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Abstract Known upper bounds on the minimum distance of codes over rings are applied
to the case of Z2Z4-additive codes, that is subgroups of Z

α
2 × Z

β
4 . Two kinds of maximum

distance separable codes are studied. We determine all possible parameters of these codes
and characterize the codes in certain cases. The main results are also valid when α = 0,
namely for quaternary linear codes.
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1 Introduction

We denote by Z2 and Z4 the ring of integers modulo 2 and modulo 4, respectively. A binary
linear code is a subspace of Z

n
2. A quaternary linear code is a subgroup of Z

n
4.
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32 M. Bilal et al.

In [3], Delsarte defines additive codes as subgroups of the underlying abelian group in a
translation association scheme. For the binary Hamming scheme, the only structures for the
abelian group are those of the form Z

α
2 × Z

β
4 , with α + 2β = n [4]. Thus, the subgroups C

of Z
α
2 × Z

β
4 are the only additive codes in a binary Hamming scheme.

As in [1] and [2], we define an extension of the usual Gray map. We define Φ : Z
α
2 ×

Z
β
4 −→ Z

n
2, where n = α + 2β, given by Φ(x, y) = (x, φ(y1), . . . , φ(yβ)) for any x ∈ Z

α
2

and any y = (y1, . . . , yβ) ∈ Z
β
4 , where φ : Z4 −→ Z

2
2 is the usual Gray map, that is,

φ(0) = (0, 0), φ(1) = (0, 1), φ(2) = (1, 1), φ(3) = (1, 0). The map Φ is an isometry
which transforms Lee distances in Z

α
2 × Z

β
4 to Hamming distances in Z

α+2β
2 .

Denote by wtH (v1) the Hamming weight of v1 ∈ Z
α
2 and by wtL(v2) the Lee weight of

v2 ∈ Z
β
4 . For a vector v = (v1, v2) ∈ Z

α
2 × Z

β
4 , define the weight of v, denoted by wt (v),

as wtH (v1) + wtL(v2), or equivalently, the Hamming weight of Φ(v). Denote by d (C) the
minimum distance between codewords in C. Let 0, 1, 2 be the all-zero vector, the all-one
vector and the all-two vector, respectively. The length of these vectors will be clear from the
context.

Since C is a subgroup of Z
α
2 × Z

β
4 , it is also isomorphic to an abelian structure Z

γ
2 × Z

δ
4.

Therefore, C is of type 2γ 4δ as a group, it has |C| = 2γ+2δ codewords and the number of
order two codewords in C is 2γ+δ . Let X (respectively Y ) be the set of Z2 (respectively Z4)
coordinate positions, so |X | = α and |Y | = β. Unless otherwise stated, the set X corresponds
to the first α coordinates and Y corresponds to the last β coordinates. Call CX (respectively
CY ) the punctured code of C by deleting the coordinates outside X (respectively Y ). Let Cb

be the subcode of C which contains all order two codewords and let κ be the dimension of
(Cb)X , which is a binary linear code. For the case α = 0, we will write κ = 0. Considering
all these parameters, we will say that C, or equivalently C = Φ(C), is of type (α, β; γ, δ; κ).
Throughout this paper, we shall always assume that β > 0 and we shall specify when α is
strictly positive.

Definition 1 Let C be a Z2Z4-additive code, which is a subgroup of Z
α
2 × Z

β
4 . We say that

the binary image C = Φ(C) is a Z2Z4-linear code of binary length n = α + 2β and type
(α, β; γ, δ; κ), where γ, δ and κ are defined as above.

Let C be a Z2Z4-additive code. Every codeword is uniquely expressible in the form

γ∑

i=1

λi ui +
δ∑

j=1

μ j v j ,

where λi ∈ Z2 for 1 ≤ i ≤ γ, μ j ∈ Z4 for 1 ≤ j ≤ δ and ui , v j are vectors in Z
α
2 × Z

β
4

of order two and four, respectively. The vectors ui , v j give us a generator matrix G of size
(γ + δ) × (α + β) for the code C.

