) + d), where d € Fy and

d? = Tr,2 ), (ap) — 4ai’+1. Suppose to the contrary that y9+! = 1. It follows that
1
(=Tt (a0) + )7 = dal ™',
which means
Tr,2 ), (a0)” + d* — 2dTr 2, (ag) = 4af ™.
Hence
2d* — 2dTr 2, (ap) = 0.

1 L

Therefo're‘d = Tr,2/,(ao). But then d? = T2, (ao)? # Trpe, (ap)? — 4a'1]+ , which is a
contradiction.

(=) We first show that g is reducible in Fy [x]. Otherwise, leta; y € F 2 \ Fy be a root of
g. Then (a1 y)?t! = a?'H, thus y9*t! = 1. By Lemma 3.1, f has nonzero roots.

It remains to show that Tr,, (a0)? —4a'11+] # 0. Assume to the contrary that Tr a2/q (ap)*—
409 =0

1 =0.

Case 1. Assume that g is even. It follows that Try2/4(a0) = 0. Write a; = x2, where
x €Fp, andlety = x971 . Then ay y is a root of g, which leads to a contradiction.

Case 2. Assume that ¢ is odd. Thena;y = —Tr2/,(ao)/2 is a root of g, and

yitl = Trqz/q(a())2 _
= LA =
4a;

’

which is impossible by Lemma 3.1. O

Remark When n = 2, if there is some L(X) such that (3.2) has no root in ]FZZ, then we can

define a presemifield multiplication * over qu via Theorem 2.1. Let S = (F 2+ *) be a
semifield which is isotopic to (]qu , 1+, *). We may assume that  is defined by (1.1) and hence
S has identity 1. There are a;; € F,2 such that x * y = Zi,j aijxq’yqj forall x,y € Fpo.
Thus there are b;j € F2 such that x » y = Zi’j bijxq'yq] forall x, y € F 2. It follows that
the center of S contains F,. (For x € F; and y € F 2, we have x x y = x(1 » y) = xy and
y*x = x(y 1) = xy. This implies that F, is contained in both the commutative center and
the nucleus of S.) Due to the classification of two-dimensional finite semifields by Dickson

[71, S is isotopic to a finite field.
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Theorem 3.3 Let g be a power of an odd prime and let L(X) = ay x7* +aoX € FulX]

2
with a; # 0. Then Tr,4,,(L(X)/ X) has no root in ¥*, if and only if a! *1is a square in T
q*/q ¢t yya; q q
and Trq4/q (ag) = 0.

2
Proof Letb = Try4,,(ao). Let x € IF;4 and set y := xand 7 1= ayy + ai’ /y. Then

2_
Tr 4/, (L(x)/x) = Trs ), (a1x4" =" + ap)

q q° 7’
=ary+apy! +ay /y+aj [y +Trys,,(a0)
=z+z9+0b.

_ b\? b 13
—(z+§) +(z+§). (3.3)

Thus Trq4/q(L(x)/x) = 0 if and only if (z + g)‘f_l =—lor0,ie,z =1— g for some

2
teT::{teIFq4:t‘f:—t}Cqu.Sincez=a1y+aiI /y,weseethatz:t—%ifand
only if

2 b q*
ary” + E_t y+a; =0. (3.4

By the proof of Theorem 3.2, we see that {x € IFZ4 Ty = x4*~1 satisfies (3.4)} £ ¢ if and
only if

b 2
g(X) = X2+ (5 —t)X—i—a? !
has two distinct roots in IF 2. Therefore, to sum up, Tr 4, (L(x)/x) has no root in IFZ4 if and

only if g(X) has two distinct roots in F 2 for every # € T'. We now proceed to prove the “if”
and the “only if” portions of the theorem separately.

2 2
(&) Assume b = 0 and af *1is a square in F%. Then af £ 2 forall t € T. Hence
b ? 41 _ 2 241
A= E_t —4(1? =t —4ai] G]FZ.

It follows that g has two distinct roots in F».
(=) Assume that Tr4 , (L(X)/ X) has no root in ]14‘24. We want to show

R1.» =0, and
2 2
R2. ai] isa square in Fy. Equivalently, aiI isin [F, and there is no ¢ € T such that

24
t2:4a(1]+.

2 2 .
Now we assume that A = (5 — )" — 4af *1 £ 0 always has a square root in F,» for

every 1 € T. Choose an element § of F 2 \ Fy such that § 9=1 = —1. Then every element
of F,> can be written as z + wé&, where z, w € Fy, and T = {x& : x € F,}. We write
2
a'l’ - A1+ Az€. As A is always a square in IFZZ, the equation
(z+wé)? = (x§ —b/2)* = (A1 + A2§) (3.5)

in (z, w) has solutions for every x € [F,. Expanding (3.5), we have
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2+ wla = o +b%/4— Ay, (3.6)
2wz = —xb — Az, 3.7

where @ = £2 € Fy.
If we can show that » = 0 and A, = 0, then the proof is complete (R2 can be easily
derived from the condition that A 7# 0). Suppose to the contrary that at least one of b and A,

is not 0. Then there exists at most one x = xo € F, such that w = 0 by (3.7). Now assume
that w # 0. From (3.7) we have

xb+ Ay

= 2w
Plugging it into (3.6), we get

b+ Ar)? b?
%-szot:x%z—i—?_m,

b2 ) L2y Gt Ar)?
4

a(w?)? — (xzcx—i-z — A +—F—F—F—=0.

