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Abstract In this article, we show explicitly all possible weight enumerators for every irre-
ducible cyclic code of length n over a finite field Iy, in the case which each prime divisor of
n is also a divisor of ¢ — 1.
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1 Introduction

A code of length n and dimension k over a finite field [, is a linear k-dimensional subspace
of IFZ. A [n, k]y-code C is called cyclic if it is invariant by the shift permutation, i.e., if
(ay,aa, ..., a,) € C then the shift (a,, ay, ..., a,—1) is also in C. The cyclic code C can be

viewed as an ideal in the group algebra F,C,,, where C,, is the cyclic group of order n. We

.. . F, . . .
note that I, C,, is isomorphic to R, = xi{i[jl] and since subspaces of R, are ideals and R, is

a principal ideal domain, it follows that each ideal is generated by a polynomial g(x) € R,,
where g is a divisor of x" — 1.

Codes generated by a polynomial of the form -1

g(;) , where g is an irreducible factor of
x" — 1, are called minimal cyclic codes. Thus, each minimal cyclic code is associated of
natural form with an irreducible factor of x” — 1 in F,[x]. An example of minimal cyclic
code is the Golay code that was used on the Mariner Jupiter-Saturn Mission (see [7]), the
BCH code used in communication systems like VOIP telephones and Reed—Solomon code
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used in two-dimensional bar codes and storage systems like compact disc players, DVDs,
disk drives, etc (see [5, Sects. 5.8 and 5.9]). The advantage of the cyclic codes, with respect
to other linear codes, is that they have efficient encoding and decoding algorithms (see [5,
Sect. 3.7]).

For each element of g € R,, w(g) is defined as the number of non-zero coefficients of
g and is called the Hamming weight of the word g. Denote by A ; the number of codewords
with weight i and by d = min{i > 0|A; # 0} the minimum distance of the code. A [n, k],-
code with minimum distance d will be denoted by [n, k, d]q-code;. The sequence {A; }f‘zo is
called the weight distribution of the code and A(z) := > 7 Az is its weight enumerator.
The importance of the weight distribution is that it allows us to measure the probability of
non-detecting an error of the code: For instance, the probability of undetecting an error in a

n

binary symmetric channel is >_ A; pi(1 — p)*~, where p is the probability that, when the
transmitter sends a binary syrlnbool (0 or 1), the receptor gets the wrong symbol.

The weight distribution of irreducible cyclic codes has been determined for a small number
of special cases. For a survey about this subject see [3,4] and their references.

In this article, we show all the possible weight distributions of length n over a finite field
IF, in the case that every prime divisor of  divides g — 1.

2 Preliminaries

Throughout this article, I, denotes a finite field of order g, where ¢ is a power of a prime, n
is a positive integer such that ged(n, ¢) = 1, 6 is a generator of the cyclic group Fy and «

is a generator of the cyclic group F*, such that «?*! = 6. For each a € F?, ord, a denotes
? a7

the minimal positive integer k such that a* = 1, for each prime p and each integer m, v p(m)
denotes the maximal power of p that divides m and rad(m) denotes the radical of m, i.e., if
m=p' Py, p?” is the factorization of m in prime factors, thenrad(m) = p1pa, ..., pi.
Finally, a., denotes the integer m.

Since each irreducible factor of x" — 1 € [F,[x] generates an irreducible cyclic code
of length n, then a fundamental problem of code theory is to characterize these irreducible
factors. The problem of finding a “generic algorithm” to split x" —1in F;[x], for any n and ¢,
is an open one and only some particular cases are known. Since x” — 1 = [ | djn Pa(x), where
@;(x) denotes the d-th cyclotomic polynomial (see [8] Theorem 2.45), it follows that the
factorization of x” — 1 strongly depends on the factorization of the cyclotomic polynomial
that has been studied by several authors (see [6,9,11] and [2]).

In particular, a natural question is to find conditions in order to have all the irreducible
factors binomials or trinomials. In this direction, some results are the following ones

Lemma 1 [1, Corollary 3.3] Suppose that

1. rad(n)|(g — 1) and
2. 8¢norg #3 (mod 4).

Then the factorization of x" — 1 in irreducible factors of Fy[x] is

H H (xf _gul)’

tlm 1<u<ged(n,g—1)
ged(u,t)=1
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where m = N,

of irreducible factors of degree t is
function.

andl = (q — 1).,. In addition, for each t such that t|m, the number

[10]
;

- ged(n, g — 1), where ¢ denotes the Euler Totient
Lemma 2 [1, Corollary 3.6] Suppose that

1. rad(n)|(g — 1) and
2. 8| nandq =3 (mod 4).