G can be written as

G =
(

B1 2B3

B2 Q

)
,

where B1, B2, B3 are matrices over Z2 of size γ × α, δ × α and γ × β, respectively; and Q
is a matrix over Z4 of size δ × β with quaternary row vectors of order four.
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Maximum distance separable codes over Z4 and Z2 × Z4 33

It is shown in [2] that the generator matrix for a Z2Z4-additive code C of type (α, β; γ, δ; κ)

can be written in the following standard form:

GS =
⎛

⎝
Iκ T ′ 2T2 0 0
0 0 2T1 2Iγ−κ 0
0 S′ S R Iδ

⎞

⎠ ,

where T ′, T1, T2, R, S′ are matrices over Z2 and S is a matrix over Z4.
In [2], the following inner product is defined for any two vectors u, v ∈ Z

α
2 × Z

β
4 :

〈u, v〉 = 2

(
α∑

i=1

uivi

)
+

α+β∑

j=α+1

u jv j ∈ Z4.

The additive dual code of C, denoted by C⊥, is defined in the standard way

C⊥ =
{

v ∈ Z
α
2 × Z

β
4 | 〈u, v〉 = 0 for all u ∈ C

}
.

If C = φ(C), the binary code 
(C⊥) is denoted by C⊥ and called the Z2Z4-dual code of C .
Moreover, in [2] it was proved that the additive dual code C⊥, which is also a Z2Z4-additive
code, is of type (α, β; γ̄ , δ̄; κ̄), where

γ̄ = α + γ − 2κ,

δ̄ = β − γ − δ + κ,

κ̄ = α − κ. (1)

Let C be a Z2Z4-additive code of type (α, β; γ, δ; κ). Define the usual Hamming weight
enumerator of C to be

WC(x, y) =
∑

c∈C
xn−wt (c)ywt (c),

where n = α + 2β. We know from [1,2,4,8] that this weight enumerator satisfies the
MacWilliams identities, i.e.

WC⊥(x, y) = 1

|C| WC(x + y, x − y).

It follows that if C is a Z2Z4-additive code of type (α, β; γ, δ; κ) and C⊥ its additive dual
code, then |C||C⊥| = 2n , where n = α + 2β.

The paper is organized as follows. In Sect. 2 we state two upper bounds for the minimum
distance of a Z2Z4-additive code. Such bounds are simply particular cases of known bounds
for codes over rings. In Sect. 3 we define the corresponding two kinds of maximum distance
separable (MDS) codes, i.e. codes with minimum distance achieving any of those bounds.
We investigate the existence of such MDS codes giving the possible parameters. Moreover,
we completely determine the minimum distance of such codes. In Sect. 4, we give examples
of all different types of MDS codes. Finally, in Sect. 5 we summarize the results and give
some conclusions.

2 Bounds on the minimum distance

The usual Singleton bound [9] for a code C of length n over an alphabet of size q is given by

d(C) ≤ n − logq |C| + 1.
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34 M. Bilal et al.

This is a combinatorial bound and does not rely on the algebraic structure of the code. It is
well known [7] that for the binary case, q = 2, the only codes achieving this bound are the
repetition codes (with d(C) = n), codes with minimum distance 2 and size 2n−1 or the trivial
code containing all 2n vectors. We remark that sometimes the singleton codes, i.e. codes
with just one codeword, are also considered in this class, but it depends on the definition of
minimum distance for such codes.

Let C be a Z2Z4-additive code of type (α, β; γ, δ; κ) and let C be its binary Gray image,
C = Φ(C). Since d(C) = d(C), we immediately obtain

d(C) ≤ α + 2β − γ − 2δ + 1. (2)

This version of the Singleton bound was previously stated for quaternary linear codes (α = 0)
in [5].

From [5] we know that if C is a code of length n over a ring R with minimum distance
d (C) then

⌊
d (C) − 1

2

⌋
� n − rank (C) , (3)

where rank (C) is the minimal cardinality of a generating system for C.
Let X be the map from Z2 to Z4 which is the normal inclusion from the additive structure

in Z2 to Z4, that is X (0) = 0, X (1) = 2 and its extension (X , I d) : Z
α
2 × Z

β
4 → Z

α+β
4 ,

denoted also by X .

