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Abstract Jedlicka, Hernando and McGuire proved that Gold and Kasami functions are the
only power mappings which are APN on infinitely many extensions of F,. For p an odd
prime, we prove that the only power mappings x + x™ such thatm =1 mod p which are
PN on infinitely many extensions of IF,, are those such that m = 1 + P!, 1 positive integer.
As Jedlicka, Hernando and McGuire, we prove that &+D" =% ';:;}’H)m "
irreducible factor by using Bézout’s theorem.

has an absolutely
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1 Introduction

In the following, p is a prime number, n a positive integer, ¢ = p" and [, is a finite field
with ¢ elements.
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To resist differential cryptanalysis, a function ¢ from ¥, to I, used in a bloc cypher like
DES has to have a low uniformity, that is to say for all a € Fj and b € Fy, the equation
¢ (x + a) — ¢(x) = b must have few solutions.

In characteristic 2, if ¢(x +a) + ¢(x) =bthenp(x +a +a) + ¢(x +a) = b. So, the
functions which resist differential cryptanalysis the most are the following

Definition 1 We say that the function ¢ : F, — [F, is almost perfectly nonlinear (APN)
over [, if:

Va,b €Fy,a #0,{x €Fg, ¢p(x +a) —p(x) =b}| <2

and if, furthermore, there exists a pair (a, b) such that we have equality.

On the contrary, in odd characteristic, x — ¢ (x + a) — ¢ (x) can be one to one. So, the
functions which resist differential cryptanalysis the most are the following:

Definition 2 If g is odd, a function ¢ : F, — F, is perfectly nonlinear (PN) over F, if for
allb € Fyand alla € ]F;

{x € Fy, p(x +a) —p(x) =b}| = 1.

In[5,8], Jedlicka, Hernando and McGuire are interested in integers m such that the function
x — x™ is APN on infinitely many extensions of . They prove that the only integers m
such that x > x™ is APN on infinitely many extensions of F, are m = 2 4- 1 (Gold) and
m = 4% — 2K 4 1 (Kasami). They use the fact that a function x — x” is APN over Fon if
and only if the rational points in Fo» of (x 4+ 1) + x" + (y + 1) 4+ y™ = 0 are points
such that x = y or x = y + 1. This can happen on infinitely many extensions of IF;, only if

x+D"+x"+(y+D"
(x+y)(x+y+1)

In this paper, we investigate the case of monomial functions which are PN on infinitely
many extensions of I, in odd characteristic. From now, we assume that the prime number p
is odd. The only known PN power mappings are the following:

£ has no absolutely irreducible factor over 5.

Proposition 1 Let ¢ : x +— x™ a power mapping. Then ¢ is PN on IF pn for

1. m=2,
2. m = p' 4+ 1 where l is an integer such that m isodd[1,2],
3. m= 317'*'1 where p = 3 and l is an odd integer such that gcd(l,n) =1 [1].

All these monomials are PN on infinitely many extensions of IF,. In this paper, using the
same methods as Jedlicka, Hernando and McGuire, we prove the following theorem:

Theorem 1 The onlym =1 mod p such that x — x" is PN on infinitely many extensions
of Fpyarem =1 +pl.

In the case where m £ 1 mod p, using similar methods, Hernando, McGuire and Mon-
serrat give partial results in [6]. Zieve completes the proof in [11] using a completely different
method. However this method does not seem to apply in this case.

In Part 2 of this article, we give some background on algebraic curves and explain how
we will prove Theorem 1. In the following parts, we prove Theorem 1.
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2 Preliminaries

The notations set in this section hold for the remainder of the article.

2.1 Some background on algebraic curves

A reference for the following results is [4].

Definition 3 A polynomial f € F,[x, y]is said absolutely irreducible if it is irreducible on
an algebraic closure of .

If f € Fy[x, y]isirreducible over IFy, then its absolutely irreducible factors are conjugate
(see [10]).

Definition 4 For [ € Fylx, y], we denote by fthe homogenized form of f and f~ the
dehomogenized form of f relatively to y.

Definition 5 Let s = (xg, yo) be a point. We write f (x +xg, y+yo) = fo+ f1+--- where
if f; is non zero then, it is an homogeneous polynomial of degree i. Then, the multiplicity of
f in ¢, denoted by m,(f) is the smallest i such that f; # 0. and the factors of f,, () on an
algebraic closure of I, are called the tangent lines of f in ¢.

A singular point of f € Fy[x, y]is a point ¢ such that m,(f) > 2. In this case, we have

f@=0and L) =0= g{m.

The intersection number of two plane curves # = 0 and v = 0 is a number indicating the
multiplicity of intersection of these two curves. The intersection number of two plane curves
over F;, u = 0 and v = 0 at a point ¢ is diqu(Ot (Az)/(u, v)) where O;(A2) is the ring
of rational functions over the affine plane defined at z. The intersection number of two plane
curves u = 0 and v = 0 at a point ¢ is denoted by I; (u, v). However, we will not calculate

this intersection number using the definition but rather using its properties:

— I;(u,v) = 0if and only if m;(u) = 0 or m,(v) = 0.

