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Abstract We propose new results on low weight codewords of affine and projective gen-
eralized Reed—Muller (GRM) codes. In the affine case we prove that if the cardinality of
the ground field is large compared to the degree of the code, the low weight codewords are
products of affine functions. Then, without this assumption on the cardinality of the field, we
study codewords associated to an irreducible but not absolutely irreducible polynomial, and
prove that they cannot be second, third or fourth weight depending on the hypothesis. In the
projective case the second distance of GRM codes is estimated, namely a lower bound and
an upper bound on this weight are given.
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1 Introduction: notations
1.1 General overview

This article proposes a study on low weight codewords of generalized Reed—Muller (GRM)
codes and projective GRM (PGRM) codes of degree d, defined over a finite field F,;, called
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respectively GRM codes and PGRM codes. It includes a focus on their minimum distances
as well as the characterization of the codewords reaching these weights. It also includes a
study of the second weight, namely the weight which is just above the minimal distance. The
second weight is also called the next-to-minimum weight.

Generalized Reed-Muller codes (also known as GRM codes) are evaluation codes
obtained from spaces of polynomials in several variables. More precisely, let d be a fixed
positive integer, if fis a polynomial function in n variables of degree < d, the components
of the codeword c( f) associated to f are obtained by evaluating the polynomial function f on
all the points of Fy :

c(f) = (f (X))xem.

Then, the weight W,sr(f) of a codeword c(f) is related to the number of zeros of its
associated polynomial, namely the cardinality #Z, s ( f) of the hypersurface Z, 7 ( f) defined
by this polynomial, by the following formula:

Warr(f) =q" —#Zass (f).

Consequently, the study of low weight codewords leads to the study of hypersurfaces with
many points. Such a geometric interpretation can be also given in the projective case, for
generalized projective Reed—Muller codes (also known as PGRM codes).

Determining the low weights of the Reed—Muller codes as well as the low weight code-
words are interesting questions related to various fields. Of course, from the point of view of
coding theory, knowing something on the weight distribution of a code, and especially on the
low weights is valuable information. From the point of view of algebraic geometry the prob-
lem is also related to the computation of the number of rational points of hypersurfaces and in
particular hypersurfaces that are arrangements of hyperplanes. By means of incidence matri-
ces, Reed—Muller codes are related to finite geometry codes (see [ 1, Sects. 5.3, 5.4]). From this
point of view, codewords have a geometrical interpretation and can benefit from the numerous
results in this area. Consequently there is a wide variety of concepts that may be involved.

We address in the following several questions related to the values of the low weights and
to the classes of polynomials reaching these values, or equivalently, to the hypersurfaces with
these cardinalities.

Concerning the values of the low weights, the minimal weight is known for the affine
case, namely the GRM codes (cf. [11]) and for the projective case, namely the PGRM codes
(cf. [30,32]). The next-to-minimal weight is known for GRM codes (partial results can be
found in [6,9,10,26,27] and a complete solution in [5]), but it is unknown for PGRM codes
except for some special cases (cf. [23,24]). We give a lower bound and an upper bound on
this quantity.

Concerning the hypersurfaces related to the codewords of minimum weight we know that
they are hyperplane arrangements (cf. [7] for the GRM codes and [25,30] for the PGRM
codes). Is it true for the next-to minimal weight? A positive answer is given in [17] for
GRM codes and the answer is unknown for PGRM codes except for some special cases (cf.
[23,24]). What happens for the codewords which are not products of degree one polynomials?
In order to address the problems surrounding this question it is convenient to introduce the
three following sets of polynomials classified according to the methods used to study their
numbers of zeros:

(1) the class of polynomials which are products of degree one factors; we remark that when
we are looking for polynomials of degree < d having a lot of distinct zeros, we can
require that the degree be exactly d and that the polynomial be without multiple factors,
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(2) the class of polynomials which are irreducible but not absolutely irreducible,
(3) the class of absolutely irreducible polynomials.

We study separately the number of zeros of the polynomials of each class, and we compare
these numbers for different relative values of d and q.

We give for GRM codes an explicit lower bound on the distance from codewords which
are defined by irreducible but not absolutely irreducible polynomials to the next-to-minimal
codewords. We study (GRM case), for different relative values of d and ¢, the codewords
which are associated to polynomials which are products of degree one factors (the associated
hypersurfaces are hyperplane arrangements). We prove that, when ¢ is greater than a certain
value ¢go depending on the degree d, all the weights of the codewords defined by polynomials
of degree d which are products of degree one polynomials without multiple factors (the
associated hypersurface is an arrangement of d distinct hyperplanes) are lower than the
weights of the codewords defined by polynomials which are not products of degree one
factors. A similar result was proved in [23] for PGRM codes. We compare for certain relative
values of g and d the weights of the codewords associated to polynomials which have an
irreducible but not absolutely factor to the four first lower weights of the code.

1.2 Organization of the article

Many results concerning this area are here and there in various articles. In this situation, a
comprehensive overview is needed. This is what we do first in Sect. 2.

Section 3 is an overview on the minimal distance both in the affine case as in the projective
case. Concerning PGRM codes, the second author characterized in [25] the codewords of
minimal weights. But the proof given there is only sketched briefly. We give in this Section
a more detailed proof.

In Sect. 4 we study the second weight of GRM codes.

— In Sect. 4.1 we recall some results concerning the second weight and the codewords of
a GRM code reaching the second weight. These codewords are now known. They were
determined in [9,27] for 1 <d < % and in [17] for the general case. It should be noted
that these codewords correspond, as do the minimal codewords, to products of affine
functions (by an affine function we mean a sum of a constant and a homogeneous linear
function, both defined over ;). Next we give new results on affine low weight codewords
and we split the study into the three following parts.

— In Sect. 4.2 we give new results on low weight codewords in the case where ¢ is large
compared to d. We prove that any codeword associated to a configuration of d distinct
hyperplanes has a weight that is lower than the weight of a codeword associated to a
polynomial divisible by an irreducible (absolutely or not) component of degree > 2.

— In Sect. 4.3 we study the general case and we compare the second, third an fourth weights
to the weight of a word which is associated to an irreducible but not absolutely irreducible
polynomial.

— In Sect. 4.4 we study the important case where d < ¢ and we prove that under some
hypotheses, a word which is associated to a polynomial having a factor irreducible but
not absolutely irreducible has a weight greater than the third or fourth weight, depending
on the hypothesis.

In Sect. 5 we determine an upper bound and a lower bound for the second weight of a
PGRM code.
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2 Basics
2.1 Polynomials and homogeneous polynomials

Let F, be the finite field with ¢ elements and n > 1 an integer. We denote respectively by
A" (q) and P"*(g) the affine space and the projective space of dimension n over F,,.

Let Fy[X1, X2, ..., X,] be the algebra of polynomials in n variables over F,. If fis in
FglXi1, X, ..., Xn] we denote by deg(f) its total degree and by degy, (f) its partial degree
with respect to the variable X;.

Denote by .# (¢, n) the space of functions from Fg into I, . It is known that any function
in .%(q, n) is a polynomial function. More precisely there is a surjective linear map 7 from
Fy[X1, X2, ..., X,] onto .# (g, n) mapping any polynomial to its associated polynomial
function:

T:F,[X1, X2,..., Xu] — F(q, n),

f = T(f),
where T(f)(x) = f(x) is the evaluation of the polynomial function f at the point
X = (x1, X2,...,%,). The map T is not injective and has for kernel the ideal generated

by the n polynomials X7 — X; :
Ker(T) = (X] — X1, X7 — Xa,..., Xi — X,).