For every given x € F, \ {xo}, this equation always has a solution w in FF,. It follows that
b? ?
fx) = (xzoz—i-Z —A1) —oc()cb+A2)2

is always a square in F,. Let ¥y be the multiplicative character of [, of order 2, and for
convenience we set ¥ (0) = 0. Then we have

> U(f(e) =q—6. (3.8)

celFy

On the other hand, by Theorem 5.41 in [19] (it is routine to verify all the conditions for f(x),
because (b, A2) # (0,0) and (A1, Az) # (0,0)), we have

DU () <34

celFy

Therefore ¢ — 6 < 3,/q, which means that ¢ = 3,5,7,9,11,13,17,19. We can use
MAGMA [3] to show that f(x) is not always a square for x € F; \ {xo} when g < 19.
Hence b = A, = 0, which completes the proof. O

2
Theorem 3.4 Let g be a power of an odd prime. Let a| € IE‘Z4 such that ai’ isa square in
IFZ and let ao be an element in F 4 such that Trga (ag) = —1. Define
2.
xxy =xy+Trga ), (@xy? +aoxy).

According to Theorems 2.1 and 3.3, (Fy4, +, %) forms a presemifield. Furthermore, it is
isotopic to a commutative semifield.

Proof According to Lemma 2.4, we only have to show that there exists some v such that
Asxx)xy =AW*Yy) *xx
forevery x, y € F 4, where A is given by (2.4).
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Using the same notation as in Lemma 2.5, we sett = aj +dgands = —1/(1 +Trg4/,(1)).
Now,

A *x) = A(vx + Trpa, (alvxq2 + apvx))
= vx + Try4,(ar wx? + dgux) + Trya /g [s(x + Trys, (ayox? + agvx))]
= v+ (14 Tryt () Trge s (@vx? +Goux) + Trga , (svx)

2L -
Trq4/q(a1vx‘1 + apvx) B Trq4/q((a1 + ap)vx)

=vx + = ~
1 +Trq4/q(a1 + ap) 1 -|—Tr114/q((l1 + aop)

Trq4/q(a]vxq2 — ajvx)
I+ Trga,, (a1 + ao)

For convenience, let r(x) denote A(v * x) — vx. Then

2L 2
A x)*y =vxy +r(x)y + Ty, (@roxy? +dovxy) +r(x)Trys,, a1y +aoy)

2
T4, (@ox?” — ajvx) )
9%/q _
=vxy + - + Tr a q +a
Y 1+ Tl‘qA/q(al + ap) (v q4/q( 1y 0Y))

2L
+Trq4/q(a1vxyq + dovxy).

It is not difficult to see that if v is an element in F_4 such thatajv € ]qu, then A(vkx)xy =
A(v *y) *x, from which it follows that (IFq4, +, *) is isotopic to a commutative semifield. O

2
Theorem 3.5 Let g be a power of an odd prime. Let a1 € ]FZ4 such that af isa square

in IF:; and let ag be an element in IFq4 such that Trq4/q (ag) = —1. Let x % y be defined as in
Theorem 3.4, i.e.,

2 .
xxy =xy+ Trga ) (@xy? +adoxy).
Then the presemifield (F 4, +, *) is isotopic to Dickson’s semifield.

Proof We have already shown in Theorem 3.4 that (F 4, +, ) is isotopic to a commutative
semifield, which is denoted by S. Next we are going to prove that its middle nucleus N, (S)
is of size q2 and its left nucleus N;(S) is of size ¢g. Furthermore, as S is commutative, we
have N,(S) = N;(S) . Due to the classification of semifields planes of order q4 with kernel
Iqu and center I, by Cardinali, Polverino and Trombetti in [4], (]Fq4, +, *) is isotopic to
Dickson’s semifield.

To determine the middle and left nuclei of S, we need to introduce another presemifield
multiplication x o y, which corresponds to the dual spread of the spread defined by x * y.
(For more details on the dual spread, see [16].) Actually, x o y is defined as

2 ~
xoyi=xy+ (ay’ +aoy)Try, ). (3.9)

Itis straightforward to verify that Trgs ), (x(z 0 y) — z(x x y)) = 0. Let S denote a semifield
which is isotopic to the presemifield defined by x o y. According to the interchanging of nuclei
of semifields in the so called Knuth orbit ([16] and [18, Sect. 1.4]), we have N;(S') = N,,(S)
and N, (S") = Nj(S).

To determine N;(S') and Ny, (S"), we use the connection between certain homology groups
as described in [13, Theorem 8.2] and [14, Result 12.4]. To be precise, we want to find every
g-linearized polynomial A(X) over F 4 such that for every y € F,4, there is a y € Fg4
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satisfying A(x) oy = x oy’ forevery x € F,4. The set M(S) of all such A(X) is equivalent
to the middle nucleus N, (S').