— Iy(u, v) = my;(u)m;(v) if and only if u and v have no common tangent lines.

— If m;(u) = 1, then I; (u, v) = ord}' (v) where ord}' is the order on the discrete valuation
ring 0 (A2)/(u) 0, (A?).

For more information on intersection numbers, we can read [4, pp. 74-81]
The following lemma is proved in [7]:

Lemma 1 Let J(x,y) = 0 be an affine curve over Fy and t = (xo, yo) be a point of J of
multiplicity m;. Then

J(x+x0.y +y0) = I, + Imp1 + -+
where if J; is non zero then, it is an homogeneous polynomial of degree i. We write
Jx,y) =ux,y)-vx, y);

if S, and Jy, 41 are relatively prime then I;(u, v) = m;(u) - m;(v). In this case, if J has
only one tangent line at t, then I;(u, v) = 0.

Theorem 2 (Bézout) Let u = 0 and v = 0 be two projective plane curves of degree n and
m respectively without any common component then

Z[t(u,v) =n-m.
t
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For a proof of this theorem see [4, p. 112]. From this theorem, we deduce the two following
lemmas. The second one is proved in [5] for p = 2 but it is the exact same proof for p # 2.

Lemma 2 If f € Fy[x, y] has no absolutely irreducible factor over F, then there exists a
factorization f = uv such that

2
ZI,(u,v) > 2%.
t

Equivalently, if 1,o; is any upper bound on the global intersection number _, I;(u, v) of u
and v for all factorizations of f = u - v over an algebraic closure of F,, then

Proof Suppose that f has no absolutely irreducible factor then, we write f = e;...e,,
where each e; is irreducible over I, but not absolutely irreducible. Then each e; factors into

deg (e i

¢; > 2 factors on an algebraic closure of I, and its factors are all of degree ) . Now, we

factor each e; into two factors u; and v; such that deg(u;) = deg(v;) + deg(e’ if ¢; is odd
(thus ¢; > 3) or deg(u;) = deg(v;) if ¢; is even. We setu = [[i_, u; and v = lel v;. Then
deg(u) — deg(v) < %. Since deg(u) + deg(v) = deg(f),

2
deg(u) deg(v) > §deg;f)

Let I;,; be an upper bound on the global intersection number of u and v for all factorizations
of f into two factors over the algebraic closure of IF;,. Then by Bézout’s theorem,

deg f)? _ cleg(f)2
4 9

Lot = Zw v) = deg(u) deg(v) > <
O

Lemma3 Let f € Fy[x, y], fi, 1 <k <r, the irreducible factors of f overF, and for all
1 <k <r,wewrite fy = fi1... fkc thefactorization of fi into cy absolutely irreducible
factors. Then,

1. deg(fi)? < ZteSing(f) my(fi)* where Sing(f) is the set of singular points of f.
2. Ift is a singular point of f. 3 ;o mi(fe.)mi (fiej) < mi(fi)* %L,

2.2 Strategy of proof

An equivalent definition for a PN function is that a function ¢ is PN over F, if foralla € F},
the only rational points in [, of

¢px+a)—¢(x)—o(y+a)+¢(y)=0

are points such that x = y.
In this article, we are only interested in monomial functions, ¢ : x — x, m > 3. We
only have to consider the case where a = 1 in the definition of PN functions (see [3]).

Remark 1 If m is odd then, O and —1 are solutions of (x 4+ 1) — x = 1. So, in this case,
x > x™ is not PN over F,» for any n.
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Weset f(x,y) = (x+ D" —x™ — (y + D™ + y™. Since (x — y) divides f(x, y), we

define h(x, y) = {;X \V))

We can assume thatm # 0 mod p. Indeed, if x — x™ isPN overF, andm =0 mod p

then x > x 7 is also PN over Fy.
Then, the proof of Theorem 1 follow from Proposition 2 and Theorem 3 below.

Proposition 2 If h has an absolutely irreducible factor over F, then, for n sufficiently large,
x > x™ is not PN on IF pn

Proof Assume that /1 has an absolutely irreducible factor over F,, denoted by Q.1f O (x, y) =
c(x —y)withc € IF then f(x,y) = (y — x)2Q(x y), Q € Fplx, y]. Hence,

0 ~ 90
—m(y + D" my™ ! = %(x, Y) =20y —x)0(x,y) + (y — x)za—f(x, »).

So, we get that for all x € Fpn, —m(x + D=1 4 mx™=1 = 0 which is impossible since
m #% 0 mod p. Let s be the degree of Q. Since Q # c(x — y), Q(x, x) is not the null
polynomial. So, there are at most s rational points of Q such thatx = y.

