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Abstract. Let [ denote a field. Let d denote a nonnegative integer and consider a sequence p =
0;,6,i=0...d; ¢j, ¢j, j=1...d) consisting of scalars taken from K. We call p a parameter array when-
ever: (PA1) 6 #0;. 0F #07 if i #j, 0<i.j<d): (PA2) ¢ #0, ¢ #0 (1 <i <d): (PA3) ¢ =
1 Y=o — 6a—n)/ (60 — 6a) + (6] — )61 — ) (1 <i <d); (PA4) ¢ =1 25,6 —bu—1)/ (B0 — 6a) +
OF — 07)Oa—iv1 —00) (1 <i <d); (PAS) (Bi—2 — O;41) (=1 — )", (67, — 07 )6 — 07" are equal
and independent of i for 2 <i <d — 1. In Terwilliger, Linear Algebra Appl., Vol. 330(2001) p. 155 we
showed the parameter arrays are in bijection with the isomorphism classes of Leonard systems. Using
this bijection we obtain the following two characterizations of parameter arrays. Assume p satisfies PA1
and PA2. Let A, B, A*, B* denote the matrices in Matd+|(K) which have entries A;; =6;, Bji =04_;,
Al =0, B =0 0<i<d), Aji-1=1, Bij1=1, A, =¢i, B} |, =¢; (1 <i<d), and all other
entries 0. We show the following are equivalent: (i) p satisfies PA3-PAS5; (ii) there exists an invertible
G e Maty, 1 (KK) such that G 'AG=B and G~'A*G = B*; (iii) for 0<i <d the polynomial

L= 00) (k= 01) -+ (A — Oy 1) (O] — 67 (OF —607) -+ (6 —07_)

>

n=0

Q192 Pn
is a scalar multiple of the polynomial

L= 00) e —0a-1) -+ A= B ) (6] —O3) (6 —07) - (67 —07_))

Z D12 Py

n=0

We display all the parameter arrays in parametric form. For each array we compute the above
polynomials. The resulting polynomials form a class consisting of the g-Racah, ¢g-Hahn, dual ¢g-Hahn,
g-Krawtchouk, dual g-Krawtchouk, quantum ¢-Krawtchouk, affine g-Krawtchouk, Racah, Hahn, dual-
Hahn, Krawtchouk, Bannai/Ito, and Orphan polynomials. The Bannai/Ito polynomials can be obtained
from the g-Racah polynomials by letting ¢ tend to —1. The Orphan polynomials have maximal degree
3 and exist for char(lK)=2 only. For each of the polynomials listed above we give the orthogonality, 3-
term recurrence, and difference equation in terms of the parameter array.
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1. Introduction

In this paper we continue to develop the theory of Leonard pairs and Leonard sys-
tems [6,13-19]. We briefly summarize our results so far. In [13] we introduced the
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notion of a Leonard pair and the closely related notion of a Leonard system (see
Section 2). We classified the Leonard systems. In the process we introduced the
split decomposition for Leonard systems. Moreover, we showed that every Leonard
pair satisfies two cubic polynomial relations which we call the tridiagonal rela-
tions. The tridiagonal relations generalize both the cubic g-Serre relations and the
Dolan-Grady relations. In [6] we introduced a generalization of a Leonard pair
(resp. system), which we call a tridiagonal pair (resp. system). We extended some
of our results on Leonard pairs and systems to tridiagonal pairs and systems. For
instance we showed that every tridiagonal system has a split decomposition. More-
over, we showed that every tridiagonal pair satisfies an appropriate pair of tridiag-
onal relations. We did not get a classification of tridiagonal systems and to our
knowledge this remains an open problem. In [14] we introduced the tridiagonal
algebra. This is an associative algebra on two generators subject to a pair of tridi-
agonal relations. We showed that every tridiagonal pair induces on the underlying
vector space the structure of an irreducible module for a tridiagonal algebra. Given
an irreducible finite dimensional module for a tridiagonal algebra, we displayed
sufficient conditions for it to be induced from a tridiagonal pair in this fashion.
We also showed each sequence of Askey—Wilson polynomials gives a basis for an
appropriate infinite dimensional irreducible tridiagonal algebra module. In [15] we
began with an arbitrary Leonard pair, and exhibited 24 bases for the underlying
vector space which we found attractive. For each of these bases we computed the
matrices which represent the Leonard pair. We found each of these matrices is tri-
diagonal, diagonal, upper bidiagonal or lower bidiagonal. We computed the tran-
sition matrix for sufficiently many ordered pairs of bases in our set of 24 to enable
one to readily find the transition matrix for any ordered pair of bases in our set
of 24. In the survey [16] we gave a number of examples of Leonard pairs. We used
these examples to illustrate how Leonard pairs arise in representation theory, com-
binatorics, and the theory of orthogonal polynomials. The paper [17] is another
survey. In [18] we introduced the notion of a parameter array. We showed that the
classification of Leonard systems mentioned above gives a bijection from the set of
isomorphism classes of Leonard systems to the set of parameter arrays. We intro-
duced the T D-D canonical form and the LB-U B canonical form for Leonard sys-
tems. For a Leonard system in 7 D-D canonical form the associated Leonard pair
is represented by a tridiagonal and diagonal matrix, subject to a certain normal-
ization. For a Leonard system in LB-U B canonical form the associated Leonard
pair is represented by a lower bidiagonal and upper bidiagonal matrix, subject to a
certain normalization. We showed every Leonard system is isomorphic to a unique
Leonard system which is in 7D-D canonical form and a unique Leonard system
which is in LB-U B canonical form. We described these canonical forms using the
associated parameter array. In [19] we obtained two characterizations of Leonard
pairs based on the split decomposition.

We now give an overview of the present paper. We first review our bijection
between the set of isomorphism classes of Leonard systems and the set of param-
eter arrays. We then use this bijection to obtain two characterizations of Leon-
ard systems. The first characterization involves bidiagonal matrices and is given
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in Theorem 3.2. The second characterization involves polynomials and is given in
Theorem 4.1. We view Theorem 4.1 as a variation on a theorem of Leonard [2,
p-260], [9]. In Section 5 we display all the parameter arrays. For each parameter
array we display the corresponding polynomials from our second characterization.
These corresponding polynomials form a class consisting of the g-Racah, ¢g-Hahn,
dual g-Hahn, g-Krawtchouk, dual g-Krawtchouk, quantum g-Krawtchouk, affine
g-Krawtchouk, Racah, Hahn, dual-Hahn, Krawtchouk, Bannai/Ito, and Orphan
polynomials. The Bannai/lto polynomials can be obtained from the g-Racah poly-
nomials by letting g tend to —1. The Orphan polynomials have maximal degree 3
and exist for char(IK)=2 only. For each of the polynomials listed above we give the
orthogonality, 3-term recurrence, and difference equation in terms of the parame-
ter array. We conclude the paper with an open problem.

We now recall the definition of a parameter array. For the rest of this paper K will
denote a field.

Definition 1.1. Let d denote a nonnegative integer. By a parameter array over [K
of diameter d we mean a sequence of scalars (6;, 91'*’ i=0..d;¢9;,¢;, j=1...d) taken
from K, which satisfy the following conditions (PA1)—(PA5):

(PAL) 6;#6;,  6f#£0F if i#j. 0<i j=d,
(PA2) ¢; #0, i #0, 1<i<d,

]
(PA3) gy =¢1 3 %l (0F —60)(0i1 —0a),  1<i<d,
h=0

i—1

(PA4) ¢i=g1 Y LUb 4 (0% —65) (Ba—i1 —00), 1<i<d,
h=0

(PAS) The expressions

0i—2— 011 05 =674
0;—1 —6; 05 | — 67
are equal and independent of i for 2<i<d—1.

