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Abstract In this paper, we introduce a new combinatorial invariant called g-binomial
moment for g-ary constant weight codes. We derive alower bound on the g-binomial moments
and introduce a new combinatorial structure called generalized (s, #)-designs which could
achieve the lower bounds. Moreover, we employ the ¢-binomial moments to study the unde-
tected error probability of g-ary constant weight codes. A lower bound on the undetected
error probability for g-ary constant weight codes is obtained. This lower bound extends
and unifies the related results of Abdel-Ghaffar for g-ary codes and Xia-Fu-Ling for binary
constant weight codes. Finally, some g-ary constant weight codes which achieve the lower
bounds are found.
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1 Introduction

Let V, = {0, v1,...,v4-1} be a finite set with ¢ elements, where ¢ > 2. For x,y in V',
the (Hamming) distance dy (X, y) between x and y is defined as the number of coordinates

Dedicated to Professor Torleiv Klgve on the occasion of his 65th birthday.

S.-T. Xia (X)
The Graduate School at Shenzhen, Tsinghua University, Shenzhen Guangdong 518055, P.R. China
e-mail: xiast@sz.tsinghua.edu.cn

S.-T. Xia

National Mobile Communications Research Laboratory, Southeast University,
Nanjing Jiangsu, P.R. China

FE-W. Fu

Chern Institute of Mathematics and KLPMC, Nankai University, Tianjin 300071, PR. China
e-mail: fwfu@nankai.edu.cn

@ Springer



126 S.-T. Xia, E-W. Fu

in which they differ. For x in V", its support supp(x) is defined as the set of nonzero coor-
dinates in x; its (Hamming) weight wg (x) is defined as the number of nonzero coordinates
in X, i.e., wy(x) = |supp(x)|. A nonempty subset C of Vq” with cardinality M is called a
g-ary (n, M) code. The minimum distance d of C is the minimum distance between any two
distinct codewords in C. The distance distribution of C is defined as

1
A;:MI{(a,b):a,beC, dy(a,b)=i}|, i=0,1,...,n (1)

Abdel-Ghaffar [1] defined the following combinatorial invariant ' ]’ of C:

J ,
n—i .
=§1A§(n_j), j=12....n, ®)
=

and showed that

i .
ZZF}(Z:{)FU"*’} i=12...n 3)
j=1

If the code C is used for error detection on a g-ary symmetric channel with symbol error
probability p, 0 < p < (¢ — 1)/q, the undetected error probability is given by (see [13])

Pue(C, p) = ZA’( )(1 Py )

When a g-ary code is used for pure error detection, its error performance is characterized
by the undetected error probability of this code. For a general introduction to the theory of
error-detecting codes, we refer the reader to [13] and its references. Abdel-Ghaffar [1] found
that the undetected error probability P,.(C, p) can be expressed by F ]’ as follows:

n J n—j
Pue(C, p) = D F] (q%l) (1 - ﬂ) : 5)
j=1

g—1

Using combinatorial arguments, Abdel-Ghaffar [1] obtained a lower bound on F j’ and then
derived a lower bound on the undetected error probability P,.(C, p). Ashikhmin and Barg
[2,3] called F ]’ the binomial moments of the distance function and developed further bounds
on the undetected error probability based on these. Dodunekova [6] also used the binomial
moments to study the undetected error probability of linear codes.

Denote by Vq" " the set of g-ary vectors of length n and weight w. A nonempty subset C
of V;"" with cardinality M is called a g-ary (constant weight) (n, M, w) code. Note that a
g-ary (n, M) code can be considered as a (¢ + 1)-ary (n, M, n) code. Hence, the problem of
studying the undetected error probability for g-ary constant weight codes extends and unifies
the problems of studying ones for g-ary codes and binary constant weight codes.

Let C be a binary (n, M, w) code. Since the distance between any two codewords in C is
an even number, it is more convenient to define the distance distribution of C as

1
Aizﬁl{(a,b):a,beC, dy(a,b)=2i}|, i=0,1,...,w. (6)

When C is used for error detection, its undetected error probability can be written as

Py (C, p) = zAipzi(l —p) 2, (7
i=1
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Binary constant weight codes have many applications in computer and communication sys-
tems (see [4,5,16,18]). The error detection capability of binary constant weight codes has
been studied in [8—11] and [18-20]. Xia, Fu and Ling [20] introduced the following binomial
moments for binary constant weight codes with distance distribution A;:

j .
w—1 .
Fj = ZAi(w_j), =12, w ®)

i=1

and showed that

Ai=sz(i:j)(—1)f—f, i=12..., W, ©

j=1

w
Pue(C, p) = (1= p)" 2" > F;p (1 =2p)" /. (10)
j=1

By employing Q-transform quantities of the distance distribution A; and their properties,
Xia, Fu and Ling [20] obtained a lower bound on the binomial moments F; and then derived
a lower bound on the undetected error probability P,.(C, p) for the binary constant weight
code C.

