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Abstract We determine all homogeneous pseudo-embeddings of the affine space AG(n, 4)
and the projective space PG(n, 4). We give a classification of all pseudo-hyperplanes of
AG(n, 4). We also prove that the two homogeneous pseudo-embeddings of the generalized
quadrangle Q(4, 3) are induced by the two homogeneous pseudo-embeddings of AG(4, 4)
into which Q (4, 3) is fully embeddable.
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1 Basic definitions and main results

The aim of this section is to state the main results of this article and to define the basic notions
which are necessary to understand these results. Throughout this section, S = (P, £, ) is a
point-line geometry with the property that the number of points on each line is finite and at
least three.

Suppose V is a vector space over the field F, of order 2. A pseudo-embedding of S into
the projective space ¥ = PG(V) is a mapping e from P to the point set of X satisfy-
ing: (1) < e(P) >x= X; (2)if L is a line of S with points xy, x2, ..., X, then the points
e(x1),e(x2), ..., e(xg—1)of X arelinearly independent and e(xz) =< v1+va+- - -+ Vp—1 >
where v;,7 € {1,2, ...,k — 1}, is the unique vector of V for which e(x;) =< v; >x. Two
pseudo-embeddings e; : S — ¥ and e; : S — Xj of S are called isomorphic (e1 = e3) if
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128 B. De Bruyn

there exists an isomorphism ¢ : ¥; — 3 such that ey = ¢ o e;. The notion pseudo-embed-
ding was introduced in De Bruyn [1].

Suppose e : S — PG(V) is a pseudo-embedding of S and G is a group of automorphisms
of S. We say that e is G-homogeneous if for every 6 € G, there exists a (necessarily unique)
projectivity ng of PG(V) such that e(x?) = e(x)™ for every point x of S. If G is the full
automorphism group of S, then e is also called a homogeneous pseudo-embedding.

Suppose e : S — X is a pseudo-embedding of S and « is a subspace of X satisfying the
following two properties:

(Q1) if x is a point of S, then e(x) & «;
(Q2) if L is a line of S with points x1, x2, ..., Xk, then ¢ N < e(x1), e(x2), ..., e(xx)
>yn= 0.

Then a new pseudo-embedding e/« : S — X/« can be defined which maps each point x of S
to the point < «, e(x) > of the quotient projective space X /«. This new pseudo-embedding
e/a is called a quotient of e. If 1 : S — ¥ and e; : S — X; are two pseudo-embeddings
of S, then we say that e; > e if e; is isomorphic to a quotient of e;. A pseudo-embed-
ding @ : S — X is called universal if ¢ > e for any pseudo-embedding ¢ of S. By [1,
Theorem 1.2(1)], we know that if S has a pseudo-embedding, then S also has a universal
pseudo-embedding. This universal pseudo-embedding is unique, up to isomorphism, and is
also homogeneous (De Bruyn [2, Theorem 2.4]). If e : S — PG(\7) is the universal pseudo-
embedding of S, where V is some vector space over [, then the dimension of V is called
the pseudo-embedding rank of S.

A pseudo-hyperplane of S is a proper subset H of P such that every line contains an even
number of points of P\ H.Ife : S — X is a pseudo-embedding of S and I is a hyperplane
of %, then by De Bruyn [1, Theorem 1.1], e~ (¢(P) N IT) is a pseudo-hyperplane of S. Any
pseudo-hyperplane of S which arises from a pseudo-embedding e in the above-described
way is said to arise from e. If S has a pseudo-embedding, then by De Bruyn [1, Theorem
1.3], all pseudo-hyperplanes of S arise from the universal pseudo-embedding ¢ : S — T of
S. More precisely, if H is a pseudo-hyperplane of S, then there exists a unique hyperplane
I of £ such that H = 2~ 1(@(P) N II).

Let § be an arbitrary element of F4 \ {0, 1} and n > 0. The map e; which maps every
point (Xo, X1, ..., X,) of PG(n, 4) to the point (X3, X7, ..., X;, X; X7+ X; X7, 5X; X7 +
52Xj Xl2 |0<i<j<n)of PG(n? + 2n, 2) is called a Hermitian Veronese embedding of
PG(n, 4). Observe that the map e; depends on the chosen reference systems in PG(n, 4)
and PG(n? + 2n,2). If e; and e’1 are two Hermitian Veronese embeddings of PG(n, 4) into
PG(n? + 2n, 2), then there exists a projectivity n of PG(n? + 2n, 2) such that e’1 =noej.
So, up to isomorphism, there exists a unique Hermitian Veronese embedding of PG(n, 4)
into PG(n2 + 2n, 2). If « is an m-dimensional subspace (m € {0, 1, ..., n}) of PG(n,4),
then the Hermitian Veronese embedding of PG(n, 4) will induce “an embedding” of « into
a subspace of PG(n? + 2n, 2) which is isomorphic to the Hermitian Veronese embedding
of « = PG(m, 4). By De Bruyn [1, Proposition 4.2], the Hermitian Veronese embedding e
of PG(n,4) is a pseudo-embedding and the pseudo-hyperplanes of PG(n, 4) arising from
ey are precisely the (possibly degenerate) Hermitian varieties of PG(n, 4), distinct from the
whole point-set.

Let § be an arbitrary element of F4 \ {0, 1} and n > 0. The map e, which maps every
point (X1, X2, ..., X,) of AG(n,4) to the point (1, X; + X7,8X; + 8°X?|1 <i < n)
of PG(2n,2) is called a quadratic embedding of AG(n, 4) into PG(2n, 2). Observe that
the map e, depends on the chosen reference systems in AG(n,4) and PG(2n, 2). If e
and 6’2 are two quadratic embeddings of AG(n,4) into PG(2n,2), then there exists a
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projectivity n of PG(2n, 2) such that e’2 = 1 o e3. So, up to isomorphism, there exists a
unique quadratic embedding of AG(n, 4) into PG(2n, 2). If « is an m-dimensional sub-
space (m € {0,1,...,n}) of AG(n,4), then the quadratic embedding of AG(n, 4) will
induce “an embedding” of « into a subspace of PG(2n, 2) which is isomorphic to the qua-
dratic embedding of « = AG(m, 4). We will prove later (Proposition 3.10(1)) that the
quadratic embedding of AG(n, 4) is a homogeneous pseudo-embedding.

In De Bruyn [1, Proposition 3.3(1)], we proved that the projective space PG(n,4),n > 0,
has pseudo-embeddings. We used Sherman’s classification [9] of the pseudo-hyperplanes of
PG(n, 4) to prove that the pseudo-embedding rank of PG(n, 4) is equal to %(n + D(n? +
2n + 3) (see [1, Proposition 4.1]). In [1, Proposition 3.3(2) and Corollary 4.4], we also
proved that the affine space AG(n,4),n > 0, has pseudo-embeddings and that its pseudo-
embedding rank is equal to n> + n + 1. In the present article, we will invoke Sherman’s
classification of the pseudo-hyperplanes of PG(n, 4) to give explicit descriptions for the
universal pseudo-embeddings of PG(n, 4) and AG(n, 4).

Theorem 1.1 Ler § be an arbitrary element of F4 \ {0, 1} and n > 0. Let e be a map
from PG(n,4) to PG(k,2),k = w mapping the point p = (Xo, X1, ..., Xn) of

PG(n, 4) to the point e1(p) = (Yo, Y1, ..., Yi) of PG(k,?2), where

e n + 1 coordinates of e1(p) are of the form X?, wherei € {0, 1,...,n};

° (er-l) coordinates of €1(p) are of the form Xl-X3 + X?Xj, wherei, j € {0,1,...,n}and
i<j;

° (";l) coordinates of e1(p) are of the form (SXI-X? + BZX%XJ-, wherei, j € {0,1,...,n}
andi < j;

° (";1) coordinates of éi(p) are of the form X;X ;X + X?X?X,%, where i, j,k €
{0,1,....,n}andi < j <k;

o ("}') coordinates of éi(p) are of the form 8X; XXy + SZX?XfX,%, where i, j, k €
{0,1,...,n}andi < j <k.

Then é] is a pseudo-embedding of PG(n,4) which is isomorphic to the universal pseudo-
embedding of PG(n, 4).

Theorem 1.2 Let § be an arbitrary element of F4 \ {0, 1} and n > 0. Let 3 be the map from
AG®n, 4) to PG(n? + n,2) mapping the point p = (X1, X2, ..., Xn) of AG(n,4) to the

point &x(p) = (Yo, Y1, ..., Y,2,,) of PG(n? + n, 2), where

e one coordinate of e3(p) is equal to 1;

e 1 coordinates of ex(p) are of the form X; + Xiz, wherei € {1,2,...,n};

e 1 coordinates of ex(p) are of the form §X; + 82Xl.2, wherei € {1,2,...,n};

° (g) cgordinates of ex(p) are of the form X; X ; + X?X?, where i, j € {1,2,...,n} and
i<j;

° ('2') coordinates of ey(p) are of the form 3X;X; + BZXZ.ZX?, where i, j € {1,2,...,n}
andi < j.

Then e, is a pseudo-embedding of AG(n, 4) which is isomorphic to the universal pseudo-
embedding of AG(n, 4).

The following is an immediate consequence of Theorems 1.1 and 1.2 (choose suitable
reference systems).

Corollary 1.3 (1) Suppose e is the universal pseudo-embedding of PG(n,4),n > 0, and
7 is a nonempty subspace of PG(n, 4). Then the pseudo-embedding of 7 induced by
e is isomorphic to the universal pseudo-embedding of 7.
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130 B. De Bruyn

(2) Suppose e; is the universal pseudo-embedding of AG(n, 4),n > 0, and v is a nonempty
subspace of AG(n,4). Then the pseudo-embedding of 7 induced by e, is isomorphic
to the universal pseudo-embedding of 7.

In the next two theorems, we determine all homogeneous pseudo-embeddings of PG(n, 4)
and AG(n, 4). In fact, we do a little more. We determine all G-homogeneous pseudo-embed-
dings where G € {PGL(n+1,4), AGL(n,4)} is the group of collineations of PG(n, 4) or
AG(n, 4) whose companion automorphism of Fy is the identity.

Theorem 1.4 Up to isomorphism, the projective space PG(n,4),n > 2, hastwo PGL(n +
1, 4)-homogeneous pseudo-embeddings, the universal pseudo-embedding in PG(%(n3 +
3n2 + 5n), 2) and the Hermitian Veronese embedding in PG(n? + 2n, 2).

Theorem 1.5 Up to isomorphism, the affine space AG(n,4),n > 2, has two AGL(n, 4)-
homogeneous pseudo-embeddings, the universal pseudo-embedding in PG(n* + n, 2) and
the quadratic pseudo-embedding in PG(2n, 2). There are two types of pseudo-hyperplanes
arising from the quadratic pseudo-embedding of AG(n,4), n > 1, namely the empty set and
those pseudo-hyperplanes which are the union of two distinct parallel hyperplanes.

In Theorem 1.6 below, we give a list of all pseudo-hyperplanes of AG(n, 4), n > 2. In order
to understand that theorem, we need to give some definitions.

Suppose the affine space AG(n,4),n > 2, is obtained by removing a hyperplane I,
from the projective space PG(n, 4). Suppose D is a subspace! of [T and X is a nonempty
set of points of AG(n, 4) in a subspace of PG(n, 4) which is disjoint from D. If D = @, then
we define C(D, X) := X.If D # @, then C(D, X) denotes the set of all points of AG(n, 4)
which lie on a line joining a point of D to a point of X. So, if C'(D, X) denotes the cone of
PG(n, 4) with top D and basis X, then C(D, X) = C'(D, X) \ 1. If IT is a subspace of
AG(n, 4), then Dy denotes the set of points of [T, such that [T U Dy is the subspace of
PG(n, 4) generated by I1.

Let Q be a nonsingular parabolic quadric2 in PG(n,4), n > 4 even, let k be the kernel of
0, let p # k beapointof PG(n, 4) not contained in Q and let I'T be a hyperplane of PG(n, 4)
not containing p. The line kp intersects Q in a point p’ and the tangent hyperplane 7,y at the
point p’ to the quadric Q intersects IT in a hyperplane I, of T1. We denote by AG(n — 1, 4)
the affine space obtained from IT = PG(n — 1, 4) by removing the hyperplane 1, of IT.
Now, the projection of Q from the point p onto IT is a set Y of points of I containing 1.
By Hirschfeld and Thas [5, Theorem 13], every line of IT intersects Y in either 1, 3 or 5
points. This implies that the set X := Y \ Tl is a pseudo-hyperplane of AG(n — 1, 4). We
call X a set of parabolic type of AG(n — 1,4).

Let Q be a nonsingular hyperbolic or elliptic quadric in PG(n,4),n > 3 odd, let p be a
point of PG(n, 4) not contained in Q and let IT be a hyperplane of PG(n, 4) not containing
p. Let ¢ be the symplectic polarity of PG(n, 4) associated with Q. Then the hyperplane p®
of PG(n, 4) intersects IT in a hyperplane 1, of I1. We denote by AG(n — 1, 4) the affine
space obtained from [T = PG(n — 1, 4) by removing the hyperplane 1, from I1. Now,
the projection of Q from the point p onto IT is a set Y of points of IT containing 1. By
Hirschfeld and Thas [5, Theorem 13], every line of IT intersects Y in either 1, 3 or 5 points.
This implies that the set X := Y \ Il is a pseudo-hyperplane of AG(n — 1,4). We call X

! The elements of D correspond to certain directions in the affine space AG(n, 4).