On the other hand, if we denote by P the number of affine rational points of Q on Fj», we
have (see [9, p. 331]):

[P — p"| < (s — 1)(s — 2)y/p" + 5%

Hence, for n sufficiently large, Q has a rational point in F» such that x # y and x +— x"
is not PN over [F n. O

Theorem 3 Letm be an integer such thatm >3, m =1 mod p andm # 1+ p'. Assume
that "= ;é p! — 1. Then h has an absolutely irreducible factor over Fp.

From now, we are interested in the case where m = 1 mod p. We denote by | the greatest
integer such that p! divides m — 1 and we set

-1
d_gcd(m—lp—l)_gcd( p—l)
p'

Then, by Theorem 3 and Proposition 2, we only have to treat the case whered = ’"p—’l] =pl—1

in Theorem 1. We have m = p'(p' — 1) + 1 which is odd; so x +— x™ is not PN on all
extensions of .

Now, we only have to prove Theorem 3. The method of Jedlicka, Hernando and McGuire
is, using Bézout’s theorem, to prove that # has an absolutely irreducible factor over F),
because it has not enough singular points. In Part 3, we study singular points of 4 and their
multiplicity. In Part 4, we bound the intersection number /; (u, v) where ¢ is a singular point
of h and u, v are such that 7 = uv. In Part 5, we prove Theorem 3.

Weset F = (x+2)" —x"—(y+2)"+y" = zfand F= x+2)"—x"—(z+1D"+1
the dehomogenized form of F relatively to y.

3 Singularities of h

Proposition 3 The singular points of h are described in Table 1.

The proof of this theorem follows from Lemmas 4 to 11 and their corollaries (more
precisions are given in the last column of the Table 1).
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Table 1 Singularities of & form = 1 +Zl]’~=1mjpij withl <m; <p—1,i;>ij_1,i;=I

Type Description my(h) I; bound Max number From
of points
o _ * ! PZI —1

Ia Affine xg = yo x0, yo € F*,; p i d—1 Lemma 7
P Corollary 4

Ib Affine xo = y, x0, yo & F*, =1 0 m=l _ g Lemma 7
P P Corollary 5

2
!

IIa Affine xo # yo. X0, yo € F¥, pl +1 pTH) d—-1)(d-2) Lemma 7
P Corollary 6

1Ib Affine xo # yo. xo or yo & F*, Pl 0 N, Lemma 7
p Corollary 7

Tlc Affine xo # yo. xo and yo & F*, Pl p'b No© Lemma 7

P Lemma 11
I_1\2

IIIa (1:1:0) pl -1 (pr) 1 Lemma 7

Corollary 1
d I 21

IIIb (@:1:0), o =landw # 1 P E d—1 Lemma 7

Corollary 2
m—1

Illc (@:1:0), 0 P and o £ 1 pl=1 o0 m=l _ g Lemma 7

P Corollary 3

AN = (mpii’1 - 1) (2"’[7—71 — (mp + Dpb~ — l) —d—-1Dd-2)
ol — +1 I 11
it 0 =0if oo+ 17 (5§ 7 1) £ 000 + 07 (7 1)
(mle - 1) ( mle — (mp + Dpb~! — 1) —(d—-1(d-2)
Ny = °r<<P’—2)<p’+1)+1>("3T71—1)

. ! l_ Pl ! [ 14
ifyotro + D (3§ 1= 1)" T =xo0+ P (xf T = 1)

3.1 Singular points at infinity

We have
F. = 2—? =m(x +z2)" 1 —mxm!
Fy = % = —m(y + 2" + mym~!
F, = % =m@x 42" —m@y+2)m!

Atinfinity (z = 0), Fx(x, y,0) = Fy(x,y,0) =0 and
F.(x,y,0) = m(xm_1 — ym_l).

So (xg, yo, 0) is a singular point of F' if and only ifx’o’“1 = y(’)"*l. If yo = 0 then xo = 0; so
yo # 0 and we have to study the solutions of

xg‘*l =1. (D
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m—1
Equation 1 is equivalent to x,” " = 1. Since gcd( P p) = 1, there are mp—‘,l solutions at
(1) and xg = 1 is the only one such that xo = yo.

Now, we want to find the multiplicity of these singularities:

F(x+x0,2) = (x +x0+2)" —(x +x0)" — 4+ D" + 1

S (st S (05 (1)

k=2 k=2

Sincem —1=0 mod p,forall2 <k < p', ( ) = (. Consider the terms of degree pl—1

of f.
LY (' P =t oy = () (o -1
p (pl) (Xo x+27 —xy "xP -z ) =, (xo — 1) A )

This term vanishes (which means that (xo, yo, 0) is a singular point of multiplicity greater
than p! — 1) if and only if

that is to say if and only if

Now, consider the terms of degree p' of f:

Ly m m—pl—1 Pl m=p'=1_plir __plil
20 (xo (x+2) xg x z

_
= () (v g e g () ), 3

! o~
Silnce x(r)"_p - # 0, singular points of f of multiplicity greater than p’ — 1 have multiplicity
.

