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Abstract Ding and Feng (IEEE Trans Inform Theory 52(9):4229-4235, 2006, IEEE Trans
Inform Theory 53(11):4245-4250,2007) constructed series of (N, K) codebooks which meet

or nearly meet the Welch bound |/ % by using difference set (DS) or almost difference

set (ADS) in certain finite abelian group respectively. In this paper, we generalize the cyclo-
tomic constructions considered in (IEEE Trans Inform Theory 52(9):4229-4235, 2006, IEEE
Trans Inform Theory 53(11):4245-4250, 2007) and (IEEE Trans Inform Theory 52(5), 2052—
2061, 2006) to present more series of codebooks which nearly meet the Welch bound under
looser conditions than ones required by DS and ADS.
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1 Introduction

An (N, K) codebook Cis aset {cq, ..., cny}of N unit norm complex vectors ¢; (1 <i < N)
in CK. Let

H
Inax(C) =  max |C,'C,- [,
I<i#j<N ’

where cf’ denotes the Hermite transpose of vector ¢;. We have the following Welch lower
bound:
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210 A. Zhang, K. Feng

Lemma 1.1 (Welch [6]) For any (N, K) codebook C with N > K, we have

I @) = [ =X 1
(N — DK

Codebooks with low value I, (C) are used in direct spread CDMA systems, quantum
information processing, packing and coding theory (see [5] and the references therein). A
codebook C is called optimal if it meets the Welch bound (1). One of the important methods
to construct optimal codebooks comes from difference sets in finite abelian groups as indi-
cated and developed by Ding and Feng [3,4] where they also constructed several series of
codebooks which nearly meet the Welch bound by using almost difference sets.

Let G be an (additive) abelian group of order v, D be a k-element subset of G. We define
the multiset

AD)={d—d :d,d €D, d#d}.

D is called a (v, k, A) difference set of G if the number of x in A(D) is exactly A for each
non-zero element x € G. More generally, D is called a (v, k, A) almost difference set of G
if there exists a partition G\{0} = A |J B such that the number of x in A(D) is exactly A
and A + 1 foreach x € A and x € B respectively.

Let G be the character group of G. For any k-element subset D = {dy, ..., dy} of G, we
define the following (N, K) = (v, k) codebook

C(D) = {cy : x € G},
where
1
Cy = ﬁ(x(dl),...,x(dk)).

For x, x’ € G, we have

1 - 1 -~
cxey =2 2 X' @ =2 D0 = xx' €0).

deD deD
Therefore
1 2
Inax(C(D))? = 5 max 1| D (@) : 1#£Y G,
deD
and
2
D@ = D v@yd)= > yd-d)
deD d,d'eD d,d'eD
=k+ > vd-d). )
d,d’eD
d#d’'

From (2) it is derived directly in [4] and [5] that if D is a difference set of G then C(D) is
an optimal codebook. On the other hand, Ding and Feng [3,4] consider the codebooks C(D)
from almost difference sets D.
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Construction of cyclotomic codebooks 211

Let [F; be the finite field with ¢ = p™ elements, ¢ — 1 = ef, ¢ > 2, o be a primitive
element of I such that Fj' =< o > . The cyclotomic classes of order e are defined by

D;\=D)(Le'q)=ozl<ae> O<xir<e—1).

In this paper, we are concerned with the following cyclotomic difference sets and almost
difference sets.

Lemma 1.2 ( [3], Corollary 4)

(A) If g = 41> + 1 and t is an odd integer; then D(()4’q) isa(v,k)=(q, (g —1)/4) DS in
F,.
B) If g = 82 + 1 = 64u> + 9 and both t and u are odd integers, then D(()S’q) is a
(v, k) = (q,(q —1)/8) DS inFy.
1 / 6, 6, 6, .
(C) Ifg = 4t* + 27, t is an odd integer and (3, 1) = 1, then D(() 2 U Dg 9 U D§ D g
a(v,k)=(q,(g—1/2) DSinF,.