Any element of the quotient F,[Xy, X», ..., X,,]/Ker(T) can be represented by a unique
reduced polynomial f, namely such that for any variable X; the following holds:

degy,(f) =g —1.

We denote by Z P (g, n) the set of reduced polynomials in n variables over I, . Then, the map
T restricted to Z P (g, n) is one to one, namely each function of .% (¢, n) can be uniquely
represented by a reduced polynomial in ZP (g, n).

Let d be a positive integer. We denote by #Z P (q, n, d) the set of reduced polynomials P
such that deg(P) < d. We remark thatif d > n(g — 1) the set ZP (g, n, d) is the whole set
ZP(q, n).

Let 57 (g, n + 1, d) be the space of homogeneous polynomials in n + 1 variables over
IF, with total degree d. The decomposition

Fy[Xo. X1, Xo. ..., Xyl =@ #(q. n+ 1, d),
d=0

provides Fy[Xo, X1, X2, ..., X,,] with a graded algebra structure. Let ¢, be the subspace

of polynomials f in .7 (q, n + 1, d) such that f(x) = 0 for any x € ]FZ“ and denote by J
the homogeneous ideal

S =P s

d>0

It is known (cf. [21,22]) that the ideal _# is the homogeneous ideal generated by the poly-
nomials X?Xj — XiX;]. where 0 <i < j <n.
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2.2 GRM codes

Let d be an integer such that I < d < n(q — 1). The GRM code of order d over F, is the
following subspace of IE‘,(Iq”) :

GRM, (d, n) = {(f(x))xemf €F, [Xi.....X,] anddeg(f) < d} .

It may be remarked that the polynomials f determining this code are viewed as polyno-
mial functions. Hence each codeword is associated with a unique reduced polynomial in
ZP(q, n, d).

Remark 1 1fd > n(g — 1), the space of functions given by the polynomials of Z P (g, n, d)
is the whole space of functions, hence yielding the trivial code. This is the reason for defining
GRMy(d, n) ford < n(g —1).

Let us denote by Z, 77 (f) the set of zeros of f (where the index aff stands for “affine”).
From a geometrical point of view Z, 77 ( f) is an affine algebraic hypersurface in ]FZ and the
number of points #Z, 7 (f) of this hypersurface (the number of zeros of f) is connected to
the weight W, (f) of the associated codeword by the following formula:

Warr(f) =q" —#Zass (f).

The code GRM, (d, n) has the following parameters (cf. [2, p. 72], [11]) (where the index
aff stands for “affine code”):

(1) lengthmarr(q, n, d) = q",
(2) dimension

d n .
“ =SS (" ’_”+."_1)
st e ) =0 ,':0( ) (J)( r—Jq '

(3) minimum distance Wé}} (q, n, d) = (¢ —b)q"~*"', where a and b are the quotient and
the remainder in the Euclidean division of d by ¢ — 1, namely d = a(q — 1) + b and
0<b<gqg-1.

Remark 2 The code GRM, (d, 1) is a MDS code.

Remark 3 Be careful not to confuse symbols. With our notations, the length of the Reed—
Muller code of order d is mqfr(g, n, d), its dimension is kqrr (g, n, d) and its minimum

distance is W;}} (g, n, d). Namely it is an
1
4@ n, ), kg (@ s d, WG, n, d)]-code.

The integer n is the number of variables of the polynomials defining the words and the order
d is the maximum total degree of these polynomials.

Remark4 Ifd < q — 1thena = 0and b = d. Hence
1 _
Whq. n. d) = (g - d)g"".

The minimum distance of GRM,(d, n) was given by Kasami et al. [11]. The words
reaching this bound were characterized by Delsarte et al. [7] and are described in the following
theorem:
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Theorem 5 (Delsarthe, Goethals, McWilliams) The maximum number of rational points
over Fy, for an algebraic hypersurface V of degree d in the affine space of dimension n
which is not the whole space IF; is attained if and only if:

a

q—1 b
V= U UVl-,j UWf whered = a(q — 1) + b,
i=1 \j=1 j=1

with0 < b < q — 1 and where the V; j and W are d distinct hyperplanes defined on IF; such
that for each fixed i the V; j are g — 1 parallel hyperplanes, the W ; are b parallel hyperplanes
and the a + 1 distinct linear forms directing these hyperplanes are linearly independent.

A simpler proof than the original one is given in [18].

2.3 PGRM codes

The case of projective codes is a bit different, because homogeneous polynomials do not
define in a natural way functions on the projective space. Let d be an integer such that
1 <d < n(g —1). The PGRM code of order d (PGRM code) was introduced by Lachaud
[13]. Let S a subset of ]FZJrl corresponding to the choice of one point on each punctured vector
line of IFZ“. Remark that any point of the projective space P"(q) has a unique coordinate
representation by an element of S. The projective Reed-Muller code PGRM,, (d, n) of order
d over P"(q) is constituted by the words ( f(x))xes Where f € #(q, n+ 1, d) :

PGRM, (d, n) = {(f (X))xes|f € #(q. n+ 1, d)}.

This code depends on the set S chosen to represent the points of P” (¢). Nevertheless, different
choices of S'lead to equivalent codes. Then the main parameters are independent of this choice.
Following [13] we can choose

S =Ul,S;,

where S; = {(0,...,0, 1, xj41, ..., xy)|xx € Fy}. Subsequently, we shall adopt this value
of § to define the code PGRM, (d, n).

Remark 6 Ford > n(q — 1), the image of 77 (q, n+ 1, d) fills up the whole of the ambient
vector space, hence yielding the trivial code. This is the reason for defining PGRM, (d, n)
ford <n(g —1).

For a homogeneous polynomial f let us denote by Z,;(f) the set of zeros of fin the
projective space P"(q) (where the index proj stands for “projective”). From a geometrical
point of view, an element f € (g, n+1, d) defines a projective hypersurface Z,,,; (f) in
the projective space P (¢). The number #Z ,,.,; ( f) of points of this projective hypersurface is
connected to the weight W, (f) of the corresponding codeword by the following relation:

n+1 _

—1

q

Wproj )= - #Zproj (f).

The parameters of PGRM, (d, n) are the following (cf. [32]) (where the index proj stands
for “projective code”):

n+1_1
g=1

q

(1) length mprvj(qy n, d) =
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(2) dimension,

n+1
; +1 t—jg+
kproj(q, n, d) = > (Z(_I)J(nj )X( fiqjqn))’
t=dmodq—1 =0
0<t<d

(3) minimum distance: W;lr)o y (g, n, d) = (g —b)q" " where a and b are the quotient and
the remainder in the Euclidean divisionof d — 1 by g — 1, namelyd — 1 = a(g — 1)+ b
and0<b <gqg—1.

Remark 7 The code PGRM, (d, 1) is a MDS code.