3

(M

We now turn our attention to Leonard systems.
2. Parameter Arrays and Leonard Systems

We recall the notion of a Leonard system and discuss how these objects are related
to parameter arrays. Our account will be brief; for more detail see [13,15,16,18],
Let d denote a nonnegative integer. Let Mat,, () denote the K-algebra consist-
ing of all d+1 by d + 1 matrices which have entries in K. We index the rows and
columns by 0,1,...,d. Let .o/ denote a K-algebra isomorphic to Mat,;(IK). An
element A €.o/ is called multiplicity-free whenever it has d + 1 mutually distinct ei-
genvalues in K. Let A denote a multiplicity-free element of .«7. Let 6y, 6y,...,04
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denote an ordering of the eigenvalues of A, and for 0 <i <d put

A—-0:1

Ei=T] 53—~
o<j<a Tt
J#

where I denotes the identity of .oZ. We observe AE; =6;E; (0<i<d); (i) E;E; =
8;;E;(0<i, j <d); (iii) Z?:o E;=1. Let 2 denote the subalgebra of .o/ generated
by A. Using (i)—(iii) we find Eg, Eq, ..., E; form a basis for the K-vector space Z.
We call E; the primitive idempotent of A associated with 6;. By a Leonard system in
o/ we mean a sequence ® = (A; A*; {Ei}flzo; {E;“}flzo), which satisfies the following

D)

(i) each of A, A* is a multiplicity-free element of .o/,

(i) Eg, E1,..., Eg 1s an ordering of the primitive idempotents of A,
(i) EF, E ;‘ e, E; is an ordering of the primitive idempotents of A*,

v Erapr=]" =il ica),
A 20 i i =1,

o
W Eatg=]0 I g,
’ #0 if |i—j|=1,

We call .o/ the ambient algebra of ® and say @ is over K [13, Definition 1.4].
Let ®=(A; A™; {Ei}fzo; {E;k}fi:o) denote a Leonard system in .«Z. Then each of the
following is a Leonard system in .o7:

O = (A% AENY o LEN ),
D= (A; A% EN ) LES_ ),
DY 1= (A; A% {Eq—i} o {ET Y ).

Viewing %, |, || as permutations on the set of all Leonard systems,

=] l=0=1, )
Yr=xl,  dx=xl, LU=U. 3)

The group generated by the symbols x, |, |} subject to the relations (2), (3) is the
dihedral group D4. We recall D4 is the group of symmetries of a square, and has
8 elements. Apparently *, |, | induce an action of D4 on the set of all Leonard
systems.

Let @ = (4; A*;{Ei}lflzo;{E;‘}fZO) denote a Leonard system in .Z. In order to
describe ® we define some parameters. For 0 <i <d let 6; (resp. ) denote the
eigenvalue of A (resp. A*) associated with E; (resp. E7). We call 6y, 01, ..., 604 (resp.
05,01, ...,07) the eigenvalue sequence (resp. dual eigenvalue sequence) of ®. Let V
denote an irreducible left .o7-module.
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By a decomposition of V we mean a sequence Uy, U, ..., Uy consisting of 1-dimen-
sional subspaces of V such that

V=Uyp+U +---+Uy, (direct sum).

By [13, Theorem 3.2] there exists a unique decomposition Uy, Uy, ..., Uy of V such
that both
(A-6DU;=Ujy1, O=i=d-1), (A—=06a1HUq =0, “4)
(A*=6/DU;=U;—, (1<i=<a), (A" =6, Uy =0. (%)

Pick any integer i (1 <i <d). Then (A*—61)U;=U;_y and (A—0;_1HU;_1 =U;.
Apparently U; is an eigenspace for (A —6; _11)(A* —67I) and the corresponding
eigenvalue is a nonzero scalar in K. We denote this eigenvalue by ¢;. We call
01,92, ...,9q4 the first split sequence of ®. We let ¢1, ¢, ...,¢q denote the first
split sequence of ®¥ and call this the second split sequence of .

We recall the notion of isomorphism for Leonard systems. Let & =
(A; A% {Ei}?zo; {E;“}fzo) denote a Leonard system in .o/ and let o:.o/ — ./’ denote
an isomorphism of [K-algebras. We write &7 = (A%; A*; {EY }?:0; {E;“"}?:O) and
observe ®7 is a Leonard system in .«/’. Let ® and ® denote any Leonard sys-
tems over K. By an isomorphism of Leonard systems from ® to ® we mean an
isomorphism of K-algebras from the ambient algebra of ® to the ambient algebra
of @' such that ®° =®'. We say ® and @&’ are isomorphic whenever there exists an
isomorphism of Leonard systems from ® to @’.

THEOREM 2.1 [13, Theorem 1.9]. Let d denote a nonnegative integer and let
(0;,07,i=0...d; 9, ¢, j=1...d) denote a sequence of scalars taken from K. Then
the following (1), (ii) are equivalent:

(i) the sequence (0;,67,i=0..d;¢;,¢;, j=1..d) is a parameter array over [K;

(i) there exists a Leonard system ® over K, which has eigenvalue sequence
00,01,...,04, dual eigenvalue sequence 0f,0f,...,07, first split sequence
©1, 92, ..., 9q and second split sequence ¢y, ¢z, ..., dq4.

Suppose (1), (i1) hold. Then ® is unique up to isomorphism of Leonard systems.

Let ®=(A; A*; {E; }flzo; {El.*};.‘!:o) denote a Leonard system. By the parameter array
of ® we mean the sequence (6;,6,i =0...d;¢;,¢;, j=1...d), where 6,01, ...,6q
(resp. 65,07, ...,07) is the eigenvalue sequence (resp. dual eigenvalue sequence) of
® and @1, @2, ..., 0q (resp. ¢1,¢2, ..., ¢q) is the first split sequence (resp. second
split sequence) of ®. By Theorem 2.1 the map which sends a given Leonard sys-
tem to its parameter array induces a bijection from the set of isomorphism classes
of Leonard systems over K to the set of parameter arrays over K.

Earlier we mentioned an action of D4 on the set of Leonard systems. The above
bijection induces an action of D4 on the set of parameter arrays. This action is
described as follows.
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LeEmMaA 2.2 [13, Theorem 1.11]. Let ®=(A; A*; {E; };120; {E;"}fzo) denote a Leonard
system and let p=(0;,07,i=0...d; ¢;, ¢;, j=1...d) denote the corresponding param-

eter array.
() The parameter array of ®* is p*, where p*:=(0},0;,i=0...d; ¢j, pa—_j41,j=
1...d),
(i) the parameter array of @' is pt, where p' = 0;,0;_ ;.1 =
0...d; pg—j1+1, Qa—j+1, j=1...d);
(iii) the parameter array of ®% is pY, where p¥ = Ba—i,0F,i=0..d:¢j,0;,j=
1...d).

3. Parameter Arrays and Bidiagonal Matrices

In this section we characterize the parameter arrays in terms of bidiagonal matri-
ces. We will refer to the following set-up.

*

Definition 3.1. Let d denote a nonnegative integer and let (6;, 0F,i=0...d; 9j, ¢, j=
1...d) denote a sequence of scalars taken from K. We assume this sequence satisfies
PA1 and PA2.