In this paper, we introduce a new combinatorial invariant for g-ary constant weight codes,
which is called g-binomial moment. We derive a lower bound on the g-binomial moments
and introduce a new combinatorial structure called generalized (s, #)-designs which could
achieve the lower bounds. Moreover, we employ the g-binomial moments to study the unde-
tected error probability of g-ary constant weight codes. A lower bound on the undetected error
probability for g-ary constant weight codes is obtained. This lower bound extends and uni-
fies the related results of Abdel-Ghaffar [1] for g-ary codes and Xia-Fu-Ling [20] for binary
constant weight codes. Finally, some g-ary constant weight codes formed by generalized
t-designs are found to achieve the lower bounds. The rest of this paper is organized as fol-
lows. In Sect. 2, we briefly review the distance distribution of g-ary constant weight codes
and generalized 7-designs. In Sect. 3, g-binomial moments and generalized (s, ¢)-designs are
discussed. The applications of g-binomial moments to error detection are given in Sect. 4.
Finally, we end with some concluding remarks in Sect. 5.

2 Preliminary
2.1 Distance distribution of g-ary constant weight codes

Forx,y € V;"", we denote (see [17])
FEy) =Hi:xi#0, yi #0}, exy) =[{i : xi = yi # 0} amn
Then
du(x,y) =wg(X) +wn(y) — f(X,y) —ex,y). 12)

Let C be a g-ary (n, M, w) code. For a pair of integers (i, j), where 0 < j <i < w, and
¢ € C, define

Ajjle)=1{c eC : e(c,c)=w—1i, f(e,¢)=w—j}|
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and A;; = 4 > ccc Aij(c). Then, we have

1
Aij = HEY) €CxCrexy)=w—i f&y)=w-jl (13)

and

w i
Ap=1, D > Aij=M. (14)

i=0 j=0

It follows from (12) that the relation between the distance distribution {A;} and {A;;} is
given by

A) = > Ay (15)

0<j<i<w, i+j=l

2.2 Generalized t-designs, H-designs, and generalized Steiner systems

Let X be a finite set of n elements called points, and let B be a finite family of w-subsets of X
called blocks. Then the pair (X, B) is called a t-(n, w, X)-design, or briefly a ¢-design, if any
t-subset of X is contained in exactly A blocks. A Steiner system is a t-(n, w, 1)-design, and
is usually denoted by S(z, w, n). It is known [14, p. 63] that a binary constant weight code
of length n, weight w, and minimum distance at least 2(w — ¢ + 1) can be obtained from
an S(t, w, n). Below we give the definition of a generalized ¢-design over V, introduced by
Etzion [7].

Definition 1 Let X be a set of points whose cardinality is nk where k = ¢ — 1, and let
G = {G1, Gy, ...,G,} be a partition of X into n sets of cardinality k. The members of G
are called groups. A transverse of G is a subset of X that meets each group in at most one
point. Let 3 be a finite family of w-element transverses of G called blocks. Then the triple
(X, G, B) is called a generalized 7-(n, w, A, k)-design, or briefly a generalized t-design, if
any t-element transverse of G is contained in exactly A blocks.

Clearly, a generalized t-(n, w, 1, k)-design has A(g — 1)'(})/(?) blocks. When A = 1 the
generalized 7-design is the H (n, k, w, t)-design introduced by Hanani [12] (the notation of
H-design is due to Mills [15]). Etzion [7] presented a method to construct a g-ary constant
weight code from a generalized 7-design.

Proposition 1 [7] A g-ary constant weight code C C V" can be obtained from a gener-
alized t-design (X, G, B) as follows:

Let G; = {ayi, o2, ..., i}, i = 1,2, ..., n. The code C has a codeword for each block. Let
{@jiiys Ajpins - - i, Yor{lit, j1l, [iz, j21. - - ., liw, jwl} beablockin B. By the definition of
w-transverse, iy, iz, ..., iy are pairwise different. Recall that V; = {0, vy, ..., v4—1}. The
corresponding codeword is given by ¢ = (c1,c2, ..., cy), Where ¢c;y =Vj,, Ciy =Vj5, ...,

¢i,, =V}, and all other components are zero.