3 Minimal distance and corresponding codewords
3.1 The affine case: GRM codes

For the affine case recall that we write the degree d in the following form:
d=al@—1)+b with0<b<qg-—1. (1)

The minimum distance of a GRM code was given by Kasami et al. [11]. The words reaching
this bound (i.e. the polynomials reaching the maximal number of zeros) were characterized
by Delsarte et al. [7]. As indicated in [7] the polynomial functions reaching this bound can
be written as:

Poo =wo [T (1= ) = w™) [T (larr 0 = w}) @

i=1 j=1

where x € ]FZ, the w’. in the last b factors are distinct elements of F,, the w; are arbitrary
elements of Fy with wo # 0 and /; are a + 1 linearly independent linear forms on [Fy.

We give here the geometric interpretation of such a polynomial f reaching the maximal
number of zeros. The hypersurface defined by fis the following arrangement of hyperplanes:

(1) ablocks of g — 1 parallel hyperplanes, each of them directed by one of the a first linearly
independent linear forms /;,
(2) one block of b parallel hyperplanes directed by /4.

Such a hypersurface will be called a maximal hypersurface and the associated polynomial is
called a maximal polynomial. The corresponding weight is the minimal weight.

3.2 The projective case: PGRM codes

Letus denote respectively by W[glr)o i (g, n, d)and Wﬁl i (g, n, d)thefirstand second weights
of the projective Reed—Muller code.

In order to describe the minimal distance in the projective case, writed —1 = a(q — 1) +b
with 0 < b < g — 1. The minimum distance of a PGRM code was given by Serre for d < ¢
(cf. [30]), and by Sgrensen [32] in the general case. The polynomials reaching the maximal
number of zeros (or defining the minimum weighted codewords) are given by J.-P. Serre in
the case of d < ¢ (cf. [30]) and by the last author (cf. [25]) in the general case. Let us give a

detailed proof of the following result stated in [25].
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Theorem 8 Let f be a homogeneous polynomial in n + 1 variables of total degree d, with
coefficients in ¥y, which does not vanish on the whole projective space P"(q). Then the
following holds:

(1) The number of F,-rational points #Z ., (f) of the projective algebraic set defined by f
satisfies the following:

n+l _ 1
#Zproj(f) < 2 —w (g, n. d) 3)
projlJ) = — proj(@> 1> d),
where
) )1 ifd >n(qg—1),
Wi 1 D= | gt g <ty 1)
with

d—1=a(lg@—1)+b and 0<b <q—1.

(2) The bound in (3) is attained. When d < n(q — 1), the polynomials f attaining this
bound are exactly the polynomials defining a hypersurface V. = Zp.,;(f) such that
: V contains a hyperplane H (namely fvanishes on H) and V restricted to the affine space
A"(q) =P"(g) \ H is a maximal affine hypersurface of A" (q).

Proof The point (1) is proved by Sgrensen [32]. However, in order to prove at the same time
the point (2), let us rewrite entirely the proof given by Sgrensen of the point (1) and let us
show that one can deduce the result (2) from this proof.

Ifd > n(g — 1), as fdoes not vanish on the whole projective space P"(g), then

qn+1_1
—1

#Zproj(f) = -1
Remark 6 proves that this bound is attained.

Ifd <n(g—1)and V = Z,,,;(f) contains a hyperplane H, we can suppose that this
hyperplane is given by Xo = 0, so that f = xo fi, where f] is a homogeneous polynomial
of degree d — 1. The complement of H is the affine space

A'(q) = {x e P"(¢)|xo = 1}.

Let f be the polynomial in n variables obtained from f] by setting xo = 1. This polynomial
is defined on A" (q) and does not vanish on the whole affine space A" (q). Hence, using the
result of Kasami et al. [11], we obtain:

#Zur (f1) < q" — (g —b)g" ™",

and consequently

n

BZ proj (f) = #H +#Z4p7 (i) < qq

—1
n+1 _
#Zproj(f) = %

+4¢" — (g —b)g" !,

] _(q_b)qufafl7

where the symbol # denotes the cardinality. The bound is attained if and only if the polynomial
f1 verifies the conditions of maximality given in [7].
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Ifd <n(g—1)and V = Z,,,;(f) does not contain any hyperplane, we give a proof of
(3) by induction on n. If n = 1 and d > g — 1 the result is a consequence of Remark 6. If
d < g — 1 the homogeneous polynomial fin two variables of degree d can be written as:

f (Xo, X1) = kX{ +1Xog (X0, X1),

where k # 0 and/ # 0 (because V does not contain any hyperplane) and where g is a nonzero
homogeneous polynomial function of degree d — 1. The point at infinity xo = 0, x; = 1 of
the projective line is not a zero, the only zeros are points such that xo = 1 and x is a solution
of a polynomial equation in one variable of degree d. Then #Z ,,; (f) < d and the induction
property is verified.

Next suppose that the property is true for n — 1 and Z,,;(f) does not contain any
hyperplane. Then for any hyperplane H we have

q" -1
#(Zproj(f) ﬂH) = ﬁ - ngl)oj(qs n—1,d),

#(H\Zproj(f) N H) = WS,) (g n =1, d).

Let us count the number .4 of couples (M, H) where H is a hyperplane and M a point in
(P"(g)\Zproj (f)) N H. We know that the number of hyperplanes containing a given point
is 2= Then

q—1
qn -1 n
N = T (B @O\ Zproj ().
This number is also the following sum on the qn;_If hyperplanes of the space P"(q)
qn-H 1 M
N =D #(H\ Zproj(f) N H) = e proj@- 1 —1,d).
H
Then
qn—H -1 )
Worej (f) = Wwproj(qa n—1,d),

Wproj(f) > qu(,lr)oj(q, n—1, d).

As d < n(q — 1) we have two cases:
Ca— 1
(1) d < (n—1)(g — ) and then W) .(q. n — 1, d) = (g — b)q"~*"2. Hence g W}, .(q.
—a—1 (D :
n—1,d)=(@q—->bq" % = mej (g, n, d). In this case we conclude

1
Wroj () > Wyph (g, n, d),
which proves that the induction property is verified and also that the bound cannot be
reached by a hypersurface which does not contain any hyperplane.

(2) (n—1)(g—1) <d < n(g—1)andinthiscasewehave W'V (g, n—1, d) =1, a = n—1

proj
(eY]
and mej(q, n, d) =q — b. Then
1
Wproj (f) > Wiy (qg.n—1,d)=q > q—b,
1
Wproj () > Wi, (g, n, d),
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which proves that the induction property is verified and also that the bound cannot be
reached by a hypersurface which does not contain any hyperplane.
The point (2) is a consequence of the above reasoning.

4 Low weight codewords in the affine case
4.1 The second weight in the affine case

Let us denote by Wgc)f (g, n, d) the second weight of the GRM code RM,(d, n), namely
the weight which is just above the minimum distance. Several simple cases can be easily
described. If d = 1, we know that the code has only three weights: 0, the minimum dis-
tance W;}}(q, n, 1) = g" — ¢"~! and the second weight Wﬁ}(q, n, 1) =¢q". Ford =2
and ¢ = 2 the weight distribution is more or less a consequence of the investigation of
quadratic forms done by Dickson [8] and was also done by E. Berlekamp and N. Sloane
in an unpublished paper. For d = 2 and any ¢ (including ¢ = 2) the weight distribution
was given by McEliece [20]. For ¢ = 2, for any n and any d, the weight distribution is
known in the range [Wé}} 2, n, d), 2.5W(}} (2, n, d)] by a result of Kasami et al. [12].

a

In particular, the second weight is Wéjzc} 2, n,d) =3x2"91ifl <d <n—1and

Werr2, n, d)=2"""*ifd =n—lord = 1. Ford > n(q — 1) the code GRM, (d, n)
is trivial, namely it is the whole of .% (¢, d, n), hence any integer 0 < ¢t < ¢g" is a
weight.