THEOREM 3.2.  With reference to Definition 3.1, the following (i), (i) are equiva-
lent:

(i) the sequence (6;,0],i=0...d;¢j,¢;, j=1...d) satisfies PA3-PAS;

(i1) there exists an invertible matrix G € Mat;,1(K) such that both

6o 0 B4 0
1 01 1 041
R 8 I ©
0 16, 0 1 6y
95 01 0 93‘ ¢1 0
0 @2 0f ¢
* . * .
G! 92 ' G= 92 - @)
KZi “ $a
0 07 0 07

Proof. (1) = (ii) The sequence (6;,6,i =0..d;¢;,¢;,j = 1...d) satisfies PAl-
PAS5 and is therefore a parameter array over K. By Theorem 2.1 there exists a
Leonard system over K which has eigenvalue sequence 6y, 61, ..., 0,, dual eigen-
value sequence 6,07, ...,07, first split sequence ¢1,¢,..., ¢4 and second split
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sequence @1, ¢, ...,¢s. We denote this system by @ = (A; A*; {E;}"_ i {EF}L ).
Let o/ denote the ambient algebra of ® and let V denote an irreducible left .o/-
module. Let Uy, Uy, ..., Uy denote the decomposition of V which satisfies (4) and
(5). For 0<i <d let u; denote a nonzero vector in U; and observe ug, ui,...,uq is
a basis for V. Normalizing this basis we may assume (A —6;)u; =u;41 for 0<i <
d—1 and (A—640uy=0. Since ¢1, ¢2, ..., 1s the first split sequence of ® we
have (A* =07 Du; =¢giu;— (1<i<d), (A*—651)ug=0. Applying these comments

to ®¥ we find there exists a basis vg, vy, ..., vg for V such that (A —0,_;I)v; =vi41
(0<i<d—1) (A—6pDva=0 and (A* — 0 Dv;=ivi_1 (1<i<d), (A*—6})vg=0.
Let G e Mat,1(KK) denote the transition matrix from the basis ug, uy, ..., ug to the
basis vg, v1, ..., v, so that v; =Z§i=0 Giju; for 0 < j <d. Using this and elemen-

tary linear algebra we find G is invertible and satisfies (6) and (7).

(i) = (1) We apply Theorem 2.1. We show condition (ii) holds in that theorem. In
order to do this we invoke some results from [19]. Consider the following matrices
in Maty 1 (K):

90 0 95 ?1 0
1 6; 9]* ¢2
.. . (pd
0 16y 0 07
We observe A (resp. A*) is multiplicity-free, with eigenvalues 6y, 61, ..., 0, (resp.
05,07, ..., 07). For 0<i<d we let E; (resp. E]) denote the primitive idempotent

for A (resp. A*) associated with 6; (resp. 6). By [19, Lemma 6.2, Theorem 6.3]
the sequence (A; A*; {Ei}?zo; {E;“}fzo) is a Leonard system in Matg,(IK). Let us
call this system @. By the construction ® has eigenvalue sequence 6y, 01, ..., 0
and dual eigenvalue sequence 6,6}, ...,07. From the form of A and A* we find
01,92, ...,9q 1s the first split sequence for ®. By the last line of [19, Theorem
6.3] we find ¢1, ¢, ..., Pq is the second split sequence for ®. Now Theorem 2.1(ii)
holds; applying that theorem we find (6;, 9;“, i=0..d;¢j,¢;, j=1...d) is a parame-
ter array over K. In particular (6;,6,i=0...d; ¢;, ¢;, j =1...d) satisfies PA3-PA5.

|

The matrix G from Theorem 3.2(ii) will be discussed further in Section 10.
4. Parameter Arrays and Polynomials

In this section we characterize the parameter arrays in terms of polynomials. We
will use the following notation. Let A denote an indeterminate, and let K[A] denote
the [KK-algebra consisting of all polynomials in A which have coefficients in K. For
the rest of this paper all polynomials which we discuss are assumed to lie in K[A].

We view the following theorem as a variation on a theorem of Leonard [2, p.
2601, [9].

THEOREM 4.1. With reference to Definition 3.1, the following (i), (i) are equivalent:
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(i) the sequence (6;,0,i=0...d; ¢;, ¢;, j=1...d) satisfies PA3-PAS;
(1) for 0<i <d the polynomial

L (A= 00)(A—01) -+ (A= 0, 1) (OF =0 (07 —07) -+ (0F —07_))

> ®)
— 192 Pn
n=0
is a scalar multiple of the polynomial
L =0 (A —0g_1) - A= 04—nt1)OF —=05)(OF —07)--- (6] —6_,)
> .9
=0 G162 P
Proof. Let us abbreviate
0o 0 05 ¥1 0
1 6; 9]* ¢2
i
0 16y 0 07
and
64 0 9(; b1 0
1 64-1 07 ¢
B= I 0a , B* 0y
.. - pa
0 16 0 03

We let 7,7* TV denote the matrices in Maty, () which have entries T =
[Th=6: — m), T3 =TT1=o(07 —67), T;¥ =ITh—4®a—s —6a—n) for 0<i, j <d. Each
of T, T*, TY is lower triangular with diagonal entries nonzero so these matrices are
invertible. Let D (resp. DY) denote the diagonal matrix in Maty,(IK), which has
iith entry @i¢@y---@; (resp. ¢p1¢---¢;) for 0<i <d. Each of D, DV is invertible.
We let Z denote the matrix in Mat,, | (K), which has ijth entry 1 if i + j=d and
0if i+ j#d, for 0<i, j<d. Observe Z>=1 so Z is invertible. We let H (resp.
H*) denote the diagonal matrix in Matyy(I€), which has iith entry 6; (resp. 6)
for 0<i<d. One verifies TA=HT so A=T 'HT. One verifies ZTYB=HZTV so
B=TY"1ZHZTY. One verifies DA*D~'T* =T* H* so A*=D'T*H*T* 1D,
Similarly B* = DY=!T* H*T*~1'DY For 0 <i <d let f; denote the polynomial
in (8). Let 2 denote the matrix in Matyy(IK), which has ijth entry f;(6;) for
0<i, j<d. From the form of (8) we find P=TD1T* For 0<i=<d let fl{l denote
the polynomial in (9). Let 2¥ denote the matrix in Matg(I), which has ijth
entry fju((?,-) for 0<i, j <d. From the form of (9) we find 2% =zT¢D4- 11,
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(1) = (i) By Theorem 3.2 there exists an invertible matrix G € Maty41(IK) such
that G"'AG = B and G~'A*G = B*. Evaluating G~'A*G = B* using A* =
DT H*T*~1'D and B* =DV 'T* H*T*~ 1" D% we find T*"YDGDY~'T* com-
mutes with H*. Since H* is diagonal with diagonal entries mutually distinct we
find 7*~""DGDY-1T* is diagonal. We denote this diagonal matrix by F and
observe G =D~ !T*FT*~1"'D¥ In this product each factor is upper triangular
(or diagonal) so G is upper triangular. Recall G~'AG = B; evaluating this using
A=T"'HT and B=TY"'1ZHZTY we find TGTY"!Z commutes with H. Since
H is diagonal with diagonal entries mutually distinct we find TGT¥~1Z is diago-
nal. We denote this diagonal matrix by ¥ and observe TG =Y ZTV. In this equa-
tion we compute the entries in column 0. To aid in this calculation we recall G
is upper triangular and observe T;o=1, Tlg =1 for 0 <i <d. Computing the col-
umn 0 entries in 7G =Y ZTV using these facts we find Y;; = Gog for 0 <i <d.
Apparently Y =Ggol. We remark Ggy#0 since Y is invertible by the construction.
Dividing G by Gop we may assume Goo=1. Now Y =1 so G=T"1ZT¥. Recall
T*""DGDYIT* is diagonal. We evaluate this expression using G=T"'ZT¥ and
find T*""'DT-1ZTYDY-1T* is diagonal. But T* V' DT-1ZTipl-IT% =~ 1!
so 2712V is diagonal. Taking the inverse we find 2%~!2 is diagonal. For 0<i <d
let o; denote the ii entry of this diagonal matrix. From the definition of 2 and 2V
we find fi(0;)=o; fl.U(Hj) for 0<i, j <d. Recall 6,0, ...,6; are mutually distinct,
and that each of f;, fl.ll has degree i for 0 <i <d. From these comments we find
fi=a;f¥ for 0<i<d.