2 For the basic notions of properties regarding quadrics of finite projective spaces which we will use in this
article, see Hirschfeld and Thas [7, Chapter 22].
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Table 1 The pseudo-hyperplanes of AG(n,4),n > 2

Type # Pseudo-hyperplanes # Points Complement
[€))] 1 0 AG(n, 4)
(2) 22n+l ) 22}1—1 (2)

-1 n —142i+1 2n—1
©) 6 4mom >-[2m,1L-H§”:1 @ - 2% 3)
@) 3. gm(m+1) | [;:n ]4 . 1‘[2712*11(421'—&-1 _ 22n=1 | p2n-2m-1 )
(5) 3. gmm+1) [2’11” ]4 I @ - g2n—1 _ y2n—2m—1 “)

a set of hyperbolic or elliptic type of AG(n — 1, 4) depending on whether Q is a hyperbolic
or elliptic quadric of PG(n, 4).

Theorem 1.6 Let AG(n,4),n > 2, be the affine space obtained from PG(n, 4) by removing
a hyperplane Tl . A pseudo-hyperplane of AG(n, 4) is one of the following sets of points:

(1) the empty set;

(2) the union of two disjoint parallel hyperplanes;

(3) aset C(D, X), where D is a subspace of dimension (n —2m),m € {2, ..., I_%J}, of
oo and X is a set of parabolic type of a (2m — 1)-dimensional subspace Tl of AG(n, 4)
for which D N Dy = §;

(4) aset C(D, X), where D is a subspace of dimension (n —2m — 1),m € {1, ..., L%J},
of Tl and X is set of hyperbolic type of a 2m-dimensional subspace T1 of AG(n, 4)
Sfor which D N\ Dy = §;

(5) aset C(D, X), where D is a subspace of dimension (n —2m — 1),m € {1, ..., L%J},
of lleo and X is set of elliptic type of a 2m-dimensional subspace T1 of AG(n, 4) for
which DN D = 0.

In Table 1, we list a few basic properties of the five classes of pseudo-hyperplanes of
AG(n, 4), n > 2, as they occur in Theorem 1.6. We list how many pseudo-hyperplanes there
are of each type, the total number of points in each pseudo-hyperplane and the type of the
complement of the pseudo-hyperplane. Notice here that for each of the pseudo-hyperplanes
of Type (3), (4) and (5), the pseudo-hyperplane which arises as complement has the same
value for the parameter m. Observe also the occurrence of Gaussian binomial coefficients in
the formulas for the total number of pseudo-hyperplanes.

The points and lines of the projective space PG(4, 3) that are contained in a given non-
singular quadric of PG(4, 3) are the points and lines of a generalized quadrangle which
we denote by Q(4, 3). In De Bruyn [2], we used the computer algebra system GAP [16]
to show that Q(4, 3) has, up to isomorphism, two homogeneous pseudo-embeddings, the
universal pseudo-embedding in PG(14, 2) and a certain homogeneous pseudo-embedding
in PG(8, 2). No direct constructions for these two homogeneous embeddings were however
given in [2]. Theorem 1.7 below gives direct constructions for these pseudo-embeddings.

Thas [14, Section 5.2] (see also Payne and Thas [8, Theorem 7.4.1]) proved that the
generalized quadrangle Q (4, 3) is fully embeddable into AG(4, 4). From Thas and Van Mal-
deghem [15, Theorem 5.1], we know that every full embedding e of Q (4, 3) into AG(4, 4) is
homogeneous, i.e. for every automorphism 6 of Q (4, 3), there exists a (necessarily unique)
collineation ny of AG(4, 4) such that e(x?) = e(x)" for every point x of Q(4, 3).
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132 B. De Bruyn

The fact that every full embedding of Q(4, 3) into AG(4, 4) is homogeneous implies that
if the generalized quadrangle Q(4, 3) is a full subgeometry of AG(4, 4), then every homo-
geneous pseudo-embedding of AG(4, 4) will induce a homogeneous pseudo-embedding of
0 (4, 3). We will prove the following.

Theorem 1.7 Regard Q (4, 3) as a full subgeometry of AG(4, 4). Then the following holds.

(1) The universal pseudo-embedding of AG(4,4) will induce a pseudo-embedding of
Q (4, 3) which is isomorphic to the universal pseudo-embedding of Q (4, 3).

(2) The quadratic embedding of AG(4,4) will induce a pseudo-embedding of Q(4, 3)
which is isomorphic to the homogeneous pseudo-embedding of Q (4, 3) into PG(8, 2).

2 The recognition of G-homogeneous pseudo-embeddings

Let S be a point-line geometry with the property that the number of points on each line is
finite and at least three, and let G be a group of automorphisms of S. In this section, we
give a criterion, proved in De Bruyn [2], to decide whether a given pseudo-embedding of
S is G-homogeneous. This criterion was used in [2] to determine all homogeneous pseudo-
embeddings of all generalized quadrangles of order (3, ¢). In the present article, we will use
this criterion to determine all homogeneous pseudo-embeddings of PG(n, 4) and AG(n, 4).
While the classification of the homogeneous pseudo-embeddings in [2] needed the use of a
computer (GAP), the classification of the homogeneous pseudo-embeddings in the present
article will be computer free.

Proposition 2.1 ([2, Corollary 2.7]) Let S = (P, L, 1) be a point-line geometry with the
property that the number of points on each line is finite and at least three. Let G be a group
of automorphisms of S.

e Ife : S — X is aG-homogeneous pseudo-embedding of S, then the set A, of all
pseudo-hyperplanes of S arising from e satisfies the following properties:

(a) A. can be written as a disjoint union | J;; Hi, where each H;, i € I, is a G-orbit
of pseudo-hyperplanes of S;

(b) if Hy and Hjy are two distinct elements of A, then also the complement of the
symmetric difference of Hy and Ha belongs to A.;

(c) if L isaline of S containing an odd number of points, then for every point x of L
there exists a pseudo-hyperplane of A, which has only the point x in common with
L’.

(d) if L is a line of S containing an even number of points, then for any two distinct
points x1 and x3 of L, there exists a pseudo-hyperplane of A, having only the points
x1 and x» in common with L;

(e) forevery point x of S, there exists a pseudo-hyperplane of A, not containing x.

o Conversely, suppose that A is a finite set of pseudo-hyperplanes of S satisfying the con-
ditions (a), (b), (c), (d) and (e) above. Then there exists a pseudo-embedding e of S such
that the pseudo-hyperplanes of S arising from e are precisely the elements of A. This
pseudo-embedding e is uniquely determined, up to isomorphism, and is G-homogeneous.

Observe that condition (e) in Proposition 2.1 follows from conditions (c) and (d) if there is
at least one line incident with x.
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3 The homogeneous pseudo-embeddings of PG(n, 4) and AG(n, 4)
3.1 The universal pseudo-embeddings of PG(n, 4) and AG(n, 4)

LetS = (P, L, I) be apoint-line geometry with the property that the number of points on each
line is finite and at least three, and let e be a map from P to the point set of a projective space.
The following theorem can be useful to decide whether the map e is a pseudo-embedding of
S.

Theorem 3.1 Let S = (P, L, 1) be a point-line geometry with the property that the number
of points on each line is finite and at least three. Let V| and V3 be two vector spaces over
F,. Foreveryi € {1, 2}, let e; be a map from the point set P of S to the point set of PG(V;)
and let H; be the set of all sets of the form ei_l (e; (P) N TI), where T1 is some hyperplane of
PG(V;). If ey is a pseudo-embedding of S and H| = Ha, then also e; is a pseudo-embedding
of S. Moreover, e, is isomorphic to ej.

Proof (1) By definition, the set H; is the set of pseudo-hyperplanes of S arising from ej.
By De Bruyn [1, Lemma 2.2], we know that H; satisfies the following property:

(x) For every line L of S and every set X of points of L for which |L| — |X]| # O is
even, there exists a pseudo-hyperplane of ; intersecting L in X.

(2) Suppose < e2(P) > is a proper subspace of PG(V;). Then there exists a hyperplane I'T
of PG(V;) through < e>(P) > and we have P = ez_l(ez(P) N II) € Hy = H;j. This
is however impossible since P is not a pseudo-hyperplane of S. Hence, < e2(P) >=
PG(V2).

(3) Let L be an arbitrary line of S with points x1, x2, ..., x,. If the points ex(x1), e2(x2),

..., e2(x) are linearly independent, then there is a hyperplane IT of PG(V2) containing
ex(x1), ex(x2), ..., ex(xk—1), but not ex(xx). Then H = e{l(eg(P) N IT) contains the
points x1, x2, ..., Xx—1 but not the point x; and hence cannot be a pseudo-hyperplane
of S. But this is impossible. The set H belongs to H» and hence also to the set H| = H>
of pseudo-hyperplanes of S.
Now, let I = {i,i2,...,1;} be a subset of {1, 2,...,k} of smallest size / such that
ex(xi,), ea(xi,), ..., ex(x;) is a linearly dependent collection of points. Without loss of
generality, we may suppose that I = {1, 2, ..., [}. We prove that [ = k. Suppose to the
contrary that/ < k. Every subspace of PG(V,) containing e>(x1), e2(x2), ..., e2(x;—1)
also contains ez (x;). As a consequence, every pseudo-hyperplane of H; = H, contain-
ing x1,x2,...,x—1 also contains x;. But this is impossible. By Property (x), there
exists a pseudo-hyperplane of H; which intersects L in either {x;, x2,...,x;_1} or
{x1, x2, ..., x—1, x40} _

(4) By (2) and (3) above, e; is a pseudo-embedding of S. Now, lete : S — ¥ denote
the universal pseudo-embedding of S and let &y and oy be subspaces of 3 such that
e/ay = ey and e/ay = . If a1 # g, then there exists a hyperplane IT of ¥ contain-
ing precisely one of ay, aro. This implies that the pseudo-hyperplane ¢! (e(P) N IT)
belongs to precisely one of H, H», clearly impossible since H; = Hz. So, a1 = o3
and e; = e). O

A set X of points of a point-line geometry S is called a set of even [resp. odd] type if it
intersects every line of S in an even [resp. odd] number of points. In [9], Sherman classified
all sets of odd type of PG(n,4),n > 0. The following two propositions summarize his
classification.
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134 B. De Bruyn

Proposition 3.2 ([9]) Let (Xg, X1, ..., X,) denote the homogeneous coordinates of the
points of PG(n, 4),n > 0, with respect to a certain reference system of PG(n, 4). Then the
sets of odd type of PG(n,4) are precisely those sets whose equation® with respect to the

reference system of PG(n, 4) has the form H + E + E? = 0, where
(1) H=3_0aiX] + Xocizjen bij Xi X7 + 5] X X7,

Q) E =2 0<i<jkzn CijkXi X j Xi,

(3) a; € {0, 1} foreveryi € {0, 1, ..., n},

4) bij € Fyforalli,j€{0,1,...,n}satisfyingi < j,

(5) cijk € Fyforalli, j, k €{0,1,...,n}satisfyingi < j <k.

Proposition 3.3 ([9]) Let A| and Ay be two sets of odd type of PG(n,4),n > 0, with
respective equations Hy + E1 + E12 =0and Hy + E» + E% = 0, where Hy, Ey, Hy and E»
satisfy the conditions (1), (2), (3), (4) and (5) of Proposition 3.2. Then A1 = A if and only
if (Hy, E1) = (Hy, E»).

The pseudo-hyperplanes of PG(n, 4), n > 0, arising from the universal pseudo-embedding

of PG(n,4) are all the sets of odd type of PG(n, 4), distinct from the whole point-set.

Theorem 1.1 therefore immediately follows from Theorem 3.1 and Propositions 3.2 and 3.3.
The following theorem easily follows from Propositions 3.2 and 3.3.

Theorem 3.4 Let (X1, X2, ..., X,,) denote the coordinates of the points of AG(n, 4),n > 0,
with respect to a certain coordinate system of AG(n,4). Then the sets of even type of
AG(n, 4) are precisely those sets whose equation with respect to the coordinate system of
AG(n, 4) has the form H + E + E? =0, where

() H=a+Y ., biXi +b} X7,

2 E=2j<ncijXiX),

(3) a €{0,1},

(4) bj € Fyforeveryi € {1,2,...,n},

(5) cij € Faforalli, j € {1,2,...,n}satisfyingi < j.

If Ay and Aj are two sets of even type of AG(n, 4) with respective equations H1+E +E12 =0
and Hr + E» + E% = 0, where Hy, E1, Hy and E, satisfy the conditions (1), (2), (3), (4)
and (5) above, then A1 = Ay if and only if (Hy, E1) = (Ha, E3).

Proof Suppose AG(n,4) is obtained from PG(n, 4) by removing a hyperplane 1, from
PG(n, 4). Choose a reference system in PG(n, 4) with coordinates (X, X1, ..., X;) such
that [T has equation Xo = 0. We denote the point (1, Xy, X2, ..., X,;) of PG(n, 4) also
by (Xl, Xz, ey Xn).

Now, a set A of points of AG(n, 4) is a set of even type of AG(n, 4) if and only if AUTI
is a set of odd type of PG(n, 4). If H + E + E? = 0 is the equation of AU T4, where H and
E are as in Proposition 3.2, then the fact that [T, € A U I, implies by Proposition 3.3 that
ai =0foralli € {1,2,...,n},b;; =0foralli, j € {1,2,...,n} withi < jand ¢;jjy =0
foralli, j,k € {1,2,...,n}satisfyingi < j < k.