It is known that an H-design can give a g-ary constant weight code with minimum distance
between w —t+ 1 and 2(w —1¢)+ 1 [7]. An H-design H (n, k, w, t) which forms a g-ary con-
stant weight code with minimum distance at least 2(w — ) + 1 is called a generalized Steiner
system GS(t, w, n, k) by Etzion [7]. Clearly, a generalized z-design is still a generalized
t'-design for any ¢’ <1.
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Undetected error probability of g-ary constant weight codes 129

3 (Q-binomial moments and generalized (s, ¢)-designs

Let (u, v) be a pair of integers, where 0 < v < u < w. Let JW=Y = G if vy = w and
JW=Y = {5 iy jw—v} be an ordered set of positions if v < w, where 1 < j; < j» <

D < Jw—y <n.Let I =@ ify = wand 1P = {iy, iy, ..., ip_u} be an ordered
subsetof J@W= if y < w,ie, @™ C J®WVandi| <ip < - - <ipy_,.Let E@™0 =@
ifu =wand E®1 = {er,e2,...,ep—u} SV \{0}ifu < w.LetCbeag-ary (n, M, w)
code. Define a subset C(-, -, -) of C as follows:

CW;0,0)=C ifu=v=w, (16)
and
CUM™ 0 ={(c1,....cn) €Cicjj#0,...,¢j #OVifv<u=w, (17)
and otherwise, i.e.,if v <u < w,

CIW= [0 Oy — C (i, oy umvi il e s bl €15+« -5 €1
={(c1,...,cn)eC:icj#0,...,¢j,_, #0; c;y =e1,...,¢i,_, = €w—y}. (18)

Foracodeworde = (cy, ..., ¢;) € C,wesay thatc covers (Iw=w), plw=u)y ifc;, = ey, ci, =
e, ...,¢i,_ , = ey—y. By Definition 1 and Proposition 1, it is easy to see that C is formed
by a generalized 7-(n, w, A, ¢ — 1)-design if and only if there are exactly A codewords in C
such that each of which covers (1); E®) for any (I®; E®). Define

(q—l)w—“(w’iv) (q—l)w—“(l’;)
= : (19)

w n—w-+v

(2) ()

Clearly, Jw=v) {1,2,...,n} has ( " ) choices, IW—1) C JWw=v) paq (w N v)
w—v w—u

‘i'_uv =

choices for fixed J @ =¥, and E®~% has (g — 1) choices. Since (w lﬁ v) (w - v) =

w—u
(w) (u),there is a total of
u v
n w—v w-u _ [ W u
(") (G zu)aomr= () (4) e 0)

different ways of choosing Jw=v) jlw—u) ¢ gw-v) auq pw-u)

Lemma 1 For a pair of integers (u, v), where 0 < v < u < w,

w—v). y(w—u). w—u _(w u
Z Z Z |C(Jw=v), fw=w). p( ))|_(M)(U)M. @21

Jw=v) ](w—u)g‘/(w—v) Ew—u)

Proof When u = v = w, the left-hand side of (21) becomes |C| and the conclusion foll-
ows. When v < u = w, the left-hand side of (21) becomes > jw-v) |C(J®=): ¢ #)| and

) times. When

the conclusion follows by the fact that each codeword is counted (

@ Springer



130 S.-T. Xia, E-W. Fu

v < u < w, noting that ( v ) (w B v) = (w) (u)’ the conclusion follows by the
w—v w—u u v

. w w—uvY\ .
fact that each codeword is counted times. O
w—v w—u

Definition 2 Foru =1,2,...,wandv =0, 1, ..., u, the quantities

J(w—v) I(w—IA)gj(w—v) E(w—u)
(e T pmy ) (22)

are called g-binomial moments of a g-ary (n, M, w) code C.

0
0
Ajj = F;j =0ifi < j, and Fyp = 0. In Definition 2 we call F),, the g-binomial moments
of C since we have the following lemma.

By convention, let 00 = 1, =1 ’JZ) =0forj <Oorn < j;Z,{ziak =0ifi > j;

Lemma 2

u v . .
w —1 u —
FMUZZZA,-J-(w_M)(u_{)), l<u<w 0<v<u (23)

i=1j=0
In particular,
Fyw =M — 1. (24)
Proof Fora given codewordc = (cy, ..., c;) € C,forman (M —1) x (wlﬁ v) (z : Z)

matrix as follows. The rows are labelled by codewords different from ¢ and the columns are
labelled by J ™~ C supp(c) and @~ < J®~) The entry in the row labelled by ¢’ and
the column labelled by (J~V); 1®=#)) is equal to one if

e CU™ ™I e, e,
and zero otherwise. There are exactly
|C@ 1 e, ) = 1

codewords in C (J ®—v); j(w=—u). Ciys - - ., Ci,_,) different from c. Hence, the column labelled
by (J®@~V); (W= has exactly that many ones.
On the other hand, for a codeword ¢/ € C \ {c¢} such that e(¢/,¢) = w —i and f(¢/,¢) =

u u
Summing the total number of ones in the matrix in two different ways depending on
whether rows or columns are considered first, we get

w — j, it is easy to see that the row labelled by ¢ has exactly (;1}) : ! ) (u : {) ) ones.