(i) = (i) We show Theorem 3.2(ii) holds. To do this we exhibit an invertible matrix
G € Maty 1 (K) such that AG=GB and A*G = GB*. We define G = T-'z1Y.
Observe G is invertible. The equation AG = GB is routinely verified by evaluat-
ing A,B,G using A=T"'HT, B=TY"'ZHZTY, G=T"'2ZTY. We now show
A*G =GB*. For 0<i <d there exists «; € [ such that f; =oz,~fiu. It follows 2 =
@udiag(ao,al,...,ad). From this and since H* is diagonal we find PH*P =
2V H*2Y=1_ In this equation we multiply both sides on the left by 7~! and on the
right by ZTY to obtain T-'2H*2~ 1 zTV =T 12V H*24~1ZT ! In this equation
the left side is equal to A*G and the right side is equal to GB* so A*G =GB*.
We have now shown G satisfies Theorem 3.2(ii). Applying that theorem we find
0;,0F,i=0..d; ¢, ¢;, j=1...d) satisifes PA3-PAS. |

l 9
We finish this section with a comment.

LeEMMA 4.2. Referring to Theorem 4.1, assume the equivalent conditions (1), (ii)

from that theorem hold. Then for 0<i <d the scalar referred to in condition (i) is
equal to

Q12+ i
192 Qi

Proof. Compare the coefficient of A’ in (8) and (9). |
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5. The Parameter Arrays

In this section we display all the parameter arrays over K. We will use the follow-
ing notatation.

Definition 5.1. Let p:(@,-,@l.*,i:O...d; ¢j,¢j, j=1..d) denote a parameter array
over K. By a base for p, we mean a nonzero scalar g in the algebraic closure of
I such that g +¢~!+1 is equal to the common value of (1) for 2<i<d—1. We
remark on the uniqueness of the base. Suppose d >3. If ¢ is a base for p then so
is ¢g~! and p has no other base. Suppose d <3. Then any nonzero scalar in the
algebraic closure of K is a base for p.

Definition 5.2. Let p:(@,-,@l.*, i=0..d;9;,¢;, j=1..d) denote a parameter array
over K. For 0<i <d we let f; denote the following polynomial in [K[A]:
L (A—0)(A—61)--- (n — 01O —0)(OF —07) - (0] —60*_|)

P12 P '

i =

(10)

n=0
We call fy, f1,..., fa the polynomials which correspond to p.

We now display all the parameter arrays over K. For each displayed array
0;,0F,i=0..d; ¢;, ¢;, j=1...d) we give a base and present f;(6;) for 0<i, j <d,
where fo, f1,..., fa are the corresponding polynomials. Our presentation is orga-
nized as follows. In each of Example 5.3-5.15 we give a family of parameter arrays
over [K. In Theorem 5.16 we show every parameter array over [ is contained in
at least one of these families.

In each of Example 5.3-5.15 the following implicit assumptions apply: d denotes
a nonnegative integer, the scalars (0;,0,i=0...d; ¢;, ¢;, j=1...d) are contained in
K, and the scalars ¢, h, h*... are contained in the algebraic closure of K.

ExampLE 5.3 (¢-Racah). Assume

0;=00+h(1—g)H(1—sq' g™, (11)

07 =05 +h* (1 =g (1 —s*¢" g™ (12)
for 0<i<d and

gi=hh*q'" " (1=gHA =g~ =rig)H 1 —r2g), (13)

¢i =hh*q' (1= g1 —¢" =D = s57¢) (2 = 57¢") /5" (14)
for 1 <i<d. Assume h,h*,q,s,s*_‘,rl,rz are nonzero and r1r2=ss*qd+l. Assume

none of qijrlqi,rzqi,s*q"/rl, s*q" /ry is equal to 1 for 1 <i <d and that neither
of sq',s*q" is equal to 1 for 2<i <2d. Then (0;,0;,i=0...d; ¢, ¢;,j=1..d) is a
parameter array over K which has base q. The corresponding polynomials f; satisfy

C]»Q)

q—i’ S*qi+1

rig, rq, q-

I
,q 7, sq’t
d

fi(91)=4¢3(
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for 0<i,j<d. These f; are the q-Racah polynomials.

ExampLE 5.4 (¢g-Hahn). Assume

6i =00 +h(1—q"q ™",
6 =65 +h*(1—g") (1 —s*q" g™
for 0<i<d and
@i =hh*q" (1 —g)(1—¢" (1 -rg"),
gi=—hi"qg' 7 (1= g1 =" (r —s*¢")
for 1<i<d. Assume h,h*,q,s* r are nonzero. Assume none of q',rq',s*q'/r is
equal to 1 for 1 <i <d and that s*q' #1 for 2<i <2d. Then the sequence (6;,6;,i=

0..d;9;,¢;,j=1..d) is a parameter array over K which has base q. The corre-
sponding polynomials f; satisfy
q, Q>

for 0<i,j<d. These f; are the q-Hahn polynomials.

q—i’ S*qH_l, q—j

fi(9j)=3¢2< -

ExampLE 5.5 (dual g-Hahn). Assume
0:=00+h(1—g")(1—sq" g™,
0F =05 +h*(1—q")q™"

for 0<i <d and

gi=hh*q' (1 =g (1=¢"~ DA =rg"),
¢i zhh*qd+2—2i(1 _ql)(l _qi—d—l)(s _rqi—d—l)

for 1<i<d. Assume h,h*,q, r,s are nonzero. Assume none ofqi, rqi, sqi/r is equal
to 1 for 1 <i <d and that sq* #1 for 2<i <2d. Then the sequence (0;,6},i =
0..d;9;,¢;,j=1..d) is a parameter array over K which has base q. The corre-
sponding polynomials f; satisfy

q, CI)

for 0<i, j<d. These f; are dual the q-Hahn polynomials.

g~ g7, sq/t!

fi(9j)=3¢>2< rq. g~

ExamPLE 5.6 (quantum g-Krawtchouk). Assume

6;=00—sq(1—q"),
0F =05 +h*(1—g")q™"
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for 0<i<d and
gi=—rh*q' (1 —¢"H(1—g'~""),
¢i Zh*qd+2—21(1 _ql)(l _ql—d—l)(s _rql—d—l)

for 1<i<d. Assume h*,q,r,s are nonzero. Assume neither of q',sq'/r is equal to
1 for 1 <i <d. Then the sequence (6;,6F,i=0..d;¢;,¢;, j=1..d) is a parameter

i

array over KK which has base q. The corresponding polynomials f; satisfy
g, sr~\q j+1)

for 0<i, j<d. These f; are the quantum q-Krawtchouk polynomials.