So, if we put a := ap, b; = b(z)l. for every i € {1,2,...,n} and ¢;; = co;; for all
i,je{l,2,...,n}satisfying i < j, we readily see that the theorem holds. O
The pseudo-hyperplanes of AG(n, 4), n > 0, arising from the universal pseudo-embedding

of AG(n, 4) are all the sets of even type of AG(n, 4) distinct from the whole set of points.
Theorem 1.2 therefore immediately follows from Theorems 3.1 and 3.4.

3 The homogeneous coordinates of a point are only determined up to a nonzero factor. However, since PB=1
for every A € Fy \ {0}, these equations are well-defined.
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3.2 The homogeneous pseudo-embeddings of PG(n,4), n > 2

Consider the projective space PG(n,4),n > 2. The universal pseudo-embedding of
PG(n, 4) is homogeneous. The pseudo-hyperplanes of PG(n, 4) arising from the Hermitian
Veronese embedding of PG(n, 4) are precisely the (possibly degenerate) Hermitian varie-
ties distinct from the whole point set. So, by Proposition 2.1, also the Hermitian Veronese
embedding of PG(n, 4) is ahomogeneous pseudo-embedding (off course, one can also verify
this in a more direct way). We now prove that the universal pseudo-embedding of PG(n, 4)
and the Hermitian Veronese embedding of PG(n, 4) are the only PGL(n + 1, 4)-homo-
geneous pseudo-embeddings of PG(n,4),n > 2 (and hence also the only homogeneous
pseudo-embeddings of PG(n, 4),n > 2).

Fix a certain reference system in PG(n, 4) and let (Xo, X1, ..., X,;) denote the coordi-
nates of a general point of PG(n, 4) with respect to that reference system. We denote by H
the set of all polynomials of the form »7_; a; Xl3 + 20§[<j§n bij X X? + bizj X; Xl.z, where
a; € {0,1} foreveryi € {0,1,...,n}and b;; € Fqforalli, j € {0, 1,...,n} satisfying
i < j.Wedenoteby & the set of all polynomials of the form ZOS- <j<k<n Cijk X; XXy, where
cijk € Fyforalli, j,k € {0,1,...,n}satisfyingi < j < k.If H € Hand E € &, then
Q(H, E) denotes the set of odd type of PG(n, 4) whose equation with respect to the fixed
reference system is given by H + E 4+ E? = 0. We denote by 7 the ideal of the polynomial
ring F4[Xo, X1, ..., X,] generated by the polynomials XS — Xo, X‘I‘ - Xi,..., Xﬁ — X,.

Suppose e is a PG L(n + 1, 4)-homogeneous pseudo-embedding of PG(n, 4) and let A,
denote the set of all pseudo-hyperplanes of PG(n, 4) arising from e. The condition mentioned
in Proposition 2.1(b) translates to:

(P1) Let H, Hy € H and Eq, E; € £ such that (Hy, E1) # (H», E»). If Q(H;, E1) and
Q(H,, E;) belong to A,, then also Q(H; + Ha, E1 + E») belongs to A,.

The condition mentioned in Proposition 2.1(a) and the fact that e is PGL(n + 1, 4)-homo-
geneous implies that the properties (P2), (P3) and (P4) below hold.

(P2) Let o be a permutation of {0, 1,...,n}and let (Hi, E1) € H x £. Let Hy and E; be
derived from H; and E1, respectively, by applying the following substitutions: X;
Xs(), Vi €{0,1,...,n}. Then Q(Hi, E1) € A, if and only if Q(Ha, E>) € A,.

(P3) Leti € {0,1,...,n},x € Fq\ {0} and (Hy, E1) € H x E. Let Hy and E; be
derived from H; and E, respectively, by applying the following substitutions: X ; >
X;,Vjef0,1,...,n}\ {i}, and X; — A - X;. Then Q(H, E1) € A, if and only if
Q(Hz, Ez) (S Ae.

(P4) Letiy,ip € {0,1,...,n}withiy # irandlet(Hy, E1) € HxE.Let Hy, Hz’ e H,Ey e
Eand I € 7 such that H> and H2’ + E)+ E% + I are derived from respectively H; and
E| + E7 by applying the following substitutions: X ; > X;,¥j € {0, 1,...,n}\{i1},
and X;, — X;, + X;,. Then Q(Hi, E1) € A, if and only if Q(H> + Hz’, Ejy) € A..

Lemma 3.5 If Q(XoX7 + X1X2.0) € A,, then Q(H,0) € A, forall H € H \ {0}.

Proof e By Properties (P2) and (P3), we have Q(b;; X; X7 + bfj X;X?,0) € A, for all
i,je{0,1,...,n}withi < j and all b;; € F4 \ {0}.

e Let é be an arbitrary element of F4 \ {0, 1} and consider the substitutions Xo — Xo +
8X1,X; — X;,Vi € {1,2,...,n}. By Properties (P3) and (P4), Q(XoX? + X1 X2 +
X3,0) € A,. Hence, also (X3, 0) = Q(XoX7+ X1 X5+ X3 + Xo X7+ X1X3,0) € A,
by Property (P1). Property (P2) then implies that Q2 (Xf, 0) e A foralli € {0, 1, ...,n}.

e The two previous paragraphs and Property (P1) imply that Q(H,0) € A, forall H €
HA {0} O
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Lemma 3.6 If (X2, 0) € A, then Q(H,0) € A, forall H € H\ {0}.

Proof By Property (P2), we also have 2 (X 3 0) € A,. Now, consider the substitution X —
Xo + X1, X; — X;,Vi € {1,2,...,n}. Then Property (P4) implies that Q (X} + X3 +
XoX? + X1X3,0) € A,. By Property (P1), we have Q(XoX7 + X1 X3,0) = Q(X3 + X; +
X3+ X7 4+ XoX? + X1X3,0) € A. By Lemma 3.5, Q(H, 0) € A, forall H € H\ {0}.O

Lemma 3.7 IfQ2(0, XoX1X2) € A, then Q(H, E) € A, forall (H, E) € HxE\{(0,0)}.

Proof e By Properties (P2) and (P3), we have Q(0, ¢;jx X; X jXy) € A, forall i, j, k €
{0,1,...,n} withi < j < k and all ¢;jx € F4 \ {0}. By Property (P1), it then follows
that (0, E) € A, forall E € £ \ {0}.

e Consider the substitution Xg — Xo + X1, X; — X;,Vi € {1,2,...,n}. By Prop-
erty (P4), Q(X1X3 + X2X?, XoX1X2) € A,. Hence, by Property (P1), Q(X1X3 +
X>X2,0) = Q(X1X3 + X2X? + 0, XoX1X> + XoX1X2) € A,. By Lemma 3.5 and
Property (P2), we have Q2(H, 0) € A, forall H € H \ {0}.

e By the previous two paragraphs and Property (P1), we have Q(H, E) € A, for all
(H,E) e Hx E\{(,0)}. 0

Proposition 3.8 If each element of A, is a (possibly degenerate) Hermitian variety of
PG(n, 4), then e is isomorphic to the Hermitian Veronese embedding of PG(n, 4).

Proof In this case, there exists an H € H \ {0} such that Q(H, 0) € A,.

Suppose first that there exist i, j € {0, 1,...,n} withi < j and a b;; € F4\ {0} such that
the sum b;; X; X?—i—bizj X; Xi2 occursin H.Let§ be an arbitrary element of F4\ {0, 1}. Let H] €
‘H be derived from H by applying the following substitutions: X; + §- X;, Xy +— X, Vk €
{0,1,...,n}\{i}. Then Q(H,, 0) € A, and hence also Q (H3, 0) € A, where H, = H+ H].
Observe that H, only contains terms which involve X;. Let Hz € H be derived from H;
by applying the following substitutions: X; — 6 - X;, Xx = X;,Vk € {0, 1, ..., n}\ {j}.
Then 2 (H3, 0) € A, and hence Q2(H4, 0) € A, where Hy = H> + H3. Observe that H4 only
contains terms which involve X; and X ;. We have Hy = b;; X; X 5 + bl.zj XX 12 By Properties
(P2) and (P3), also Q(XoX7} + X1 X3, 0) € A,. Lemma 3.5 now implies that A, consists of
all (possibly degenerate) Hermitian varieties of PG(n, 4). By Theorem 3.1 it then follows
that e is isomorphic to the Hermitian Veronese embedding of PG(n, 4).

Suppose next that H has the form > a; X? where a; € {0, 1} for every i €
{0, 1, ..., n}. Without loss of generality, we may suppose thatay = 1. Let H; be derived from
H by applying the following substitutions: Xo — Xo + X1, X; — X;, Vi € {1,2,...,n}.
Then Q(H;,0) € A,. Since H| contains XOX% + XlXé, we know by the discussion in
the previous paragraph that e must be isomorphic to the Hermitian Veronese embedding of
PG(n, 4). O

Proposition 3.9 [fthere exists an element of A, which is not a Hermitian variety of PG(n, 4),
then e is isomorphic to the universal pseudo-embedding of PG(n, 4).

Proof In this case, there exists an H € H and an E € £ \ {0} such that Q(H, E) € A,.
Then there exist i, j,k € {0,1,...,n} withi < j < k and ¢;jx € F4\ {0} such that
¢ijkX; XXy is a term of E. Let § be an arbitrary element of F4 \ {0, 1}. Let H; € H and
E1 € & be derived from respectively H and E by applying the following substitutions:
Xi—> 6§ -Xi,X;— X;,Vl € {0,1,...,n}\ {i}. Then Q(H, E1) € A, and hence also
Q(H,, Ey) € A, where H, = H+ Hy and E» = E + E;. Observe that H, and E; only con-
tains terms which involve X;. Let H3 € H and E3 € £ be derived from respectively H> and
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E> by applying the following substitutions: X; — 6X;, X; — X;, VI € {0, 1,...,n}\ {j}.
Then Q(H3, E3) € A, andhence Q(Hy, E4) € A, where Hy = Hy+ Hzand E4 = E>+ E3.
Observe that Hy and E4 only contains terms which involve X; and X ;. Let H5 € H and
Es € & be derived from respectively Hs and E4 by applying the following substitutions:
Xe > A Xp, Xi = X1,V €{0,1,,...,n}\ {k}. Then Q2(Hs, E5) € A, and hence also
Q(Hg, Eg) € A, where Hs = Hy + Hs and Eq = E4 + E5. Observe that Hg and Egq
only contains terms which involve X;, X ; and X;. Now, He = 0 and E¢ = ¢;j; X; X j X¢. By
Properties (P2) and (P3), also (0, XgX1X>) € A.. Lemma 3.7 then implies that all pseudo-
hyperplanes of PG(n, 4), distinct from the whole point set, arise from e. This implies by
Theorem 3.1, that e is isomorphic to the universal pseudo-embedding of PG(n, 4). O

Theorem 1.4 is a consequence of Propositions 3.8 and 3.9.

3.3 The homogeneous pseudo-embeddings of AG(n, 4)

Consider the affine space AG(n, 4), n > 2. The universal pseudo-embedding of AG(n, 4)
is universal. There is at least one other homogeneous pseudo-embedding.

Proposition 3.10 (1) The quadratic embedding of AG(n,4),n > 0, is a homogeneous
pseudo-embedding.
(2) There are two types of pseudo-hyperplanes arising from the quadratic pseudo-embed-
ding of AG(n,4),n > 1, namely the empty set and those pseudo-hyperplanes which
can be written as the union of two distinct parallel hyperplanes of AG(n, 4).

Proof We may suppose that n > 2.

(1) Let 4 be an arbitrary element of F4 \ {0, 1}. Choose reference systems in AG(n, 4) and

PG(2n, 2) and let e; be the map which maps the point (X, X7, ..., X,) of AG(n, 4)

to the point (1, X; + X7, 8X; +8%X?|1 <i <n) of PG(2n, 2).

e By considering the points (0,0,0,...,0),(1,0,0,...,0),(,0,0,...,0), (0,1,
0,...,0),(,5,0,...,0),...,(0,0,...,0,1),(0,0,...,0,8) of AG(n,4), we
see that the image of ep generates PG(2n, 2).

e The group of affine collineations of AG(n, 4) is generated by the following maps:
@) X1, X2,..., Xp) = Xo), X6(2), ---» Xo(@)) for some permutation o of
{1,2,...,n}; (1) (X1, Xo,..., X)) — (X1 +a,Xp,...,X,) for some a € Fy;
(i) (X1, X2,...,Xn) = (A - X1, Xo,...,X,) for some L € Fq \ {0}; (iv)
(X1, X0, X3,..., X)) > (X1 + X2, X2, X3,..., Xp); (v) (X1, X2,...,Xp) —
(X% x % X 5). We need to prove that for every collineation 6 of AG(n, 4), there
exists a projectivity ng of PG(2n,2) such that e(p®) = e(p)" for every point p
of AG(n, 4). One can easily verify that this property holds for each of the above
generators. Hence, it also holds for any collineation of AG(n, 4).

e Let L = {p1, p2, p3, pa} be an arbitrary line of AG(n, 4). We need to prove that
e2(p1), e2(p2), ea(p3) are linearly independent and e>(p1) + e2(p2) + e2(p3) +
e2(ps) = 0. This is easily verified. Observe that by the previous paragraph, we may
suppose that L = {(A,0,0,...,0) |1 € F4}.