Then the factorization of x" — 1 in irreducible factors of Fy[x] is

H H (.Xt _ gwl) . H H <x21 _ (aul’ + aqul’)xt + gul’)’

tim' 1<w<ged(n,g—1) tim' ueS;
todd  ged(w,t)=1

where m’ = o andl=(q—-1.,0I'=(@*-1.,r= min{vz(5), va(g + 1)} and S;
is the set
[ l<u<ged(n, g?—1), gedu, 1) =1 ]
ueN|,, )
2" fuand u < {qulecqmnq2—1y)

where {a}, denotes the remainder of the division of a by b, i.e., it is the number 0 < ¢ < b
such that a = ¢ (mod b) .
Moreover, for each t odd such that t\m’, the number of irreducible binomials of degree t
t t

and 2t is ? -ged(n, g—1) and %t) -ged(n, g — 1) respectively, and the number irreducible

trinomials of degree 2t is
@)

t
4]

t

-2 leed(n, g — 1), ift is even

@2V —Dged(n,qg — 1),  iftisodd.

3 Weight distribution

Throughout this section, we assume that rad(n) divides ¢ — 1 and m, m’ [, I’ and r are as
in the Lemmas 1 and 2. The following results characterize all the possible cyclic codes of
length n over F, and show explicitly the weight distribution in each case.

Theorem 1 If8 { n or g # 3 (mod 4), then every irreducible code of length n over Fy is
ann,t, %]q-code where t divides m and its weight enumerator is

A=) (;)(q — 1/l = (14 - 1)z?)t.

j=0

Proof As a consequence of Lemma 1, every irreducible factor of x” — 1 is of the form x’ —a
where ¢|n and /" = 1, so every irreducible code C of length 7 is generated by a polynomial
of the form

n/t—1

= D W
x) = = at x
§ xt—a =

j:
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and {g(x), xg(x), ..., x'"1g(x)}isabasis of the IF,-linear subspace C. Thus, every codeword
in C is of the form apg + ajxg + - - + at,lx’_lg, witha; € F; and

1

w (a0g +a1xg + - +a—1x"'g) = w(apg) + wlarxg) + - +w (a1x""'g).

Since w(g) = %, it follows that
-1 n. . .
a)(aog—l—a]xg—l—---—l—a,_]x g):;#{]|aj # 0}.

Clearly we have Ay = 0, for all £ that is not divisible by % On the other hand, if k = j?,
then exactly j elements of this base have non-zero coefficients in the linear combination and
each non-zero coefficient can be chosen of ¢ — 1 distinct forms. Hence A; = (;) (g — 1)/,
Then the weight distribution is

Lo if 11k
k= i . .
(@ —-1i,  ifk=j,

as we want to prove. O
Remark 1 The previous result generalizes Theorem 3 in [10] (see also Theorem 22 in [4]).

Remark 2 As a direct consequence of Lemma 1, for all positive divisor ¢ of m, there exist
@ ged(n, g — 1) irreducible cyclic [, t, 7],-codes.

In order to find the weight distribution in the case that ¢ = 3 (mod 4) and 8|n, we need
some additional lemmas.

Lemma 3 Let t be a positive integer such that t divides m’ and assume that g = 3 (mod 4)
and?8 1 n. If)c2’—(a—i—a‘f)x’—i-aq'H € Fylx]isanirreducible trinomial, wherea = al’ e qu,
x" =1
x2 — (a +a?)x' + a9t!

n 1 .
w(gx) —ix'gx)) = [r (1 - W) if L e A,
’ ifrég A,

and g(x) is the polynomial € Fylx], thenvao(u) <r —2 and

~|=

a' —a?

where Au = [ @ qa D)

i=0,1,... 2~ _ 2].

Proof Since x** — (a+a?)x" +a?"! is an irreducible trinomial in Fy[x], then ged(t, u) = 1,
2" fu and a # —a¥. In particular, ord > a does not divide either ¢ — 1 or 2(¢ — 1). Observe
that

d q° -1 g> -1
M= ed@? — Ll 1
T 2 _ g =1
ged(@® = L.ul)  god (g2 — 1wt

_ ng(q2 —1,n)

 ged(g? — 1m0

_ 27ged(g —1,n)

T ged(2r(q — 1), n,u)’

and for each odd prime p, we have
2" ged(g — 1, n)
= dig — 1, = —1). 1

! (gcd(Zr(q “Donm ) S vrecdla =L =vplg =1 (1)
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Therefore, ord2 a 12(q — 1) implies that vy (ord2 @) > v2(2(g — 1)) = 2, and since

2" ged(g — 1, n)
(ng(zr(Q - 1)7 n, M)

) =r+1—min fu(eed(@ (g = 1), m), 2}

=r4+1—min{r+1,vy(u)} =r+1—v(u),
we conclude that v (1) <r — 2.