We have just proved the following lemma:

m=—1
Lemma 4 Let w such that o 7'

multiplicity

= 1. The point (w : 1 : 0) is a singular point ofﬁ with
pl fol=1w0# 1
pl —1 otherwise

Furthermore, h has mp—_,l singular points at infinity.

3.2 Affine singular points

We have:

fx — m(x + l)mfl _ mxmfl
fo=—m@y+ 1" gyt
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288 E. Leducq

So,

f(x0,y0) =0
(x0, yo) singular pointof f < 1 (xo + 1)"~ 1= x(')" !

m—1

o+ D" 1=y
o o+ D =g =y o+ D+ =0
& (xO+1)m 1 m—l
(o + ™= ‘—y{)" !
x6n 1 — y(r)n 1
& 1o+ D =
o+ 1"t =g

Finally, we have

Lemma 5 Affine singular points of f are points satisfying

o+ D" T =x T =y =G+ DML

From Lemma 5, we get that xo, yo 7 0, —1. Since pl dividesm — 1,

i
x" = 1
A B m—1 mf[
(x0, o) singular point of f < o+ 1) 7 = = x," | 4)
L] s
OGo+1 " = yOp
There are at most 2= i 1 solutions to the second equation of (4). Let xo be one of these
solutions, we want to know the number of yq such that (xg, yo) is a singular point of f.
We write m = 1 +Z?:1mjp’f withl <m; <p—1,i; >ij1, iy =/. Then,
@ m];[l I 4 mp,ll
Go+1) 7 =y" & H(yo+1> =y,
Jj=1
b m; Z}j‘:l kipi™! 0
< =0,
Z H kj Yo
(ST kp)eZ \ j=1
where T = {(ky, ..., kp) € ZP :Vj=1...b,0< kj <mj}\{(mi, ..., mp)}. We multiply
L*]l_mhpib—l %
by y,” and we set a = y,”

b—1 _ .
(0o
ki 0
ki,oskp—eT’ \ j=1 ~7

mp—1

S0y (n

kp=0 Ofkj <m;j j=1
j#b

where 7' = {(ki, ..., kp—1) € ZP7V:Vj=1...b— 1, 0 < k; <m;}\{(my,...,mp_1)}.

( ) k) pio + 0 k!
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The degree of this polynomial in yg is

b—1
m—1 : . m—1 .
—p" Y mpiT =2 S~ mp - Dp" L
j=1

pl

Then, we obtain

Lemma 6 The number of affine singularities of h is at most:

m—1 m—1 -
; —1)1{2 7 — (mp + 1)p' ,
p p

wherem=1+Z[;:lmjpif withl <mj;<p—1,i;>ij_1,i1=1L

Now, we study the multiplicity of affine singularities:

fG+x0,y+y)=@x+x0+D" =@ +x)" = +y+ D"+ +y)"

m m . m m -
=§(k)xk(x0+l) k—Z(k)xkxO k

k=2
m m m m
-> ( )y"(yo +mR > ( )yky{)"_".
k=2 k k=2 k

Sincem — 1 = 0 mod p, forall 2 < k < p', (%) = 0. So (xo, yo) is a singularity of
multiplicity at least p!. Consider the terms of degree p’ + 1:

( ’ri 1) (((XO - x(,),,_pl_1) XV ((yo 1yt y(')”_ﬂ’—l) ypl+1) .
p

Since (xg, yo) is a singular point, (xo 4+ 1)~ = xg‘*l and xo # —1, 0. So,
! !
(x0 + ])m*plfl _xg1*17 -1 _ 0 (xo+ 1)pl ((XO i 1),,,,],[71 _x(r)nfp 71) -0
I
& —x(r)"_p p—Y

Hence, affine singularities have multiplicity at most p! + 1. Then, we look at the terms of
degree p':

(5) (o o =) = (0 077 —77") o).

However,
o+ D" =57 =0 & (o + D (o + 1" —xf7) =0
& o+ D" o+ D~ —xp P =0
e (T =1) =0
RS IF;I.

We can do the same for yy.
We have just proved the following lemma.
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290 E. Leducq

Lemma 7 There are at most:

— d — 1 affine singularities of h such that xo = yg € IE‘;I. Their multiplicity is p' (p! + 1
for f);

- mp—‘,l —d affine singularities of h such that xo = yo & ]Fz,. Their multiplicity is p' — 1 (p!

for f);
— (d — 1)(d — 2) daffine singularities of h such that xy # yo and xo, Yo € IF;,. Their

multiplicity is p' + 1 (for h and_f);
- (mp—jl - )( mp—jl — (mp + Dpio=t — 1) — (d — )(d — 2) affine singularities of h such

that xo # yo and xq or yo ¢F;‘7, (m =1 +le’»:1mjp"f withl <m; < p-—1,i; >
ij—1, iy = 1). Their multiplicity is p! (for h and f).

4 Intersection number bounds

We write h = uv; we want to bound the intersection number I, (u, v) for ¢ a singularity of 4.