Lemma 1.3 ([1])

D Ifq = s2 4412 s =50r —3and % is odd, then D(()4’q) is an ADS in Fy with
.k 1) = (g, G4 G2,
(D) Ifg = s>+ 412, t = +1 and % is odd, then D(()4’q) U D§4’EI) is an ADS in F with
Wk, 2) = (g, 574, 4.
(D) If g = 5(mod8) is a prime, g = s> + 412, s = £1(mod4), then

D gy = 10} > (D | DF "1y = (o | pf )1
isan ADS in[Fp x Fy with (v, k, 1) = 2q,q — 1, ?) provided

() t=1and (,j,l

)=1(0,1,3)0r (0,2, 1); or
2) s=1land @, j )=

,0,3)0r (0,1, 2).

For all series D of ADS in Lemma 1.3 ( and several other series of ADS ), the values of
Imax (C(D))? have been determined in [4] as shown in the Table 1. All codebooks C(D) in
the table nearly meeting the Welch bound in the following meaning.

A series of (N, K;;) codebooks C, (n = 1, 2, ...) are called to nearly meeting the Welch
bound if the following two conditions are satisfied when n — oo:

Table 1

D Parameters % Imax (C)?
(N,K)of C
g-1 3g+1 3¢+1+8./q
® (4 41) 4172 =02
q—-1 q . S
an (4. %) G-172 Wa-1?
(D)
o 2(g%+g+1) 29429
1 2 —1
(i, j. 1) (2q.9 -1 24-D2q=1) Hq—1?
=(0,1,3)
or (0,1,2)
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(1) There exists a constant a, 0 < a < 1 such that N,,, K, — oo and
Ky, =aN, + OV Ny),
such that the Welch bound

Nn - Kn ~
(N, — DK, a «/Ny .

(2) There exists a positive constant ¢ such that

N, — K, c

Imax(Cp) — | ————— < —.
de( n) (Nn - I)Kn - Nn

We can check that all series of codebooks C(D) in the Table 1 nearly meeting the Welch

bound by using following lemma.

Lemma 1.4 A series (N, K,,) codebooks C, (n = 1,2, ...) nearly meeting the Welch bound
if Np, K, — 0o when n — oo and for all n > 1 the following two conditions are satisfied

(1) there exist constants a and b, 0 < a < 1, b > 0 such that |N,, — aK,| < b/ K,;

(2) there exists a constant d > 0 such that

a—1
K2 Imax (C)? < ——Ku+dVKy.

Proof LetE, = Imax(Cp)—,/ % From now on, we omit the subscriptn inC,, E,, N,
and K,,. Then E > 0 since ./ ﬁ is the lower bound of ;¢ (C). We have

N N —-K

E( fnn© + | o) = Iy (@ = S
max (N — DK = Imax (N — DK

1 fa—1 N-K
< (" K +d\/1<) ~ T2 (by condition (2))
a

- K2 (N - DK

_ (@a—1DWN - DK +ad(N — )VK —aK(N — K)
- a(N — 1)K?

_ K@K —N)—(a— DK +ad(N — DVK

- a(N — 1)K?

- bVKK — (a — DK +ad(N — DVK

= a(N — DK?2

/

< ﬁ ( for some ¢ > 0),

and

( by condition (1))

N-K N-K _ )
Imax (C) + VDK >2 N_DK > N2 ( for some ¢’ > 0).

Therefore E < ¢/N for ¢ = ¢’ /¢” > 0. This completes the proof of Lemma 1.4.
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Construction of cyclotomic codebooks 213

In this paper we present several general constructions of codebooks which nearly meet the
Welch bound by using cyclotomic classes in finite fields. All constructions can be viewed as
generalizations of the codebooks derived from the DS in Lemma 1.2, ADS in Lemma 1.3 and
one construction (Theorem 4.1) derived from a series of ADS given in Theorem 2.2 [7]. Our
main aim is to show that such series of codebooks C(D) are as good as ones constructed by
ADS under rather looser conditions than ones required by D being DS or ADS. We give these
cyclotomic constructions of codebooks in Sects. 3—4 and introduce several preliminaries on
Gauss sums, Gauss periods and cyclotomic numbers in Sect. 2.