$5n0(: ) ()

= > > 1CUT I e e, )= D).

Jw—v) gsupp(c) J(w—u) g](w—v)
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Undetected error probability of g-ary constant weight codes 131

Averaging over all codewords ¢ in C, the left-hand side is equal to
o w—1 u—j
> (n2,) (h20):
w—u u—v
i=1 j=0
and the right-hand-side is equal to

%Z > > ACUMT I g e, )= D)

C€C J (=) Csupp(e) 100 Sy )

DD DS

Jw—v) ](w—u)gj(w—v) E(w—u)

> (CT@V (=0 e =1,
CeC(Jw=); [w=1); Elw—1)

which equals F},, by (22). In particular, when u = v = w, by (23) and (14),
w i w i
Fuw= > D Aij=> > Aij—Aw=M—1.
i=1 j=0 i=0 j=0
d
Remark 1 Forany 1 <u < wand 0 < v < u, it follows from Lemma 2 that F,,, = 0 if and
only if A;; = 0forany 1 <i <u and 0 < j <v. This is equivalent to the fact that F,,,,y =0

forany 1 < u’ <uand0 < v’ < v. Moreover, d > u + v implies F,, = 0, where d is the
minimum distance of C.

Remark 2 (i) For the case of w = n, C can be considered as a (¢ — 1)-ary code. By (11)
and (13), A;; = 0if j > 0. Hence, by Lemma 2 and (2), when w = n,

u /
F,, = (U) F,, (25)

where F, are the binomial moments of the (¢ — 1)-ary code C defined in (2).

(ii) For the case of ¢ = 2, C is a binary constant weight code. By (11) and (13), A;; = 0if
j < i.Hence, by Lemma 2 and (8), when g = 2,

Fuu=(“"”)Fv, (26)

where F), are the binomial moments of the binary constant weight code C defined in (8).

Lemma3 Foranyl <i <wand0 < j <,
i

J
Au=ZZFM(Z:?)(Z:?)(—D"“‘“‘”. @7)

u=1v=0
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Proof Forany 1 <i’ <wand0 < j' </,

ii(“"” () () () e
w—i u—i u—j v—j’

., N .
1—1 i—u u—j J—J j—v
(u_l.,)(—n '(u—j)z/(v—j’)(_l)]

=y

i :
(u - i’) (=D 855 = 8iirdjjr,

where 8y, = 1 if x = y and §,, = 0 otherwise. Hence, by Lemma 2,

i
> 5 h (5 ) (D)) o

u=1v=0

>33 S () (570 (BT () v

u=1v=0i'=1j'=0

i J i ./ Y oy Ly -
= z ZAU/Z Z (ww _ll ) (; _ll/) (1/’: _‘]] ) (‘l]) _j/) (_1)l+j*u7v

i'=1j=0  u=i'v=j’

i
:zzAi/j,Sii/ajj/ = Ajj.

i'=1j'=0
a
We need the following lemma [1] to establish our results.
Lemma 4 [1] Given t nonnegative integers Ty, . .., T that sum to T, then
t
D T —1) = (JT/11 = DQT —1[T/1]), (28)

=1
where equality holds if and only if |T/t] < T; < [T/t] foralll =1,2,...,1t.

Now we give a lower bound on the g-binomial moments of g-ary constant weight codes.

Theorem 1 Let C be a g-ary (n, M, w) code. Let (u, v) be a pair of integers, where 1 <
u <wand0 < v < u. Let Fy, be the g-binomial moments of C defined in (22) and (23).

Then
w u
uv — auu = P - - Suv o E)
M Suv Euv

where &, is defined in (19). In a slightly weaker version,

N (6 [0 [ T B

Moreover,
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Undetected error probability of g-ary constant weight codes 133

(i) when M < &y, Fyy = Buy if and only if Fyy = 0;

(i) when M > &y, Fyy = Buv ifand only if M /&, is an integer and |C (J =), Jw=u).
EW=0Y| = M/&,, for any JW=V), [w=1) ¢ Jw=v) gug pw=uw),

Proof Set T = (’:) (z) M. By (20), there are totally ¢ = (Z’) (3) £, different

ways of choosing JW—v, Jw=u) < jw=v) and E@=4 We index the corresponding
C(Jw=v, Jwmw, pw=)y by | = 1,2, ..., tand set Tj = |C(J@~V); [(w=1), plw=w)y|
Then T/t = M/&,, and Z;zl T; = T by Lemma 1. Hence, (29) follows from (22) and
Lemma 4.