First, it is routine to verify that A(X) = uX with u € F, is in M(S'). Next we show that
there are no other A(X) in M(S').

Assume that

2 - 2 ~
A(x)y + Trga), (AC)) (ary? +aoy) = xy" + Trya, (x) (a1 + aoy") (3.10)

holds for every x € F 4.
Let xg € IE‘:4 be such that Trq4/q (x0) = Trq4/q (A(xp)) = 0. Then

A(xo)y = xoy'.

It means that y' = uy holds for each y € F 4, where u = A(xo)/xo. Plugging it into (3.10),
we have

AQ)Y + Trge (A @y +doy) = uxy + Trga, (0) (a1 @y)? + aouy).
From this equation we can deduce that
A(x) —ux + (Trya 4 (A(x)) — Trya ), (u)aog = 0, (3.11)
(Trya g (A(x)) — Trya ), (x)uqz)al =0. (3.12)
Since a; # 0, from (3.12) we see that
Tr iy (AGO) = u? Tr e, (x) (3.13)

for every x € Fg4. From (3.13) it follows that u € F,. Therefore, by (3.11), we have
A(x) = ux where u € F;. Hence |[N;(S)| = [Ny (S| = gq.

Next we determine every g-linearized polynomial A(X) over F 4 such that for every
y € Fg4, thereis a y € F,4 satisfying A(x o y) = x o y’ for every x € F 4. The set of all
such A(X) is equivalent to the left nucleus N;(S').

Assume that

Ay + Tryig()@y? +aoy)) = xy' + Trgs ), (1) (a1y'” +aoy). (3.14)

It is readily verified that when A(X) = ¢X for some ¢ € F2, (3.14) holds for all x and y in
I 4 with y' = c¢y. Hence IF ;2 is a subfield contained in N;(S"). On the other hand, N;(S') has
to be a proper subfield of Fq4, for otherwise S’ would be a finite field, which would lead to a
contradiction. Therefore, we have |N,,(S)| = |N;(S)| = qz, which completes the proof. O

Theorem 3.6 Let g be a power of a prime and let u,v be elements in ]F;3 such that
N3y (=v/u) # 1. For every B € B, where

2 2 2
. . g+l +g+1
Bi= {x € Fy i Trgs (%) = w1 4y ratt ]

the equation
uxd’ -1 +ux? ' B=0 (3.15)

has no solution in F’;g. Let L(X) := ud’ v (uaqz_lX‘f2 +va97' X1 +0X), where 6 € Band
ace IF‘Z1 Then the polynomial Tt ;3 ,,(L(X)/ X) has no root in IF‘}.
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Proof When B = 0, (3.15) becomes x?~ ! (ux?@=D 4 v) = 0. If there exists x € Fs

such that ux4@~" +v = 0, then N3, (—v/u) = Ny3,,(x4@~1) = 1, which leads to a
contradiction.
Now suppose f # 0. Assume to the contrary that (3.15) has a solution x € IF;3. Let

y := x97!. Then we have uy?*! + vy + g = 0. It follows that

yi = %{’3 (3.16)
and
2 vy + ) — Bluy
' —ui vy +p)
Hence
2og. Iy + B) — Bluy
yyty = prEs :
which is equal to 1 since y = x9~!. Therefore,
It — Bluyy +vip = ud T, (3.17)

Suppose that up? = v9+!. Then u? v g = v4°*1v9, and Tr,3,, e’ v9p) = 3’4+ On
the other hand, we also have u?T! = v48 from (3.17). It follows that Try3/4 (uq2 vig) =
3ud’+a+1, All together with € B, we have that

2 2 2 2
ul +g+1 + +q+1 _ 34 +q+1 _ 34 +q+1,
. . 2 2 .
which can not holds for 3  g. Moreover, if 3 | ¢, then u? T4+! = —p4 +9+1 which

contradicts the assumption that N3, (—v/u) # 1. Hence up? # v? +
Since uB? # vit!, from (3.17) we obtain

uitl — 1B
Plugging (3.18) into (3.16), we have
ud’+a @’ ga yyud — ga+l

vi*ta — patya  vip —udtl

Hence

a*+q 4 a*+2q+1 4 q+1,4> ga _ q*+q ga+1

u vig —u +ufm v g1 — v B
2 2 2 2
=0 Tty a _ gaty2a e gatl 4 gattatly g
Dividing it by u?, we have
a*+g+1 4,84 a*ga 4 4% 4 a*+g+1 | P +q+1
B — WvB? +uv? BT +u? vIB)+u + v =0.
2 2 2
It follows from Tr,s , (u? v4 ) = ud T4+ 4 47 +4+1 that
ﬁq2+q+1 -0

Hence g = 0, which is a contradiction. Therefore, (3.15) has no solution in ]14‘;3.
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Furthermore, if Try3,4(L(X)/X) has a root xo € IF;, then uqzvq(u(axo)qz’1 +

v(axg)?~ ' +6) = y forsome y € 3 satisfying Tr s, (y) = 0. We write y as y = ul’vit
for some r € F 3. Then§ — 7 € B and

u(axo)® " +v(axg)? 40 —1 =0,
which contradicts the fact that (3.15) has no solution in IB‘Z3. ]