2 Preliminaries

In this section we introduce some basic facts on Gauss sums, Gauss periods and cyclotomic
numbers we need in Sects. 3 and 4. For the detail we refer to books [2,5] and papers [1,3,4].

2.1 Gauss sums

Let g = p® where s > 1 and p be a prime, T : F, — F, be the trace mapping. For a
multiplicative character x of I, (we assume x (0) = 0), the Gauss sum over F, is defined by

/=1
GO0 =3 Xl (;p=e2 z )

X
xely

In this paper we need the following basic properties and particular values of Gauss sums.
Theorem 2.1 (1) For x = 1 (the trivial character ), G(x) = —1. For x # 1,

IGGOl =4, G(x) = x(=DG(X),

where x = x "\ is the conjugate of x.

(2) Letq = p* and p > 3, x be the quadratic character of F. Then

(=D)*"Y /g, if p = 1(modd)

G(x) = [ (_I)S—lisf7 if p=3(modd).

(3) Let p = 1(modd), q = p" = = A% + B? where A and B be integers, (p, A) =
1 and A = 1(mod2). For a character x of Fy with order 4, {G()()2 G(X)z} =

{Va(A+iB), Jq(A—iB)}.
2.2 Gauss periods

Let o be a primitive element of F, such that ]qu =<a>.letqg=p°, g—1=¢ef (e6>2)
and T : F, — ¥}, be the trace mapping. For the cyclotomic classes of order e in Iy

D, =D¥" =d* <a®> (O<r<e-—1), 3)
we define the Gauss periods of order e on [, by

m= >, @ O<r<e—1.

)C(ED)L
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214 A. Zhang, K. Feng

Let x be the character of F; with order e defined by x (a) = .. Then
1 e—1 1 e—1
=g 2O e = 386 (). @
xe]Ff; i=0 i=0
Therefore 7, can be computed if we know the values of Gauss sums G ( x¥HO<i<e—1).

2.3 Cyclotomic numbers

For the cyclotomic classes D;, defined by (3), the cyclotomic numbers of order e on F,; are
defined by

G.)=G NP =tlxeDi: x+1eDj} O<ij<e—1).
In Sects. 3 and 4, we need the following values of cyclotomic numbers listed in [5].

Lemma 22 (1) Let p = 5(mod8), g = p*"*! = a>+4b2, a = 1(mod4) and (a, p) = 1.
Then (i, j) = (i, j)iq) (0 <i, j < 3) are given explicitly by Table 2 and the relations
16A=q —7+2a, 16B=q+1+2a—-8b, 16C =g+ 1—6a,
16D =g+ 142a+8b, 16E =g —3 —2a.
(2) Let p = 1(mod12), q = p*+1, q = a*> +27b*> where a, b € Z and (a, p) = 1. Then
@i, j)=(a, j)éq) (0 <, j <5) are given explicitly by Table 3 and the relations
36A=q — 11— 8a, 36B=36C=q+1—2a+12b,
36D =g + 1+ 16a, 36E =36F =q+1—2a—12b,
36G=q—5+4a+6b,36 H =q—5+4a—6b, 36] =36/ =q+1—2a.
(3) Let p = 9(mod16),q = p?"*t! = x2 +4y? = 4?4+ 2b%, x = a = 1(mod4) and
4)y. Then the (i, j) = (i, j)i(;q) (0 < i, j <7) are given explicitly by Table 4 and the

relations
64A =¢q — 15— 2x, 64B = 64F =q + 1 4+ 2x —4a + 16y,
64FE =g+ 1 — 18x, 64D =64H =g + 1+ 2x —4a — 16y,

64C =g+ 1+6x+8a— 16y, 641 =64J =g — 7+ 2x + 4a,
64G =g+ 1+6x+8a+ 16y, 64L =640 =g + 1+ 2x — 4a,
64K =g+ 1—6x +4a+ 16b, 64N =g — 7 — 2x — 8a,

64M =g + 1 — 6x +4a — 16b.