N
fi(ej)=2¢1(q q’fj

ExampLE 5.7 (g-Krawtchouk). Assume
6i =60 +h(1—q"q ™",
oF =60; +h* (1 —g')(1 _s*giThg
for 0<i<d and
gi=hh*q' " (1—gH(1—g'~™h,
¢i=h*s*q(1—¢")(1—g'~"")

for '1 <i<d. Assume h,h*, q,s* are nonzero. Assume q' #1 for 1<i<d and that
s*q' #1 for 2<i <2d. Then the sequence (6;,6,i=0..d;¢;,¢;,j=1.d) is a

i

parameter array over K which has base q. The corresponding polynomials f; satisfy
q—i S*qi+l q—j

0, g~¢ q’q>

for 0<i, j<d. These f; are the q-Krawtchouk polynomials.

fi(9j)=3¢2(

ExampLE 5.8 (affine g-Krawtchouk). Assume
0 =00 +h(1—g"q ",
0f =05 +h*(1—q")g™"

for 0<i<d and
gi=hi*q' 2 (1—¢H(1 =g DA =rg"),
¢i=—hh*rg' "' (1-g"H(1—¢'~"h

for 1<i<d. Assume h,h*,q,r are nonzero. Assume neither of q',rq" is equal to
1 for 1<i <d. Then the sequence (0;,0],i=0..d;¢;,¢;, j=1..d) is a parameter
array over K which has base q. The corresponding polynomials f; satisfy

q, CI)

for 0<i,j<d. These f; are the affine q-Krawtchouk polynomials.

q—i’ 0, q—j
rq, g4

fi(9j)=3¢2<
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ExampLE 5.9 (dual g-Krawtchouk). Assume
6i =60+h(1—¢")(1—sq"* g™,
07 =65 +h*(1—q")q™"

for 0<i<d and
gi=hh*q'"H(1—g")(1—g"h,
b = hh*sq@ 22 (1 — gy (1 — g4~

for 1<i<d. Assume h,h*,q,s are nonzero. Assume q' #1 for 1<i<d and sq' #
1 for 2<i <2d. Then the sequence (0;,0},i=0...d;¢;,¢;, j=1..d) is a parameter
array over KK which has base q. The corresponding polynomials f; satisfy

5]"1)

for 0<i,j<d. These f; are the dual q-Krawtchouk polynomials.

g~ g7, sq/!

fi(9j)=3¢>2< 0, gd

ExampLE 5.10 (Racah). Assume

0; =060 +hi(i +1+5), (15)

0F =05 +h*i(i +1+s%) (16)
for 0<i<d and

@i =hh*i(i —d — 1) (i +r) @ +7r2), (17)

Gi=hh*i(i—d—1)(i +5* —r)(i +5* —1r) (18)

for 1<i<d. Assume h,h™ are nonzero and that ri+ry=s—+s*+d+1. Assume the
characteristic of K is 0 or a prime greater than d. Assume none of ri,ry, s* —ry,
s*—ry is equal to —i for 1 <i <d and that neither of s, s* is equal to —i for 2<i <
2d. Then the sequence (6;,6],i=0...d; ¢;,¢;, j=1...d) is a parameter array over K

which has base 1. The corresponding polynomials f; satisfy

)

for 0<i, j<d. These f; are the Racah polynomials.

—i, i+ 1+5%, —j, j+1+s

(0,)=4F
B =4 3( ri41 n+l, —d

ExampLE 5.11 (Hahn). Assume
0; =0y + s,
0F =05 +h*i(i+1+s%)
for 0<i <d and

pi=h*si(i —d—1)({i +7),
¢i=—h*sii —d—1)(i+s*—r)
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for 1 <i<d. Assume h*,s are nonzero. Assume the characteristic of K is 0 or a
prime greater than d. Assume neither of r,s* —r is equal to —i for 1 <i <d and
that s*# —i for 2<i <2d. Then the sequence (9,~,9i*, i=0..d;9;,¢;,j=1.d) isa
parameter array over K which has base 1. The corresponding polynomials f; satisfy
i i1 4s*, —j

(0;)=3F 1

fi(6;) 32( rl. —d

for 0<i, j<d. These f; are the Hahn polynomials.

ExampLE 5.12 (dual Hahn). Assume
0; =6+ hi(i +1+5),
0F =05 +s%i
for 0<i<d and
pi=hs*i(i—d—1)(i+r),
¢i=hs*ii—d—1)(i+r—s—d—1)
for 1 <i<d. Assume h,s* are nonzero. Assume the characteristic of K is 0 or a
prime greater than d. Assume neither of r,s —r is equal to —i for 1 <i <d and that

s#—i for 2<i <2d. Then the sequence (6;,6;,i=0...d;¢;,¢;, j=1...d) is a param-
eter array over K which has base 1. The corresponding polynomials f; satisfy

)

for 0<i,j<d. These f; are the dual Hahn polynomials.

—i, —j, j+1+s

fi(91)=3Fz< ril —d

ExampLE 5.13 (Krawtchouk). Assume
0; =0y + 51,
0F =05 +s%i

for 0<i<d and
gi=ri(i—d-1)
¢i=(r—ssM)i(i—d—1)

for 1 <i<d. Assume r,s,s* are nonzero. Assume the characteristic of K is 0 or a
prime greater than d. Assume r#ss*. Then the sequence (6;,6,i=0...d;¢;,¢;, j=
1...d) is a parameter array over K which has base 1. The corresponding polynomials
fi satisfy

fi(0j)=2F <_l’ d_J ’r_ISS*>

for 0<i, j<d. These f; are the Krawtchouk polynomials.



TWO LINEAR TRANSFORMATIONS 321

ExampLE 5.14 (Bannai/lto). Assume

6 =600 +h(s — 14+ (1 —s+2i)(—1)), (19)
0F =05 +h*(s* — 1+ (1—s*+2i)(—=1)") (20)

for 0<i<d and

—4hh*i(i +rp) if i even, d even,
—4hh*(i—d—1)(i+ry) if iodd d even,

vi= —4hh*i(i —d —1) if ieven, dodd, @
—4hh* (i +r1)( +712) if iodd dodd,
4hh*i(i —s*—ry) if ieven, d even,

= 4hh*(i —d —1)(i —s*—rp) if iodd d even, 22)
—4hh*i(i —d —1) if ieven, d odd,
—4hh*(i —s*—r))({i—s*—ry) if iodd d odd

for 1 <i<d. Assume h, h* are nonzero and that ri +ry=—s —s*+d+1. Assume the
characteristic of K is either 0 or an odd prime greater than d/2. Assume neither of
r, —s*—ry is equal to —i for 1 <i<d, d—i even. Assume neither of r), —s* —ry
is equal to —i for 1 <i <d, i odd. Assume neither of s,s* is equal to 2i for 1 <i <
d. Then the sequence (6;,0},i=0..d;¢;,¢;, j=1...d) is a parameter array over KK
which has base —1. We call the corresponding polynomials from Definition 5.2 the
Bannaillto polynomials [2, p. 260].