The general problem of the second weight was tackled by Erickson in his thesis [9, 1974]
and was partly solved. Unfortunately this very good piece of work was not published and
remained virtually unknown. Meanwhile several authors became interested in the problem
independently of the work of D. Erickson. The second weight was first studied by Cherdieu
and Rolland [6] who proved that when g > 2 is fixed, for d < ¢ sufficiently small the second

weight is
chz}(q’ n’ d) — ql’l _dqil—] _"_ (d _ 1)qn—2

Their result was improved by Sboui [27], who proved the formula for d < ¢ /2. The methods
in[6,27] are of a geometric nature by means of which the codewords reaching this weight were
determined. These codewords are hyperplane arrangements. Then Geil [10], using Grobner
basis methods, proved the formula for d < g. Moreover as an application of his method, he
gave a new proof of the Kasami—Lin—Peterson minimum distance formula and determined,
whend > (n — 1)(qg — 1), the firstd + 1 — (n — 1)(¢g — 1) weights. In particular forn = 2
the problem is completely solved in his work, and this case is particularly important as we
shall see later. Finally, the last author in [26], using a mix of Geil’s method and geometrical
considerations found the second weight for all cases except whend = a(q — 1) + 1. How-
ever the Grobner basis method does not determine all the codewords reaching the second
weight.

Recently, Bruen [5] exhumed the work of Erickson and completed the proof, solving the
problem of the second weight for the GRM code. Let us describe a little more the result of
Erickson. First, in order to present his result introduce the following notation used in [9]:
s and 7 are integers such that

d=s(g—1)+1t, with O0<r<gqg-—1.
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Low weight codewords of Reed—Muller codes 281

Theorem 9 The second weight w aff (q, n, d) is
Wi, n, d) = W(q. n, d) +cq"* 72,
where W( f(q, n,d)=(q— t)q”’s’l is the minimal distance and c is

q if s=n—1,

t—1 ifs<n—land1<t§ﬂ,
ors<n—1landt=q—1#1,

q if s=0andt =1,

c=3qg—-1if g<4, s<n—2andt =1,

g—1if g=3,s=n—-2andt =1,

q if g=2,s=n—2andt =1,

q if q=4,0<s<n—2andt =1,

¢ ifqz4,s§n—2and%<t.

The number c, is such that ¢; + (q — t)q is the second weight for the code GRMy (2, t).

It follows from the previous theorem that if one could compute the second weight for
a case where ¢ = ¢, the problem would be completely solved. Alternatively, Erickson
[9, Conjecture 4.14, p. 76]conjectured that ¢; = ¢ — 1 and reduced this conjecture to a
conjecture on blocking sets. Recently in Bruen [3-5] proved that this conjecture follows
from two of his articles. To summarize the state of the art on the problem of determining
the next-to-minimal weights of the GRM codes, say that the problem is now solved by the
combination of the results in [5,9]. It is also solved by combining the results of [9,10] (the
important case n = 2 is completely solved in [10] and this leads to the conclusion as noted
above) or by combining the results of [9,26] (the case not solved in [9] are explicitly resolved
in [26]). More precisely the following theorem holds.

Theorem 10 The coefficient c; used in the previous Theorem 9 is
=1 — 1.

Remark 11 The values s and t are connected to the values a and b of the formula (1) in the
following way: a = s and b =t unlesst = ¢ — 1 and in thiscasea = s + 1 and b = 0. Let
us also express the second weight with the writing (1) of Euclidean division (cf. [26]). Let
us define y to be such that

Wiy (a. nod) = Wyl n, d) +yq" 2, @
The second weight is given by the following:
(I) n =1 (and then g > 2):
W(zf(q, nd)=q—d+1; y=gq;

I n=>=2

(A)d=1:

Wli(g, n, d)=q"; v =g;
(B) d>2
1 g=2
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@ 2<d<n-—1:

2 —d—
Wiir(@, n d)=3x2""""1 y=q=2;
by d=n—1:
W2 n dy=4 y=¢*=4
arf@m d) =4 y=q"=4

(2) g=3
(@ 2<d<qg—1:

W@ n d)=q" —dg" ' +@d—=1g" 7 y=b-1=d-1I
b (n—1g—1) <d<nlg—1):
Wﬁ}(q, n,dy=q—-b+1; y=gq
©g-1l=d=mn—-Dg-1

D)b=0:
Wiri(q, n, d)=2¢"""""q —1); v =q(q—2)
(i) b =1
(@)g =3
WeGon d)y=8x3""% y=q-1
Brg=4:

2 —
Witr(g. n, d)=q"" y=q

(ii)2<b<qg-—1:
Weri(g, n, d)=q"""(g = 1)g—b+1); y=b-1.

Finally let us remark that we now have several approaches to find the next-to-minimal
distance, close to each other, but nevertheless different. The first one (cf. [5,9]) is mainly
based on combinatorics of finite geometries, the second one (cf. [6,26,27]) is mainly based on
geometry and hyperplane arrangements, the third (cf. [10,26]) is mainly based on polynomial
study by means of commutative algebra and Grobner basis. All these approaches can be
fruitful for the study of similar problems, in particular for the similar codes based on incidence
structures, finite geometry and incidence matrices (see [14—16,33]).

The polynomials reaching the second weight are known (cf. [9, Theorem 3.13, p. 60], [27]
for 2d < g and [17] for any d).

4.2 Low weight codewords for large ¢

The dimension n of the ambient space and the degree d are fixed. As we make a study of
low weight codewords for large values of g, we suppose first that ¢ > d. Let us denote by
LW (q, d, n) the set of words f (where fis a reduced polynomial) of the Reed—Muller code
GRMy (d, n) such that the set Z, ¢ (f) of zeros of fis an union of d distinct hyperplanes.

Lemma 12 Let f be a reduced polynomial function in % (q, n) which is in W (q, d, n).
Then the number #Z .57 (f) of zeros in IF; is such that

dd=1 .

5 (&)

#Zapr(f) = dg" " —
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Proof The set Z, 77 (f) of zeros of fis the union of the d distinct hyperplanes H;. Then

d
#Zapr (f) =#Zapr(f) = Z#Hi - Z# (H; N Hj).

i=1 i#j
But
dd-1)
St nm) = 2D
i#)
Then
4 dd-1 ,_
#Zapr(f) = dg" ' — ————¢" 2.

2
[m}

The two following lemmas are useful for the study of irreducible but not absolutely
irreducible polynomial functions. The first one is a key lemma which can be found in [31].The
second one is a slight modification of [25, Theorem 2.1].

Lemma 13 Let fbe a nonzero irreducible but not absolutely irreducible polynomial over the
Sfinite field ¥, in n variables and of degree d. Then one can find a finite extension Fyr such
that there exists a unique polynomial g absolutely irreducible over the finite field ¥/, in n
variables and of degree d’, satisfying:

F=xr]1e
oeG

where G = Gal(Fy /) is the Galois group of ¥y over Fy,

deg(f) = Fq : Fq]deg(g).

A is a constant in Fy and the g° are conjugated.

