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Abstract We introduce new classes of 2-weight cyclic codes which are direct sums
of 1-weight irreducible cyclic codes
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1 Introduction

We assume that the reader is familiar with elementary definitions and results of the
theory of linear and cyclic codes over finite fields (a reference could be [3] for codes
and [4] for finite fields). First, we recall the useful definitions.

A linear code is said to be projective if the minimum weight of its dual code is
at least 3. This means that the columns of a generator matrix are non-zero distinct
representatives of the one-dimensional subspaces of ]F’q‘ (the projective points) where
k is the dimension of the code.

A linear code is a N-weight code if the number of non-zero weights of this code is
N.

A cyclic code is irreducible if its check polynomial is irreducible (its polynomial
representation is a minimal ideal).
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When the length of such a code is g¥ — 1 and the check polynomial is the minimal
polynomial over Fy of a primitive root of F«, then the code is called a simplex code

and this is a 1-weight code with (g — 1)g%~! as unique non-zero weight.
In [6] it was proved that if C is a 2-weight projective cyclic code of dimension ¢ over
F,, then either
(Cy) : Cisirreducible
or,
(C) :if g # 2, C is the direct sum of two 1-weight irreducible cyclic codes
of lengthn = A(%) where A divides ¢ — 1 and A # 1.

In this second case, the two non-zero weights of C are (A — 1)¢*~! and Ag"~!.
(direct sum here means direct sum as vector spaces).

An infinite class of 2-weight cyclic projective codes which are irreducible is known
for any ¢ (deduced from semi-primitive codes) but only numerical examples are
known for the second case. An open problem was to find infinite classes in this case.

First, in order to construct codes satisfying (Cz), we need to know what are the possi-
ble 1-weight irreducible cyclic codes we can use. The condition for a code of dimension

k over F, to have alength equal ton = A(’f;%ll) where A divides g — 1 is not sufficient
to be a 1-weight code, even if 1 = 1. For example, the non-degenerate irreducible
cyclic code over F3 of length n = 40 = 334%11 and check polynomial x* 4+ x? 4+ 2x 4 1, is
a 2-weight code with non-zero weights 24 and 30 (this is a semi-primitive code).

In Sect. 2, we characterize the 1-weight codes of length quk%ll) where A divides g—1

and in Sect. 3, we introduce new classes of 2-weight cyclic codes satifying condition
(©2).

From now on, we assume g # 2. We consider cyclic codes of length n over F; with
(n,q) = 1 and we suppose that such a code is non trivial, that is, different from {0}.
Because of the cyclicity, this implies that the weight of the dual code is at least 2.

Notation :

The weight of a vector x is denoted by wt(x).

Ifee IFqk then tr(e) is the trace of e over Fy.

We write (i, v) instead of ged(u, v).

2 1-Weight irreducible cyclic codes

Theorem 1 Let C be a [n, k] irreducible cyclic code over Fy with n = )\(%)

where A\ divides q — 1.

Let p be the order of the check polynomial of C, that is, the common order of its roots.
The following assertions are equivalent:

(a) Cisa I-weight code.

(b)  C contains a word of weight w = rg*~1.
b _
© Ggp =T

In order to prove this theorem, we need the following three lemmas. The first one was
proved in Proposition 10 of [6].
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Lemma 2 Let C be an irreducible cyclic code over F of length n such that (n,q) = 1.
Let B in F  be such that the check polynomial of C is the minimal polynomial of p -1
over IFy.

Let m € N be the smallest non-zero integer such that B € F, and let e be in F such
that g™ = e.
Then m divides n and :

©)  C={ca=(Calecq|---|€cq| |7 ) |acFu)

with n = mt and ¢, = (tr(a), tr(ap), . . ., tr(ap™1)).
(The vertical bars denote concatenation)

Lemma 3 With the previous definitions of B, C, and m, define :
C = {¢g = (tr(a), tr(@p), ..., tr(ap™ 1)) | a € F ).