The case of M < &,,: It is easy to see that «,, = B,, = 0. Hence, (30) holds and (i) is
obvious.

The case of M > &,,: Let M = a&,, + b, wherea > 1 and 0 < b < &,,. Clearly,

ayy = PBup if b = 0. On the other hand, if 0 < b < &,,, then {%—‘ = a + 1. Since
0 < (éuv - b)b < 52 /4, we have

uv

o g (M) (W) G _ () (6) () (4} 0
u v ) (a€uy + D&y u v)4amM u v

Hence, o, > By, which implies (30), and oy, = By < M/&,, is an integer. Fur-
thermore, F,, = B,y is equivalent to «,, = B, and F,, = «&,,. Therefore, by Lemma 4,
F,v = Buy if and only if M /&, is an integer and 7} = M /&, foralll =1,2,...,¢. O

Remark 3 Let C be ag-ary (n, M) code. Then C can be considered as a (g + 1)-ary (n, M, n)
code. Using Theorem 1 for a (¢ + 1)-ary (n, M, n) code, and noting that &,, = ¢"* by (19),
and F,, = (%) F,, by Remark 2, we have

O O 8 S

6, max[(w)(i—l),O]. (32)
u qn—u

These are just the Abdel-Ghaffar bounds (see [1,Lemma 4] and [2,Theorem 9]) on the bino-
mial moments of g-ary codes.

[I>

Sl
v
=
=

[I>

F,

v

Remark 4 Let C be a binary (n, M, w) code. By Theorem 1, and noting that when g = 2,
n n—w-+v w—v
Epy = ( ) / ( v ) by (19), and F,, = (w _ u) F, by Remark 2, we have

w

e O[N] N € [0
: (Z}) ("—I:J-i-v) (Z)

(33)

F, > 1, £ max L0 . (34)
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134 S.-T. Xia, E-W. Fu

Bound (34) is just the Xia-Fu-Ling bound (see [20,Proof of Theorem 1]) on the binomial
moments of binary constant weight codes. By the proof of Theorem 1, it M (n B 1: T ) /

(Z)) < 1orM(n_l:+v)/(Z)) is an integer, p, = T,; otherwise, 0 < p, —

Ty < (?j) /4. Hence, (33) slightly improves on (34) if M (n - l:j + U)/( Z}) > 1 and

M(n_w+v)/(n)isnotaninteger.
v w

In order to further characterize the condition for which the bound (30) in Theorem 1 is
tight, we introduce a new combinatorial structure called generalized (s, t)-design over V.
With the same notations as in Sect. 2.2, let X be a set of nk points, where k = g — 1, and
G ={G1, Gy, ..., G,} apartition of X, where G; are groups and |G;| = k, and B a finite
family of blocks which are w-element transverses of G. For a transverse S, the support of
S, say supp(S), is defined as the set of index i € {1, 2,...,n} such that § meets G; in
exactly one point. For two fixed integers s, f where 1 < s <t < w, let S be an s-element
transverse, and L") be a t-subset of {1, 2, ..., n} such that supp(S) € L® < {1,2,...,n}.
The restriction of B to L¥, say B(L®), is defined as the set of blocks such that each block
meets G; in exactly one point for any i € L®).

Definition 3 The triple (X, G, B) is called a generalized (s, t)-(n, w, A, k)-design, or briefly

a generalized (s, t)-design, if any s-element transverse of G, say S, is contained in exactly A
blocks in B(L®) for any ¢-subset L of {1, 2, ..., n} such that L® > supp(S).

Clearly, a generalized (s, ¢)-design has M = A(g — 1)° (’Z) / (1;)) blocks. Like Prop-
osition 1, we can also form a g-ary (n, M, w) code from the generalized (s, #)-design.

Proposition 2 For any two pairs of integers (s, t) and (s',t") such that 1 < s’ < s and
s’ <t' <t ageneralized (s, 1)-(n, w, A, k)-design is also a generalized (s', t')-(n, w, \', k)-

gt/ =2~ 1= ("~ 1) /(P
design with ) = A(g — 1) (t—t’) (t—t"

Proof Suppose (X, G, B) is a generalized (s, t)-(n, w, A, k)-design. The proof is broken into

two parts.
First, we show that for any 5" where 1 <s’ <s, (X, G, B) is a generalized (s, t)-design.
Given any s’-element transverse S and any ¢-subset L® of {1,2,...,n} such that LO D

supp(S). Since (X, G, B) is a generalized (s, t)-design, it is easy to see that there are A(g —
1* =" blocks in B(L") which contain S. This implies that (X, G, B) is a generalized (s', £)-
(n, w, A1, k)-design with A} = A(g — 1)*~5".