ExampLE 5.15 (Orphan). For this example assume K has characteristic 2. For
notational convenience we define some scalars yy, y1, v2, vy in K. We define y; =0
for i €{0,3} and y;i =1 for i €{1,2}. Assume

0; =0y +h(si+y;), (23)
0 =05 +h*(s*i +yi) (24)

for 0 <i <3. Assume @1 =hh*r, ¢» =hh*, @3=hh*(r +s+s*) and ¢ =hh*(r +
s(L+5%)), ¢po=hh*, ¢p3=hh*(r+s*(1+s)). Assume each of h, h*,s,s*, r is nonzero.
Assume neither of s, s* is equal to 1 and that r is equal to none of s +s*, s(1+s%),
s*(1+s). Then the sequence (0;,07,i=0..3;¢;,¢;, j=1..3) is a parameter array
over K which has diameter 3 and base 1. We call the corresponding polynomials from
Definition 5.2 the Orphan polynomials.

THEOREM 5.16.  Every parameter array over K is listed in at least one of the Exam-
ples 5.3-5.15.

Proof. Let p:=(6;,07,i=0...d; ¢;, ¢;, j=1...d) denote a parameter array over [K.
We show this array is given in at least one of the Examples 5.3-5.15. We assume
d > 1; otherwise the result is trivial. For notational convenience let K denote the
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algebraic closure of K. Let ¢ denote a base for p as in Definition 5./. For d <3
we may assume g # 1 and ¢ # —1 in view of the remark in Definition 5./. By PAS
and Definition 5./ both

bi—2 —[3]g0i—1 +[3]46i — i1 =0, (25)
07 —[31407 1 +[31,6; =07, =0 (26)

1

for 2<i<d—1, where [3],:=q+¢ ' +1. We divide the argument into Case I-1V.
I g+#1, g#—1; () g =1 and char(K) #£2; (III) ¢ =—1 and char(K) #2; (IV)
g =1 and char(K)=2.

Case I. g#1, g#—1. N
By (25) there exist scalars 1, u, 2 in K such that

0;=n+ng' +hg™', 0<i<d. (27)
By (26) there exist scalars n*, u*, h* in K such that
0F =n*4+p*q' +h*q™, 0<i<d. (28)

Observe p,h are not both 0; otherwise 6; =6y by (27). Similarly w*, h* are not
both 0. For 1 <i <d we have ¢' # 1; otherwise 6; =6y by (27). Setting i =0 in (27)
and (28) we obtain

o=n+un+h, (29)

05 =n"+un* +h* (30)
We claim there exists 7 € K such that both

oi=(q" — D@ =Dt —pupq " —hh*gT, (31)

¢i=(q' — D@ = D(x —hu*q" ™ — uh*q™) (32)

for 1 <i<d. Since g#1 and ¢¢ #1 there exists t € KK such that (31) holds for i =1.
In the equation of PA4, we eliminate ¢; using (31) at i =1, and evaluate the result
using (27), (28), and [13, Lemma 10.2] in order to obtain (32) for 1 <i <d. In the
equation of PA3, we eliminate ¢; using (32) at i =1, and evaluate the result using
(27), (28), and [13, Lemma 10.2] in order to obtain (31) for 1 <i <d. We have now
proved the claim. We now break the argument into subcases. For each subcase our
argument is similar. We will discuss the first subcase in detail in order to give the
idea; for the remaining subcases we give the essentials only.

Subcase g-Racah: u#0, u*£0,h#0, h*#£0. We show p is listed in Example 5.3.
Define

si=ph g7, st i=prh gL (33)

Eliminating # in (27) using (29) and eliminating p in the result using the equa-
tion on the left in (33), we obtain (11) for 0 <i <d. Similarly we obtain (12) for
0<i<d. Since K is algebraically closed it contains scalars r, 7, such that both

r1r2=ss*qd+1, r1 +r2=th_1h*_1qd. (34)
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Eliminating w, u*, 7 in (31), (32) using (33) and the equation on the right in (34),
and evaluating the result using the equation on the left in (34), we obtain (13), (14)
for 1 <i <d. By the construction each of h, h*, g, s, s* is nonzero. Each of ri,r; is
nonzero by the equation on the left in (34). The remaining inequalities mentioned
below (14) follow from PA1, PA2 and (11)-(14). We have now shown p is listed in
Example 5.3.

We now give the remaining subcases of Case I. We list the essentials only.
Subcase g-Hahn: u=0, u*#£0,h#£0, h*£0, t £0. Definitions.

S*Z=M*h*_lq_l r:=1h_1h*_1qd.
Subcase dual g-Hahn: u#0, u*=0,h#0, h*#0, t #0. Definitions.

s :=,uh_lq_l, r:=rh_1h*_lqd.

Subcase quantum g-Krawtchouk: u#0, u*=0,h=0, h* #0, T #0. Definitions.

si=puq" ", ri=th* "¢

Subcase g-Krawtchouk: u=0, u*#0, h %0, h* #0, T =0. Definition.

§* IZ/L*h*_lq_l.
Subcase affine g-Krawtchouk: =0, u*=0,h#0, h* £0, t £0. Definition.
Lpe=1,d

r:=th- q

Subcase dual g-Krawtchouk: u#0, u*=0,h#0, h* £0, T =0. Definition.
si= ,uhfqul.

We have a few more comments concerning Case 1. Earlier we mentioned that u, h
are not both 0 and that u*, »* are not both 0. Suppose one of u,  is 0 and one of
w*, h* is 0. Then 7 #0; otherwise ¢; =0 by (31) or ¢; =0 by (32). Suppose p*#0,
h*=0. Replacing ¢ by ¢! we obtain u*=0, h*£0. Suppose u*#£0, h*£0, w0,
h=0. Replacing ¢ by ¢~! we obtain pu*#0, h*#0, =0, h#0. By these com-
ments we find that after replacing ¢ by ¢~! if necessary, one of the above subcases
holds. This completes our argument for Case I.

Case II. g =1 and char(K) #2. y
By (25) and since char(lK)#2, there exist scalars 1, u, 2 in K such that

;i =n+(w+hyi+hi’, 0<i<d. (35)
Similarly there exist scalars n*, u*, h* in [ such that

0F =n* 4+ (u* +h*)i+h*i%, 0<i<d. (36)
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Observe u, h are not both 0; otherwise 6y =6y. Similarly p*, h* are not both 0. For
any prime i such that i <d we have char(lK) #i; otherwise 6; =6y by (35). There-
fore, char(l<) is 0 or a prime greater than d. Setting i =0 in (35), (36) we obtain

o =, Oy =n". (37)
We claim there exists 7 € K such that both

wi=i(d—i+1)(t — (uh* +hu*)i —hh*i(i +d+1)), (38)
¢pi=i(d—i+ D +pu*+hpn*(1+d)+ ph* —hp™i+hh*id—i+1)) (39)

for 1 <i <d. There exists r € K such that (38) holds for i =1. In the equation of
PA4, we eliminate ¢; using (38) at i =1, and evaluate the result using (35), (36),
and [13, Lemma 10.2] in order to obtain (39) for 1 <i <d. In the equation of PA3,
we eliminate ¢ using (39) at i =1, and evaluate the result using (35), (36), and [13,
Lemma 10.2] in order to obtain (38) for 1 <i <d. We have now proved the claim.
We now break the argument into subcases.

Subcase Racah: h#£0, h* £0. We show p is listed in Example 5.10. Define

si=puh s i=pth L (40)

Eliminating 7, 1 in (35) using (37), (40) we obtain (15) for 0 <i <d. Eliminating
n*, u* in (36) using (37), (40) we obtain (16) for 0 <i <d. Since K is algebraically
closed it contains scalars rj, r» such that both

rr=—th'h*7N rir=ststrd 4L @41)

Eliminating w, u*, t in (38), (39) using (40) and the equation on the left in (41) we
obtain (17), (18) for 1 <i <d. By the construction each of &, h* is nonzero. The
remaining inequalities mentioned below (18) follow from PA1l, PA2 and (15)—(18).
We have now shown p is listed in Example 5.10.