Theorem 1 Let C be a Z2Z4-additive code of type (α, β; γ, δ; κ), then

d(C) − 1

2
�

α

2
+ β − γ

2
− δ; (4)

⌊
d (C) − 1

2

⌋
� α + β − γ − δ. (5)

Proof Bound (4) is the same as Bound (2). Clearly d(C) � d(X (C)), hence Bound (5) follows
from Bound (3). 	

Lemma 1 Let C be a Z2Z4-additive code of type (α, β; γ, δ; κ), then Bound (4) is strictly
stronger than Bound (5) if and only if

(i) d (C) is even and α � γ ;
(ii) d (C) is odd and α > γ .

Proof If d (C) is even then Bound (4) is stronger that Bound (5) if and only if

α + 2β − γ − 2δ + 1 < 2 (α + β − γ − δ + 1) ,

this reduces to γ − 1 < α, or similarly, α ≥ γ .
If d (C) is odd then Bound (4) is stronger that Bound (5) if and only if

α + 2β − γ − 2δ + 1 < 2 (α + β − γ − δ) + 1,

which implies γ < α. 	

Let C be a Z2Z4-additive code. If C = CX × CY , then C is called separable.

Theorem 2 If C is a Z2Z4-additive code which is separable, then the minimum distance is
given by

d (C) = min {d (CX ) , d (CY )} .
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Maximum distance separable codes over Z4 and Z2 × Z4 35

Proof The code C is distance invariant [8] i.e. d (C) = wt (C), where wt (C) = min{wt (v) |
v ∈ C, v �= 0} is the minimum weight of C.

If (a, b) ∈ C then, for a separable code, (a, 0) ∈ C and (0, b) ∈ C or similarly a ∈ CX ,

b ∈ CY , and we know that

d (C) = wt (C) = min {wt (a, b)| (a, b) ∈ C}
= min {wt (a, 0) , wt (0, b) | a ∈ CX , b ∈ CY }
= min {d (CX ) , d (CY )} .

	

Corollary 1 If C is a Z2Z4-additive code of type (α, β; γ, δ; κ) which is separable, then

d (C) ≤ min
{
α − κ + 1, d

}
, (6)

where d is the maximum value satisfying both Bound (4) and Bound (5).

3 Maximum distance separable codes

We say that a Z2Z4-additive code C is maximum distance separable (MDS) if d (C) meets the
bound given in (4) or (5). In the first case, we say that C is MDS with respect to the Singleton
bound, briefly MDSS. In the second case, C is MDS with respect to the rank bound, briefly
MDSR. Let Ci be the punctured code of C by deleting the i th coordinate position.

Lemma 2 If C is an MDS Z2Z4-additive code of type (α, β; γ, δ; κ) with d (C) > 1 and
α > 0 then, if i ∈ X, the minimum distance of Ci is

d(Ci ) = d (C) − 1.

Proof Let i ∈ X , then Ci is of type (α − 1, β; γ, δ; κ∗), where κ − 1 � κ∗ � κ .
We know that d (C) − 1 � d

(Ci
)

� d (C). If d
(Ci

) = d (C), then by Theorem 1 we have
a contradiction, hence d

(Ci
) = d (C) − 1. 	


Proposition 1 If C is an MDSR Z2Z4-additive code of type (α, β; γ, δ; κ), α > 0, then d (C)

is odd and α = 1.

Proof Assume d (C) is even. Let i ∈ X, d
(Ci

)
is odd by Lemma 2. By Theorem 1, we have

⌊
d (C) − 1

2

⌋
= α + β − γ − δ,

and
⌊

d
(Ci

) − 1

2

⌋
� α − 1 + β − γ − δ.

But since d
(Ci

)
is odd, this implies that

⌊
d (C) − 1

2

⌋
=

⌊
d

(Ci
) − 1

2

⌋
,

which is a contradiction.
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36 M. Bilal et al.