For given u and v, it is not difficult to see that for different a, we obtain isotopic semifields
via Theorem 3.6: Let the multiplication corresponding to a = 1 be xy + B(x, y). Then for
other a € F*,, the semifield multiplication is xy + B(x/a, ay). Furthermore, when u = v
and a = 1, it follows from Lemma 2.3 that the presemifield P derived from L (x) in Theorem
3.6 is commutative. It is worth noting that, up to isotopism, we can obtain non-commutative
semifields via Theorem 3.6. For instance, let ¢ = 4 and let & be a primitive element of F 3
which is a root of X + X* + X3 + X + 1. Settingu = £>,v =£ and 8 = £92 we can use
Lemma 2.4 and computer to show that the presemifield P derived from Theorem 3.6 is not
isotopic to a commutative one.

According to the classification of semifields of order q3 with center containing I, in [21],
the presemifield obtained via Theorem 3.6 is either finite field or generalized twisted field.

Besides all the L’s described in this section, we did not find any other examples. Thus we
propose the following question:

Question 3.7 Forn > 4, is there a q-linearized polynomial L(X) = er;:—ol a; X9 ¢ Fyn[X]
with (ay, ...,an—1) # (0, ..., 0) satisfying (2.3)?

4 Switchings of I« for large n

The main result of this section is a negative answer to Question 3.7 when ¢ = p (prime) and
n is large.

Theorem 4.1 Let q = p, where p is a prime, and assume n > %(p —DPr—p+d.If
LX)=>"", a,Xp € Fpn[X] satisfies (2.3), i.e.,

Trpn/p(L(x)/x) #0 forall x € Fyu,
thenay =---=ay,_1 =0.

In 1971, Payne [22] considered a similar problem which calls for the determination of all

2-linearized polynomials L = Z 0 a; X 2 e Fon[X] such that both L(X) and L(X)/X are
permutation polynomials of F»». Such linearized polynomials give rise to translation ovoids
in the projective plane PG(2, F2») [23]. Payne later solved the problem by showing that such
linearized polynomials can have only one term [23]. For a different proof of Payne’s theorem,
see [11, Sect. 8.5]. For the g-ary version of Payne’s theorem, see [12].

4.1 Preliminaries

Let L(X) = ;’;01 a; X9 e Fgr[X]. For x € Fy,, we have
T LW _ S EAN @g -
Tg"/a \ — = IIgn/q Za,x = Z af Tx
i=0 0<i,j<n—1
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Therefore (2.3) is equivalent to

g—1
Z “?]qu(ql_l) = Trqr"/q7(“0)q_1 + [1 - Trq"/q(“O)q_l] x!
0<i,j<n—1
(mod X7" — X). (4.1)

LetQ=1{0,1,...,4" —l}andQO={0,1,...,—qqn:ll}.F0roz,ﬂ € Qp, definea @ B € Q
suchthata @ B = o + B (mod %) and

op [0 ifa=p=0
*®p= Tl ifa+ =0 (mod T=1) and (o, ) # (0.,0).

Fordy, ...,d,—1 € 7Z, we write

n—1
(do. ....dn-1)g = D diq'".
i=0

When ¢ is clear from the context, we write (do, ..., dy,—1)q = (do, ..., dy—1). For j,i € Z,
i>0,let

.. 0 J n—1
s(j,i)=0---01---10--- 0)q7
i

where the positions of the digits are labeled modulo n and the string of 1’s may wrap around.
For example, with n = 4,

s(1,3)=0111), 53,2)=(1001).

Note that

sy =qi2 (mod ¢" — 1).

For each ¢ € Qq, let C(«) denote the coefficient of X2@=1 in the left side of (4.1) after
reduction modulo X4" — X. Then we have

qg—1
Jk
Clon = 2 i (42)
0<j1sitseerfg—1,ig—1=n—1 k=1
S i@ @ (jg—1,ig—1)=a
Let
S={s(,):0<j<n—11<i<n-—1}.

If C(a) = 0, we can derive from (4.2) useful information about g;’s if we know the possible
ways to express « as an @ sum of ¢ — 1 elements (not necessarily distinct) of § U {0}.

Leta = (do, ..., dp—1)q € 2, where0 < d; < q—1.1fd; > d;— (d; < d;—1), where the
subscripts are taken modulo n, we say that i is an ascending (descending) position of o with
multiplicity |d; — d;—1|. The multiset of ascending (descending) positions of « is denoted by
Asc(a) (Des(«)). The multiset cardinality |Asc(a)| (= |Des(«)|) is denoted by asc(«). For
example, ifa = (201 1 3 0), then

Asc(a) =1{0,0,2,4,4}, Des(x) ={1,1,5,5,5}, asc(ax) =5.
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Assume that « € 2 has asc(a) = ¢ — 1. Then « cannot be a sum of less than ¢ — 1 elements
(not necessarily distinct) of S. Moreover, if

o =50, i)+ +50g-1,ig=1)s

where 0 < ji,...,jq-1 < n—1land 1 < ij,...,ij—1 < n — 1, we must have
{j1,..., jg—1} = Asc(@) and {j1 + i1, ..., jg—1 + ig—1} = Des(a), where ji + iy is taken
modulo 7.