Then, we show that for any " where s’ < t' < 1, (X, G, B) is a generalized (s', t')-

design. Given any s’-element transverse S and any #’-subset L of (1,2, ..., n} such that
!/

L@ > supp(S), there are (:l : tt,) choices of L® such that L > L. Since (X, G, B)

. . L n—t w—1
is a generalized (s/, r)-design, it is easy to see that there are Aj (t _y ) / ( Py )

. / . . . -7 . .
blocks in B(L*)) which contain S since there are 1;)_ / ) repetitions for each desirable
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Undetected error probability of g-ary constant weight codes 135

block. This implies that (X, G, B) is a generalized (s', 1)-(n, w, A’, k)-design with A/ =

n (o) /()

Combining these assertions, the proposition follows. d

By Proposition 2, the next result is obvious.

Proposition 3 A necessary condition for the existence of a generalized (s, t)-design is that

. n—t w—1
for each pair (s',t") where 1 <s' <sands' <t <t, Mg — l)s_s/ (t / ) / ( PR )
is an integer.

It is easy to see that a generalized ¢-design is equivalent to a generalized (t, t)-design.
Hence, Proposition 2 implies the following results.

Proposition4 Forl <s <t < w, a generalized (s, t)-design is a generalized s-design and
a generalized t-design is a generalized (s, t)-design.

Combining Theorem 1 and the definition of generalized (s, f)-designs, we have:

Corollary 1 Forany 1 <u <wand0 <v <u, F,, = By if and only if

(1) when M < &,y, Ajj =0foranyl <i <u,0<j=<v;

(ii)) when M > &, C is formed by a generalized (w — u, w — v)-design.

Proof (i) follows from Theorem 1 (i) and Remark 1.
Below, we assume that M > §&,,. By the construction procedure of a g-ary (n, M, w)
code C from a generalized (w — u, w — v)-design, we know that

(al) a (w — u)-transverse S corresponds to a pair of sets (/W ~%); E®~%)) such that supp
(8) = 1007,

(a2) LW—v) = jw=v) gpq [ w-v) D supp(S) & Jw—uw C J(w—v);

(a3) the codewords in C(JW=v); [w=w; EW=w)y correspond to the blocks in B(L™~Y)
which contain S.

Suppose that F,, = B,,. By Theorem 1 (ii), M /&,, is an integer. For a fixed (w — u)-
transverse S and any (w — v)-subset L™= of {1,2, ..., n} such that LW=v) > supp(S),
by (al) and (a2), S and Lw—v) correspond to a triple (Jw=v) jw—w) pw-u))y \where
[w=w < jw=v) By (a3) and Theorem 1 (ii), the number of blocks in B(L™~¥)) which
contain S is equal to |C(JWV); Jw=w); =)y — pp/g, . In other words, C is formed
by a generalized (w — u, w — v)-design with A = M /&,

On the other hand, suppose C is formed by a generalized (w — u, w — v)-design. It is easy
to check that a generalized (w — u, w — v)-design with M blocks must satisfy A = M /&,,,
which implies that M /&, should be an integer. Moreover, for any J w—v) jlw—u) c yw-v)
and E®—1) by (al), (a2), and the definition of generalized (w — u, w — v)-designs, the
(w — u)-transverse S which corresponds to (1w—w. Fw=u)) is contained in exactly A =
M /&,, blocks in B(L®~) since L™V = Jw=v) o J@=1) — gupp(S). Furthermore,
by (a3), we have |C(J®—v); Jw=u). pw=w)y| — 3 = M/g,,. Hence, by Theorem 1 (ii),
Fuy = ﬂuv- o

By Corollary 1 and Proposition 4, the next corollary follows.
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Corollary 2 Suppose M > &,,,.

(i) If C is formed by a generalized (w — v)-design, then F,, = By

(1) If Fyy = Buv, then C is formed by a generalized (w — u)-design.

4 Lower bounds on P, (C, p)

Applications of ¢g-binomial moments F,, to error detection are discussed in this section. We
obtain an alternative expression in terms of F,, for the undetected error probability P,.(C, p)
of a g-ary constant weight code C. Then, we derive two lower bounds on P,.(C, p) by
employing the two lower bounds on F,,; in the last section. These lower bounds on P, (C, p)
extend and unify the related results of Abdel-Ghaffar for g-ary codes and Xia-Fu-Ling for
binary constant weight codes. Finally, some g-ary constant weight codes formed by gener-
alized 7-designs are found to achieve one of the lower bounds.
Clearly, by (4) and (15), we can write P, (C, p) in terms of A;; as follows:

w i+ .
Pue(C.p) =D Ay (q%l) (1—py"i=. (35)

i=1 j=0

Note that

qg—1 M —1
qn

Pue(C,0) =0, Py (C, e = . (36)
The next lemma shows that P, (C, p) can be alternatively expressed in terms of F;.