(2) [If I is the hyperplane Yy = 0 of PG(2n, 2), then ez_l(ez( AG(n,4)) N Ily) = @. If
I1; is the hyperplane Y| = 0 of PG(2n, 2), then e2_1 (e2( AG(n, 4)) N I1y) is the union
of the two distinct parallel hyperplanes X1 = 0 and X| = 1 of AG(n, 4). Since e is
homogeneous, all 22"+ — 2 pseudo-hyperplanes of AG(n, 4) which are the union of
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two distinct parallel hyperplanes arise from e>. (Off course, it is also possible to prove
this directly.) So, we have localized all 22! — 1 pseudo-hyperplanes of AG(n, 4)
which arise from e,. O

Now, fix a certain reference system in AG(n,4),n > 2, and let (X1, X2, ..., X,) denote
the coordinates of a general point of AG(n, 4) with respect to that reference system. We
denote by H the set of all polynomials of the form a + >’ _;, (b X; + biZXiz), where
a €{0,1}and b; € F4 foralli € {1,2,...,n}. We denote by £ the set of all polynomials
of the form Zl§i<j§n cijXiX;, where ¢;j € Fqforalli, j € {1,2,...,n} withi < j. If
H € Hand E € &, then Q(H, E) denotes the set of even type of AG(n, 4) whose equa-
tion with respect to the fixed reference system is given by H + E + E2 = 0. We denote
by Z the ideal of the polynomial ring F4[X, X», ..., X, ] generated by the polynomials
X} — X1, X3 = Xo, ..., X} — X,

Suppose e is an AGL(n, 4)-homogeneous pseudo-embedding of AG(n, 4) and let A,
denote the set of all pseudo-hyperplanes of AG(n, 4) arising from e. The condition men-
tioned in Proposition 2.1(b) translates to

(P1) Let Hy, H; € H and Eq, E> € £ such that (Hy, E1) # (H», E»). If Q(Hy, E1) and
Q(H,, E;) belong to A,, then also Q2 (H; + Ha, E1 + E») belongs to A,.

The condition mentioned in Proposition 2.1(a) and the fact that e is AG L (n, 4)-homogeneous
implies that the properties (P2), (P3), (P4) and (P5) below hold.

(P2) Let o be a permutation of {1,2,...,n} and let (Hy, E1) € H x €. Let H, and E; be
derived from H; and E1, respectively, by applying the following substitutions: X; +—
Xoay, Vi€ {1,2,...,n}. Then Q(Hy, E1) € A, if and only if Q(H>, E>) € A..

(P3) Leti € {1,2,...,n},2 € Fq \ {0} and (Hy, E;) € H x &. Let H and E, be
derived from H; and E, respectively, by applying the following substitutions: X ; >
X;,Vje{l,2,...,n}\ {i}and X; — A - X;. Then Q(H], E1) € A, if and only if
Q(Hp, E) € A,.

(P4) Leti € {1,2,...,n},A € Fgand let (H, E|) € H x €. Let Hy, H) € H such that
Hyand Hy + E| +E 12 are derived from respectively H; and E| + E f by applying the
following substitutions: X; — X;,Vj € {1,2,...,n}\{i},and X; — X; + A. Then
Q(Hi, Ey) € A if and only if Q(H, + Hj, E1) € A..

(P5) Letiy, iz € {1,2,...,n}withi # irandlet(Hy, E) € HxE. LetHy, Hy € H, E; €
& and I € 7 such that H, and Hz’ + E)+ E% + I are derived from respectively H; and
E, —|—E12 by applying the following substitutions: X ; — X;,Vj € {1,2,..., n}\{i1},
and X;, — X;, + Xj,. Then Q(H,, E|) € A, if and only if Q(H> + H}, E») € A..

Lemma 3.11 IfQ(X; + X2,0) € A,, then Q(H.,0) € A, forall H € H \ {0}.

Proof e By Properties (P2) and (P3), we have Q(b; X; + biinz, 0) € A, foralli €
{1,2,...,n}and all b; € F4 \ {0}.

e Let § be an arbitrary element of Fy4 \ {0, 1} and consider the substitutions X; — X +
8, Xi — X;,Vie{2,3,...,n}. By Property (P4), 2 (X +X%+1, 0) € A,. By Property
(P1), Q(1,0) = QX1 + X7 + X1 + X7+ 1,0) € A,.

e By Property (P1) and the previous two paragraphs, we have Q(H,0) € A, forall H €
HA {0} u]

Lemma 3.12 [fQ(0, X1X2) € A,, then Q(H, E) € A, forall (H, E) € H x £\ {(0, 0)}.
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Proof e By Properties (P2) and (P3), we have Q(0,¢;;X;X;) € A, forall i,j €
{1,2,...,n} withi < j and all ¢;; € F4 \ {0}. By Property (P1), it then follows that
Q(0,E) e A, forall E € £\ {0}.

e Consider the substitution X1 +— X; + X», X; — X;,Vi € {2,3,...,n}. By Property
(P5), Q(X2+ X2, X1X2) € A,. Hence, by Property (P1), we also have (X, + X2,0) =
QX + X% +0,X1X2 + X1X3) € A,. By Lemma 3.11 and Property (P2), we have
Q(H,0) € A, forall H € H \ {0}.

e By the previous two paragraphs and Property (P1), we have Q(H, E) € A, for all
(H,E) e HxEN\{(0,0)}. O

Observe that | A, | > 2. So, there exists an element in A, \ {{}.

Proposition 3.13 Ifeach element of A, \{?} is the union of two distinct parallel hyperplanes,
then e is isomorphic to the quadratic embedding of AG(n, 4).

Proof 1In this case, there exists an H € H\ {0, 1} such that Q(H, 0) € A,. So, there exists an
ie{l,2,...,n}andab; € Fq\{0} suchthatb; X; —i—biin2 occurs in H. As before, let § be an
arbitrary element of F4 \ {0, 1} and let H; € H be derived from H by applying the following
substitutions: X; > & - X;, X; — X;,Vj e {1,2,...,n}\ {i}. Then Q(H},0) € A, and
hence also Q(H,,0) € A, where H, = H + Hy. We have H, = 8%b;X; + 8b?X?. By
Properties (P2) and (P3), we have Q (X| + X 2.0) € A,. By Lemma 3.11, we now readily see
that A, consists of the following pseudo-hyperplanes: (i) the empty set; (ii) the union of two
distinct parallel hyperplanes. By Theorem 3.1, e is isomorphic to the quadratic embedding
of AG(n, 4). O

Proposition 3.14 If A, has a pseudo-hyperplane which is neither empty, nor the union of
two distinct parallel hyperplanes, then e is isomorphic to the universal pseudo-embedding
of AG(n, 4).

Proof There existsan H € H and an E € £ \ {0} such that Q(H, E) € A,. Then there exist
i,je{l,2,...,n}withi < jandac;; € Fq\ {0} such that ¢;; X; X ; is a term of E. With
a similar reasoning as in the proof of Proposition 3.9, one can prove that (0, X{X») € A,.
Lemma 3.12 then implies that all pseudo-hyperplanes of AG(n, 4) distinct from the whole
set of points arise from e. This implies by Theorem 3.1 that e is isomorphic to the universal
pseudo-embedding of AG(n, 4). O

Theorem 1.4 is an immediate consequence of Propositions 3.10, 3.13 and 3.14.

4 The pseudo-hyperplanes of AG(n, 4)

In this section, we classify all pseudo-hyperplanes of AG(n,4),n > 2. The proof highly
depends on some results of Hirschfeld and Thas [6], who characterized those sets of points
of finite projective spaces which arise as projections of nonsingular quadrics. Supposing the
affine space AG(n, 4) arises from PG(n, 4) by removing a hyperplane I, then for every
pseudo-hyperplane X of AG(n, 4), the set 1o, U X is a set of odd type of PG(n, 4). Before
we discuss the actual classification of the pseudo-hyperplanes of AG(n, 4), we have to do
some preparatory work by discussing and proving some properties of sets of odd type of
PG(n, 4).

The sets of odd type of PG(2, 4) can easily be determined by hand and are listed in the
following proposition.
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Proposition 4.1 Let X be a set of odd type of PG(2, 4), then X is one of the following:

(D) aunital of PG(2,4);
(I1) a Baer subplane of PG(2, 4);
(1) a hyperoval of PG(2, 4), plus an external line;
(IV) the complement of a hyperoval of PG(2, 4);
(V) the union of three distinct lines through a given point;
(VD) a line;
(VII) the whole set of points of PG(2, 4).

The result stated in Proposition 4.1 can be found at several places in the literature, like Hir-
schfeld [3, Theorem 19.6.2] and Hirschfeld and Hubaut [4, Theorem 4]. The discussion in
[3] and [4] is based on results of Tallini Scafati who studied more general problems in her
papers [10-12].

If X is a set of odd type of PG(n,4),n > 2, and « is a plane of PG(n, 4), thena N X is a
set of odd type of « = PG(2, 4) and hence one of the seven possibilities of Proposition 4.1
occurs. If case (Y) of Proposition 4.1 occurs, then we say that « N X is a plane section of
Type (Y).

Suppose I is a hyperplane of the projective space PG(n,4),n > 2, p is a point of
PG(n, 4) not contained in IT and X is a set of odd type of IT. Then the cone pX with top p
and basis X is a set of odd type of PG(n, 4). Any set of odd type of PG(n, 4) which arises
in this way is called singular; otherwise it is called non-singular.

We now define two classes of nonsingular sets of odd type of PG(n, 4),n > 2, which
will play a crucial role later.

Construction 1 Consider in PG(2n + 1,4),n > 1, a nonsingular quadric Q and a point
p & Q. Let ¢ be the symplectic polarity of PG(2n + 1, 4) associated with Q. There are two
possibilities for Q. Either Q is a hyperbolic quadric O+ (2n + 1, 4) or an elliptic quadric
Q™ (2n + 1,4). The number of points of Q is equal to 42“31*1 + € - 4", where € = +1 in
case Q is a hyperbolic quadric and € = —1 in case Q is an elliptic quadric.

There are three types of lines through p: lines which are disjoint from Q (exterior lines),
lines which meet Q in precisely one point (tangent lines) and lines which meet Q in pre-
cisely two points (secant lines). The tangent lines through p are precisely the lines through

. . n_ .
p contained in p%. There are 4 3 L such lines. As a consequence, there are

2n+1 2n
l(74 LD 1) =2""14" + ¢
2 3
secant lines.

Now, consider a hyperplane PG(2n, 4) of PG(2n + 1, 4) not containing p and let X be
the projection of Q from the point p onto PG(2n, 4). By the above, we know that the total

number of points in X is equal to

42}1 1
3

By Hirschfeld and Thas [5, Theorem 13], we know that X is a nonsingular set of odd type

of PG(2n, 4). Since X contains the hyperplane p¢ N PG(2n, 4) of PG(2n, 4), there are no
plane sections of Type (I), nor of type (II).

Now, consider the case n = 1. If Q is a hyperbolic quadric Q7 (3, 4) of PG(3, 4), then

we have | X| = 15 and hence, after consulting Proposition 4.1, we see that X is the comple-

ment of a hyperoval of PG(2, 4). If Q is an elliptic quadric Q~ (3, 4) of PG(3, 4), then we

4271 4 6. (1
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have | X| = 11 and hence, after consulting Proposition 4.1, we see that X is a hyperoval of
PG(2, 4), plus a line disjoint from that hyperoval. These observations can be used to prove
the following lemma.

Lemma 4.2 [fn > 2, then X has plane sections of Type (II1) and plane sections of Type
Iv).

Proof The hyperplane p® of PG(2n + 1, 4) intersects Q in a nonsingular quadric of Type
Q(2n,4) and p is the kernel of this quadric. Let p; and p; be two points of p¢ N Q such
that pq p» is not contained in Q. Then the plane < p, p;, p> > intersects Q in a nonsingular
conic of < p, p1, p» >. Through < p, p1, p> >, there exists a 3-space «; which intersects
Q in a nonsingular elliptic quadric of o and a 3-space o which intersects Q in a nonsingular
hyperbolic quadric of «;. If we project o1 N Q from the point p onto PG(2n, 4), then we
get a plane section of Type (III) and if we project ap N Q from the point p onto PG(2n, 4),
then we get a plane section of Type (IV). O

The following proposition is a special case of Hirschfeld and Thas [6, Theorem 6].

Proposition 4.3 ([6]) Let X be a nonsingular set of odd type of PG(2n,4),n > 2, such
that there exist plane sections of Type (IV), but no plane sections of Type (1), nor of type
(II). Then X is a projection of a nonsingular hyperbolic or elliptic quadric of a projective
space PG(2n + 1, 4) which contains PG(2n, 4) as a hyperplane. The point from which one
projects does not belong to the quadric, nor to the hyperplane PG(2n, 4).

Construction 2 Consider in PG(2n,4),n > 2, a nonsingular parabolic quadric Q and a
point p ¢ Q U {k}, where k is the kernel of Q. The number of points of Q is equal to

#. Every line through k is a tangent line. We denote by p’ the unique point of Q on the
line kp and by T}, the hyperplane of PG(2n,4) which is tangent to Q at the point p’. The
tangent hyperplane 7', contains the line kp and intersects Q in a cone p’Q(2n —2, 4), where
Q(2n —2, 4) is a nonsingular parabolic quadric of a hyperplane of 7, which contains p, but
not p’. Observe that p is the kernel of Q(2n —2, 4). The tangent lines through p are precisely

4211— 1

the lines through p contained in 7). There are % such lines. As a consequence, there

are

l<42n -1 B 42n—l _ 1) _ 24’173
2 3 3

secant lines.

Now, consider a hyperplane PG(2n — 1, 4) of PG(2n, 4) not containing p and let X be
the projection of Q from the point p onto PG(2n — 1, 4). By the above, we know that the
total number of points in X is equal to

42n71 —1
3

By Hirschfeld and Thas [5, Theorem 13], we know that X is a nonsingular set of odd type
of PG(2n — 1, 4). Since X contains the hyperplane T,y N PG(2n — 1, 4) of PG(2n — 1, 4),
there are no plane sections of Type (I), nor of Type (II).