4.2 Proof of Theorem 4.1

Lemma 4.2 Letq = p, where p isaprime, and assume L = er'l_()l aiXpi € Fyn[X]satisfies

(23). Thenforalll <ij <--- <ip1and0=<t, > <--- <ty withip_|+1 <n—2,we
have

ol 1=ip—k
plp, 7’[)_ _
2014 e =0, @3)
T k=1
where (t(1), ..., t(p — 1)) runs through all permutations of (t1, ..., tp—2,0).
Proof Let bl el !
(x:(]..l..p-Zp-Zp_].p_l
p—2---p—=2p—=3--p=3--1---10---0)¢€Q.
tp2 tp—3—tp—2 n—n Vl—iple -
=

For1 <k < p — 2, we have

ip—] 5] n_ip—]_ll

k- k)=(k+1 - k+1 -+ p=1 -+ p—=101 -+ 1 vv - dek -k

a+( = )4 p e )
>1

where e = k + 1 or k, depending on whether it receives a carry from the preceding digit. If
e=k+1,thenascla +(k --- k)) >p—1—k+k+1=p.Ife =k, thent; > 0 and
d > k + 1, which also implies that asc(e + (k --- k)) > p. Therefore o + (k --- k) is not
asum of < p — 1 elements (not necessarily distinct) of S, i.e., not a sum of p — 1 elements
(not necessarily distinct) of S U {0}.

On the other hand, we have asc(¢) = p — 1 and

Asc(a) ={0,ip—1 —ip—2,...,ip—1 — i1},
Des(e) = {ip—1,ip—1 +tp—2,...,ip—1 +11}.

Therefore, the only possible ways to express « as a sum of p — 1 elements (not necessarily
distinct) of S U {0} are

@ =50,ip 1 +7(p=1) +5Gp1 —ip2ip2+T(p—2)
+ N +S(ip—l — il, il + T(l))7

where (7(1), ..., 7(p — 1)) is a permutation of (t1, ..., t,—2, 0). Together with the fact that
forl <k <p-—2,aa+ (k --- k)isnotasum of p — 1 elements (not necessarily distinct)
of S U {0}, we have proved that

a=a1 @ ---Dap—1, o €SU{0},
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if and only if
{oq, ... ,ap—l} = {S(Oa ip—] +t(p—1), S(ip—l - ip—27 ip—2 +t(p —2)),
coois@ipor —in i+ ()}

where (z(1), ..., t(p — 1)) is a permutation of (t1, ..., ,—2,0).
Now we have

0=Cl@ (by (1)
p—l ip—1—ip—
== [1al iy by @2, (4.4)
T k=1

which gives (4.3). O

Proof of Theorem 4.1 1° We first show that forall 1 <k < p — 1 and
k—1
1+Zj§ik<---<ip_1 <n—k-1,
j=0

we have
aj, - ~a,~p71 =0.

We use induction on k. When k = 1, the conclusion follows from Lemma 4.2 with ¢, » =
-oo=1 =0.Assume2 < k < p—1.InLemmad.2lett; = k-1, = k-2, ..., ti—1 = 1,
ty=-=t, 2=0,ix 1 =ixr—1,ix2=1ix—2, ..., iy =iy — (k— 1), and note that
ip-1+t =ip1+k—1=<n—2 Wehave

p—1
2 114 e =0 4.5)

T j=I

where (7(1), ..., t(p — 1)) runs through all permutations of (k — 1,k —2,...,1,0,...,0)
and the x’s are suitable powers of p. (In general, we use a * to denote a positive integer
exponent whose exact value is not important.) Multiplying (4.5) by a;, - - - a;,_, gives

p—1

a -l |+ > ai i,y [ ] @} ey = 0. (4.6)
T =
()., Tk—=1)) £k —1,...,1) j=l

When (t(1),...,t(k—1)) #(k—1,...,1),atleastone of iy + 7 (1), ...,ip—1 +7(p—1),
say i;_,,is less thani;. Alsonote thati , > i =ix—(k—1) = 14+142+---+ (k=2).
Therefore by the induction hypothesis, Ay @iy by = 0. Thus the > in (4.6) equals 0,
which gives g;, - G, | = 0.