4.1 Singularities at infinity

m—1
Lett = (w : 1 : 0) be asingular point of i atinfinity (w » = 1) of multiplicity n,. We write
Z(x +w,7) = ﬁm, + ﬁm,+l + --- where ﬁ[ is the homogeneous polynomial composed of
the terms of degree i of Z(x + w, z) and f(x +w,72) = fm, + leﬂ + --- where ﬁ, is the
homogeneous polynomial composed of the terms of degree i of f (x + w, z). Then,

fa+0,9=hx+o,9x+0-1

= (R+ Hy1 + Hy,) (x + 0 = 1)

where if R is non zero then, it is a polynomial of degree greater thanm; + 1

=XR+ (w— 1R +xHp, 41 +xHp, + (@ —1)Hpy, 11 + (0 — 1) Hy,.
So,
— ifw # 1, then Fy, = (0 — 1) Hy, and Fyy1 = XHp, + (@ — D Hyp, 413
— if w =1, then F,,+1 = xHy,.

Then, we have
m—1

Lemma8 Ift = (w:1:0), o ¥ =1, is a singular point at infinity of h with multiplicity
my then
- Emt = (w _~1)ﬁm, and fm,Jrl = xﬁm, + (0 — l)ﬁm,+l fo#l;
— Fmt+l =XHmt lfa) =1.

Corollary 1 Ift = (1:1:0) then

l_] 2
zr,(u,v)s(”2 ) .

Proof Ift = (1 : 1 : 0) then its multiplicity is p' — 1. By Lemma 8 and Eq. 3, there exists
ae IE‘Z such that

ﬁm; =a (xpl_l +Zp1_l) .
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Since the factors of Hm, are different, I;(u, v) = m,(u)m,;(v). We get the result since
mi(u) +m;(v) = p' — 1. O
Corollary 2 Ift = (w : 1 : 0) such that @ = 1,  # 1 then
PZZ -1
4

Proof Suppose that f = (w : 1 : 0) such that w? = 1 and w # 1 then, the multiplicity of ¢ is
p!. By Lemma 8 and Eq. 3, there exists a € I such that

Ii(u,v) <

(w — 1)ﬁp1 =Fy=a ()cpla)m_pl_1 toxgP lmP -l g (a)m_pl_l — 1) zpl) .

So all factors of I-Ip1 are simple and /; (u, v) = m;(u)m;(v). We get the result since m,(u) +
m(v) = pl. o
Corollary 3 Ift = (w: 1:0) withw 7 =1, o # 1, then
I;i(u,v) =0.
m—1
Proof Suppose that r = (w : 1 : 0) withw » = 1and w? # 1 then, the multiplicity of ¢ is
p' — 1. By Lemma 8 and Eq. 2, there exists a € I} and b € F such that

(@=DHy_ = Fy_j=az’""
and

ﬁpz :xﬁpz_l—l—(w — l)ﬁpz =b (xplwmﬁ’[*l —I—xz”lila)’"ﬂ’[*1 + z”] (a)mﬂ’l*l - 1)) .

So, gcd(ﬁpz, ﬁpl—l) = gcd(ﬁpz, fpl—l) = 1. Since ﬁpl—l has only one tangent line, by
Lemma 1, /;(u, v) = 0. m]

4.2 Affine singularities

Let t = (xo, yo) be an affine singular point of # of multiplicity m;,.

We write h(x+xo, y+y0) = Hpu, +Hpy,+1+- - - where H; is the homogeneous polynomial
composed of the terms of degree i of 7(x + xp, ¥ + Yo)-

Assume xo = yo. Then, we write f(x +xo,y + y0) = Fn,+1 + Fp,42 + - -+ where F; is
the homogeneous polynomial composed of the terms of degree i of f(x + xo, ¥ + yo) and

fx+xo0,y + yo) = h(x + x0, y + y0)(x +x0 — y — yo)
= (R+ Hp,1 + Hp ) (x — y)
where if R is non zero then, it is a polynomial of degree
greater than m, + 1
=@ =R+ &—=y)Hp,+1+ x —y)Hp,.
So, Fi,4+2 = (x — y)Hpy,+1 and Fy, 11 = (x — y) Hy, . Furthermore, for some a, Fy,,+1 =

a(x™+1 — ym+1y (see proof of Lemma 7).
So, we get

Lemma9 If t = (xo, yo) is an affine singular point of h with multiplicity m; such that

Xo = yo, then Fyy, 12 = (x — y)Hpy,+1 and Fy, 41 = (X — y) Hy,.
my+1_ ymp+1
Furthermore, tangent lines to h at t are the factors of ~ ' xx :

@ Springer



292 E. Leducq

Corollary 4 Ift = (xo, yo) is an affine singular point of h such that xo = yo € ]F;, then

21_1
4

Ii(u,v) <

Proof Suppose that t = (xg, yo) is an affine singular point of & such that xo = yo € IF:,

! 1
+1_p' +1
_)17

then, the multiplicity of 7 is pl . The factors of =~ are all distinct. So, by Lemma 9,

tangent lines to u or v are all distinct and

x=y

I (u, v) = m;(u)m;(v).
Since m; (u) + m;(v) = p', we get the result. O
Corollary 5 Ift = (xo, yo) is an affine singular point of h such that xo = yo & IE";, then,
I;(u,v) =0.