If α > 1, i ∈ X then d
(Ci

)
is even where

⌊
d (C) − 1

2

⌋
=

⌊
d

(Ci
) − 1

2

⌋
= α − 1 + β − γ − δ. (7)

Then Ci is an MDSR code with α − 1 > 0 and d
(Ci

)
is even, which is a contradiction. 	


Now, we characterize all MDSS Z2Z4-additive codes. By the even code we mean the set
of all even weight vectors. By the repetition code we mean the code such that its binary Gray
image is the binary repetition code with the all-zero and the all-one codewords.

Theorem 3 Let C be an MDSS Z2Z4-additive code of type (α, β; γ, δ; κ) such that 1 <

|C| < 2α+2β . Then C is either

(i) the repetition code of type (α, β; 1, 0; κ) and minimum distance d(C) = α+2β, where
κ = 1 if α > 0 and κ = 0 otherwise; or

(ii) the even code with minimum distance d(C) = 2 and type (α, β;α − 1, β;α − 1) if
α > 0, or type (0, β; 1, β − 1; 0) otherwise.

Proof If C is an MDSS code, so is C = Φ(C). Therefore C is the binary repetition code or
the binary even code (C cannot be the odd code since C contains the all-zero vector). The
parameters of C are clear in both cases. Note also, that cases (i) and (ii) correspond to additive
dual codes, so the parameters are related by the equations in (1). 	


Since the codes described in (i) and (ii) of Theorem 3 are additive dual codes, it is still
true that the dual of an MDSS code is again MDSS, which is a well known property for linear
codes over finite fields [7].

We can also give a strong condition for a Z2Z4-additive code to be MDSR.

Theorem 4 Let C be an MDSR Z2Z4-additive code of type (α, β; γ, δ; κ) such that 1 <

|C| < 2α+2β . Then, either

(i) C is the repetition code as in (i) of Theorem 3 with α ≤ 1; or
(ii) C is of type (α, β; γ, α + β − γ − 1;α), where α ≤ 1 and d(C) = 4 − α ∈ {3, 4}; or

(iii) C is of type (α, β; γ, α + β − γ ;α), where α ≤ 1 and d(C) ≤ 2 − α ∈ {1, 2}.
Proof Recall that Cb is the subcode of C which contains all order 2 codewords. Let D be the
binary linear code which is as Cb but replacing coordinates 2 with 1. The code D has length
α + β and dimension γ + δ. Obviously, 2d(D) ≥ d(Cb) ≥ d(C). Since C is MDSR, we
obtain

2d(D) ≥ 2(α + β − γ − δ) + 1,

and then

d(D) ≥ α + β − γ − δ + 1,

implying that D is a binary MDSS code. Thus D is the binary repetition code, the binary
even code or the trivial code containing all vectors.

In the first case, we have that the dimension of D is γ + δ = 1 and the minimum distance
of C is

d(C) = 2α + 2β − 1 if d(C) is odd,

d(C) = 2α + 2β if d(C) is even.
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Maximum distance separable codes over Z4 and Z2 × Z4 37

If α = 0, then d(C) = 2β − 1 is not possible because C contains the all-two vector. Hence
d(C) must be even and d(C) = 2β implying that C is the quaternary code formed by the
all-zero and the all-two vectors. If α > 0, then by Proposition 1, d(C) is odd and α = 1.
Therefore d(C) = 1 + 2β and C = {(0, 0), (1, 2)}.

In the second case, when D is the binary even code, we have that the dimension of D is
γ + δ = α + β − 1. Therefore d(C) = 3 if d(C) is odd, and d(C) = 4 if d(C) is even. If
α > 0, then α = 1 and d(C) is odd, by Proposition 1. If α = 0, then we claim that d(C) = 4.
Indeed, if x ∈ C would have weight 3, then 2x would have weight 6 and D would contain a
codeword of weight 3, which is not possible.

Finally, if D contains all possible vectors, then its dimension is γ + δ = α + β. In this
case,

⌊
d(C) − 1

2

⌋
= 0,

and then d(C) ≤ 2. By Proposition 1, α ≤ 1 and if α = 1, then d(C) = 1.
This completes the proof. 	