Remark The Table 3 listed in [2] is under the condition that 2 is a cubic in IF; But by

Theorem 7.1.1 in [2], P.213, it can be seen that this condition is equivalent to ¢ = a? +27b?
fora, b € Zand (a, p) = 1.

Table 2

W N = O

= o
OooEw o~
WeoqQ w
oW w
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Construction of cyclotomic codebooks 215

Table 3 J

SIS RO
TQFTQR o
—~ Qe mw =
E=EZQ~Q ™
QWrmEg w
—ZQ—=QH &
QDW= o

Table 4

N O Utk WN - O

S Z P Z = O
REZ~O0O0wtm =
CQEZ0ZRAQ w
TE R =200 w
gaQawrE T QmE o~
CERe=Z 0™ o
Zz0ozrxarQ o
—O0Q0wwWRE T ~

3 First construction

In this section, we present first construction of codebooks C(D) which nearly meet the Welch
bound. We take IF; as underlying additive group G and subset D as a cyclotomic class or a
union of cyclotomic classes of ordere =4, 6 and 8 in IF,.

Letg =p™, g —1=ef (e > 2), ]F; =<« >andD;L:D}(Le’q):ak <> (0<
A < e — 1) be the cyclotomic classes of order e in Fy. For 1 </ <e —1, let
1
D={JD;, O<ii<-<m<e—1)
s=1
={x1,....xx} (K=1f =l(g—1/e)
be a union of / distinct cyclotomic classes. Consider the following (N, K) = (¢g,l(g —1)/e)
codebook

1
C(D) = (%Z ﬁ(wb(m),m,%(w))ibGFq], (&)

where {¢;, : b € F,} is the group of additive characters of F; and ¢ is defined by ¢;(x) =
T (bx)
&p (x € Fy).

Theorem 3.1 For fixede, | (1 <1 < e — 1), and g — o0 the series of codebooks C(D)
defined by (5) nearly meet the Welch bound if

an Z((x Ju—)=0(/9) 0= j<e—1), ©6)

s,t=1

wheren; = > {T(x) (0 < j <e—1) are the Gauss periods, and

xeDj

(G, ) =G, NP - — =1 o<ijce—n).
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216 A. Zhang, K. Feng

Proof Since K = If and N =g =1+ ef = 7K + 1, from Lemma 1.4 we know that the
codebook C(D) nearly meets the Welch bound if, by taking a = ¢/,

2 -1 —1
<“—k+o(vK)="° (VK) )
a e
for all distinct by and by in F,. But

K (corcf?) = D 0 ()60 () = 3 o),

xeD xeD

where b = by — by # 0. Therefore

2 H
K ‘cbl%

2
K2 |epefl| = D os0@p() = D eplx —y)
x,yeD x,yeD
=K+ D, oplx—y).
x,yeD
xX#y

Thus the condition (7) is equivalent to

> e —y) = —7K+0(\/>) (forallbeF;). ®)

x,yeD
xX#y

By the definition of D we have

e—1 l
PITACEUED WACHINED I WACD WD I

x,yeD zeFy yeD i=0 zeC; s,t=1 yeCyy
x#y y+zeD y+z€Cy,

e—1 l
=225 =i =D

i=0 zeC; s,t=1
—1
= Zg{“’z) Z (—+<(A ~i A,—z»)
z€C; s,t=1

ta= D 1)1 > fo +Zmﬂ Z((x — ),

ZE]FX s,t=1

where j is determined by b € D;. Since

2
(g —DI* 1)1 S0 - (g —21)1 _ —iK,
zeFy ¢ ¢

the condition (8) is equivalent to (6). This completes the proof of Theorem 3.1.