Lemma 14 Let f € #ZP(q, n, d) be an irreducible but not absolutely irreducible polyno-
mial of degree d > 1. Let us set a and b such thatd = a(q — 1) +band 0 < b < g — 1.
Denote by u the smallest prime factor of d. Then the number #Z,rr(f) of zeros of f over I
satisfies:
n—LLJ -1
#Zapr(f) <q" —2¢q L@ D], (6)
Moreoverifa =0

d n—1
#Zaff(f)<;q . (7)

Proof Using the Lemma 13 we get:

r=11¢-

oeG
where g € Fy/[Xy, ..., Xp]. Let us write the polynomial g as
gXi X)) = D Cupan Xy X
(uy,..., up)eD
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where D is a finite set of multiple indexes. Hence

(Xt X)) = D 0 (Cupan) X X

Letus denote by s the cardinality of the Galois group G. The number s is also the dimension
[Fy : Fy] of the vector space [, over the field ;. The total degree d of fand the total degree
d' of g are related by the following formula:

d=deg(f) =sdeg(g) = sd.

Let §; be the partial degree of g with respect to the variable X;. Then the partial degree of f
with respect to the variable X; is s4;. As fis reduced, all the partial degrees of the polynomials
gare <q — 1.

From the previous writing of f we get:

Zaff(f) = U Zaff (gEF;) ,
oeG
where g“]’Fn is the restriction to Iy of ¢”. However all the conjugate polynomials ¢” have the
q

same zeros in Fy. Hence Zarr (f) = Zags (8E2)-
Let (wi, ..., wy) beabasis of the vector space IF,» over IF; and /1 ; the following polynomial
inFy[Xq,..., X,]:

u n
hj (X1, X)) = D G X X
(uy,..., up)eD
where ¢; o) € [F, is the component of ¢y, ,....u,) on w;. Then 4 ; is areduced polynomial
inFy[Xy, ..., X;]. Now we can write g as:

N
g(Xi, .., X)) = > hj(X1,..., Xp) wj,
j=1

where h; € ZP(q, d’, n) and are not all zero.
Hence,

Zapr(F) = ) Zags (1)) -
j=1

The nonzero 4 ; cannot all be equal to the same product of d” distinct (up to a constant multi-
plier) degree one polynomials because in this case, g would be proportional to a polynomial
over IF,. Then the £ are such that:

(1) there is aj such that & is of degree < d’ or has a multiple factor; or

(2) all the & are of degree d’ but there is a j such that /1 is not the product of degree one
polynomials; or

(3) all the & are products of d’ distinct degree one polynomials, but there are two indexes i
and j such that at least one factor of /; is not (up to a constant multiplier) a factor of 4 ;
(and consequently a factor of /2 ; which is not a factor of &;).

In the two first cases, there is a j such that /2 ; cannot have the maximum number of zeros
(see Theorem 5). In the third case Z,y(hi) N Zyyy (h;) is strictly included both in Z, ¢ (h;)
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and Z,r(h;) (a factor of h; which is not in &; defines a hyperplane not included in the
hypersurface defined by 4 ;). Hence #(Z, 7 (h;) N Zyysr(hj)) cannot be maximum.

Taking into account that Z,rr(f) = ﬂ;zl Zayf(hj) we conclude that #Z, 77 (f) cannot
attain the maximum number of zeros for a polynomial of degree < d’ given by the formula
of Kasami et al. [11]:

#Zarr(f) < q" — (@ —b)g"™" ", ®)
where d’ = a’(q — 1) + b and 0 < b’ < g — 1. But @’ is the integer part of d’'/(q — 1),
namely:
-5
a = = .
q—1 s(g =1
In any case:

n—| —4 _|—
#Zarr(f) <q" — (@ —(q—2)q E=in

As s divides d we have u < s and consequently

|4 _|_
#Zapr(f) <q" —2q" ezl g

Now, if a = 0 then ¢’ = 0 and we can improve the previous estimate. In this case we know
that b’ = d’ = d/s, so that, from (8) we get:

#Zarp(f) <q" — (g —d/s)g" " = d/s)g""".

As s divides d we have u < s and consequently the following inequality holds:

d d
#Zapr (f) < =q" ' < ="\
s u
Let us remark that 2 < u so that if we replace u by 2, the formulas are still valid. O

Lemma 15 Let g € .F (q, n) such that deg(g) < d < q — 1. Suppose that g = g1g> where
g1 is an irreducible but not absolutely irreducible polynomial of degree d' > 2. Then

!

d
#Zarr(g) < (d - 5) ¢" < (d—-1g" .

Proof By Lemma 14 we know that

d/
#Zarr (1) < 561"71~

On the other hand, as g7 is not the zero polynomial and is of degree < (d —d’) < g — 1, by
Remark 4 we get

#Zapr (82) < (d —dg" L.
Then

#Z,rr(g) < #Z #7 d—d a;’ n—1 _ d—d—/ n—1
aff(8) < #Zasr (81) +#Zupr (g2) < + q q .

As d’ > 2, we have

#Zarr(g) < (d— Dg" "
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Proposition 16 Let g € F(q, n) such that deg(g) < d < q — 1. Suppose that g = g1g>
where g1 is an irreducible but not absolutely irreducible polynomial of degree d' > 2. Then
ifqg > @,for any f € LW (q, d, n), the following inequality holds:
#Zapr (f) > #Zafr(8)-
Proof We know by Lemma 12 that
dd—-1) ,»

#Zarr(f) > dg" " — — "

and by Lemma 15 that

#Zarr(g) < (d— Dg" .

Then
1 dd-=1) ,_
#Zar () = #Zapr () > 4" = ———q" .

Hence if
dd—-1)
> 7
q = 3 ,

we have

#Zapr (f) —#Zagr(8) > 0.
o

Lemma 17 For any absolutely irreducible polynomial function hin .7 (q, n) of degree < d
the following inequality holds:

3
[#Zasr(h) — q" '] < A(d)g" % + B(d)q" 2,
where
d(d+1)

2
Proof See [29, Theorem 5A, p. 210]. ]

Ad) = V2d> and B(d) = 4d°k> withk =

Lemma 18 Let g € F#(q, n) such that deg(g) < d. Suppose that g = g1g> where g1 is an
absolutely irreducible polynomial of degree d’ > 2. Then

_ n—3 n—
#Z,7(8) < (d —1)g" " + Ad)g" 2 + B(d)g" 2.
Proof

HZarr(8) < #Zapr (g1) +#Zusr (82).

Lemma 17 gives an upper bound for #Z,¢r(g1) and as g5 is not zero, #Z,rr(g2) is bounded
by (d — d")g"~!. Then

#Zar7(2) < (d —d)g" ™ +¢"" + AWd)g" 2 + Bd)g" >,
#Zarr(9) < (d+1—d)g" " + AWd)g" 2 + B(d)qg" 2,

and as d’ > 2 and A(d), B(d) are increasing functions

3
#Zaff(g) <(d- 1)qn71 + A(d)q”*j + B(d)qnfz.
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Proposition 19 Let g € % (q, n) such that deg(g) < d. Suppose that g = g1g» where g is
an absolutely irreducible polynomial of degree d’ > 2. Then if ¢ > qo(d), where

(A(d) +/A@)? +4C(d))2 dd—1)
2

qo(d) = with C(d) = B(d) + ——,

2
forany f € LW (q, d, n) the following inequality holds:
#Zafr () > #Zapr(g).