Note that it is not true that the additive dual code of an MDSR code is again MDSR. See
the examples in the next section.

The rank of a binary code C is the dimension of the linear span of C . If C is linear, then
the rank is simply the dimension of C . For MDS Z2Z4-additive codes we can state which are
the possible values for the rank of the binary images.

Corollary 2 If C is an MDS Z2Z4-additive code, then C = 
(C) is a linear code or it has
rank equal to log2 |C | + 1. In this last case, C is an MDSR code with minimum distance 3
or 4.

Proof Let C be a Z2Z4-additive code of type (α, β; γ, δ; κ).
If C is an MDSS code (cases (i) or (ii) in Theorem 3 or case (i) in Theorem 4), then

C = 
(C) is clearly a binary linear code. For cases (ii) and (iii) in Theorem 4, we apply the
result given in [6] which states that the rank of C must be in the range

γ + 2δ, . . . , min

{
β + δ + κ, γ + 2δ + δ(δ − 1)

2

}
.

For case (ii) in Theorem 4, since δ = α + β − γ − 1 and κ = α, we have that

γ + 2δ = 2α + 2β − γ − 2;
β + δ + κ = 2α + 2β − γ − 1 = γ + 2δ + 1.

Therefore, if δ ≤ 1, then the rank of C is γ + 2δ and C is linear. If δ > 1, then C is linear or
it has rank γ + 2δ + 1.

For case (iii) in Theorem 4, we have

γ + 2δ = 2α + 2β − γ ;
β + δ + κ = α + 2β − γ + κ.

But α = κ , thus γ + 2δ = β + δ + κ and C is linear. 	
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4 Examples

Examples 1 and 2 satisfy Bound (4). Example 1 is an MDS code with γ = 0. Example 2 is
an MDS code with α > 1.

Example 1 Consider a Z2Z4-additive code C2 of length 2 with generator matrix

G2 = (1 | 1).

The code is of type (1, 1; 0, 1; 0) and d (C2) = 2. Applying Bound (4) we get that C2 is
an MDSS code. In fact, it is the even code with α = β = 1. Its additive dual code C⊥

2 is the
repetition code {(0, 0), (1, 2)}, which is MDSS and MDSR. However, note that C2 is not an
MDSR code.

Example 2 Consider a Z2Z4-additive code C3 generated by the following generator matrix

G3 =
(

0 1 1
1 1 0

)
.

The code C3 is of type (2, 1; 1, 1; 1) with minimum weight d (C3) = 2. This is again an
MDSS code, which is the even code for α = 2 and β = 1. The code C3 is not an MDSR
code, but C⊥

3 = {(0, 0, 0), (1, 1, 2)} is again MDSS and MDSR.

The next example satisfies Bound (5).

Example 3 Consider a Z2Z4-additive code C4 generated by the following generator matrix

G4 =
⎛

⎝
1 2 0 0
1 0 2 0
1 0 0 2

⎞

⎠ .

The code C4 is of type (1, 3; 3, 0; 1) with minimum weight d (C4) = 3. Thus, C4 is an
MDSR code (but not MDSS).

Codes in Examples 4 and 5 are separable codes where d (C) is d (CY ) and d (CX ) respec-
tively.

Example 4 Let C8 be the binary linear code of length 8 with d (C8) = 4 and generator matrix

G8 =

⎛

⎜⎜⎝

1 0 0 0 1 1 0 1
0 1 0 0 0 1 1 1
0 0 1 0 1 1 1 0
0 0 0 1 1 0 1 1

⎞

⎟⎟⎠ ,

and let C1 be the quaternary linear code length 1 and minimum weight d (C1) = 2 with
generator matrix

G1 = (2) .