Proof Suppose that t = (xg, yo) is an affine singular point of /& such that xo = yp ¢ IF’;,
then, the multiplicity of ¢ is p! — 1. By Lemma 9,

b (xpl—H _ ypl+1>

X =y

le_l =a(x — )’)pl_l and sz =

Hence, gcd(sz_l, sz) = 1. Since sz_l has only one tangent line, by Lemma 1, ;(u, v)
= 0. [m}

Assume now xo # yo. Then, we write f(x 4+ xo, y + yo) = Fu, + F,+1 + -+ where F;
is the homogeneous polynomial composed of the terms of degree i of f (x + xo, y + yo) and

f(x+x0,y+y0) = h(x + x0,y + yo)(x +x0 — y — Yo)
= (R + Hp,+1 + Hp,) (x +x0 =y = Y0)
where if R is non zero then, it is a polynomial of degree
greater than m; + 1
= (x0 — Y0) Hp, + ((x = y)Hp, + (x0 — 0) Hin,41)
+((x—y+x0—yO)R+ (x — y)Hp,+1) -

So, Fin, = (x0 — Y0) Hp, and Fyy, 41 = (x0 — y0) Hpm,+1 + (x — y) Hy, .
Then, we obtain the following lemma.

Lemma 10 Ift = (xo, yo) is an affine singular point of h with multiplicity m; such that
X0 Z Yo then

F, = (xo — yO)Hm, and Fn+1 = (x — y)Hm, + (x0 — )’O)Hm,+l-

Corollary 6 Ift = (xo, yo) is an affine singular point of h such that xy # yo, X0, Yo € ]F;,
then

[ 1 2
Iz(u,v)f(p; ) .
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Proof Suppose that t = (xg, yo) is an affine singular point of / such that xo 7# yo, X0, Yo €
IF;, then, the multiplicity of 7 is p! + 1. By Lemma 10,

1 ! .
(X0 = Y0)Hpm, = Fn, = c1x? T —coy? ™1 with g, 2 # 0.

Hence, all factors of H,,, are simple and then I; (u, v) = m;(u)m;(v). Since m,(u) +m;(v) =
pl + 1, we get the result. O

Corollary 7 Ift = (xo, yo) is an affine singular point of h such that xy # yo and xo € Fz,
and yy & le orxy & IF;I and yq € IF;, then

I;(u,v) =0.

Proof Suppose that 1 = (xg, yo) is an affine singular point of & such that xo # yp and
X0 € IF;I and yo & F:l or xo & IF;, and yg € F:l then, the multiplicity of 7 is p!. Then

F =

!
Pif F* 0
cix? ifyg € ¥, ¢y # Lol el
» [ " and sz_H:clx”Jr —chyP el b #0.

czy”[ ifxg € ]F;,, ¢ #0

So, by Lemma 10, 1 = ged(F, Fpiyy) = ged(H i, Hpyiy ) and H), has only one tangent
line. Hence, by Lemma 1, 7; (u, v) = 0. m]

Assume xg # yo and xo, yo & FF ;. Then, 7 has multiplicity p!. We have Fp = c1x”I —

/ ol

cay? = (e3x — eay)?, where 1 = (v + )" —x{ and e = (yo + )" 7 — 35"
Since xg, yo & ]F;,, c¢1 #0and ¢y # 0. By Lemma 10,

Fpl = (xo — y())le and Fpl+l = (x0 — yO)Hp’—H + (x — y)sz.
So, H,,z has only one factor and gcd(sz, F,,zH) = gcdl(sz, Hp’+1)~ Furthermore, F,,z+1 =
dixP' T — day? H withdy = (xg+ 1" PN =P £ 0and dy = (yo + P -

!
ygl —r-l # 0. The polynomials F,; and F ;| have a common factor if and only if c3x —c4y

divides F . So, F,; and F; | have a common factor if and only if

‘o pl+l_ d »
[ “\d ’

If (x0, yo) is a singular point of f, then

m—1 _ _m—1
X0 =N
(xo+ D" = )c(’)"_1 .

o+ D" =y !