(1) Cisa[m,k] projective code of length m over F,.

(2) Cis a N-weight code if and only if C is a N-weight code.

Proof

(1) Obviously, the map ¢, —> ¢, from C to C is a vector isomorphism. Conse-
quently, C is a linear code of length m over F, and both codes, C and C, have
the same dimension.
From the theory of cyclic codes it is clear that there exists a word of weight 1
or 2 in the dual code of C if and only if there exists (x;,x;) € IE% with 0 < i <
m—1,0<j<m~—1andx; # x; such that :

xip! + xjf/ = 0 or, equivalently:
B/ = ep! with € € Fy that is to say: g/~ € Fy.

This last condition is not possible because of the definitions of i, j and m. The
minimal weight of the dual of C is at least 3 and then C is a projective code.

(2) Since the element ¢ in (¢) of Lemma 2 is a non-zero element of Fy, it follows
that wt(e/c,) = wt(c,) and then wt(c,) = twt(c,) and this proves the expected
result. O

Lemma4 Let B be a non-zero element of F .
Let p be the order of B in the multiplicative group of F .

If m € N is the smallest non-zero integer such that " € F, then m = (pq’%l)

Proof The order of < 8 > NF, is (p,q — 1) and the image of 8 in the quotient group
< pB >/ < B > NFy has then the order m = p/(p,q — 1). O

We are now in position to prove Theorem 1.

Proof of Theorem 1
Step1:a)=—b),
It is well known (see [1] or [6] for instance) that the length of a [n, k] 1-weight linear

code over I is of the form n = A( Z—:ll) and that the weight of every non-zero word
of this code is AgF—1.
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Step 2 : b)=> c) Let C be as defined in Lemma 3 and let a be in qu‘ such that
wt(cg) = Aqk‘1.

According to Lemma 2, let ¢ be such that n = mt. As already mentioned in the proof
of Lemma 3 : wt(c,) = twt(c,). This gives :

(q _]1) = tm and Ag¥~! = 7w where w = wt(c,).
We easily deduce that A = 10 with 6 = qW m(qg —1).
Thus, t@( )_tm andthenm_e(q 1)

Since C is a projective code, its length is at most equal to the number of projective
k
q“—1
g-1"
k
This means 6 = 1 hence m = ”’q—:]l. Observe that the order of the check polynomial

points : m <

of C is also the order of 8 and applying Lemma 4 we have m = (p’q%l) and therefore
o _ g1

(pg=1) = q-1"

Step 3:c)—> a) Since m = (p’;_l) and (p,(f—l) q 1 , then C is a projective code of

length %. It is well known that such a code is a 1-weight code (see [3]).

From Lemma 3, we deduce that C is also a 1-weight code. O

Remark If A = g — 1 and if the check polynomial is the minimal polynomial over F,
of a primitive root of F , then applying Theorem 1 we obtain a simplex code.

3 2-Weight cyclic codes

The following result is a characterization of projective codes (cyclic or not) in the set
of 2-weight codes.

Proposition 5 Let C be a 2-weight code of length n and dimension k over F, with
non-zero weights wi and wy. Assume that the minimum weight of the dual of C is at
least 2.

C is a projective code if and only if :

(" = Dwiws _

(g — Dg*>
Proof We just have to calulate the number B, of codewords of weight 2 in the dual
of C.

We use the method of Proposition 5 in [5] by replacing the rigth side of Eq. (6) by
{n(g — 1)(n(g — 1) + 1) + 2B2}¢*~? and this gives the Pless equation in the general
case. We obtain:

(g = DUP(q — D) — [qOwy +w) — T+ LDy 4 0, — 0
which shows that B, = 0 if and only if :

2 (@ =Dwiwy _
n(q—l)—[q(wl—i—wz)_l]n—kW—O. O

n*(q—1) — [gwy +w2) — 1lIn+

Corollary 6 If Cis a 2-weight cyclic code of length n = A( a‘= ) and dimension 2k over

F, with A # 1 and non-zero weights wi = (A — gkt and wy = Ag¥L, then Cis a
projective code.
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Proof Use the remark on the minimum weight of the dual code of C, which appears
at the end of the introduction, and apply Proposition 5. O

Theorem 7 Let o be a primitive element of F x with q and k odd numbers.
The minimal polynomial over Fq of @ € F  is denoted by m,(x).