Proof We know by Lemma 12 that

dd—1) , ,

#Zarr(f) > dg" " — "

and by Lemma 18 that

#Zaff(g) <(d- 1)(,]”71 + A(d)q”*% + B(d)qn72.
Then we have
#Zaff(f) —#Z4fr(8) > q”fl — A(d)q”*% _ C(d)q"72,

As g — A(d)/q — C(d) is a quadratic polynomial in /g we can conclude that if ¢ > go(d)
then

#Zasr(f) —#Zapr(g) > 0.

m}

Theorem 20 Let n > 2 and d > 2 be integers. For any prime power q > qo(d), for any
polynomial function g of degree < d which is not the product of affine factors and for any
polynomial function f of degree d which is the product of d affine factors l; (x) 4 a; pairwise
non-proportional the following holds:

#Zafr (f) > #Zafr (8)- ©)
Proof Note that
dd—1)
5 <4qo(d).
2
Then the result is a consequence of Propositions 16 and 19. O

Remark 21 Theorem 20 can be also expressed in term of weights of codewords. If ¢ > go(d)
then any word in % (q, d, n) has a weight which is strictly lower than any word which is
not a product of degree one factors.

Remark 22 Presumably, the value go (d) must be improved. Rodier and Sboui proved a similar
result by geometric techniques for PGRM codes with go(d) = d(d — 1)/2 (cf. [23,28]).

Remark 23 Letus give as examples of codewords in £ # (¢, d, n) the codewords associated
to hyperplane arrangements . defined in [26, Sect. 2] in the following way. Let d = d; +
dr + - - - + dj where

llfdlidz"'fdkiq—l, (10)

1<k<n.
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Letusdenoteby f1, f2,..., fk, klinearly independent linear forms on Fy; and let us consider
the following hyperplane arrangement: for each f; we have d; distinct parallel hyperplanes
defined by

fikx) =u;; with 1 <j <d;,

where, whenj varies, u; ; yields d; distinct values. This arrangement of d hyperplanes consists
of k blocks of parallel hyperplanes, the k directions of the blocks being linearly independent.
The corresponding codeword

k

d;
f0) = HH fi(x) —ui )

isin Z# (q, d, n) and has the followmg number of zeros (see [26, Theorem 2.1]):

k
#Zapr(H)=q"—q"*[[ (@ —d).

From the point of view of weight distribution, there are a lot of different values W7 (f)
for different f in this class. For example with k = 2, all the different pairs (d;, d>) with
dy +dy =d and d < d, give different Wz (f).

4.3 Low weight codewords in the general case

From [17] all the next-to-minimal words are known. So the main interest of the following
theorem is to give an estimate of the distance from codewords corresponding to the third or
higher weight to the next-to-minimal ones.

Theorem 24 If f € ZP(q, n, d) is an irreducible polynomial but not absolutely irre-
ducible,innvariables over ¥y, of degree d > 1thentheweight W,y (f) of the corresponding
codeword in GRM (d, n) is such that Wurr(f) > W;jzf} (q, n, d).
Remark 25 In the proof of the previous theorem we will determine a strictly positive exact
lower bound for Wrr(f) — Wa(i} (g, n, d) in most of the cases appearing.

Proof (of Theorem 24) By Lemma 14 the weight W7 (f) of the codeword associated to
f1s such that

Wagr () > 24" L) (11

Moreover when a = 0 the following holds:

d
Warr(f) > q" — ;q"*l. (12)

All the previous inequalities remain valid if u is replaced by a lower value in particular by
2. Thus, in general we shall apply this result with u = 2 unless we have more information
on d and if we need a more accurate inequality. In the following we compare for each case

Warr(f) to W;]zc)f(q, n, d) and we prove that Wyrr(f) > W;jzc)f(q, n, d) and compute a
lower bound for Wzr(f) — W;JZC} (g, n, d). This lower bound will be useful later.
For n = 1 the result is trivial (f does not have any zeros). We suppose now that n > 2.
Subsequently a; is defined by:
@)
ay = N |
u(g —1)
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with u = 2 unless we specify another value.
(1) The case g = 2.

— 2 <d < n—1. We know that w® (g, n,d) =3x 2n—d—1 Agd > 2, we have

aff
ay = Lﬁj > 1.If d is even then 2a; = d and the following holds:

Wirr(q. n, d) =3 x 2"720271 < 3 gnma2
3

_ 3
< Z x 2" < ZWuff(f)

Ifdisodd, thena, = 45! andd = 2a+1. It follows that Wyr(f) > 4x 2" =272 >
3x 2222 = W (g, n, d).

—d = n — 1. Then Wf}(q, n,d) = 4. Asd > 2 we conclude that n > 3 and
ar = |["3+] < 3% Then

ntl

Wapr(f) > 272 227 >4 =W (q. n, d).
(2) Thecaseqg >3and2 <d < gq.

- 2=<d<gq—1.Herea=0.Then Wyrr(f) > q" — %q"‘l. On the other hand we

have W\7)(q. n. d) = q" —dg"~' + (d — 1)¢"~2. Then

d _
W (f) = Wypp(q. n d) > 2¢"" = @d = 1)g" 7,
6) 2 (94
Warr (f) = Wyiy (g n,d) > q" (5—d+0.
Butg > 3 then % > 34 and

Warr (f) = Wiry(q, n, d) > 2q" 2.

—d =g — 1.Inthis case W} (q. n, d) = 2¢""' —2¢" 2 while ay = | } | = 0 and
Warr(f) > 2¢"'. Hence

Warr (F) = W Fh (g, n, d) > 29" 2.
(3) Thecaseg >3and (n — 1)(¢ — 1) <d < n(g — 1).
In this case ay < 7, W;]zc}(q, n,d) = (¢ — b+ 1). On the other hand, W s (f) >
an_az_l.
If n =2 then ay = 0 and Wayss (f) > 29 > Wi(q. n. d).
Ifn =3 thenay = 1 and Wayr (f) > 24"72 = 2 > W74 (q. n, d).
Ifn > 4 then Wapr (f) > ¢'T = 2q > W7y(q. n. d).
(4) Thecaseg >3andg <d < (n — 1)(g — 1).
e b = 0. In this case ch?f(q, n,d) =2¢""*Yg—1anda = L%J .If a is even
then a = 2a, > 1. Then W\7/(q. n. d) = 2"~ — 2¢"~2~ and Wosr(f) >
2q”’“2’1. Hence,

Waff(f) _ W;Z}(q’ n, d) . an—2az (qaz—l _ 1) + 2q”‘2”2‘1.
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As q“z’l — 1 > 0 we conclude that
. _ 2 d 2 n—a—1
Waff(f) Wa f(q7 n,d)> q .

If a is odd then @ = 2ay + 1 and W7} (g, n, d) = 2¢" 221 — 2"~20272 the
following formulas hold:

Waff(f) _ W;Z}(q, n, d) - zqn—Zaz—l (qaz _ 1) + 2qn—202—2.
As ¢?2 — 1 > 0 we conclude that
2 a—
Warr (f) = Warr(g, n, d) > 2" 7",
e bh=1.