2° Letk = p — 1in 1°. We have

1
ai =0 foralll+§(p—2)(p—l)§ifn—p.
3° We claim that

1
a; =0 foralll <i < 5(p—z)(p—l)-
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Assume to the contrary that this is not true. Let 1 <[ < %(p —2)(p — 1) be the largest
integer such that @; # 0. Let

—— —— —— —— —— ——
l p+1 l p+1 1 p+1
p—1 copies

(Here we used the assumption thatn > (p—l)[%(p—2)(p—1)+p—|—1].) For0 <k < p-2,
we have asc(a + (k --- k)) = p—1and

Ascla+(k - b)) ={0,l+p+1.20+p+1),.... (p =2+ p+ D},
Des(@+(k - k) ={l,l+p+1+1L20+p+D+L ....(p=2U+p+1)+1}.
Ifa+ (k --- k) is expressed as a sum of p — 1 elements (not necessarily distinct) of S, the

expression must be of the form
a+ k- k)y=s50,i)+sU+p+1i)+--+s((p=2DU+p+1),ip-1), &7)
where iy, ...,ip—1 € {l,...,n — 1}, and in modulus n

{il+p+1+in . (p=2U+p+1D+ip1}
={lLl+p+1+L20+p+ D+ ....,p—DU+p+1D+1}. (48

We further require a;, - - “di, # 0, which implies that iy, ...,i,—1 € {l,...,[}U{n—p+

L,...,n—1}. It follows from (4.8) that iy = - -- =i, = [. Thus we have
0=C() (by (4.1))
0 [+p+1 (p—=2)(I+p+1)
=(p—D'a af eaf (by (4.2) and (4.7)), 4.9)

which is a contradiction.
4° Finally, we claim that

ai=0 foralln—p+1<i<n-—1.

%
Forx € ]Fp,,,

n—1 . n—1 i .

Trpn/p (LG /x7Y) = Trpnyp (z aix' =P ) = Trpyp (Z ai x" _1)
i=0 i=0
n—1 .
i i1
=Trpn/p (Z “f—ixp )

i=0
where a, = ag. Thus L{(X) := Z?;ol afl_iX”i also satisfies (2.3). By 2° and 3°, a,,—; =0
foralll <i <n—p,ie,a; =0forall p <i <n—1.Since p <n — p — 1, the claim is
proved. O

It appears that the assumption that n > %( p — 1 (p? — p +4) in Theorem 4.1 may be
weakened. On the other hand, when ¢ is not a prime, the proofs of Lemma 4.2 and Theorem 4.1
fail for the following reason: In (4.4) and (4.9), (p — 1)!is replaced by (¢ — 1)!, which is 0
inF,. When g = p°, (4.1) becomes
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p—1

e—1
ki k jni_
H Z aqupq(q D

k=00<i,j<n—1

Trgn /g (a0)’™" + [1 — Trgryq (“0)q_1]an_l

(mod X?" — X).

The question is how to decipher this equation.

5 A connection to some cyclic codes for general I,

In this section we prove certain necessary conditions for a g-linearized polynomials L(X) €
Fyn[X] to satisfy Tryn ;4 (L(x)/x) # Oforallx € IF;;,, , where g is a prime power. In particular,
we give a natural connection to some cyclic codes. There is also a connection of such cyclic
codes to some algebraic curves. In the next section, we will use this connection to algebraic
curves to get some necessary conditions for such g-linearized polynomials L(X) € Fyn[X].

If L(X) = apX € Fyn[X], then Tryn/q(L(x)/x) # 0 for all x € FZ” if and only if
Tryn /4 (ap) # 0. Hence we assume that L(X) = apX +a; X7+ --- + a,l,]X‘/"_1 € Fyn[X]
with (ar,az, ..., anfl) 7+— (0, 0,..., 0)

First we recall some notation and basic facts from coding theory (see, for example, [20]).
Let N = ¢" — 1. A code of length N over [, is just a nonempty subset of IB‘;V. It is called a
linear code if it is a vector space over F,. The set C+ of all N-tuples in ]F;V orthogonal to all
codewords of a linear code C with respect to the usual inner product on IFfIV is called the dual
code of C. The Hamming weight of an arbitrary N-tuple u = (ug, u1,...,uny—1) € Ffiv is

[lu]| = {0 <i <N —1:u; #0}.

A cyclic code of length N over Iy is an ideal C of the quotient ring R = [ [X1/(xXN —1).
Here a codeword (cg, c1,...,cN—1) € IE‘fIV of C corresponds to an element co +c¢1 X + - - - +

en_1 XN=14 (XN —1) e C. Allideals of R are principal. The monic polynomial g(X) of the
leastdegree suchthat C = (g(X))/(X N _1)is called the generator polynomial of C. The dual
C is cyclic with generator polynomial X942 (X 1)/ h(0), where h(X) = (XN —1)/g(X).

If 6 € Fyn is aroot of g(X), thensois 09. A set B C [Fyn is called a basic zero set of C if
both of the following conditions are satisfied:

° {Oqi 10 € B,0 <i <n— 1} is the set of the roots of g(X).
e If 01,0, € B with qul = 6, for some integer i, then 0; = 6,.
The following proposition gives a natural connection to some cyclic codes. Some argu-

ments in its proof will also be used in the next section.