On the other hand

n_1
—(a + a?)x' 4 a9t

_xt—1 1 1
T a—at \x'—a x'—al
n/t—1

2 al! —a¥ n—t—tj
‘x b
a—al

j=1

g(x)

is a polynomial whose degree is n — 2¢ and every non-zero monomial is such that its degree is
divisible by ¢. Now, suppose that there exist 1 <i < j < % —2 such that the coefficients of the

monomials x” '~/ and x" ' in the polynomial g, := g(x) — Ax’g(x) are simultaneously
zero. Then
@ — il gitl _ gaG+D di— gl gitl _ gatitD
=X and =A
a—al a—al a—al a—al

So, in the case of A £ 0, we have

al — q¥ al — g1t

altl — qaG+D aitl — qaG+D

This last equality is equivalent to ad=bu=-0 =1 je., ordqz a divides (¢ — 1)(j —i). In the
case of A = 0, we obtain that ordqz a divides (¢ — 1)j and (¢ — 1)i by the same argument.
Therefore, we can treat this case as a particular case of the above one making i = 0. It follows
that % divides (g — 1)(j — i).
So, by Eq. (1), the condition ordqz al(q — 1)(j — i) is equivalent to
2" gcd(g — 1,n)
ng(zr(q - 1)7 n, I/l)

) =r+1-vn@ =wnl(p-DH{-0)=1+wn( -0,

and thus 2720 |(j — §).

In other words, if the coefficient of the monomial of degree n —t — it is zero, then all the
coefficients of the monomials of degree n — ¢ — jt with j = i (mod 2" ~"2®)) are zero. Thus,
if A ¢ A,, then any coefficient of the form x'/ is zero and the weight of g, is ? Otherwise,
exactly % - > 12(,4) coefficients of the monomials of the form x'/ are zero, then the weight of

&.is T(1 — =T u)) as we want to prove. O

Corollary 1 Let g be a polynomial in the same condition of Lemma 3. Then

2 t n 1 r—uo(u)
#1082 € By |o(ug () +ax'g (@) = — (1= 5 ) 1 =277 = 1.

2r—va(u)
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Proof If © = 0 and A # 0, then w(Ax'g(x)) = %(1 - m) and we have (¢ — 1) ways
to choose A.
Suppose that ;o # 0, then w(ug(x) + Ax'g(x)) = w(g(x) + ﬁx’g(x)), i.e., the weight

only depends on the quotient % By Lemma 3, there exist 2" ~"2(*) — [ values of %L such that
g(x) + %x’g(x) has weight % (1 — 2,le(u)), so we have (g — 1)(2"~"2@) — 1) pairs of this
type. ]

Theorem 2 If 8|n and q = 3 (mod 4), then every irreducible code of length n over F is
one of the following class:

(@) Aln,t, F14-code, where 4 1 t, t\m’ and its weight enumerator is

t

A=Y (;)(q ~ 1t = (14 g - 12F)

J=0

(b) A [n,2t,d),-code, where tim’, d = (1 — ﬁ) 0 <u < r—2 and its weight
enumerator is

N
AQx) = (1 LW 1) (g — 1) g+ 1 — 2’_"2(“))z7) .

In particular, ifﬂ,f'w t k, then Ay = 0.

x"—1
xt7a5

Proof Observe that every irreducible code is generated by a polynomial of the form
where a € Fy, or a polynomial of the form g(x) = Mﬁ, where a satisfies the
condition of Lemma 3. In the first case, the result is the same as Theorem 1. In the second

case, each codeword is of the form

2t—1

-1
Z)»jxjg(x) = Zhj,
j=0 j=0

where hj = ijjg(x) + )»,Hx’*jg(x). Since, for 0 <i < j <t — 1, the polynomial %;
and % ; do not have non-zero monomials of the same degree, it follows that

—1 t—1
oD hj| =D o).
j=0 j=0

By Lemma 3, h; has weight ?,dorO,forallj =0,...,t—1.Foreachj=0,1,...,t—1,
there exist (g2 — 1) non-zero pairs (A j»Aj+1) , and by Corollary 1, we know that there exist
27 ~v2) (g — 1) pairs with weight d. Therefore, there exist