— g = 3. Inthis case d = 2a + 1, and consequently the lowest prime factor of d is > 3.
Then we shall take u = 3 for this case. Hence ay = LML_])J = L%J < %, namely

ap < %—l—%.Moreover Wa(;}(q, n, d) = 8x3" %2 and Warr (f) > 2x3 561
Then
Wars(f) = WEh(q. n. d) > 2 x 377072 (3%‘“% - 4) ,

andasa > 1

Warr () = W3y (. no d) > 2x 37072 (33 —4) > 2 x 37072,
~ q = 4. We know that W\7).(q. n, d) = ¢"~“ and Wayy(f) > 24" ~%"'. 1 ay = 0
then
1% _ W(z.) d 2 n—1 _ n—a o n—1
aff(f) aff(Qv n, d) > 2q q Zq .
Ifa=1thend =g >4anday < 5

q
(g—1)
thena > 2. Then Wyrr(f) > q"_2 and Wéz} (g, n, d) < q”‘z. We conclude that

< % < 1. Then ay = 0. Hence, if ap = 1

Warr (f) = Wipr(g. n. d) > 0.

a(g—+1
2(g—1

Consequently Wéjzc} (g, n,d) < q”_z"z*'% while W rr(f) > 2¢"~%2~1 hence

Jandthenazs %—i—%ora >2a2—%.

If ap > 2, we know that a; = L

Warr(f) — Wa(;_)f(q, n,d) > q"*zaﬁ% (2q“2*% — 1) > 0.

e 2 <b < g — 1. Weknow that W;}%}(q, n,d) =q"“ (g —1)(g —b+1). From
the definitions we get the two following inequalities:
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then
0<a-—2a <1.
If a is even then a = 2a, > 2 and
Wi (g, n, d)=q"""2(q = (g —b+1) < g" .

Hence:

Warr (f) = Wary(q, n, d) > 2" ~7" — g" 2%,

Wars (f) = WPh(g. n. d) > "2 (292" — 1),
and as ap > 1 we conclude that

Warr (f) = Waiy(q, n, d) > g" 722 = ¢"~*.

Ifaisodd,a =2a> + 1, a > 1, ap > 0. Moreover

Wiir@. nod)=q"22 (@ = Dig—b+1) <q" >,

and
Warr (f) > 2" 771
Then
Wars (f) = Wagr(q, n, d) > q" 2271 (2g — 1),
and as 2¢g“2 — 1 > 1 we obtain
Warr(f) = Wiii(q, n, d) > ¢" 227" = g" .
]

From the computations done in the proof of the previous theorem and examples of hyper-
plane arrangements introduced in [26, Sect. 2] we can deduce the following:

Theorem 26 Suppose that d is such that d = a(q — 1) + b with1 < a < n —1 and
2<b<q—1(henceq > 4).If f € ZP(q, n, d) is an irreducible polynomial but not
absolutely irreducible, in n variables over Fy, of degree d then the weight Wyrr(f) of the

corresponding codeword in GRM (d, n) is such that Wazr (f) > WLE;} (g, n, d).

Proof Recall that to each hyperplane is associated up to a multiplicative nonzero constant
a affine polynomial. To a hyperplane configuration is associated the product of these affine
polynomials. Let us consider 77, the type 1 hyperplane configuration, 75, the type 2 hyper-
plane configuration and 73, the type 3 hyperplane configuration given in [26, Sect. 2.2]. The
following inequalities hold (cf. [26, Propositions 2.6, 2.8]):

#Zafr (13) > #Zapy (1) > #Zygr (T2) .

Note that 73 defines codewords which have the second weight. We have computed in the
proof of the previous theorem that

Wars (F) = Wiph(g. n, d) = ¢" .
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But by [26, Proposition 2.9]
Was (T2) — Wags (T3) = Wagy (Ta) — Wiri(q. n. d) = ¢"~"2(q — 1).
Then
Wars (f) > Waps (T2) > Wagg (T1) > Wagy (T3) = WS5y(q. n. d).
hence

Wars (f) > Wi (g, n, d).

4.4 Low weight codeword for the important case d < ¢

In the following, for GRM codes, we study when d < ¢ the case of an irreducible but not
absolutely irreducible factor.

Theorem 27 If f € ZP(q, n, d) is a product of two polynomials f = g - h such that

(1) 2 <d’ = deg(g) < d = deg(f) < g — I;
(2) g is irreducible but not absolutely irreducible;

then Warr(f) > Wgc}(q, n, d). Moreover if b > 3 and q > 2d — 4 then Wyrr(f) >
Wi (q. n, d) elseif b >3 and q > 2d — 3 then Wagr (f) > Wigy(q. n. d).
Proof We know by Lemma 15 that
#Zapr (f) < (d = Dg"™".
On the other hand,
Whiq, n, d)=q" —dg"" + (@ - 1)g" 2.

Then

X _w® n—1 _ 5 n—2

Warr(f) Waff(q, n,d)>gq d—-1)g > 0.

Consider now the two following hyperplane configurations S and 7. The configuration
S is given by two blocks of parallel hyperplanes directed by two linearly independent linear
forms. The first block contains b — 2 parallel hyperplanes and the second block contains
two parallel hyperplanes. The number of points of this configuration is (using for example
[26, Theorem 2.1]):

#Zas1()=q" — 4" 2(q—d+2)(q — 2)=dq" "'~ (2d = 4)q"? < q" - W} (q, n, ).

The configuration 7 'is given by three blocks of parallel hyperplanes directed by three linearly
independent linear forms. The first block contains b —2 parallel hyperplanes, the second block
and the third blocks contain a unique hyperplane. The number of points of this configuration
is

#Zur0(T) =dg" ™" — (2d —3)q" 72" > < #Zar7(S).
If g > 2d — 4, we have
#Zapr(S) =dq"™ " — 2d —4)g"? = (d — Dg" " > #Zapr (f).
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Then Wyrr(f) > Wurr(S). Moreover
#2457 () < q" = Wypy(q. n, d),
then
Warr(S) = q" = #Zagy (S) > Wisy(q, n, d).
Consequently
Wit (. n, d) < Wagp(S) < Wapr(f),

and then Wars(f) > W\7/(q. n, d). Now if ¢ > 2d — 3, Wags(f) > #Zags(T) and
consequently

WiTr (g, n, d) < Wagr(S) < Waps(T) < Wags (£).
Then Wars (f) > Wisr(q. n. d). O

Remark 28 1In the case of PGRM codes, there are results on the third weight codewords given
by Rodier and Sboui [24]. They proved that for ¢ > 3d — 6 the first three weights are given
by hyperplane arrangements and by nothing else. Moreover they proved that this is no longer
the case for

q 5
—+-<d
2 2~ =%

in which case the third weight can be obtained also by some hypersurfaces containing an
irreducible quadric.

5 The second weight in the projective case

In this section we tackle the unsolved problem of finding the second weight Wﬁz)j (q. n, d)

for PGRM codes. The following remark addresses the particular case where n = 1.

Remark 29 The code PGRM, (d, 1) is MDS (cf. Remark 7). Then the weight distribution
can be studied using the formulas given in [19, Theorem 6, p. 320]. In particular whenn = 1
the minimal distance and the next-to-minimal distance are respectively:

w1 d)=q—d+1, (13)
WP, 1,d)=q—d+2. (14)

Lemma 30 Let f be a homogeneous polynomial in n + 1 variables of total degree d, with
coefficients in IF,, which does not vanish on the whole projective space P"(q).

(1) If there exists a projective hyperplane H such that the affine hypersurface (P"(¢) \ H) N
Z proj (f) contains an affine hyperplane of the affine space A" (q) = P"(q) \ H then the
projective hypersurface Z,r,j( f) contains a projective hyperplane.