Proposition 5.1 Let y be a primitive element of IF‘Z”. Let C be the cyclic code of length
N = q" — 1 over ¥y whose dual code C*t has

{1, ya 1 yqul, o qu*l}

as a basic zero set. We have the following: There exists a q-linearized polynomial L(X) =
aoX + a1 X7 + -+ an_qu'H € Fyn[X] with (a1, a2, ...,ap—1) # (0,0,...,0) such
that Trgn ;g (L(x)/x) # 0 for all x € IFZ,, if and only if the cyclic code C has a codeword
(co, 1, ..., cN—1) of Hamming weight N such that (cg, c1,...,cn—1) Zu(1,1,...,1) for
any u € IE‘;;. Moreover the dimension of C over Fy is n?—n+1.
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Proof We first show that {1, y91, yqz’l, e qu ~1} is a basic zero set. This means that
the exponents 0, g —1, g*—1,...,¢" "—larein distinct g-cyclotomic cosets modulo g" —1.
For0 < d < q"—1,let ¥ (d) be the base g digits of d, i.e., ¥ (d) = (do, dy, . . ., dy,—1), Where
0 < d; < q — 1 are integers such that d = zl":_ol digt. Let0,g — 1,2 —1,...,qg" 1 —1
denote the g-cyclotomic cosets of 0,g — 1,2 —1,...,¢"~! — 1 modulo ¢" — 1. Their
images under i are

¥(0) = {(0,0,...,0)},

V(g —D={(g—1,00,...,0),0,g —1,0,...,0),...,(0,0,,...,0,g — 1)},

V(g —1)={(g-1,¢g—1,0,...,0),(0,g—1,g—1,...,0),...,(g—1,0,...,0,g— 1)},

W(l]"_l—1):{(‘1_ls---vq_lso)»(o,q—1,-~7q_1),~~,
g—1,...,9—1,0,g — D}.

Note that the elements in each row are obtained via cyclic shifts of the first element of the row.
This proves that 0, g — 1,¢%> — 1, ..., ¢"~! — 1 are in distinct g-cyclotomic cosets modulo
q" — 1. Moreover the cardinality of the union of their ¢g-cyclotomic cosets modulo ¢" — 1 is

1+(n—l)n:n2—n+1.

Therefore the dimensions of C is n> — n + 1. Finally using Delsarte’s Theorem [26, Theo-
rem 9.1.2] we obtain that the codewords of C in IF(ZIV are

_ n—1_
C = {(Trqn/q(ao—i-alx‘! 1+,.-+an71x‘1 1)) . 1dag, ai, ..., dp—1 eIFqn],
X n
q

Note that Trgn/q(L(x)/x) = u for all x € IF:;,, if and only if Tryn;q (L(X)/X) = u

(mod x4 — X), from which it follows that (ay, az, ..., a,—1) = (0,0, ...,0). This com-
pletes the proof. O

6 Some conditions via the Hasse—Weil-Serre bound for general IF,

In this section we obtain some necessary conditions for the g-linearized polynomials L(X) €
Fyn[X] such that Tryn 4 (L(x)/x) # O forall x € ]FZ,,.

The Hasse—Weil-Serre bound for algebraic curves over finite fields implies upper and
lower bounds on the Hamming weights of codewords of cyclic codes (see [10,28]). Using
this method we obtain Theorem 6.1.

First we introduce further notations. Let Res : Z — {0, 1, ..., ¢" — 2} be the map such
that Res (j) = j (mod ¢" — 1). Put ¢ = p" with m > 1, where p is the characteristic of
F,. Let Lead : {0,1,..., p"" —2} — {0,1,..., p™ — 2} be the map sending j to the
smallest integer & in {0, 1, ..., p™" 2} such that k = jp* (mod p™" — 1) for some integer
u > 0. In other words, Lead(j) is the smallest nonnegative integer in the p-cyclotomic coset
of j modulo p"™" — 1. It is important to note that if 0 < j < p"™" — 1, then Lead(j) is a
nonnegative integer which is coprime to p.

Theorem 6.1 Let L(X) = apX + a1 X9 + --- + a,,_1X‘7”71 € Fyn[X] be a q-linearized
polynomialwith (ay, ...,an—1) # (0, ...,0). Foreach1 < j < q"—2withgcd(j, q"—1) =
1, let
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£(j) = max{Lead(Res (j(qi —D):1<i<n-1anda; #0}.

Moreover, let
£ =min £(j), 6.1)
J

where the minimum is over all integers 1 < j < q" — 2 with gcd(j, q" — 1) = 1. Then we
have the following:

o Case Tryn;4(ag) # 0: If

12¢"%] > 1, (6.2)

by la-De-1
q" +1 5

then it is impossible that Tryn,(L(x)/x) # 0 for all x € IE‘;‘,,.
o Case Trynj4(ap) = 0: If

12¢"%] > g + 1, (6.3)

wyy_la-be-n
q" +1 >

then it is impossible that Tryn, (L(x)/x) # 0 for all x € IFZ,,.

Proof If y is a primite element of IF;,,, then y/ is also a primitive element of FZ" for all
1 <j <q"—2withged(j, ¢g" — 1) = 1. Note that

Trgn g (L(x)/x) = Trgn/q (ao +ax? ' 4. an_lxq""—l) # 0 forall x € Fpu,
if and only if
Trgn g (L(x7)/x7) = Trgn g (ao + arx? @™V 4+ ap 1x7@"" =) £0 forall x e Fln.

Moreover, x/ @' =D = xRes(G@'=1) for x € IE‘Z,,, l<i<n-—landl<j<gq"-2.