We now give the remaining subcases of Case II. We list the essentials only.
Subcase Hahn: 2 =0, h* #0. Definitions.

s=pu, s* = piheL ro=—tp el

Subcase dual Hahn: h 0, h* =0. Definitions.
si=puh st =u*, ri=—th el

Subcase Krawtchouk: 7 =0, h* =0. Definitions.

Si=u, s i=ur, ri=-r.
Case III. ¢ =—1 and char(lK) #2.

We show p is listed in Example 5.14. By (25) and since char(lK) # 2, there exist
scalars 71, u, h in K such that

0 =n+u(=D' +2hi(-1)),  0<i=<d. 42)
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Similarly there exist scalars n*, u*, h* in [ such that
0 =n*+u* (=D +21%i (=1, 0<i=<d. (43)

Observe h #0; otherwise 6, =6y by (42). Similarly 2*#0. For any prime i such that
i <d/2 we have char(K) #i; otherwise 6»; =6y by (42). By this and since char(kK)
2 we find char(lK) is either 0 or an odd prime greater than d/2. Setting i =0 in
(42), (43) we obtain

Oo=n+u, Oy =n"+nu*. (44)
We define
si=1—puh !, s =1—p h L (45)

Eliminating n in (42) using (44) and eliminating u in the result using (45) we find
(19) holds for 0 <i <d. Similarly we find (20) holds for 0 <i <d. We now define
ri, ro. First assume d is odd. Since KK is algebraically closed it contains rq, o such
that

ritrn=—s—s"+d+1 (46)
and such that
Arh* (1 +r)(1+r)=—¢. 47)

Next assume d is even. Define

Y1
4hh*d

and define r| so that (46) holds. We have now defined ry, rp for either parity of d.
In the equation of PA4, we eliminate ¢ using (47) or (48), and evaluate the result
using (19), (20), and [13, Lemma 10.2] in order to obtain (22) for 1 <i <d. In the
equation of PA3, we eliminate ¢; using (22) at i =1, and evaluate the result using
(19), (20), and [13, Lemma 10.2] in order to obtain (21) for 1 <i <d. We men-
tioned each of A, h* is nonzero. The remaining inequalities mentioned below (22)
follow from PA1, PA2 and (19)-(22). We have now shown p is listed in Example
5.14.

Case 1V. ¢ =1 and char(K)=2.

We show p is listed in Example 5.15. We first show d =3. Recall d >3 since g =
1. Suppose d > 4. By (25) we have Z;’-:O 0; =0 and Z‘;:l@j =0. Adding these
sums we find 6y =64, which contradicts PA1l. Therefore d =3. We claim there exist
nonzero scalars h,s in K such that (23) holds for 0 <i < 3. Define h =6y + 0>.
Observe h #0; otherwise 6y =6,. Define s = (8 +03)h~!. Observe s #0; otherwise
6p = 03. Using these values for 4,s we find (23) holds for i =0, 2, 3. By this and
Z;zo 0; =0 we find (23) holds for i =1. We have now proved our claim. Similarly
there exist nonzero scalars 7*,s* in K such that (24) holds for 0 <i < 3. Define

rp=—14+

(48)
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r:=@h~'h*=1. Observe r #0 and that ¢; =hh*r. In the equation of PA4, we elim-
inate ¢ using ¢ =hh*r and evaluate the result using (23), (24) and [13, Lemma
10.2] in order to obtain ¢y =hh*(r +s(1 +5%)), ¢ =hh*, ¢p3=hh*(r +s*(1 +5)).
In the equation of PA3, we eliminate ¢ using ¢ =hh*(r +s(1 +s*)) and evalu-
ate the result using (23), (24) and [13, Lemma 10.2] in order to obtain ¢y =hh*,
@3 =hh*(r +s+s*). We mentioned each of k, h*,s, s*, r is nonzero. Observe s 1;
otherwise 6; =6y. Similarly s* # 1. Observe r #s + s*; otherwise ¢3 =0. Observe
r#s(1+s*); otherwise ¢; =0. Observe r #s*(1 +s); otherwise ¢3=0. We have now
shown p is listed in Example 5.15. We are done with Case IV and the proof is
complete. |

6. The Orthogonality Relation in Terms of the Parameter Array

Some facts about the polynomials in Examples 5.3-5.15 can be expressed in a uni-
form and attractive manner by writing things in terms of the associated parameter
array. We illustrate this by giving the orthogonality relation, the three-term recur-
rence, and the difference equation in terms of the parameter array. We start with
the orthogonality relation. In order to state the result we define some scalars.

Definition 6.1.  Let (6;,0F,i=0...d; ¢;,¢;, j=1...d) denote a parameter array over

i

K. For 0<i<d we let k; equal

0192 Qi
Q12+ i

times
05— 07 65— 09) -+ 63 0
OF —=05) - (07 =07 (OF =07 ) - (6 —07)

=

For 0<i <d we let k! equal

L1P2 - Qi
GaPa—1- " Pd—i+1

times

(6o —01)(Bo —62) - - - (6o — a)
(6 —60) - (6 —6;—1)(6; = 0i1) - (6; —6a)

We observe ko =1, kj=1. We define

b (6o —01) (O —602) - - - (6o — 0a) (5 —0])(OF —05) --- (6 —6))
D12 ba '

THEOREM 6.2 [15, Lines (128), (129)]. Let (9,-,0;‘,i=0...d; @j,¢j, j=1...d) denote a
parameter array over K and let fy, fi,..., fa denote the corresponding polynomials
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from Definition 5.2. Then both

d
> FO)fiO0k =8;vk . 0<i.j<d, (49)
r=0

d

3 £ O £ Ok =8k 0<i,j<d. (50)
r=0

The scalars ki, k¥, v are from Definition 6.1.
We have a comment.

LeEmMA 6.3.  With reference to Definition 6.1, both
d

v=> k- v=> k. (51)
r=0

Proof. To get the equation on the left in (51) set i =0, j =0 in (50) and observe
fr(@p)=1 for 0<r <d. To get the equation on the right in (51) set i =0, j =0 in
(49) and observe fy=1. |

7. The Three-term Recurrence in Terms of the Parameter Array

In this section we give a three-term recurrence satisfied by the polynomials in
Example 5.3-5.15. We express the result in terms of the associated parameter array.
In order to state the result we define some scalars.

Definition 7.1. Let (6;, Gi*, i=0..d;¢j,¢j, j=1...d) denote a parameter array over
K. We define

0 —0) O —07) - 07 — 67 )

-

A , O<i<d-1 52
N R e T RS M Y
and b; =0. We define
L 0 =01)O0F —=07_1)--- (67 =67, ) <i<d 53
C1_¢l 0% . —O0*)(OF . —O* . (OF _0*)’ b ( )
07 =00, =6, -0, =6
and cyp=0. We define
a; =6y —c¢; —0j, <r1=a.
0 b 0<i=<d (54)

THEOREM 7.2. Let (Hi,él.*, i=0..d;9;,¢;, j=1..d) denote a parameter array over
K and let fy, fi,..., fa denote the corresponding polynomials from Definition 5.2.
For 0<i, j<d we have

0 fi(0;) =ci fi—10)) +a; fi(0;) +b; fi41(0)), (55)
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where f_1, fa+1 are indeterminates and where the a;, b;, c; are from Definition 7.1.