(2) If there exists a projective hyperplane H such that the affine hypersurface (P"(q) \
H) N Z,0j(f) is an affine arrangement of hyperplanes then Z .0 (f) is a projective
arrangement of hyperplanes.
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(3) Ifthere exists a projective hyperplane H such that f restricted to the affine space (P"(g) \
H) defines a minimal word or a next-to-minimal word then Z,,,i(f) is a projective
arrangement of hyperplanes.

Proof (1) Suppose that
F, X, Xp)=>0X1,...,. X)) —a) i X1,...,Xn),
where [(X1, ..., X,,) is linear, then
(X0, X1yooos Xp) = (L (X1, ..., Xp) — aXo) fi (X0, X1, .-, Xn),

where f] (Xo, X1, ..., X,) is the homogeneous polynomial obtained by homogeniza-
tion of fi(X1, ..., X,). We conclude that f defines a hypersurface containing a hyper-
plane.
(3) Using the same argument factor by factor we obtain the second statement.
(4) As minimal words and next-to-minimal words are always given by products of degree
one factors [7,17], the third statement is a consequence of the second statement.
O

Lemma 31 Forn > 2 and d > 2 the following holds

(1) (2) (2)
Wproj(q’ n—1, d) + Waff(q1 n, d) =< Waff(q, n,d— l)

Proof Let us introduce the following notations:
d—1=aq1(q—1)+bg—1 with 0<by_ 1 <q—2,
d=ag(qg—1)+by with 0<by <g—2.

Define y;_1 and y; as in (4). Then we have

1 _ _
Wi (g, n—1.d)=(q—ba1)q" "7,

2 g g
WP, n. d) = (q —ba)q" " + yaq" 72,
W2 (g nd—1) = (g —ba-1)g" " 4 yu_1g" 12,
Denote by A the difference
2 1 2
A=W n d-1) - (W;,)Oj(q, n—1,d)+ W n, d)) .
(1) f0 <bj—1 <qg—3theng > 2, by = bg—1 + 1 and ag = aq—1. In this case let us
denote by a the common value of a4 and a;_;. Hence
A =q""""2 (ba-1 + Va1 — va) -
—Ifa=n—1landby_y =0thenyy;—1 = q(qg—2), ya=qand A = q”_“_l(q —3).
—Ifa=n—1landby_1 >0theny, | =ys=qand A =¢q"*2by_.
—Ifa<n—1,bs_1=0andg=3theny;_; =3, yg=2and A = g" ¢!,
-Ifa < n—-—1,bj-1 = 0and g > 4 then y;—1 = q(qg — 2), ya = ¢q and
A=q""" g -3).
—Ifa<n—1,bg1=1,andg =3theny, | =2, yg=1and A =2¢" 92,
- Ifa<n—1,bs_1=1,andg >4theny;—1 =¢q, ys=1and A = q"‘“‘l.
—Ifa<n—1landby_y >2thenyy;—; —ys =—land A = q”_“_2(bd_1 —1).

(2) Ifbg—1 = q —2thenay = ag—1 + 1 and by = 0. In this case
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~ Ifag_y =n—1then W7 (q. n, d—1)=3, W (q. n. d)=2, W)
Then A = 0. N N
— Ifaz_1 < n —1then

(‘17 I’l—l, d) =1

A = zqnfall_lfl + Vdflqniad_liz o anfad_172 _ qnfad_lfl _ ydqnfad_1737
A = g2 (q 24 yi-1 — %) -

- Ifag_1=n—2andg =2theny;_1 =2, yy=4and A =0.
—Ifag_y <n—2andg =2then yy_| = yy = 2 and A = g" %172,
—Ifg=3thenyy_1 =2, yg=3and A =2 x 3"~ %172,
—Ifg=4thenys 1 =q—3, va=q(qg—2) and A = ¢"~%-172(g - 3).

Remark 32 In the previous lemma, A > 0 is zero in the following cases:

—-qg=3,a45-1=n—1andby_1 =0, namelyd =2(n — 1) 4+ 1.

- qg=2,a4-1=n-—2,namelyd =n — 1.

—ajg-1=n—1,bj_1 =q —2,namelyd = n(qg — 1).

Theorem 33 Let Wﬁ){) (g, n, d) be the second weight for a homogeneous polynomial f in
n+ L variables (n > 2) of total degree d (2 < d < n(q — 1)), with coefficients in F,, which
is not maximal. Then the following holds:

()] (2) (@) (@)
mej(q, n—1,d)+ Waff(q’ n,d) < mej(q, n,d) < Waff(q’ n,d—1).
Moreover
2 . 1 3 2
Wb n ) = min (WS @ n =1, d)+ W n, d) Wy, nod=1).

Proof Remark first that by Lemma 31

(D (2) )
W,,,,,j(q, n—1,d)+ Waff(q, n,d) < Waff(q, n,d—1).

Let f be such that Z,,,;(f) is not maximal. Suppose first that there is a hyperplane H in
Z proj (f). Then we can suppose that

f (Xo, X1,..., X)) = Xog Xo, X1,-.-,Xn),
where g is a homogeneous polynomial of degree d — 1. The function
Si Xy, Xp) =g (L, X, X))

defined on the affine space A" (g) = P"(q) \ H is a polynomial function in n variables of
total degree d — 1. If it was maximum, by Theorem 8, the function f would also be maximum.
Then#Z,rr(f1) < q" — W[f;}(q, n, d — 1). Hence the following holds:

q" -1

#Zproi(f) = +d" - WiPi(g, n, d—1),
qn+1 -1

#Zproj () = == = Wag(q. m d = D),

and the equality holds if and only if f| reaches the second weight on the affine space A" (¢q).
This case actually occurs. Hence for such a word, in general we have

Wpraj(f) = W(Sc}((], n, d— 1)’
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and as the equality occurs, the following holds for the second distance: w? (g, n,d) <

proj
Werr(g. n, d—1).

Suppose now that there is not any hyperplane in the hypersurface Z,,;(f). Let H be a
hyperplane and A" (q) =P"(q) \ H. Thenas H N Z,,,;(f) # H

q"—1
#(H O Zyroy (D) =~ = Wiy (@ n = 1. d).

We know that the first and second weight of a GRM code are arrangements of hyperplanes,
then by Lemma 30

#(Zproj (/) N A" (@) < ¢" — WS (q. n. d).

Now we can write

q" — 1 1 3
#Zpoy (D) < Lmp Wi — L) " = W d),
qn+l -1 3
< (Wi =1 D+ Wi n @),

and consequently
Woroi (F) =W g.on—1, )+ W g, n, d)> W g, n—1,d)+ W2.(q, n, d
proj = Wproj\4: ’ aff\4- 1 proj\4: ’ aff\d> - @)

Then, for the second distance the conclusion of the theorem holds. O
Remark 34 When g > 2(d — 1) we know by [28] that

W(Z) '(Q, n, d) = Wé?}(q’ n, d— 1) = q” _ (d _ l)q”il + (d o 2)qn—2.

proj
Unfortunately for the general case we don’t know the value of WS)f (g, n, d) and we

don’t know if the value of the sum W;i)oj (g, n—1,d)+ Wé;} (g, n, d) is greater than

Wg} (g, n, d —1) or not. What is the exact value of Wﬁ)oj (g, n, d)? This question remains

open.
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