+ 243, )

Lemma 4.4 The set X of odd type has plane sections of Type (I11) and plane sections of Type
av).
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Proof Let p; and p; be two points of Q(2n — 2,4) such that p;p> is not contained in
Q(2n — 2,4). Then the plane < p, p1, pa > intersects Q(2n — 2, 4) in a nonsingular conic
of < p, p1, p2 >. Through < p, p1, p> >, there exists a 3-space « which intersects Q in
a nonsingular elliptic quadric of «; and a 3-space oy which intersects Q in a nonsingular
hyperbolic quadric of a,. If we project a1 N Q from the point p onto PG(2n — 1, 4), then we
get a plane section of Type (III) and if we project wp N Q from the point p onto PG(2n—1, 4),
then we get a plane section of Type (IV). O

The following proposition is a special case of Hirschfeld and Thas [6, Theorem 5].

Proposition 4.5 ([6]) Let X be a nonsingular set of odd type of PGQ2n —1,4),n > 2, such
that there exist plane sections of Type (IV), but no plane sections of Type (1), nor of Type (I1).
Then X is a projection of a nonsingular parabolic quadric Q of a projective space PG(2n, 4)
which contains PG(2n — 1, 4) as a hyperplane. The point from which one projects does not
belong to PG(2n — 1, 4) nor to Q and is distinct from the kernel of Q.

In the following three lemmas, we prove some properties regarding the sets of odd type
constructed above.

Lemma 4.6 Ler X be a set of odd type of PG(2n,4),n > 2, which is the projection of a
nonsingular hyperbolic or elliptic quadric Q (see Construction 1). Then there are precisely
42 _ 1 hyperplanes T1 of PG(2n, 4) which intersect X in a set Y which is the projection of
a nonsingular parabolic quadric (see Construction 2).

Proof The quadric Q belongs to a projective space PG(2n+ 1, 4) which contains PG(2n, 4)
as a hyperplane. Suppose X is the projection of Q from the point p of PG(2n+ 1, 4) onto the
hyperplane PG(2n, 4) of PG(2n + 1, 4). Let ¢ be the symplectic polarity of PG(2n + 1, 4)
associated with Q. There are three possibilities for a hyperplane IT of PG(2n, 4).

(1) < p, I > isahyperplane of PG(2n + 1, 4) tangent to Q at some point p’. Then [TN X
is a singular set of odd type of IT. If this case occurs, then p’ necessarily belongs to
the nonsingular parabolic quadric p¢ N Q of p¢. Conversely, if p’ € p® N Q then the
tangent hyperplane T}, at the point p’ is of the form < p, IT > for some hyperplane IT

of PG(2n, 4). So, there are |p* N Q| = 42"% hyperplanes IT of PG(2n, 4) for which
this case occurs.

(2) < p,II >isahyperplane of PG(2n+ 1, 4) which is not tangent to Q such that the point
p is the kernel of the parabolic quadric < p,IT > N Q of < p, 1 >. Then I1 C X.
This case occurs precisely when < p, [T >= p¢, i.e. when IT = p¢ N PG(2n, 4).

(3) < p,II > is a hyperplane of PG(2n + 1, 4) which is not tangent to Q such that the
point p is not the kernel of the parabolic quadric < p,IT > N Q of < p,I1 >. If
this case occurs, then IT N X is the projection of the nonsingular parabolic quadric
< p, 1 > N Q of the subspace < p, [T >.

Since the total number of hyperplanes of PG(2n, 4) is equal to 42"2171 , the required

number of hyperplanes is equal to % — 42"3_1 —1=4%"_1. O

Lemma 4.7 Let X be a set of odd type of PG2n — 1,4),n > 2, which is the projec-
tion of a nonsingular parabolic quadric Q. Then there are precisely 4"~ hyperplanes TI
of PG(2n — 1,4) which intersect X in a set Y which is the projection of a nonsingular
hyperbolic or elliptic quadric.
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Proof The quadric Q belongs to a projective space PG(2n, 4) which contains PG(2n —1, 4)
as a hyperplane. Suppose X is the projection of Q from the point p onto the hyperplane
PG(2n — 1, 4) of PG(2n, 4). The point p is distinct from the kernel k of Q and the line kp
intersects Q in a point p’. There are two possibilities for a hyperplane IT of PG(2n — 1,4).

(1) < p, I > is a hyperplane of PG(2n, 4) tangent to Q at some point p”. Then IT N X
is a singular set of odd type of IT. The point p” necessarily belongs to the tangent
hyperplane T, at the point p’. Conversely, if p” € T, then the tangent hyperplane
T, at the point p” is of the form < p, IT > for some hyperplane IT of PG(2n — 1, 4).

2n

So, there are [T,y N Q| = 4%_1 hyperplanes IT of PG(2n — 1, 4) for which this case
occurs.

(2) < p,II > is a hyperplane of PG(2n, 4) which is not tangent to Q. If this case occurs,
then [1N X is the projection of the nonsingular (hyperbolic or elliptic) quadric < p, IT >
N Q of the subspace < p, IT >.

42/1 -1

Since the total number of hyperplanes of PG(2n — 1, 4) is equal to *——, the required
number of hyperplanes is equal to 42"371 — % =421 O

Lemma 4.8 Let T1 be a hyperplane of PG(n,4),n > 3. Let p be a point of PG(n, 4) not
contained in Tl and let X be a set of odd type of T1 which is the projection of a nonsingular
quadric. Then there are precisely 4" hyperplanes T1' of PG(n, 4) which intersect the cone
pX in a set Y which is the projection of a nonsingular quadric.

Proof If T contains p, then TT' N pX is a singular set of odd type of IT" (with top p) and
hence cannot be the projection of a nonsingular quadric. If TT’ is one of the 4" hyperplanes
of PG(n, 4) not containing p, then IT' N pX is a set of odd type of 1" which is isomorphic
to the set X of odd type of IT. O

Lemma 4.9 Let X be a set of odd type of PG(n,4),n > 2, such that there are no plane
sections of Type (1), (1), (IIL), nor (IV). Then X is either a hyperplane, the union of three
distinct hyperplanes through a given (n — 2)-dimensional subspace of PG(n, 4) or the whole
point set of PG(n, 4).

Proof 1If every line of PG(n, 4) intersects X in either 1 or 5 points, then X is either a hyper-
plane of PG(n, 4) or the whole set of points of PG(n, 4). In the sequel, we will suppose
that there exists a line L which intersects X in three points x1, x3 and x3. By Proposition 4.1,
every plane « through L intersects X in the union of three lines through a given point k. Let
K denote the set of all points k, where « is some plane through L.

We prove that K is a subspace. Suppose o1 and «, are two distinct planes through L. Put
M = ky ko,. We prove that every k € M N X is of the form k, for some plane o through
L. We may suppose that k & {kq,, ka,}. The plane < x;kq,, xiko, >, i € {1, 2, 3}, contains
the two lines x;ky, , x;kqy, through x; which are contained in X, plus the extra point k which
is also contained in X. It follows that the line kx; is contained in X. So, k = k, where
a =< k, L >. Now, since the line M contains two points of X, namely k,, and kq,, it con-
tains a third point of X. This point is equal to ko, for some plane a3 through L. Now, the plane
< x1kg,, X1ks, > contains at least three lines through x; which are contained in X, namely
the lines x1kg,, X1k, and xikqy;. Let o be a plane of < L, M > through L distinct from
a1, o and 3. The unique line through x3 contained in &’ N X intersects < x1ky,, X1kyy >
in a point of X which is not contained in x1ky, U X1k, U X1kq;. This implies that the plane
< X1ky,, X1k, > is completely contained in X. In particular, M C X. By the above, we
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then know that each point of M is of the form &, for some plane « through L. This indeed
proves that K is a subspace.

Now, since K is disjoint from L, we have dim(K) < n — 2. Since every plane « through
L meets K, we have dim(K') = n — 2. By considering all planes through L, we immediately
see that X must be a cone with top K and basis {x1, x2, x3}, i.e. X is the union of the three
hyperplanes < K, x| >, < K, x2 > and < K, x3 >. O

Lemma 4.10 Let X be a set of odd type of PG(n,4),n > 2, containing a hyperplane Tl
of PG(n, 4). Put X' = Ty U (PG(n, 4)\ X). Then X' is a set of odd type of PG(n, 4). The
set X' is singular if and only if X is singular.

Proof Let L be a line of PG(n,4). If L C Ty, then L € X'. If L is a line of PG(n, 4)
not contained in Iy, which intersects X in i € {1, 3, 5} points, then L intersects X’ in
6 —i € {1, 3, 5} points. So, X’ is a set of odd type of PG(n, 4).

Suppose X is singular. Then X is a cone pY where p is some point of PG(n, 4) and
Y is a set of odd type of a hyperplane IT of PG(n, 4) not containing p. If p ¢ Il, then
since [Ty, C X, we have X = PG(n, 4) and hence X’ = Tl is singular. We may therefore
suppose that p € Iy. Put Y’ = (I, N IT) U (IT\ Y). By the first paragraph, Y’ is a set of
odd type of T1. We clearly have X’ = pY’. So, X’ is also singular.

By symmetry, if X’ is singular then also X is singular. O

Proposition 4.11 Let X be a set of odd type of PG(n,4),n > 2, containing a hyperplane
oo of PG(n, 4). Then X is either a singular set of odd type or the projection of a nonsingular
quadric of a projective space PG(n + 1,4) which contains PG(n, 4) as a hyperplane.

Proof By Proposition 4.1, the result holds if n = 2. So, we may suppose that n > 3.

Since X contains a hyperplane, every plane section contains a line. So, there are no plane
sections of Type (I) nor of Type (II). If there are no plane sections of Type (III), nor of
Type (IV), then X is a singular set of odd type by Lemma 4.9. So, in the sequel, we may
suppose that there exist plane sections of Type (III) or (IV). We may also suppose that X is
not singular.

Suppose there are plane sections of Type (IV). Then Propositions 4.3 and 4.5 imply that X
is the projection of a nonsingular quadric of a projective space PG(n + 1, 4) which contains
PG(n, 4) as a hyperplane.

Suppose there are plane sections of Type (III), i.e. there exists a plane o of PG(n, 4)
which intersects X in a hyperoval of «, plus a line of o which is disjoint from that hyperoval.
Put X’ = Too U(PG(n, 4) \ X). Then by Lemma 4.10, X’ is a nonsingular set of odd type of
PG(n, 4). Moreover, since 1o, € X’ there are no plane sections of Type (I), nor of Type (II).
Now, the plane « intersects X’ in the complement of a hyperoval of @. So, X’ has plane sec-
tions of Type (IV). By Propositions 4.3 and 4.5, X’ is the projection of a nonsingular quadric
of a projective space PG(n + 1, 4) which contains PG(n, 4) as a hyperplane. By Lemmas
4.2 and 4.4, X’ also has plane sections of Type (III), or equivalently, X has plane sections of
Type (IV). So, we are again in the situation of the previous paragraph. By Propositions 4.3
and 4.5, we conclude again that X is the projection of a nonsingular quadric of a projective
space PG(n 4 1, 4) which contains PG(n, 4) as a hyperplane. O

Corollary 4.12 Let X be a set of odd type of PG(n,4),n > 2, containing a hyperplane T1
of PG(n,4). Then X is one of the following:

(1) the hyperplane T1;
(2) the union of three mutually distinct hyperplanes 11, T1', I through a hyperplane of T1;
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(3) the whole point set of PG(n, 4);

(4) a cone mY, where: (i)m is an m-dimensional subspace4 of Tl for some m €
{—1,0,...,n—3}; (ii) m is an (n — m — 1)-dimensional subspace of PG(n, 4) which
is complementary to w1, (iii) Y C my is the projection of a nonsingular quadric of a
projective space which contains oy as a hyperplane.

Proof The corollary follows by induction from Proposition 4.11. Notice that the corollary is
valid for n = 2 by Proposition 4.1. O

Theorem 1.6 is now an immediate consequence of Corollary 4.12. Indeed, suppose that
the affine space AG(n, 4) is obtained from PG(n, 4) by removing a hyperplane 1, from
PG(n, 4). If X is a pseudo-hyperplane of AG(n, 4), then X U I, is a set of odd type of
PG(n, 4) which contains 1, and hence must correspond to one of the cases (1), (2) or (4)
of Corollary 4.12.

Proposition 4.13 Let X be a set of odd type of PG(n,4),n > 2, containing a hyperplane
o of PG(n, 4). Put X' = oo U (PG(n, 4) \ X). Then the following holds.

(1) Ifnisodd and X is the projection of a nonsingular parabolic quadric Q, then also X’
is the projection of a nonsingular parabolic quadric.

(2) Ifnisevenand X is the projection of a nonsingular hyperbolic [resp. elliptic] quadric
Q, then X' is the projection of a nonsingular elliptic [resp. hyperbolic] quadric.

Proof By Lemma 4.10 and Proposition4.11, X’ is the projection of a nonsingular quadric Q’.
This proves already (1). Suppose now that n is even. Then | X| = # + 2" 12" + €) with
€ = 1if Q is ahyperbolic quadric and € = —1 if Q is an elliptic quadric. It is straightforward
to calculate | X’|. We find

n_ 1 n

4 _
1X'| = +4" 22 o) = +271 2" — ).