¢*—1-2720g — 1) = (g - (g +1-27"2)
pairs with weight 7.
So, in order to calculate A, we need to select the polynomials /;’s which have weight

d=7%(1- W) and those ones which have weight 7 in such a way that the total weight
is k.
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If we chose i of the first type and j of the second type, the first A;’s can be chosen
by (f) (22 (g — 1))" ways and for the other t — i ones, there are (t;’)((q - D(g +
1 — 2r=2#))J ways of choosing j with weight %. The remaining 4 ;’s have weight zero.
Therefore

s= % () wa-n) () (@-varr-rmm),

k=di+%j
0<i+j<t

and

A= 2, (,-t ) (20 - l)zd)i (@+1-2720)( - 1)1%)f

0<i+j<t ’
d n t
= (1427720 = D2+ (g = (g +1-272@)zF)

In particular, the minimum distance is d and every non-zero weight is divisible by ged(d, %)
_ n
= =

Remark 3 As a direct consequence of Lemma 2, for all positive divisor ¢ of m’, there
exist 2’_]_”2(“)@ ged(n, g — 1) irreducible cyclic [n,t, d],-codes if ¢ is odd, and
or-1 @ ged(n, g — 1) irreducible cyclic [n, 2t, %(1 - %)]q-codes if ¢ is even.

Example ] Let g = 31 andn = 288 = 29 x 3. Then m’ = 3,1’ = 10, r = 4. If
h(x) denotes a irreducible factor of x288 — 1, then A (x) is a binomial of degree 1, 2, 3
or 6, or a trinomial of degree 2 or 6. The irreducible codes generated by "h(;)l (and there-
fore parity check polynomial is %), and its weight enumerators are shown in the following
tables

Codes generated by binomials

[n,t, ?]q -code h(x) Weight enumerator

x+1
x+5
x+6
x +25
x + 26
x + 30
x2+1
[288,2, 144]3; x245 (1 + 3021442
x2 425
2 +5
B +6
X3 +25
x3+26
045
x0 425

[288, 1, 28813, 1+ 307288

[288, 3, 9613, (1 +302%6)3

(288, 6, 4813 (1 + 302486
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Codes generated by trinomials of the form x4 axd+b

[n, 2t, d]4-code vo (1) h(x) Weight enumerator

10 +9x3 425
204+ 14x3 45
x© + 17x3 +5
x6 —}—22){3 + 25
0 +x3+5
x04+6x3 +25
x0 +8x3 425
x0 -‘1-9)63 +5
X0 +22x3 45
x0 4+ 23x3 425
%0 +25x3 +25
x04+30x3 +5
x0 +2)C3 +5
x0 +4x3 +5
x© -i—7x3 +5
10 +7x3 425
x0 -|—8)c3 +5
X0+ 1123 425
X0 + 12x3 + 25
X0+ 14x3 + 25
x© + 17x3 + 25
x0 4+ 19x3 +25
X0 +20x3 +25
x0+23x3 45
x04+24x3 45
x0 4+ 24x3 425
10 +27x3 +5
10 +209x3 +5

[288, 6, 72131 2 (1 4120772 + 8407%6)3

[288, 6, 84]31 1

(1 4240784 4 720796)3

[288, 6, 9013, 0 (1 + 480270 4 4807%%)3

Codes generated by trinomials of the form x24ax+b

[n,2t, d]4-code vy (1) h(x) Weight enumerator

x2+8x+1
x2 4+ 9x +25
x2+l4x+5
X2+ 17x+5
x2+22x+25
x24+23x+1

[288, 2, 216]3; 2 1 + 1207216 4 8407288
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[n, 2t, d]4-code vy (u) h(x) Weight enumerator

(288, 2, 25213 1

(288, 2,270]3 0

2 4+x+5

x2+5x+1

x2+6x+25
x2 4+ 8x+25
x2+9x+5

x2 4 14x +1
24+ 17x +1
x24+22x 45
x2 4+23x 425
x2 4255 +25
x2426x+1
x24+30x+5
x2+2x+5

x2+4x+1

x2+4x+5

x2+7x+5

x2+7x+25
x2+8x+5

x2+9x+1

x2+10x+1
24 1lx+1
x2+11x+25
x2+12x+25
x2+14x+25
x2+17x +25
x2 4 19x + 25
x2+20x+1
x2420x 425
x2421x+1
x2+22x+1
x24+23x 45
x24+24x 45
x2 4 24x +25
x2427x +1
x24+27x+5
x24+29x+5

1 + 2407252 4 7207288

1 + 4802270 4 4807288
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