We have:
_ —pl—1 !
di = (xp 4 1yn—r'—1 _ mep =t o F D7 "—xg T o+ )P
1= — =
0 (xo + DP'
ol
_ x(r)n—l _x(r)n—l _x(’)" p—1
(xo + D'
I_
_ -
(xo+ DP'
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m pl—]

Similarly, do = —0—. Hence,
imilarly, dy = - "L~ Hence

—_pl_1 ! /
i xg " (o + D? _ X ! ”(yo+1)P o+ P

_pl_ - 1 *
d g+ )y o+ P ) (o + DY

On the other hand, we have:

1 -p!
— (ot 1)’”_1’[ B x(,)n_pz _ (xo+ D(xo+ D" — xo (xo0 + 1)1’

(xo + DP'

g
(xo + D'
xgl v (xé’l_] — 1)

(xo + D'

1
Yo "()0
(o+D#’

Similarly, c; = =D Hence,

—1 1 ] I I
cl x(r)n v ()C(I)J - 1) (o + P yé’ (yo + 1)? (xp - 1)

e () Y I )

After simplification, we get that F; and F; have a common factor if and only if

!
! I_ P+l ; I pl+1
soto+ D7 (3 1 =1)" T =xo00+ DY (5 T =1) 5)

If (x0, yo) is not a solution of (5), then ged(H,;, H,i; ) = 1 and by Lemma 1, /;(u, v) = 0.

Otherwise, we write u(x + xo, y + yo) = Uy + Uy41 + - - - , where U; is the homogeneous
polynomial composed of the terms of degree i of u(x + xo,y + yo) and U, # 0 and
v(x +x0,y 4+ yo) = Vs + Vi1 + -+ -, where V; is the homogeneous polynomial composed
of the terms of degree i of v(x + xo9, y + yo) and Vs # 0. If r = 0 or s = O then ¢ is not a
point of u or v and I;(u, v) = 0. Assume that r, s > 0. Since (xgp, yo) satisﬁes 5), F ; and
Fpi4y have a common factor that we denote by e. We have H,; = U, Vs = e "and Hpy =
U, V541 + Uy41Vs. Furthermore, gcd(sz, sz+1) = ¢ and thus gcd(sz, » 111) =e. Smce
r > lands > 1, edivides U, and V; and consequently ged(U,, V). If gcd(U,, Vi) = ek, e
divides gcd(H 1, Hyiy ) thus ged(Ur, Vi) = e. We can assume without loss of generality

that U, = e” =1 and Vs = e. Since m; (v) = 1, I;(u, v) = ord} (u). Since €2 does not divide

Hiyy, edoesnotdivide U, and we can write U, as the product of p' linear factors distinct

from e. Each factor is not tangent to v, so the order of each factor is 1 (see [4, p. 70]). Thus
the order of Uy is p! and ord? (1) < p'.

Finally, we get
Lemma 11 Ift = (xo, yo) is an affine singular point of h such that xo and yy & ]F;, and
X0 #Z Yo then

; Lo pl—1 L +1 Loopl—1 41

— L, ) =0if yoo+ D7 (3 = 1) #xo00+ DP (5 T = 1)7T
— otherwise, I, (u,v) < p'; and there are at most (p' — 2)(p' + 1) + 1)(”’p—_,1 — 1) such

singular points.
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5 Proof of Theorem 3

The following theorems prove Theorem 3. From now, assume m # 1 + p'. We write m =
1—|—Z?:1mjp‘f withl <m; <p—1,i;>ij_1, i1 =1L

Theorem 4 If d = 1 then h has an absolutely irreducible factor over IF .

Proof Suppose that d = 1. Assume & has no absolutely irreducible factor over F,, then by

Lemma 2 we have e = (}”1’77“2’)2 > % where I, is an upper bound on the global intersection

Py
number for any factorization 7 = u - v. Since d = 1, we only have singularities of type Ib,
IIc, IIa and Ilc (see Table 1). So, by Table 1, we can take

m—1 m—1 - I 1\?
Itm:p’( , —1)(2 , —(mb+1)p'“—1)+(” ) 6)
p p 2

Plk=2 _ pl=1

Sincem:1+plkandm#l—i—pl,kzZ;thusmTJ: 17— = “5—. Hence
1 ((m=-3?% ,(m—1 2
< —_— -1
e_(m42)2( T p!
L4
4 pl”

For p! # 3 or 5, we have e < % which is a contradiction.
First, consider the case where pl = 3. We have 1 =d = gcd(2, k) so k is odd and 3 does
not divide k by definition of /. Hence k > 5, thus, by Lemma 11

; 2

15(k—1)+1
< =
€= (m—2)2 (Bk—1)2
) )
15(k—D+1 - . . g
However, fork > 5, k — sy sa decreasing function. So, for k > 11, e < 5- Now

T
we have to consider the case where k = 5 and k = 7. Using Eq. 6, we have

k|57
m (16|22

Lo |37 73
37173
721112

In all cases we get a contradiction since e < %.