So, Q' is an elliptic quadric if Q is a hyperbolic quadric and Q' is a hyperbolic quadric if Q
is an elliptic quadric. o

The following is a rephrasing of Proposition 4.13.

Corollary 4.14 (1) Let X be a set of parabolic type of AG(n — 1,4),n > 4 even. Then
the complement of X is also a set of parabolic type of AG(n — 1, 4).

(2) Let X be a set of hyperbolic [resp. elliptic] type of AG(n — 1,4),n > 3 odd. Then the
complement of X is a set of elliptic [resp. hyperbolic] type of AG(n — 1, 4).

Definition A set X of even type of the affine space AG(n — 1, 4) is said to be reduced if
one of the following cases occurs.

(1) n >4isevenand X is a set of parabolic type of AG(n — 1, 4);
(2) n > 3isoddand X is a set of hyperbolic or elliptic type of AG(n — 1, 4).

Lemma 4.15 Suppose AG(n,4),n > 3, denotes the affine space which is obtained from
PG(n, 4) by removing a hyperplane Il Let X be a set of even type of AG(n,4) and I1 a
hyperplane of AG(n, 4) intersecting X in a reduced set of even type of T1. Then precisely
one of the following two cases occurs:

4 Ifm=—1,thenmY =Y.
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(1) X is a reduced set of even type of AG(n, 4);
(2) X =C(D,Y) where D is some singleton of Tl and Y is a reduced set of even type of
a hyperplane T1y of AG(n, 4) for which D N D1, = 0.

Proof Suppose that this is not the case. Then by Theorem 1.6, X = C(D, Y) where D is some
subspace of dimension at least 1 of [T, and Y is a set of even type of an (n — 1 —dim(D))-
dimensional subspace IT; of AG(n,4) for which D N Dy, = . Since dim(D) > 1, we
have D N Dy # @. Then X N IT = C(D N Dy, Y') where Y’ is a set of even type of an
(n — 2 — dim(D N Dr))-dimensional subspace I, of IT for which (D N D) N Dp, = @.
So, X N IT cannot be a reduced set of even type of I1, a contradiction. O

For every n > 2, let N(n) denote the total number of reduced sets of AG(n, 4). From
Proposition 4.1, one easily deduces that N (2) = 96.

Lemma 4.16 We have N(2n + 1) = (421 — 1) - N(2n) for every n > 1 and N(2n) =
42 . N@2n — 1) for every n > 2.

Proof Consider the affine space AG(m, 4), m > 3, obtained from PG(m, 4) by removing
a hyperplane Il,,. We count in two different ways the number of triples (IT, X, Y), where
Y is a pseudo-hyperplane of AG(m, 4), I is a hyperplane of AG(m, 4) and X is a reduced
pseudo-hyperplane of IT such that X = Y N I1.

e There are 4m+3] =4 possibilities for I1, and for given IT there are N (m — 1) possibilities

for X. Now, fix IT and X. Denote by ¢; : AG(m, 4) — S the universal pseudo-embed-
ding of AG(m, 4). Then dim(f)) =m? + m. By Corollary 1.3(2), the pseudo-embed-
ding of IT induced by e is isomorphic to the universal pseudo-embedding of IT. So,
dim(< é>(IT) >) = m? — m. There exists a unique hyperplane U of < e5(IT) > such
that X = & ~1(&;(IT) N U). Since every pseudo-hyperplane of AG(m, 4) arises from ¢;
(and the corresponding hyperplane of > is unique), the number of possibilities for Y is
equal to the number of hyperplanes of ¥ which intersects < e»(IT) > in U. The set of
such subspaces is equal to 22" +1 — 22m — 4m,

e By Lemma 4.15, there are two possibilities for Y. Either, the set Y is a reduced set of
AG(m, 4),or Y = C(D, Y') where D is some singleton of Iy, and Y’ is a reduced set
of a hyperplane Iy of AG(m, 4) for which D N Dp; = @. In the former case, there are
N (m) possibilities for Y. In the latter case, there are 4m371 - N(m — 1) possibilities for Y.
Suppose m = 2n + 1 for some n > 1. Then by Lemmas 4.7 and 4.8, we have

42n+2 _ 42n+1 —-1

P e N @) = N Qo )4
ie. N@Qn+1) = @+ —1). N@2n).

Suppose m = 2n for some n > 2. Then by Lemmas 4.6 and 4.8, we have

- N(@2n) - 421

42n+1 —4 2n _
4. 3 NQn—1)=NQ2n) - (4*" - 1)+ NQn—1) -4,
ie. N2n) =4*" . NQn — 1). o

Corollary 4.17 (1) The number of sets of parabolic type in AG2n—1,4),n > 2, is equal
106 - 47D T2 (@2 1),

(2) The number of sets of hyperbolic type in AG(2n,4),n > 1, is equal to 3 - 4""+D .
H?;ll (421+1 _ 1)
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(3) The number of sets of elliptic type in AG(2n,4),n > 1, is equal to 3 - gnlntl)
H’llfll (42i+l _ 1)
i= .

Proof By Proposition 4.13(2), the number of sets of hyperbolic type of AG(2n,4),n > 1,
is equal to the number of sets of elliptic type of AG(2n, 4). Taking this fact into account, the
corollary is now an immediate consequence of Lemma 4.16 and the fact that N(2) = 96. O

The basic properties of the five classes of pseudo-hyperplanes of AG(n,4),n > 2, as
they occur in Theorem 1.6 have been listed in Table 1. These properties are easily derived
from Egs. 1, 2 and Corollaries 4.14, 4.17.

5 The pseudo-embeddings of Q (4, 3) induced by homogeneous pseudo-embeddings of
AG4,4)

5.1 The generalized quadrangle W (3)

A point-line geometry Q is called a generalized quadrangle if it satisfies the following three
properties.

(1) Every two distinct points are incident with at most one line.

(2) There exist two disjoint lines.

(3) Forevery line L and every point x not incident with L, there exists a unique point on L
collinear with x.

The points and lines of PG(3, 3) which are totally isotropic with respect to a given symplectic
polarity of PG(3, 3) are the points and lines of a (symplectic) generalized quadrangle which
we denote by W (3). The generalized quadrangle Q (4, 3), defined in Sect. 1, is isomorphic to
the point-line dual of W (3), see e.g. Payne and Thas [8, Theorem 3.2.1]. The following prop-
osition, which we take from Taylor [13, Theorem 10.18], gives an alternative construction
of the generalized quadrangle W (3) which will be useful later.

Proposition 5.1 ([13]) Let H (3, 4) be a nonsingular Hermitian variety of PG(3, 4) and let ¢
be the Hermitian polarity of PG(3, 4) associated with H(3,4). Put P := PG3,4)\H(3,4)
and let L denote the set of all subsets {x1, x2, x3, x4} of size 4 of P such that x; € x? forall
i,j € {1,2,3,4} withi # j. Then the point-line geometry (P, L, 1) with point set P, line
set L and natural incidence relation 1 is isomorphic to W (3).

Let G = PI'U(4,2) denote the group of collineations of PG(3, 4) ﬁxmg H(3,4) set-
wise. Then every 6 € G induces an automorphism 6 of P, L,I) = W(@3). Put G :

{9 |6 € G}. Then G= PT'U4,2). Since PT"'U (4, 2) and the automorphism group of W(3)
(= PSp(4, 3).2) have the same order, namely 51840, G is the full group of automorphisms of
(P, L, 1) = W(3).(Observe alsothat PSU (4,2) = PSp(4, 3), see e.g. Taylor [ 13, Corollary
10.191.)

5.2 Construction and properties of the full embeddings of Q(4, 3) into AG(4, 4)
In this subsection, we discuss the classification of the full embeddings of the generalized

quadrangle Q(4, 3) into the affine space AG(4, 4). This classification is essentially due to
Thas [14, Section 5.2], see also Payne and Thas [8, Theorem 7.4.1]. Another approach to the
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classification can be found in Sect. 5 of Thas and Van Maldeghem [15]. We follow here the
original approach of Thas [14].

Consider in the projective space PG(4, 4) a hyperplane 1, and let AG(4, 4) denote the
affine space obtained from PG(4, 4) by removing 1.

Let woo be a plane of I, let U be a unital of we and let m be a point of [e \ ®Weo. If
Ly is the set of twelve secant lines of w, (i.e. lines intersecting I/ in precisely three points),
then (U, L) defines an affine plane Az, of order 3. In wy, there are exactly four triangles
m’lm’2m’3 i €{l1,2,3,4}, whose vertices are exterior points of I/ and whose sides are secants
of U. The three secants lines corresponding to any such triangle define a parallel class of
lines of the affine plane A;. Any line mim%, a,b € {1, 2,3}, is tangent to & and contains
exactly one vertex mg(a’b) € {m?, m%, m%} and one vertex mi,(u’b) € {m‘lt, mg, mé}.

‘We show that the cross-ratio (m Lll, mi; mg( ab) mi( a h)) is independent of the choice of
a,b € {1,2,3}. Suppose K and K’ are two arbitrary lines of ws, which are tangent to I/, and
denote by k and k' the respective tangent points. Then K = {k, m; mg mi(m by mj(a’ b)}
and K" = {K',mj,, mp,,m} s My ) for certain a, b, @', b € {1,2,3}. Let k" be the
third point of 2 on the line kk’. Now, there exist a projectivity 1 of ws (induced by a unitary
transvection) which interchanges the two points of I/ \ {k”} on each secant line of w, through
k”, and interchanges the two points off I/ on each secant line of ws, through k”. In partic-
ular, 7 interchanges® the points m ; and m zlw the points mi and mi,, the points mi’,(a’ b) and
mg(a,’b,) and the points mj(a,b) and mi(a,,b,). This implies that (m;, ml%; mi(a’b), mj(a’b)) =
(Mg T3 2 1y Mg 1))

Any three mutually disjoint lines of a projective space PG(3, 4) are contained in a unique
nonsingular hyperbolic quadric of PG(3, 4). Such a hyperbolic quadric has the structure of
a (5 x 5)-grid. If Q is a nonsingular hyperbolic quadric of PG(4, 4) with points x;; and lines
Li={xjjp|1<j <5, M; :={xpj|1 <i’ <5}(,je{l,2,...,5}), then after giving
explicit coordinates to the points of Q, one can readily verify that (x11, x12; x13, X14) =
(x21, X223 X23, X24).

Now, let L be a line of AG(4, 4) which has m as point at infinity and let p1, p2, p3, pa
be the affine points of L, where notation is chosen in such a way that (py, p2; p3, pa) =
(mk, m%; mg(ayb), mi(a,b)) for all a,b € {1,2,3}. For all a,b € {1,2,3}, let Qu be the
nonsingular hyperbolic quadric in the hyperplane < L, m}lmi > of PG(4, 4) which con-
tains the three mutually disjoint lines plm}l, pzmi and p3m3(a7b). Since (p1, p2; p3, pa) =
(m}l, mi; mg(g’b), mg(a,h)), Qp also contains the line p4m3(a’b) by the previous paragraph.

Let (P, L, 1) be the following point-line geometry. The elements of P are the 40 affine
points on the lines pimi/., i €{1,2,3,4}and j € {1, 2, 3}, the elements of £ are the affine
lines which are contained in one of the nine hyperbolic quadrics Q.p, a, b € {1, 2, 3}, and
the incidence relation I is containment.

In Thas [14, Section 5.2] (see also Payne and Thas [8, Theorem 7.4.1]), the following was
proved.

Proposition 5.2 ([14]) If (P, £',1) = Q(4,3) is a full subgeometry of AG(4,4), then
there exists an affine collineation of AG(4, 4) (whose companion automorphism of Fy is the
identity) which maps P’ to P and L' to L.

In Thas [14], it was also mentioned (without proof) that the point-line geometry
(P, L,]) is a generalized quadrangle isomorphic to Q(4, 3). This fact in combination with

5 Observe that the two points coincide for exactly one of the four pairs. In this case, 1 just fixes the point.
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Proposition 5.2 then implies that in some sense there is a unique full embedding of Q (4, 3)
into AG(4,4).

We are now going to establish an explicit isomorphism between (P, £, I) and the dual of
the generalized quadrangle W (3) (which is known to be isomorphic to Q (4, 3)).

Lemma 5.3 The complement (in Tly) of the set (weo \ U) U ( UpEU (mp \ {p})) is a non-

singular Hermitian variety H (3, 4) of leo. If ¢ is the Hermitian variety of Tl associated
with H(3,4), then wso = m¥.

Proof Let H'(3,4) denote an arbitrary nonsingular Hermitian variety of I, let m’ be a
point of Tl \ H'(3,4), let ¢’ be the Hermitian polarity of ITs, associated with H'(3, 4)
and put @' := (m’)*". Then o intersects H'(3,4) in a unital U’ of &'. Every line of s
through m’ intersects H'(3, 4) in either one point (tangent line) or three points (secant line).
The tangent lines through m’ are precisely the lines through m’ meeting U/'. It follows that
the complement of H'(3,4) in Iy, is equal to (o’ \ U") U Upeu’ (m’p \ {p}). The lemma
now follows from the fact that there exists a collineation of [T, mapping m’ to m, @' t0 wee
and U’ to U. O

Let H(3, 4) be the Hermitian variety of Il occurring in the statement of Lemma 5.3 and let
¢ be the Hermitian polarity of [T, associated with H (3, 4). Let W’(3) denote the symplectic
generalized quadrangle on the point set 1, \ H (3, 4) as defined in Proposition 5.1.