(1) The cyclic code C of length n = g~ — 1 over Fy with check polynomial
h(x) = my(x)m _q(x) is a 2-weight cyclic code of dimension 2k and the two
non-zero weights are (q — 1)g*~! and (qTfl)qkfl.

(2) Ifq =3, then Cis a projective code.

Proof The code C is the direct sum of the irreducible cyclic codes C; and C, with
check polynomials m,(x) and m _4 (x), respectively.

Ci = {c(a) = (tr(a),tr(aa), . .. ,lr(aai), . ,tr(aot"_l)) |ae Fqk},

Ca = {d(b) = (tr(b),tr(=ba),. ... or(b(—=D)'), ..., tr(b(=1)" ")) | b € Fu).

Oviously, for every b the words c(b) and d(b) have the same weight. Since Cj is a
simplex code then C; and C; are 1-weight codes with (g — 1)g~! as non-zero weight
and a typical word in C is of the form:

Mp) = (tr(a+b),tr((a—b)a),... tr((@a+ (=1)b)d’),...,tr((a+ ()" by 1).

If a = 0or b =0and except if a = 0 and b = 0, the weigth of m,p) is (¢ — Dg*~!.
From now on we assume a # 0 and b # 0.

For every word m = (mo,my,...,mj,...,m,_1) in IFZ now define two partial words,
the even part and the odd part of m, as follows :

meven = (mO’mZa-'-7m2[5-'-7mn72), mOdd = (m15m37'"5m2t+17"'7mn—1)'

Obviously:
(%) Wi(map)) = wi(ms) + wi(mes)).
Let My, = (tr(u), tr(ucy), . . ., tr(uc?), . . ., tr(ua” 1) be with u in F gk This is a word of a
simplex code and if u # 0 then wt(M,,) = (q — 1)¢*~! and therefore:
k— d

(%) (g — DgE™t = we(ME¥e™) + we(MC9Y),
Now remark that:

(s * %) m?;’ir)’ = M\ and m‘()f’g) = M;’ﬂ(ll,.
The following results are easy to check from (¥), (¥%),(***):
(1) Ifa+b=0then wtmepp) = (g — Dgk! —wt(MS¥™).
(2) Ifa—b=0then wt(mgp) =wt(M5,°").

(3) Ifa+b#0anda— b #0 then:
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Wi (M p) = WM + (q — Dg* ™ — wr(MESP).

Summarizing (1),(2),(3), all that remains is to calculate wt(MS'")
when u # 0.

. k
Since 6 = 7 Va1 ¢ Fy then :
OMEYe" = (tr(uaqk_l/q_l), tr(ua(qk_l/q_l)+2), e tr(u(x(qk_l/q_l)"’zz), e tr(ua<qk_1/q_1>+"_2)).

k
Observe that, since g and k are odd numbers then qq—:ll also is odd. On the other

k
hand, gk — 1 is even . Hence, reducing modulo ¢g¥ — 1, the map i — qq—:ll +isend
bijectively the set of even integers in the range [0,n — 1] onto the set of odd integers
in the same range.

We deduce wt(OM;") = wt(Mgdd). Now, because wt(OM;"*") = wt(M:'") and
using (**) we obtain:

-1
Wi ) = wiM ) = (==)g*1.
Applying this result to u = 2ain (1) and (2),tou = a+ b and tou = a — b in (3),
and summarising all the possible cases we conclude that the non-zero weights of C
are (¢ — 1)¢* ! and (qT_l)qkfl.