Lemma 5 Let C bea g-ary (n, M, w) code. Let F,,, be the q-binomial moments of C defined
in (22) and (23). Then

w u w—v u+v
_ _ar_ P R
Pue(C,p) =D D" Fu (1 ) ( _1) 1=p)""™ 37D

u=1 v=0 9= 1 q

Proof Ttiseasytoseethatfor ] <u <wand0 <v <u,

woou i+j
w—u u—-v i+j—u—v P n—i—j
22 () (i) o (i) o

i=u j=v
u—v i+v+j
w—u i—u u—v j p n—i—v—j
()R ) e G) o
I=u J=
w i+v u—v
_ w—u _1\i—u p _ n—i—u _ qp
(2o GE) e (-35)
w—v u+v
_ (1 _ ﬂ) (L) (1 — pyr—u=u, (38)
q—1 q—1

Hence, by (35), (38) and Lemma 3,
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i+j o
Pue(C, p) = ZZA,,( ) (1—py" =

i=1 j=0
woou i
ZZFMU ZZ( ) ( :;)(_1)i+j—u—v (q%l) (1_p)n—i—j
u= i=u j=v
woou w—v .
= Zz Fuv (1 — qfl) (ﬁ) (1 _ p)nfwfu.

O

Remark 5 (i) Let C be a g-ary (n, M) code. Then C can be considered as a (¢ + 1)-ary
(n, M, n) code. Note that C is used for error detection on a g-ary symmetric channel with
symbol error probability p (not a (¢ 4+ 1)-ary symmetric channel) since the codewords
of C have no zero components. It is easy to see from Lemma 5 and Remark 2(i) that (5)
follows directly from (37).

(ii) Let C be a binary (n, M, w) code. It is easy to see from Lemma 5 and Remark 2(ii) that
(10) follows directly from (37).

Theorem 2 Let C be a g-ary (n, M, w) code. Then

woou w—v u+v
ue(C p)>zzauv ( - q— 1) (CI i 1) (1 - P)n_w_u (39)

u=1 v=0

w—v u+v
>ZZ/3W( - qf’l) (qfl) (1=py"™™™" (40
u=1v=0

where oy, and By, are defined in Theorem 1. Moreover, (i) equalities in (39) and (40) hold
for p =0, (g — 1)/q respectively; (ii) equality in (39) holds for a fixed 0 < p < (g — 1)/q
if and only if F,,, = oy forany 1 <u < w and 0 < v < u; (iii) equality in (40) holds for a
fixed) < p < (q —1)/q ifand only if F,,y = By forany 1 <u <wand0 <v < u.

Proof (39) and (40) follow from Theorem 1 and Lemma 5. By (36) and (24), it is easy to see
that equalities in (39) and (40) hold for p =0, (¢ — 1)/q. Forafixed0 < p < (¢ — 1)/q, it
is obvious that (ii) and (iii) follow from Theorem 1 and Lemma 5. g

Remark 6 Let C be a g-ary (n, M) code used for error detection on a g-ary symmetric chan-
nel with symbol error probability p. From (5), (31) and (32), Abdel-Ghaffar [1,Theorem 2]
obtained the following lower bounds on the undetected error probability P,.(C, p):

Pue<c,p)zZnu(1— cld )7 ( £ ) (41)

u=1 q_l q_l

n—u p u
>29( q—l) (q—l)’ “2)

where 1,, and 6, are defined in (31) and (32), respectively. It is easy to see from Remark 5(i),
Remark 3, and Theorem 2 that the lower bounds (41) and (42) follow directly from (39) and
(40), respectively.
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Remark 7 Let C be abinary (n, M, w) code. By Remark 4 and Theorem 2, the lower bounds
(39) and (40) reduce to the following bounds:

w
Pue(C, p) = D py(1=2p)" " p™ (1 = p)* 2" (43)
v=1
w
= > wl=2p)" " p? (1 = p) (44)
v=I1

where p, and 7, are defined in (33) and (34), respectively. The lower bound (44) is just
the Xia-Fu-Ling bound [20,Theorem 1] which was obtained directly from (10) and (34). By
Remark 4, (43) slightly improves on (44). Note that we can also obtain (43) directly from
(10) and (33).