Recall that ¢ is defined in (6.1). We choose and fix an integer 1 < j < ¢" — 2 with
gcd(j, g" — 1) = 1 such that £ = £(j).

Let ay, ..., a;, be the nonzero coefficients among ay, ..., a,—1. (Note that s > 1 since
(ai,...,an—1) #(0,...,0).)Since 0, g"" — 1, ..., g" — 1 belong to different p-cyclotomic
cosets modulo ¢" —1 and gcd(j, ¢" —1) = 1, wehave that0, j(g"' —1), ..., j(g" —1) belong
to different p-cyclotomic cosets modulo ¢"” — 1. Thus Res (j (¢" —1)) = j; p*i, where u; > 0,
ptji.1 <i<s,and ji, ..., js are distinct. We may assume 0 < jj < jo < -+ < js = £.
We have

ao +a1XRCS(j(q—l)) + .. +an_1XRes(j(q”’l_])) =ap +blxj1pul 4o +bszS‘DuS’

where b; = a;, 1 <i <s.
Let x be the Artin-Shreier type algebraic curve over Fyn given by

X Y=Y =ag+ b X" o p X

LetS C IF;,,M be a complete set of coset representatives of IF‘?7 in IF‘;,M. For u € S, let x,, be
the Artin-Shreier type algebraic curve over Fyn given by

XM:YP_Y:/J«(G()-I-b]Xj”)ul +...+bsz:p”J).

Note that yx,, is a degree p covering of the projective line. Using [9, Theorem 2.1] the genus
g(x) of x is computed in terms of the genera of x,, as

200 =D 8- (6.4)

nes
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Now we determine the genus g(x,,) of x,. We choose and fix u € S.Letcy, c2,...,¢5 €
IF’;,,,,, be such that

Pul puz pll.\'
¢y =pubi, ¢y =pby, ..., cs = ubs.

Let x //'L be the Artin-Schreier type algebraic curve over F,» given by
X;,l, (YP Y =l,La0+C1Xj| ++C3Xj‘

We observe that x, and X//,L are birationally isomorphic and hence the genera g(x,) and
g(x,’L) are the same. Indeed, if u; > 1, then

us

] . Uy . Us .
YP —Y = pag + Cf X't cé’ X2P? P X

up—1 . 1\ P 153 . i g
= pag + (C{’ x/1p" ) +cf X2P? el xdsP

e o) <[ )

up—1

and hence

) —1 . ) . s . s
=pag+ XM L BT xRP? P T xisp"
This gives a birational isomorphism between x,, and the curve given by

uy—1 is

-1 . uy u .
YP —Y = pag+cl x4 b X2P? P xdsr
By induction on u| we obtain a birational isomorphism between x,, and the curve given by

YP —Y = pag + c X! —|—c§usz2pu2 TP LA

u .y Us .
Applying the same method to the monomials cg Pxpr ¢ XJsP" we conclude that
the curves x, and x //L are birationally isomorphic.

Recall that the integers O, ji, ..., jg are in distinct p-cyclotomic cosets modulo g” — 1.

As ¢y # 0and ged(jg, p) = 1 we obtain that x ;L is absolutely irreducible over Fy». Moreover
s > 1 and j; = £. Hence by [26, Proposition 3.7.8] we have
g0 = g(x,) = (p— DHE - 1)/2,

which is independent from the choice of u € S. Using (6.4) for the genus g(x) of x we
obtain that

g(x) = Zg(xu) =[SI(p—DE—-1/2=(q—DE—-1)/2.
HES
Assume that Trgn/, (L(x)/x) # 0 for all x € FZ,,. The number N (x) of [F n-rational

points of x is

1 if Trynjy(ag) # 0,

q + 1if Trynq(ag) = 0. 6.5

N(x) =1+ql{x € Fgn : Tr(L(x)/x) = 0}| = ‘
The Hasse—Weil-Serre lower bound on N () (see, for example, [26, Theorem 5.3.1]) implies

that
(g—DHE—-1
2

NOO=q"+1- 12¢"2]. (6.6)

Combining (6.2), (6.3), (6.5) and (6.6), we complete the proof. ]
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The following corollary, which is a restatement of Theorem 6.1, shows that the distribution
of the nonzero coefficients of a g-linearized polynomial L satisfying Tryn/, (L(x)/x) # 0
forall x € IE‘;,I is subject to certain restrictions.

Corollary 6.2 Let L(X) = apX + a1 X9 + --- + an,qun_l € Fyn[X] be a g-linearized
polynomial with (ay, ...,a,—1) # (0,...,0). Assume that Tryn;,(L(x)/x) # O for all
x € FZ”' Then for each integer 1 < j < q" — 2 with gcd(j,q" — 1) = 1 we have the
following:

(1) If Trynyq(aog) # 0, there exits 1 <i < n — 1 such that a; # 0 and

oy 9
Lead(Res (j(¢g' — 1)) > 1+ ’7(51 — 1)|-2qn/2_]—‘ .

(i) If Trynsq(ap) = O, there exits 1 < i < n — 1 such that a; # 0 and

29" — q) W

Lead(Res (j(¢' — 1)) > 1+ lrm
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