If pl =5,thenl =d = gcd(4, k) and k is odd. Hence, k = 3 or k > 7. As in the case

[ — 95(k—D+4 9Sk=D+4 : :
where p' =3, e < e However k +— S isa decreasing function for k > 3.
i i

e

so, fork > 17, e < % which is a contradiction. We now have to consider the case where
k=3,7,9, 11, 13. Using Eq. 6, we have

kK|{3|7]9 (11|13
m |16/ 36 | 46 | 56 | 66

Ii0r|24(124|324|354 664

o |22 12832435 (664
721172 1222 | 272 | 322

In all case, e < % which is a contradiction. O
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Theorem 5 If 1 < d < "L, h has an absolutely irreducible factor over Fp.
p

m

Proof Suppose that 1 < d < 71 . Assume h has no absolutely irreducible factor over F ,

then by Lemma 2, we have ¢ = ﬁ > % where ;4 is an upper bound on the global

F
intersection number for any factorization of 7 = u - v. By Table 1, we can take:

21 ! 2
pT—1 p—1
It01‘= 4 (d—1)+( ) )

+pl((m_ll—l)( m_ll —(mb—l-l)]?ib_l—l)—(d—l)(d_z))
p p

p21_1

I 2
+ (p;l) d=—1)d-2)+d—1)
! 2

21 _
P P 1) d—1)d-2)

1
< (d—1>+(

2 I 2
fm—1 p —1
—1 .
+p(ﬁ’ )+( 2 )

However, m = 1 + kp' with k # 1. Since d divides k and d < k, we have d < ’”T Hence,

207D (E-D+ G -2 (E-) (-2 +4p k- D2+ (p - 1)
N (p'k —1)

e (S TR Y (B e
pl
2
+il(k—1)2+(1—il) )
P 2

1 4 1
+-+—+

Sincee > §, 1 <d < k and ged(k, p) = 1, the only possibilities are:

k 4 6] 8 (9110|1214 |15|> 16
p'(3,7,115[3,5,7(7|3,7]5,7(3,5] 7| 3,5

On one hand, we have

2(p21— Dd—1D+ (P +1D%2d—-1d—-2)

(plk —1)?
4ptk — (P =2+ D+ 1D + (P —1)2
* Pk —1)2 @
On the other hand, we have:
20T =D =D+ + DM = D =2)
(p'k — 1)2
4p (k — D@2k — (mp + Dpv=™ — 1) + (p' - 1>2
7 3 ®)
(p'k—1)
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First, consider the case where k > 16. In inequality (7), e is bounded by a decreasing function
of k. Furthermore, if p! = 3 and k = 16 or if k = 17 and p’ = 5 the upper bound in (7) is
less than % which leaves only the case k = 16 and p' = 5. But replacing in Eq. 8, we also
get a contradiction. In the other cases, using inequality (7) or inequality (8), we have e < %

which is a contradiction. ]

Theorem 6 Ifd = T # p! — 1 then h has an absolutely irreducible factor over Fp.

Proof Suppose thatd = ra 7& p! — 1. First, we make some remarks. Since d = T there
are only singularities of type Ia, Ila, Illa, IIIb (see Table 1). In all these cases, the tangent lines
of h in any singular point are simple. So, for all factorization s = uv, I;(u, v) = m,(u)m;(v).
Furthermore, since @ * pl -1, ”’—‘,1 < #. Assume that 2 has no absolutely irreducible

factor over F,. We write h = hy ...h, where each h; factorizes into ¢; > 2 factors on an

algebraic closure of ), and its factors are all of degree degci(ih"). We write h; = hi1...hj.
Then

A= Z > Zuhk,,hk,w > D> D ki ey

k=11<i<j=<ck I<k<l=r q <i<cg t
l=j=qa
= Z > Zm,(hkz)mxhk DE DD D i mi ).
k=1 1<i<j<ck 1<k<l<r 1<i<cg t
l=j=qa
However,

, 2
(m (h))* = (Z mz<hk>)
k=1

= > mh)*+2 D milum(hy)

k=1 I1<k<l<r

= Zm,w +2 > D> mmihy, ).
1<k<l<r 1 <l < cp
l<j=<qa

So, by Lemma 3,

r _ 1 1 r
A< Z(Z mi)? = 45 (nmm2 - me(hoz)),
t k=1

k=1

thus

1 — my (hp)?
) (|

t k=1
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On the other hand, by Bézout’s theorem,

A=D1 > deglhi)deglhe )+ >, > deg(hy,)deg(h,))

k=11<i<j<cg 1<k<l<r 1<i< Ck

I<j=q

2 _
=Zcleg(hk) lee =1 > deg(hy) deg(h)

2
=1k 2 I<k<l<r
1 r
= Zdeg(hk)2 - (deg<h>2 - Zdeg(hwz)
k=1 k=1
1 - deg(hk)2
= — | deg(n)> = —=—).
2( eg(h) k; .

Hence,

r 2
deg(h)? — Z deg(hk) Z(mz(h)z _ Z my (hi) )

C,
k=1 ‘ = K

Then, by Lemma 3,

1
deg(h)® Zm,(h = (deg(hw th<hk>)<o

~ o
We set k = ’”p—_,l Then
deg(h)® < > m(h)* & (m —2)* <2k — 1)p*
t

+ k=D& =21+ pH2+ ' —1)?
S —2pt+ D2+ (PP +4p  + 3k — (PP +2p  +2) <0

21 !
& k<lork > w
- - 2pl+1
However, k > 2 (m # 1+ p')and k < p L % which is a contradiction. O
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