It is known [1,2] that the maximum-distance-separable codes achieve the lower bound
(42). It was shown [20] that the lower bound (44) is tight if and only if the binary constant
weight codes are generated from certain 7-designs. Now, we discuss the ¢-ary constant weight
codes which achieve the lower bound (40) in Theorem 2 for the case of w # n and g > 2.

Proposition 5 Let g > 3 be a power of prime and C be the q-ary constant weight code
formed by all the weight-3 codewords of a q-ary Hamming code with length g + 1. Then C
achieves the lower bound (40) in Theorem 2.

Proof LetH(m, q)denotea[(¢g™—1)/(g—1), (¢"—1)/(qg—1) —m, 3] Hamming code over
GF(g). Let m = 2 and C be the set of weight-3 codewords of H(2, ¢). It is known [7] that
Cisformedby GS(2,3,g+1,q — 1) and M = (g + 1)q(q — 1)?/6. Since ¢ > 3, it is easy
to check that M < &, if and only if («, v) = (1,0), (1, 1), (2,0), or M > &, if and only
if (u,v)=(3,0),(2,1),3,1),(3,2),(3,3).Since C is formed by GS(2,3, g+ 1,g — 1),
the minimum distance of C satisfies d = 3, which implies that Ajg = Aj; = Ay = 0.
Moreover, by Corollary 2 and the fact that C is formed by a generalized 2-design, we have
w—v < 2and F,, = By, for (u,v) = (2,1), (3, 1), (3,2), (3, 3). Hence, by Theorem 2
and Corollary 1 (i), it is enough to show F3g = B39, or A3p = ¢ — 2. For a fixed codeword
c € C, itis easy to see that A3g0 = A3p(c) = |{uc : u € GF(¢)\{0, 1}}| = ¢ — 2, which
completes the proof. O

Proposition 6 Let C be the g-ary (n, M, 3) code formed by GS(2,3,n,q — 1). If n >
(g — 1)2 42, then C achieves the lower bound (40) in Theorem 2 if and only if Azg =0, i.e.,
there are no pairs of codewords in C which have the same supports.

Proof Clearly, M = (q — 1)>n(n — 1)/6 and &30 = n(n — 1)(n — 2)/6, which implies that
M < g&3ifandonlyifn > (¢g—1)2+2.Hence, forn > (g—1)2+2and1 < u < 3,0 <v < u,
itiseasytocheckthat M < §,, ifandonlyif (u, v) = (1, 0), (1, 1), (2,0), (3,0),or M > &,,
if and only if (u, v) = (2, 1), (3, 1), (3, 2), (3, 3). Since C is formed by GS(2,3,n,q — 1),
the minimum distance of C satisfies d = 3, which implies that Ajg = Aj; = Ay = 0.
Moreover, by Corollary 2 and the fact that C is formed by a generalized 2-design, we have
w—v <2and F,, = By for (u,v) = (2,1), (3, 1), 3,2), (3,3). Therefore, by Theorem
2 and Corollary 1 (i), A3zg = 0 if and only if C achieves the lower bound (40). d

By Proposition 6, it is easy to check that the ternary constant weight codes formed by
GS(2,3,7,2)and GS(2, 3,9, 2) in[7,Appendix] achieve the lower bound (40) in Theorem 2.

Using the same arguments in the proof of Proposition 6, we have the following
propositions.
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Proposition 7 Let C be the g-ary (n, M, 4) code formed by GS(2,4,n,q — 1). If n >
2(g — )% + 2, then C achieves the lower bound (40) of Theorem 2 if and only if A41 = 0.

Proposition 8 Let C be the g-ary (n, M, 4) code formed by GS(3,4,n,qg — 1). If n >
(g— 1)3 43, then C achieves the lower bound (40) of Theorem 2 if and only if Azg = Ag0 = 0,
i.e., there are no pairs of codewords in C which have the same supports.

5 Conclusions

In this paper, we introduced the g-binomial moments for g-ary constant weight codes. A
lower bound on the g-binomial moments for g-ary constant weight codes was derived. The
generalized (s, #)-designs were introduced to characterize the sufficient and necessary con-
ditions for these bounds to be tight. As applications to error detection, we derived a new
formula for the undetected error probability of g-ary constant weight codes. A lower bound
on the undetected error probability of g-ary constant weight codes was obtained. This bound
unified and extended the Abdel-Ghaffar bound for g-ary codes and the Xia-Fu-Ling bound for
binary constant weight codes. Moreover, we obtained a lower bound on the undetected error
probability of binary constant weight codes which slightly improves on the Xia-Fu-Ling
bound. Finally, we showed that these bounds could be achieved by some g-ary constant
weight codes.
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