The Z2Z4-additive code C9 = C8 × C1 has length 9 and has parameters (8, 1; 5, 0; 4).
Applying Bound (6) we get

d (C9) � min {5, 2} = 2.
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Example 5 Let C2 be the binary linear code of length 2 with d (C2) = 2 and generator matrix

G2 = (
1 1

)
,

and let C4 be the quaternary linear code with length 4 and minimum weight d (C4) = 4
generated by

G4 =
⎛

⎝
1 1 1 1
0 2 0 2
0 0 2 2

⎞

⎠ .

The Z2Z4-additive code C6 = C2 ×C4 has length 6 and has parameters (2, 4; 3, 1; 1). Apply-
ing Bound (6) we get

d (C6) � min {2, 4} = 2.

The next example gives a general construction for MDS codes meeting Bound (5) starting
from binary MDS codes.

Example 6 Let C be a binary [n, k, d] MDS code. Applying χ to all but one coordinate gives
a Z2Z4-additive code C with α = 1, β = n − 1, γ = k, δ = 0 and d(C) = 2d − 1. Then

d = n − k + 1 = α + β − γ + 1 so that
⌊

d(C)−1
2

⌋
= ⌊

d − 1
2

⌋ = d − 1 = α + β − (γ + δ)

and meets Bound (5). Of course, this construction works for the even binary code and the
repetition binary code which are the possible binary linear MDS codes with more than one
codeword.

Finally the next example shows an MDSR Z2Z4-additive code C8. From Examples 1 to
5, all of them have binary linear image but our next example has a binary non-linear image.

Example 7 Let C8 be an MDSR Z2Z4-additive code given by following generator matrix.

G8 =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 2 0 0 0 0 0 0
0 2 2 0 0 0 0 0
0 2 0 2 0 0 0 0
0 2 0 0 2 0 0 0
0 2 0 0 0 2 0 0
0 1 1 1 0 0 1 0
0 1 0 0 1 1 0 1

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

The code C8 is of type (1, 7; 5, 2; 1) with d (C8) = 3, it also meets Bound (5). Since
2 (0 1110010) ∗ (0 1001101) /∈ C8, where ∗ denotes the component-wise product, then
from [6] the rank is 10 and therefore; C8 has a binary non-linear image.

5 Conclusions

As a summary, we enumerate the possible maximum distance separable Z2Z4-additive codes
of type (α, β; γ, δ; κ), with β > 0 and γ + 2δ < α + 2β:

1. Repetition codes with two codewords of type (α, β; 1, 0; 1), α > 0; or (0, β; 1, 0; 0) in
the quaternary linear case. These are MDSS codes which are also MDSR if and only if
α ≤ 1. Their minimum distance is α + 2β.
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40 M. Bilal et al.

2. Even codes of type (α, β;α − 1, β;α − 1), α > 0, which are MDSS codes but not
MDSR; or (0, β; 1, β − 1; 0) in the quaternary linear case, which are MDSS and MDSR
codes. In any case, these codes have minimum distance 2.

3. Codes of type (1, β; γ, β − γ ; 1) with minimum distance 3. These are MDSR codes but
not MDSS, except for β = γ = 1, which is a repetition code. Note that, for β > 1 and
γ = 1, it is not possible to have minimum distance 3; otherwise the binary Gray image
would be an MDSS code that does not exist.

4. Quaternary linear codes of type (0, β; γ, β −γ −1; 0) with minimum distance 4. Again,
these are MDSR codes but not MDSS, except for γ = 1 and β = 2, which is a repetition
code. For β �= 2 and γ = 1, it is not possible to have minimum distance 4; otherwise
the binary Gray image would be an MDSS code that does not exist.

5. Codes of type (α, β; γ, α+β−γ ;α), where α ≤ 1 and minimum distance d(C) ≤ 2−α.
These are MDSR codes but not MDSS, except for the case (0, β; 1, β − 1; 0) which is
already included in 2.

In the first two cases, the binary Gray images are linear codes. In Cases 3 and 4, let C be
the binary Gray image of such a code, then C is linear or its linear span has size 2|C |. In
Case 5, the binary Gray images are linear codes.

As a conclusion we have that all MDS Z2Z4-additive codes are zero or one error-correcting
codes with the exception of the trivial repetition codes containing two codewords.
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