For every L € L, let p; denote its point at infinity i.e. the point of [T, which belongs to
the unique line of PG(4, 4) containing L. By the construction of the set £, we see that the
correspondence L +— pp defines a bijection between £ and [1oo \ H(3,4) = (weo \U) U

(Upeump \ (pD)-
Lemma 5.4 Every point x of P is contained in precisely four affine lines of L.

Proof Suppose first that x = p; forsomei € {1, 2, 3, 4}. Then the elements of £ containing
x are the affine line L and the affine lines defined by pim’]., j € {1,2,3}. So, x is indeed
contained in precisely four affine lines of L. '

Suppose next that x ¢ L. Then x is contained on a line p,-m‘j forsomei € {1, 2, 3,4} and
some j € {1, 2,3}. The plane < L, x > of PG(4, 4) intersects we in the singleton {mf/.}
and hence the affine line determined by p,-mfi is the unique element of £ through x meeting
L. Now, the point m'; i of w is contained in precisely three tangent lines of wso, Which we

2 34 4

denote by {m my, m m ,u}, {m! /,m/,,mj,,m,,,u’} and {m/,,,mi,,,mj,,,m,,,, u).
3

Then Qj, j,, Q]r i and qu jy are those hyperbolic quadrics of the set {Q,p | a, b € {1, 2, 3}}
which contain x. The hyperbohc quadrics Qj,j,, O I and QO Wi determine three affine
lines M, M’ and M” of £ through x distinct from the affine line contained in p;m’ G Since

the points at infinity of the affine lines M, M’ and M" are respectively contained in mu, mu’
and mu”, the lines M, M" and M" are distinct. So, x is contained in precisely four affine
lines of £ as we needed to prove. O

For every point x of P, put A, := {ay, a2, as, as}, where ay, az, a3 and a4 are the four
points at infinity on the four affine lines of £ through x.

Lemma 5.5 For every point x of P, A, is a line of W' (3). Conversely, if A is a line of W' (3),
then there exists a unique point x € P for which A = A,.
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Proof (1) Let y;, y» be two points of Il \ H(3,4). Then there are two possibilities. If
the line y;y, is a tangent line to H (3, 4), then y, ¢ yf. If the line y;y, is a secant line
(intersecting H (3, 4) in precisely three points), then y; € y2

(2) Suppose x = p; for some i € {1, 2,3,4}. Then A, = {m, ml, mz, m3} We have
{m', mh, mk} C we = m®. Since mj m] is a secant line, we have m', € (m ,)¢ for
all ji, jo € {1, 2,3} with j; # j». So, Ay is indeed a line of W’(3).

(3) Suppose nextthatx € P\ L. Then x is contained in a line p,-m; forsomei € {1, 2, 3, 4}

and some j € {1,2,3}. The point m’j of weo is contained in precisely three tangent

lines of o, which we denote by {m m?z m; m ,ul, {m 2 m%, , mi, , m‘j‘,, u'} and

{m},,, m?,,, m;,,, m‘/‘.,,, u"'}. Notice that the points u, u’ and u” are contained in the line
1 J2 3 J4

(mZ)f N weo of weo. Now, O, 5, O i and Q jijy are precisely the three hyperbolic
quadrics of the set {Qup | a, b € {1, 2, 3}} through the point x. These three hyperbolic
quadrics determine three affine lines M, M’ and M" of L through x distinct from the
affine line contained in p,-m’j. Let a, a’ and a” denote the respective points at infinity
of the affine lines M, M’ and M”. Then a € mu,a’ € mu' and a” € mu”. We have
A, = {m’j,a,a’,a”}.

Since {u, u’, u"} C (m;)g and m € (mj.){, we havea,a’,a” e (m;){.

Now, let IT be the hyperplane < L, mz.u’ " > of PG(4,4). Then IT contains the points

Dis m’] x,u”, m and intersects Iy in the plane < m’J u',m>= (u”)§ Now, let 1 be the

elatlon of PG(4, 4 fixing each point of IT, ﬁxmg each line through u” and mapping u to

W' Ifi =1, thenm’ = m} = m;/ = mj//, <u m; >C (u”)% and hence 1 maps m1 to
1 1

mll/ = m .If i # 1, then the line < u’ m}l > is a secant line and hence intersects m ju in
1

the point m/, So, also in this case 7 maps m}.] to m}.,. In a similar way, one proves that n
1

J1
maps m2 tom?,, m>. tom?>, and m*
J2 I J3 h J4

Q 11 j, to the hyperbolic quadric Q e Smce n fixes x, the projectivity n maps a to a’. So,

to m4 This implies that n maps the hyperbolic quadric

,a and o’ are contained in the same line. Since «”a is not contained in (1”)%, the line u"a
is a secant line. Hence, a’ € af.

In a similar way, one proves that a” € a® and a” € (a’)¢. So, Ay = {mi., a,a,a’}isa
line of W/(3).

Conversely, suppose that A is a line of W/(3). Let Ly, L,, L3 and L4 denote those lines
of £ for which A = {pr,, pr,, PL;, PL,}- If x is a point of P for which A = A,, then x
necessarily is contained in the lines L1, Ly, L3 and L4, proving that there is at most one such
point. The uniqueness of x follows from the fact that there are as many points in P as there
are lines of W'(3), namely 40. O

Corollary 5.6 The maps x — Ay and L +— pp (x € P and L € L) define an isomor-
phism between the point-line geometry (P, L, 1) and the dual of W' (3). As a consequence,
(P, L,) =04 3).

Lemma 5.7 IfGisa (4 x 4)-subgrid of (P, L, 1) = Q(4, 3), then there exists a nonsingular
hyperbolic quadric Q of T =< G > tangent to T1 N I such that G = Q \ (I1 N ).
Moreover, TINP = G.

Proof The eight points at infinity of the eight lines of G have distinct points at infinity. This
implies that G is contained in a unique nonsingular hyperbolic quadric Q of the 3-dimen-
sional subspace [1 =< G > of PG(4,4). The two lines of Q which are disjoint from G
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are contained in I1,. This implies that the plane IT N Iy, of IT is tangent to Q and that
G=0\(NMy).

Since IT N P is a proper subquadrangle of (P, £,I) = Q(4, 3) containing G it must
coincide with G. O

Lemma 5.8 The 40 elements of L are precisely those lines of AG(4, 4) which are contained
inP.

Proof Obviously, every element of £ is contained in P. Conversely, suppose that K is a line
of AG(4, 4) which is contained in P and let G be a (4 x 4)-grid of (P, L,1) = Q(4,3)
containing at least two points of K. Let Q be the unique nonsingular hyperbolic quadric of
< G > containing G. By Lemma 5.7, K C< G > N P is completely contained in Q and
hence is contained in one of the ten lines of O, i.e. K is one of the eight lines of G. So, K € L.
O

Lemma 5.9 Let G be a (4 x 4)-subgrid of (P, L,1) = Q(4, 3), let x be a point of P\ G and
let x1, x2, x3, X4 denote the four points of G which are collinear (in (P, L, 1)) with x. Then
< X1,X2,X3,X4 >=< G >,

Proof Since < A, >= Iy, we have < xxp, xx2, xx3, xxq4 >= PG(4,4). So, < x, <
X1, X2, x3, x4 >>= PG4, 4) and < x1, x2, X3, X4 >=< G >. ]

In Lemma 5.9, the points xi, x2, x3 and x4 of G form a so-called ovoid of G, this is a set
of points of G having a unique point of common with each line. We call {x1, x2, x3, x4} the
ovoid of G subtended by x.

In Sect. 5 of [15], Thas and Van Maldeghem classified all affine embeddings of Q (4, 3)
into AG(4, 4) by making use of the so-called coordinates of the generalized quadrangle
0 (4, 3). From Theorem 5.1 of [15] and the last part of its proof in [15], we know that the
following holds.

Proposition 5.10 Every full embedding e of Q(4,3) into AG(4, 4) is homogeneous, i.e.
for every automorphism 6 of Q(4, 3), there exists a (necessarily unique) collineation ¢g of
AG(4, 4) such that e(p®) = e(p)? for every point p of Q(4, 3).

The following also holds.

Proposition 5.11 Up to isomorphism, there is a unique full embedding of Q(4,3) into
AG(4,4), i.e. if ey and ey are two full embeddings of Q(4,3) into AG(4,4), then there
exists a collineation ¢ of AG(4, 4) such that e; = ¢ o es.

Proof This is a consequence of Propositions 5.2 and 5.10. Observe that by Lemma 5.8 the
image of the point set of Q (4, 3) under the embedding ¢;, i € {1, 2}, not only determines the
embedded points but also the embedded lines. O

The original version of this article also contained a proof of Proposition 5.10. It was however
pointed out by the referee that Proposition 5.10 is also implied by Theorem 5.1 of [15]. In
the original approach of the author, Proposition 5.10 was derived from Proposition 5.11,
while Proposition 5.11 was proved in another way. Indeed, by relying on Propositions 5.1
and 5.2, Lemmas 5.3, 5.4 and 5.5 and Corollary 5.6, it is possible to show that there exists
a collineation ¢ of AG(4, 4) such that: (1) for every line L of Q(4, 3), the lines e; (L) and
¢ o ex(L) of AG(4,4) have the same point at infinity; (2) there exist two distinct collinear
points x and y of Q(4, 3) such that e;(x) = ¢ o e2(x) and e1(y) = ¢ o ea(y). It is also
possible to show that conditions (1) and (2) imply that e; = ¢ o e3.
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5.3 The pseudo-embeddings of the (4 x 4)-grid induced by the pseudo-embeddings of
AG(n,4),n € {2,3}

Let G be a (4 x 4)-grid. Without loss of generality, we may suppose that the points of G are
the symbols x;;, 1 < i, j <4, where we suppose that two distinct points x;, ;, and x;, j, are
collinear if and only if either i; = iy or j; = j,. We now define a relation R on the set of 24
ovoids of G. If O = {x1;, x2j, x3, x4/} and O’ = {xy;r, X2, X3k, X4p} are two ovoids of G,
then we say that (O, O’) € R if the permutation

ijokl
i/j/k/l/

of {1, 2, 3, 4} iseven. The relation R is an equivalence relation with two classes. We call these
two classes the two families of ovoids of G. Let G denote the subgroup of Aut(G) consisting
of all automorphisms of G mapping any ovoid of G to an ovoid of the same family. Clearly,
G is a normal subgroup of index 2 of Aut(G).

Up to isomorphism, the (4 x 4)-grid has nine pseudo-hyperplanes. We list them below.

Type 1 Type 2 Type 3 Type 4 Type 5
Type 6 Type 7 Type 8 Type 9

SEERItsp et

Now, denote by F, and F}, the two families of ovoids of G. Suppose H is a pseudo-hyper-
plane of Type 7 of G. Then there are two lines L and L, which are contained in H and the set
O :=(H\ (L1 UL7))U(L1NL>y)isanovoid of G. We say that H is a pseudo-hyperplane
of Type 7a if Oy € F, and of Type 7b if Oy € Fp. A pseudo-hyperplane of Type 8 is
said to be of Type 8a if its complement has Type 7a, and of Type 8b if its complement has
Type 7b. One can easily verify that G has 11 orbits on the pseudo-hyperplanes of G. The
set of pseudo-hyperplanes of Type 7 will split into two orbits (Type 7a and 7b) and also the
set of pseudo-hyperplanes of Type 8 will split into two orbits (Type 8a and 8b).

(I) Let AG(2,4) be the affine plane obtained from PG(2, 4) by removing a line /o, and
let G be a (4 x 4)-subgrid of AG(2, 4). Then there exist two distinct points p] and
p; of I such that the eight lines of G are the eight lines of AG(2, 4) whose point at
infinity is equal to either p} and p3. We will coordinatize PG(2, 4) in such a way that
pi‘ = (0,1, 0) and pik = (0,0, 1). A point (of AG(2,4)) with coordinates (1, x, y)
will also be denoted by (x, y).
If K is a line of AG(2,4) whose point at infinity is distinct from p] and p3, then
K is an ovoid of G. The 12 ovoids of G which arise in this way form one of the two
families of ovoids of G. We denote this family by F,.
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Each automorphism of G < Aut (@) is induced by an automorphism of AG(2, 4). So,
every homogeneous pseudo-embedding of AG(2, 4) will induce a G-homogeneous
pseudo-embedding of G.

(Ia) Let e be the quadratic pseudo-embedding of AG(2, 4). Then e maps the point
(x,y) of AG(2,4) to the point (Xo, X1, X2, X3, X4) = (I, x + X2, 8x +
82x2, y+ y2, Sy + 82y2) of PG(4,2). Since G and AG(4, 2) have the same
point-set, e is also a pseudo-embedding of G. There are 2° — 1 = 31 pseudo-
hyperplanes of G arising from e.

e If Iy is the hyperplane Xo = 0 of PG(4, 2), then e (@ NIy = 0.
So, the unique pseudo-hyperplane of Type 1 arises from e.

e If I is the hyperplane X; = 0 of PG(4, 2), then e 1e(G) N ITY) is
the union of the two lines x = 0 and x = 1 of AG(2,4) and hence is
a pseudo-hyperplane of Type 2 of G. Since e is G-homogeneous, all 12
pseudo-hyperplanes of Type 2 of G arise from e.

e If I, is the hyperplane X| + X3 = 0 of PG(4, 2), then e l(e(@)NI) =
{(0,0), (0, 1), (1,0), (1, 1), (8,8), (8, 82), (62, 8), (62, 8%)} is a pseudo-
hyperplane of G of Type 3. Since e is G-homogeneous, all 18 pseudo-
hyperplanes of Type 3 of G arise from e.