Now we show some applications of Theorem 3.1 in case ¢ = 4, 6 and 8.

Corollary 3.2 Let p = 5(mod8), ¢ = p**! = 4 +4b2,a = 1(mod4), a, b > 0, and
(a, p) = 1. Let D) = Df\4’q) (0 < A < 3) be the cyclotomic classes of order 4 in .
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Construction of cyclotomic codebooks 217

(1) For D = D, (0 < A < 3), the series of (N, K) = (g, (¢ — 1)/4) codebooks C(D)

defined by (5) nearly meet the Welch bound ,/ 7 ]i,v__ll){K = V;Z_IH if a is bound. More

exactly, we have

J3q+1 a+1
Inax (C(D)) — = .
o -1 = g-1)

(2) For D = Dy |J Dy41 (0 < A < 3), the series of (N, K) = (¢, (g — 1)/2) codebooks

C(D) nearly meet the Welch bound C ]flvjlf x = qujl , if b is bounded. More exactly,

we have

Vg + 1 b
Inw@(D)) = YL T2 < 7
q—1 q—1

Proof (1) For D = D,, the left-hand side of (6) becomes

3 3
S i (G—i A=) = D mig (i —2,0) (0 < j <3)
i=0 i=0

3

= > i (. 0) Ok <3, k=j+2),
i=0

since (i, j) = (—i, j — i) so that ((i, j)) = ((—i, j —i)). By Lemma 2.2 (1) we have

—3+4a —1—a

(0,0) =(2,0) = —=—, (1,0)=(3,0) = — (C))

Thus

. 1
> ki (G, 0) =

i=0

[ + m2) (=3 + @) + (1 + m3) (=1 —a)] . (10)

o |

By (4) we know that 7 = O(/g) (0 < k < 3) so that 33_o ne+:((i, 0) = O(/Q),
thus the codebook C(D) nearly meets the Welch bound if a is bounded. More exactly,
it is known that

1
— T(x) _
mtm= 3 %=1+,
xeD(()Q‘q)

1
mim= Y dW=lc1-vp.

xeD;z’q)

By (10) we get Z?:O Nk+i (7, 0)) = % (2 + (a — l)ﬁ) . Therefore

1
1 3K 1 2
Inax(C(D)) < — (— +o0+ @+ 1)@) i

A

K\ 4

1
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218 A. Zhang, K. Feng

Therefore
| N—K 1
Imax(C(D)) — (N — DK = q—1 (\/3Q+2(a + 1)ﬁ+ 1—4/3q + 1)
a+1
< —
V3 -1)

(2) For D = D; |J Djy+1, the left-hand side of (6) becomes

3
an+i (=i, =D)) + (=i, T =) + (A =i, =) + (I — i, 1 —0))]

i=0
3
= > e LG 0D + (G 1) + (G = 1,3) + (G = 1,0)] 0=k =3). (D)
i=0
By Lemma 2.2 (1), we have (9) and
(0, 1) = ((1,3)) =1 +a—4b)/8,
((0,3)) = (3B, 1)) = (1 +a+4b)/8,
(1, 1) =(2,1) =(2,3) =(3,3) = (-1 —-a)/8.
It can be computed that the right-hand side of (11) is

1 1
E(’Ik + me2) (=1 = D) + E(’?kﬂ + mk43)(—1+ D)
1 1

=7 (F1£a) C1=b)+ 7 (-15Vq) (=1 +b)
1

=5 (1£513).

Therefore

1 (K 1 172 1
Inax (C(D) = — (5 +5 (1 +bﬁ)) - qjm

and

N —-K 1 b
Imax(cw»—mz p— (m_m) <2

which means that the codebook C(D) nearly meets the Welch bound if b is bounded.
This completes the proof of Corollary 3.2.