(2) If ¢ = 3, then C satisfy conditions of Corollary 6 with x =g — 1 = 2. O

Theorem 8 Let o be a primitive element of F .

The minimal polynomial over F4 of w € F 4 is denoted by m,, (x).

The cyclic code C of length n = 4 — 1 over Fy with check polynomial me (x)m, (x) is a
2-weight projective cyclic code of dimension 2k. The two non-zero weights of this code
are 3(4%=1y and 241,

Proof As usual, the words of cyclic codes are represented by their polynomial repre-
sentations.

It is easy to check that o? is not a F4-conjugate of «. This means that m, and m,,
are distinct irreducible divisors of x” — 1 over F4. The roots of the check polynomial
h(x) = mgm,; are the Fy4-conjugates of « and the F4-conjugates of . Therefore, the
roots of i(x) are the Fp-conjugates of o and then A(x) is a polynomial in Fa[x]. The
generator g(x) of C, defined by x" — 1 = g(x)h(x), also is in Fa[x] and its degree is
n — 2k. This is the generator of a binary simplex code S of dimension 2k.

A typical non-zero word of C is c(x) = ¢(x)g(x) where ¢(x) is a polynomial in
F4[x] with degree at most 2k — 1. Let y be a primitive root of F4. Since {1,y} is a
F,-basis of Fy4, then ¢(x) can be decomposed in ¢(x) = r(x) + ys(x) where r(x) and
s(x) are polynomials in F,[x], both with degree at most equal to 2k — 1. We obtain :
c(x) = r(x)g(x) + ys(x)g(x) = u(x) + yv(x) where u(x) and v(x) are in S.

Letu = (uy,un,...,ui...,uy) and v = (v1,v2,...,V;,...,v,) be respectively the
binary vectors which are represented by u(x) and v(x). The weight of c(x) is the weight
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of u + yv. Obviously, the number of zero components of this vector is the number z
of i such that u; = 0 and v; = 0. We easily deduce that :

wiu + yv) = %[wt(w + wt(v) + wt(u + V).

Since u, v, u+ v are in the polynomial representation of S then the weight of each is 0
or 22k=1 Considering the different cases, we see that the possible weights of wt(u+yv)
are 0, 2(4%~1), and 3(4%71),

Finally we check that C is a projective code by applying Corollary 6 with» =3. O

Corollary 9 A cyclic code over F4 generated over F4 by a binary cyclic simplex code of
length 22K — 1 is a 2-weight projective cyclic code and the two non-zero weights of this
code are 3(45=1y and 2(4%—1).

Proof The check polynomial 4(x) of such a simplex code § is the minimal poly-
nomial over F, of a a primitive element « of F,%, which can be decomposed as
h(x) = mq(x)my2 (x). Thus the code generated over F4 by S is a code described in the
previous theorem. O

Remark The 2-weight codes obtained from Theorem 7 and Theorem 8 probably have
the same length, dimension and weight distribution than codes which appear in the
coding litterature. The new fact is that the codes of the two previous theorem are
cyclic and direct sums of two 1-weight irreducible cyclic codes.

For example, the code of Theorem 8 has the same length, dimension and weights
as the code obtained by the construction 4.2 in [5] (also mentioned in the survey [2] as
example SU2) for ¢ = 4 and r = 3 . However, for a given set of projective subspaces
arising in this construction, this gives several (dependent on the choice of represen-
tatives of the projective points) 2-weight projective codes with the same parameters,
but this is not a construction of cyclic codes.

4 Conclusion

The purpose of this paper was to study 2-weight cyclic codes over F, with g # 2,
which are direct sum of two 1-weight irreducible cyclic codes. We have characterize
1-weight irreducible cyclic codes and introduced two special classes of 2-weight cyclic
codes which are direct sums of 1-weight irreducible cyclic codes. The open problem
now is to find all such codes.
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