So, we have localized all 31 pseudo-hyperplanes of G which arise from e. By
Proposition 2.1, e is homogeneous. The homogeneous pseudo-embedding e of
G is isomorphic to one of the homogeneous pseudo-embeddings described in
De Bruyn [2, Theorem 3.1].

(Ib) Let e be the universal pseudo-embedding of AG(2, 4). Then ¢ maps the point
(x,y) of AG(2,4) to the point (X, X1, X2, X3, X4, X5, X6) = (1,x +
x2,8x + 82x2, y + y%, 8y + 82y%, xy + x%y?, 8xy + 82x%y?) of PG(6,2).
Since G and AG(2, 4) have the same point set, ¢ is also a pseudo-embedding
of G. There are 27 — 1 = 127 pseudo-hyperplanes of G arising from e.

e Asbefore, by considering the hyperplanes Xo = 0, X1 = 0and X; + X3 =
0, we see that all pseudo-hyperplanes of Type 1, 2 and 3 of G arise from e.

e If I3 is the hyperplane of PG(6, 2) with equation X5 = 0, then e lE@©n
M3) = {(0,y) |y € F4} U{(x,0) |x € F4} U{(1, 1), (8,8, (8%, 8)} is a
pseudo-hyperplane of G of Type 7b, since the points (0, 0), (1, 1), (8, §2)
and (82,8) are not contained in some line of AG(2,4). Since ¢ is a
G-homogeneous pseudo-embedding of G, all 48 pseudo-hyperplanes of
Type 7b of G arise from e.

e If Iy is the hyperplane of PG(6,2) with equation Xg + X5 = 0, then
¢ 1(2(G) N Ty) is the complement of the pseudo-hyperplane described in
the previous paragraph and hence is a pseudo-hyperplane of Type 8b. Since
¢ is a G-homogeneous pseudo-embedding of G, all 48 pseudo-hyperplanes
of Type 8b of G will arise from e.

So, we have localized all 127 pseudo-hyperplanes of G which arise from e. By
Proposition 2.1, € is G-homogeneous, but not homogeneous. In the terminol-
ogy of De Bruyn [2], ¢ is the almost-homogeneous pseudo-embedding of G
whose corresponding family of ovoids of G is equal to F.

So, the map e defined above provides direct constructions for the almost-homo-
geneous pseudo-embedding of G.
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(IT) Suppose AG(3, 4) is the affine space obtained from PG(3, 4) by removing a hyper-
plane . Suppose G is a (4 x 4)-subgrid of AG(3, 4) such that < G >= PG(3, 4).
Then there exists a unique nonsingular hyperbolic quadric Q of PG(3, 4) such that
[Ty is tangent to Q and G = Q \ I1. We can choose a coordinate system such that
the points of G have the following coordinates.

(00.0) (00.1) (00.6%) (0,0.9)

(0J1,0)  (1)1,1) (51,1,52) (5./1,0)

(00.0) (61 (155 (550.9)

Let L and L, be the two lines of Il such that Q N Il = L{ U Ly and put
{p*} = L1 N Ly. If T1 is one of the twelve planes of PG(3, 4) through p* not con-
taining L1, nor Ly, then ITN G is an ovoid of G. The set of twelve ovoids of G arising
in this way form one of the two families of ovoids of G. We denote this family by F,.
Each automorphism of G belonging to G is induced by an automorphism of AG(3, 4)
which stabilizes the point-set of G. So, every homogeneous pseudo-embedding of
AG(3, 4) will induce a G-homogeneous pseudo-embedding of G.

(ITa) Let e be the quadratic pseudo-embedding of AG(3, 4). Then e maps the point
(x,y,2) of AG(3,4) to the point (X, X1, X2, X3, X4, X5, X6) = (1,x +
x2, y+y2, 2422, Sx+82x2, 8y +62y2, 82+68%2%) of PG(6, 2). The pseudo-
embedding e will induce a pseudo-embedding ¢’ of G into a subspace X of
PG(6, 2). Since ¢[(0,0,0)] = (1,0,0,0,0,0,0),e[(0,0, )] = (1,0,0,
0,0,0,1),e[(0,0,8%] = (1,0,0,1,0,0,0),e[(0,1,0)] = (1,0,0,0,0,
1,0),e[(1,1,D] = (1,0,0,0,1,1,1),e[(8%,1,6*)] = (1,1,0,1,0,1,0)
and ¢[(0, 82,0)] = (1,0, 1, 0,0, 0, 0) generate PG(6, 2), we have ¥ = PG
(6,2). So, there are 27 — 1 = 127 pseudo-hyperplanes of G arising from ¢’.

e If Iy is the hyperplane Xo = 0 of PG(6, 2), then e 1e(G) Ny = 7.
So, the unique pseudo-hyperplane of Type 1 arises from ¢’.

e If I is the hyperplane X, = 0 of PG(6,2), then e~ !(e(G) N 1) is a
pseudo-hyperplane of Type 2 of G. Since ¢’ is G-homogeneous, all 12
pseudo-hyperplanes of Type 2 arise from ¢’.
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e If Iy is the hyperplane X, + X3 = 0 of PG(6, 2), then e 1(e(G) NTIL)
is a pseudo-hyperplane of Type 3 of G. Since ¢’ is G-homogeneous, all 18
pseudo-hyperplanes of Type 3 of G arise from ¢’.

e If I3 is the hyperplane X; = 0 of PG(6, 2), then e le(@ NI =
{(0,0,0), (0,0, 1), (0,0,8), (0,0,8), (0, 1,0), (0, 82, 0), (0, 8,0), (1,
1, 1), (1,82, 8), (1,8, 8%)}. Since the points (0,0, 0), (1,1, 1), (1, 82, 8)
and (1, 8, %) are not contained in a plane, e Ne(@ NI isa pseudo-
hyperplane of Type 7b of G. Since ¢’ is G-homogeneous, all 48 pseudo-
hyperplanes of Type 7b of G arise from ¢’.

e [If Iy is the hyperplane Xo + X1 = 0 of PG(6, 2), then e 1 (e(G) N Ty)
is the complement of the pseudo-hyperplane mentioned in the previous
paragraph and hence is a pseudo-hyperplane of Type 8b of G. Since ¢’ is
G-homogeneous, all 48 pseudo-hyperplanes of Type 8b arise from ¢’.

So, we have located all 127 pseudo-hyperplanes of G which arise from ¢’. By Prop-
osition 2.1, ¢’ is G-homogeneous, but not homogeneous. In the terminology of De
Bruyn [2], we have:

Lemma 5.12 ¢’ is isomorphic to the almost-homogeneous pseudo-embedding of G
whose corresponding family of ovoids of G is equal to Fp.

(IIb) Finally, suppose thate : AG(3,4) — PG(12, 2) is the universal pseudo-embedding
of AG(3, 4). Then ¢ will induce a pseudo-embedding ¢’ of G into a subspace X of
PG(12, 2). Using the explicit description of e given in Theorem 1.2, it is possible to
determine . We find that dim(¥) = 8. Since the pseudo-embedding rank of G is
equal to 9, see e.g. De Bruyn [1, Proposition 3.7], we obtain:

Lemma 5.13 The pseudo-embedding €' is isomorphic to the universal pseudo-
embedding of G.

5.4 Two homogeneous pseudo-embeddings of Q (4, 3)

In De Bruyn [2], we used the computer algebra system GAP [16] to show that the generalized
quadrangle Q(4, 3) has up to isomorphism two homogeneous pseudo-embeddings, the uni-
versal pseudo-embedding in PG(14, 2) and a certain pseudo-embedding in PG(8, 2). In [2],
we did however not give any direct constructions for these two homogeneous pseudo-embed-
dings. The aim of this subsection is to show that these two homogeneous pseudo-embeddings
of Q(4, 3) are induced by the two homogeneous pseudo-embeddings of AG(4, 4) into which
0 (4, 3) is fully embeddable.

Proposition 5.14 Suppose the generalized quadrangle Q (4, 3) is fully embedded into the
affine space AG(4, 4) and let G be a (4 x 4)-subgrid of Q(4, 3). Let e be the universal pseudo-
embedding of AG(4,4) and let €' be the pseudo-embedding of Q(4, 3) induced by e. Let e be
the quadratic pseudo-embedding of AG(4, 4) and let ¢ be the pseudo-embedding of Q (4, 3)
induced by e. Then € and e’ are homogeneous pseudo-embeddings of Q(4,3),¢ > e’ and

(1)  the pseudo-embedding of G induced by €' is isomorphic to the universal pseudo-embed-
ding of G,

(2) the pseudo-embedding of G induced by €' is isomorphic to the almost-homogeneous
pseudo-embedding of G whose corresponding family of ovoids equals the set of sub-
tended ovoids of G.
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So, @ and e’ are not isomorphic.

Proof The fact that ¢’ and ¢’ are homogeneous pseudo-embeddings of Q (4, 3) follows from
Proposition 5.10 and the fact that ¢ and e are homogeneous pseudo-embeddings of AG(4, 4).
Since ¢ > e, we also have € > ¢’. The claims (1) and (2) of the proposition follow from
Lemmas 5.9, 5.12 and 5.13. O

Corollary 5.15 With the notations of Proposition 5.14, we have that €' is isomorphic to
the universal pseudo-embedding of Q(4,3) and that ¢’ is isomorphic to the homogeneous
pseudo-embedding of Q (4, 3) into PG(8, 2).

Remark The claims mentioned in (1) and (2) of Proposition 5.14 were already obtained in
De Bruyn [2, Theorem 1.7(b)]. In [2] however these claims were verified with the aid of
computer computations in GAP.

References

—_

De Bruyn B.: Pseudo-embeddings and pseudo-hyperplanes. Adv. Geom., to appear.

2. De Bruyn B.: The pseudo-hyperplanes and homogeneous pseudo-embeddings of the generalized quadran-
gles of order (3, t). Preprint, 2011.

3. Hirschfeld J.W.P.: Finite Projective Spaces of Three Dimensions. Oxford Mathematical Monographs.
Oxford Science Publications. The Clarendon Press, Oxford University Press, New York (1985).

4. Hirschfeld J.W.P., Hubaut X.: Sets of even type in PG(3, 4), alias the binary (85,24) projective geometry
code. J. Combin. Theory A 29, 101-112 (1980).

5. Hirschfeld J. W. P., Thas J.A.: Sets of type (1, n, ¢ + 1) in PG(d, ¢). Proc. Lond. Math. Soc. 41(3),
254-278 (1980).

6. Hirschfeld J.W.P., Thas J.A.: The characterization of projections of quadrics over finite fields of even order.
J. Lond. Math. Soc. 22(2), 226-238 (1980).

7. Hirschfeld J. W. P, Thas J. A.: General Galois geometries. Oxford Mathematical Monographs. Oxford
Science Publications. The Clarendon Press, Oxford University Press, New York (1991).

8. Payne S.E., Thas J.A.: Finite Generalized Quadrangles, 2nd edn. EMS Series of Lectures in Mathematics.
European Mathematical Society (EMS), Ziirich (2009).

9. Sherman B.: On sets with only odd secants in geometries over GF(4). J. Lond. Math. Soc. 27(2), 539-551
(1983).

10. Tallini Scafati M.: {k, n}-archi di un piano grafico finito, con particolare riguardo a quelli con due caratteri.
I. Atti Accad. Naz. Lincei Rend. CI. Sci. Fis. Mat. Natur. 40(8), 812-818 (1966).

11. Tallini Scafati M.: {k, n}-archi di un piano grafico finito, con particolare riguardo a quelli con due caratteri.
II. Atti Accad. Naz. Lincei Rend. Cl. Sci. Fis. Mat. Natur. 40(8), 1020-1025 (1966).

12. Tallini Scafati M.: Caratterizzazione grafica delle forme hermitiane di un Sy ;. Rend. Mat. e Appl. 26(5),
273-303 (1967).

13. Taylor D.E.: The Geometry of the Classical Groups. Sigma Series in Pure Mathematics 9. Heldermann
Verlag, Berlin (1992).

14. Thas J.A.: Partial geometries in finite affine spaces. Math. Z. 158, 1-13 (1978).

15. Thas J.A., Van Maldeghem H.: Lax embeddings of generalized quadrangles in finite projective spaces.
Proc. Lond. Math. Soc. 82(3), 402-440 (2001).

16. The GAP Group: GAP—groups, algorithms, and programming, Version 4.4.12. http://www.gap-system.

org (2008).

@ Springer


http://www.gap-system.org
http://www.gap-system.org

	The pseudo-hyperplanes and homogeneous pseudo-embeddings of  AG-.4(n,4) and  PG-.4(n,4)
	Abstract
	1 Basic definitions and main results
	2 The recognition of G-homogeneous pseudo-embeddings
	3 The homogeneous pseudo-embeddings of  PG-.4(n,4) and  AG-.4(n,4)
	3.1 The universal pseudo-embeddings of  PG(n,4) and  AG(n,4)
	3.2 The homogeneous pseudo-embeddings of 
	3.3 The homogeneous pseudo-embeddings of  AG(n,4)

	4 The pseudo-hyperplanes of  AG(n,4)
	5 The pseudo-embeddings of Q(4,3) induced by homogeneous pseudo-embeddings of  AG(4,4)
	5.1 The generalized quadrangle W(3)
	5.2 Construction and properties of the full embeddings of Q(4,3) into  AG(4,4)
	5.3 The pseudo-embeddings of the (4 ×4)-grid induced by the pseudo-embeddings of  AG(n,4), n { 2,3 }
	5.4 Two homogeneous pseudo-embeddings of Q(4,3)

	References