Corollary 3.3 (1) Let p = 7(mod12), g = p**l,q = a*> +27b*, a, b > 0 and
(a, p) = 1. Then for

(6.9) (6.9) (6.9)
D = Dy ! UDkJr(f UDkJrg O <k=<53),

the series of (N, K) = (q, %) codebooks C(D) nearly meet the Welch bound pro-
vided b is bounded.

(2) Let p = 9(mod16), q = p*™ 1 = x> +4y? = a®>4+2b°,4q = a*>+3b>x, a > 0, 4|y
and (p, x) = (a,x) = 1. Thenfor D = Dig’q), the series of (N, K) = (q, %) code-
books C(D) nearly meet the Welch bound provided both x and a are both bounded.
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Construction of cyclotomic codebooks 219

Proof (1)

In this case the left-hand side of (6) becomes Zfzo nj+iM; (0 < j <5), where

M; = Z (A=i,p—1i) (0<i<5).

A.nef0,1,3}

By (G, ) = (i, D — %t and (i, )Y (0 <, j < 6) are listed in Lemma 2.2 (2),

we get

Mo = ((0,0)) + ((0, 1)) + ((0, 3)) + ((1, 0))

+((1, D) + ((1,3)) + (3, 0) + (3, 1) + ((3,3))
g—1 —6+b
=A+B+D+G+H+E+A+G+A—T= 6

Similarly we can get M3 = Mo, M| = My = —%, My, = M5 = —%. Thus

Zn,+,M, = (n,+n,+s)( 64 b) + (nj+1 +nj+4)(=3)

+(Mjs2 +nj45)(=b)].

so that Z?:o nj+iM; = 0(,/q) and C(D) nearly meets the Welch bound if b is
bounded.
(2) In this case the left-hand side of (6) becomes 21-7:0 Nk+i ((1,0)) (0 < k < 7). By the

table of values (i, O)(Q) = q6741 + ((7, 0)) given in Lemma 2.2 (3), we get

1
(0,0)) = (4,0)) = 37T
((2,0)) = ((6,0)) = %(—3 —x —4a),

1
((1,0)) =(B3.0) = (5. 0) = ((7.0)) = (=3 + x + 2a).

Therefore 217:0 Nk+i ((E,0)) = 0(/q) (0 < k < 7) and the codebook C(D) nearly
meets the Welch bound if both x and a are bounded. This completes the proof of
Corollary 3.3.

Remark (1) The upper bound of I,x (C(D)) — ,/ (I\IJV_I)K can be estimated by using (4)

and the values of Gauss sums G () for characters x of order 3 and 4. The results are
too complicate to be written.

(2) The constructions in Corollary 3.2 and 3.3 can be viewed as generalizations of the
constructions from difference sets given in Lemma 1.2 (A), (B) and (C) and almost
difference sets given in Lemma 1.3 (I) and (II).

4 Second construction

In this section we consider the underlying group to be Z4 x F, or F; x [F,. Firstly, we assume

thatg = p™ and p > 3. Let D, = Df‘q) (A =0, 1) and consider the following subset of
the additive group Z4 x Fy,
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220 A. Zhang, K. Feng

D = [{0} x Dol J[{1,2,3} x Di] (12)
={x1,x2,...,xx} K =|D|=2(q —1).

We construct the following (N, K) = (4¢, 2(q¢ — 1)) codebook
1
VK

where (Z4 x Fy)” is the character group of additive group Z4 x F,. Each character x
can be uniquely expressed by x4 = AsAp Where o = (a,b), a € Z4, b € F; and for
X = (x1,x2) € Z4g X Fy,

C(D) = [CX = (e, x(x2), - x(xg)) = x € (Zg ¥ Fq)/\] ; 13)

Xa (X) = da ()R (x2) = 1O
and the T : F; — IF), be the trace mapping.

Theorem 4.1 Forthe (N, K) = (4q, 2(q — 1)) codebook defined by (12) and (13), we have

N-K q%l’ if g = 1(mod4)
Imax(c(D)) - \/E = [ W, if q= 3(m0d4).

Farticularly, the series of C(D) nearly meet the Welch bound.
Proof For distinct elements ¢ and ¢’ in the codebook C(D),

K('cty = Z Xa(x) (for some xo, 1 # xo = Aahp € T x IFA[,)

xeD
= D> () + (D) + 22+ 2a(3) D 2p(y)
y€eDy yeD

(Ll € Z4a b € Fq! (a! b) # (Oa 0))

Iftb=0anda # 0, then K (c'c?) = 41 — 421 — .
If b # 0, and @ = 0, then

K(e"y= > mm+3 D i) =—1+2> )

yeDy yeDy yeDy

=—1+4+ z M)A —=n(y)) (77 is the quadratic character of]FZ;)
yeFy

=-2-nG(n) =-2+£G®m).

If b #0and a # 0, then

K™ =2 ) = D M0 =mGm) = £Gm).

y€Dg Y€D

Since G(n) = %.,/q for ¢ = 1(mod4) and G(n) = %./q¢4 for g = 3(mod4). We get
that for ¢ = 1(mod4),

InaCO) — | =K vat2 et 1
(N-DK ~2(@¢g—-1 4g—-D@—-1 ~g—1
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For g = 3(mod4)

e 5 2+ el = %
and
InCD)) — | M=K Vaxd [ g+
N-DK ~24q-1 \@g-Dig-D
. 15¢
 2g — DJAg —1(/4q2 + 15 — 4 — J4q2 — 4)

15
<"
T 8(g—1)4q —1

Remark For the case ¢ = 3(mod4), the set D’ defined by (12) plus three elements
(0,0, (1,0), (3, 0) is an almost difference set of Z4 x F; in Theorem 2.2 [7]. We can also
show that C(D’) nearly meets the Welch bound. Moreover, for case ¢ = 3(mod4) the dif-
ference between oy (C(D)) and the Welch bound is O (N3/2) which is better than required
value 0(%).

There are other series of ADS on underlying group in F,; x F,/ in [7]. We will deal with
the related codebooks in successive paper.

Next, let p = 1(modd), g = p™ = A2+ B>, A, B > 1,2|B and (A, p) = 1. Let
D, = Df’q) (0 < A < 3) be the cyclotomic classes of order 4 in [F,. We consider the
following subset of the additive group G = [, x Fy,

o< (U)]U [ (U]
={x1,x2,...,xx} K=|D|=¢q—1. (14)

Then we construct the following (N, K) = (2¢g, g — 1) codebook

1
C(D) = [ﬁ(x(m),m,x(m)):)( E(FZXFq)A], 15)

where (F, x Fy)" is the character group of additive group F» x F,. Each character x can be
uniquely expressed by x = x1Ap where x1 € (F2, +)”, such that x;(0) = 1 and x;(1) =
£1, and A, (b € F,) is the additive character of F, defined by A, (x) = ;“,,T(hx) (x € Fy).

Theorem 4.2 Under the assumptions above, the (N, K) = (2q,q — 1) codebook C(D) is
defined by (14) and (15). Then

N-K
(N - DK

A (1+45) if ik = +1.)+3)

Imax(C(D)) -

<
1 (14 252)  if g =5mods), i, k) = (j+2,j+1) or {j+2,) +3).

Therefore the series of codebooks C(D) nearly meet the Welch bound if one of following
two conditions satisfied

(D) {i,k} ={j+1,j+3}and A is bounded;
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(2) g =5(mod8), {i,k}y={j+2,j+1}or {j+2,j+3}, and B is bounded.

Proof For distinct vectors ¢ and ¢’ in C(D),
K"y =2x@= > ammM+xd D O,
xeD yebi UD;j yeDr U D,

where x = 1A is a non-trivial character of F, x F,.
If b =0, then x;(1) = —1 and

-1 qg-1
K(ct) = - =1 1=
@h= ¥ 1 3 1=t Tl
)’ED; U Dj yeDk U Dj
Itb #0, for b € D) we have
b b
k=3 g™ +am > o™

yEDiUDj yEDk UD/

= (Mti + Mtj) + X1 (D) Mtk + Mat5),
where by (4) and &4 = /-1,

Z ZT(») 1 (_1 + [41G(X) + (DG + {iG(X))

ED[

(16)

a7

0 <! =< 3 and x is the multiplicative character of F; determined by x (o) = ¢4 for a
primitive element o of F; and n = x?2 be the quadratic character of F5 . Thus (17) becomes

K(c'e) = 1040+ A1G(0 + G0 + AG0D),
where
0=—2-2x(D),
Aw =& (& + 8" 400 (&7 +86™)) ;n=1,2.3).
(1) Firstly we assume thati = j 4+ 1 and k = j + 3. Then

a4 ifam=1
"= lo, ifxu=-1.

= (A+j)m

Am =04 (&" + 1400 @ +1)

G2+ ) i nm =1
R (@ =) i am =1,

Therefore (18) becomes

—1+ 5 @60+ 8T 6w). if nm =1
K¢y =

L@ o+ d T 6m), if = -1
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— - . -1 _
If ¢ = 5(mod8), then G(x) = x(—DG(X) = —G(}). & G(x) + £4G(X) = aty for
some real number «. Therefore, for x;(1) =1,

1 /- . . \2
K =1 - 2 (6600 - 676 0)
_ig % (2660600 + (=G (P + (DTG0

Since G(x)? = \/q(A + BL4), G(x)G(x) = q we get

2

I
K2Jec =14 2 (g £ 4V4). (20)

Similarly, for x;(1) = —1, we have

> 1
K2 el = S(a£4vq). @1

By (16), (20) and (21) we get, for ¢ = 5(mod8)

1 + A 1 + A
Imax(C(D»:;\/" 2ﬁ+1=q_l,/q 2*/‘7+1,
and
N —K 1 a+AJq g2 —1
Imax (C(D)) — < 1 —
N Ty dy + 5 T

_ (1+ A)< 1 (]+A+4)
T g1 2v2) T g—1 22 )

(22)
If ¢ = 1(mod8), then G(x) = G(x) and the right-hand side of (19) are real numbers.
Thus
2 H 2 1
K”|c'c ‘ < 1+5(q+Aﬁ)+2f,
so that

InaeC(DY) — [ =Ko ] (1+A+4) (23)
" (N-DK ~¢g—1 W2 )

Put (22) and (23) together we get the resultin casei = j + 1l and k = j + 3.
(2) Now we assume thati = j + 2 and k = j + 3. We still have (18) and

a4 ifam=1
=10, if ) =-1

Am = G (=D 1+ (D@ + 1))

_ [ GYM @ . if () =1

G —nm —emy,if ) =—1.
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Therefore (18) becomes

—1[a A+ 600 + 21 G )
oA+ 6], if =1
Ha 1= 600 + 266

+e 16|, if am=-1.

K(ct =

If ¢ = 5(mod8), then G(x) = —G(x), G(Xz) = ,/q so that

21 s ‘ - 2 2
K2l < o (04 0600 - P+ 8)G00) + (1 +§)
1 B+4
=g+ﬁ+1+—(4q+43\/(§):1+—ﬁ+1,
4 16 2 4
and
N—-K 1 B+4 2
lnax (C(D)) = || < \/§+T¢q+1_ gq_l

_ 1 (1+B+4)
Tq-1 w2 )

For the remain cases, the computations and estimations are similar as above, and to be
omitted. This completes the proof of Theorem 4.2.

Remark The construction in Theorem 4.2 can be viewed as a generalization of construction
from almost difference sets given in Lemma 1.3 (III).
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