Proof. Let 2 denote the matrix in Maty41(IK), which has ijth entry f;(9;) for
0<i,j<d. Let K* denote the diagonal matrix in Maty(l<), which has entries
K’ =k for 0<i <d, where the k; are from Definition 6./. Let H denote the diag-
onal matrix in Maty1(K), which has entries H;; =6; for 0 <i <d. Let C denote
the following matrix in Maty ().

ag by 0
c1 ay by
c=|
~ ba—1
0 cq aq

We define P*=2"K*. By [15, Line (118)] we have CP*=P*H. By this and since
K*, H are diagonal we find C#' = 2'H. In this equation we expand each side
using matrix multiplication and routinely obtain (55). |
We finish this section with a comment.

LemMmA 7.3.  With reference to Definitions 6.1 and 7.1,

bob1 - -bi_
ki=—01 =l 0<i<d.

C1C2 e Cl
Proof. Compare the formulae for the k;, b;, ¢; given in Definitions 6.1 and 7.1. H
8. The Difference Equation in Terms of the Parameter Array

In this section we give a difference equation satisfied by the polynomials in Exam-
ple 5.3-5.15. We express the result in terms of the associated parameter array. In
order to state the result we define some scalars.

Definition 8.1. Let (6;, 91.*, i=0..d;¢j,¢;, j=1...d) denote a parameter array over
K. We define

(0i —00)(0; —01) - (6; —0;_1)
Bi41—00)Oi1—01) -+ (Big1 —0;)
and b} =0. We define

6i —00)6; —0a—1) -~ (6 — 6, :
(ei(,; —ejiiei-,l —de:,),l) ( 'l('9i71+_1)9i)’ t=i=d
and c;=0. We define

O0<i<d-1

bi =iy

¢ =¢a-it1

af =05 —cf —bf, 0<i<d.
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THEOREM 8.2. Let (Bi,é)i*, i=0..d;9;,¢;, j=1...d) denote a parameter array over
K and let fy, f1,-.., fa denote the corresponding polynomials from Definition 5.2.
For 0<i, j<d we have

67 fi0)) =c} fi(0j-1) +a} fi () +b fi(Oj+1), (56)
where 6_1, 0441 are indeterminates and the a;f, b;, c;‘f are from Definition 8.1.
Proof. By Lemma 2.2(i) the sequence (6%,6;,i=0..d;¢;, ¢a—j+1,j=1..d) is a

parameter array over K. Let f, fi",..., f7 denote the corresponding polynomials
from Definition 5.2, so that

f*‘i (=0 (x =67 =67 )6 =) (6 —61) - (6 = 6-1)
l _n=0 Q192 ¥n

for 0 <i <d. Applying Theorem 7.2 to (6},6;,i =0...d; ¢, ¢4—j+1,j=1...d) and
fos fis -, fj we find that for 0<i, j <d,

(57)

iji*(e}*):c;‘fitl(ej)+a;“fl-*(9;-k)+b;‘fijl(6;‘), (58)
where f*, f7., are indeterminates. Comparing (10) and (57) we find

Li@p=f;0, 0<i,j=d. (59)
Evaluating (58) using (59) and reindexing the result we obtain (56). |

We finish this section with a comment.

LemMa 8.3.  With reference to Definitions 6.1 and 8.1,

bEb* ... b*
k;":—o*l* ’;1, 0<i<d.
R
Proof.  Similar to the proof of Lemma 7.3. |

9. Some Useful Formulae

In this section we give alternative formulae for the scalars g;, b;, ¢; from Definition
7.1. To avoid trivialities we assume the diameter d > 1. We begin with the q;.

THEOREM 9.1. [13, Lemma 5.1]. With reference to Definition 7.1, let us assume d >
1. Then

91
ag =00+ =0 (60)
Qi Di+1 .
=0 4+ + . l<i<d-—1, 61
G T e Ter—er, T O
Pd
ag =04+ —2 (62)
67— 014
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LeEmMA 9.2.  With reference to Definition 7.1, assume d > 1. Then
ci(07 1 —07) = bi (0] =07 1) = (61 —00) (6] —65) +¢1 (63)

Jor 0<i<d, where 6*,07 41 denote indeterminates.

Proof. Setting A=0; in (10) we find
(61 —60) (0] —05)

1 ’
Setting j =1 in (55) and evaluating the result using (54), (64) we obtain (63). W

fiO) =1+ 0<i<d. (64)

THEOREM 9.3.  With reference to Definition 7.1, assume d>1. Then
¥1

bg= , 65
L (65)
Op—a;)(OF—0* )Y+ (0y—01)(OF —0*)+
b,~=(0 i)(0; l,lj (o* D6y —67) §017 l<i<d—1, (66)
9i+1_9i—1
bq=0, (67)
co=0, (68)
0o —a;)(OF —0F )+ (6p —01)(OF —6F) +
c,-=(0 )6 =67 )+ (6o —01) 6y —6) 901’ l<i<d—1, 69)
e* . —or
i—1 i+1
cgm— (70)
0710

Proof. Lines (67) and (68) are clear. To get (65) set i =0 in (52). To get (70) set
i=d in (53). To get (66) and (69), solve the linear system (54) and (63) for b;, c;.

|
Results similar to Theorem 9.1, Lemma 9.2, and Theorem 9.3 hold for the
ar,bf,ct.

10. Remarks

We conclude this paper with a few remarks.

Let (9,-,9[.*,1' =0..d;¢;,¢;,j =1..d) denote a parameter array over K and let
fo0, f1, ..., fa denote the corresponding polynomials from Definition 5.2. Applying
Theorem 4.1 with A =60, and using Lemma 4.2 we find

fen =222 g cica, (71)
L1922 Qi
Let the scalars k; be as in Definition 6.1. Comparing (71) with the formulae for k;
given in Definition 6./ we find
G~ —67)--- 6 — b5
05) - (0F =07 (6F =07 )~ (6F —03)

b 60) =
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for 0<i<d.

We describe the matrix G from Theorem 3.2. We use the following notation. Let
;, Qi*, i=0..d;¢j,¢;, j=1...d) denote a parameter array over K and let ¢ denote
a base for this array. To keep things simple we assume g #1, g #—1. For nonega-
tive integers r, s, ¢ such that r +s+¢ <d we define

[r, s, 1], = G Dr+sq: Dr+1(qs @ s+1
T @G (@ D5 (@ DG Dt

where
@ Qn=1—-a)(l—aq)---(1—aq"™hH, n=0,1,2,...

We comment [r, s, t], € K [15, Definition 13.1]. Let S denote the upper triangular
matrix in Matg4 () which has entries

Sij=(00—04)(O0—04-1)--- (00— Ou—jri+Dli, j —i,d — jly

for 0<i < j<d. Then for G € Mat,;,|(K), G satisfies Theorem 3.2(ii) if and only if
there exists a nonzero « € K such that G=«aS [15, Theorem 15.2]. Similar results
hold for g=1 and ¢g=—1 [15, Lemma 13.2].

11. Open Problems

ProBLEM 11.1. Generalize Theorem 4.1 so that it applies to polynomial sequences
of infinite length. Use this result to characterize the polynomials of the Askey scheme.

References

1. R. Askey and J. A. Wilson, A set of orthogonal polynomials that generalize the Racah coefficients
or 6 — j symbols, SIAM J. Math. Anal., Vol. 10 (1979) pp. 1008-1016.

2. E. Bannai and T. Ito, Algebraic Combinatorics I: Association Schemes, Benjamin/Cummings, Lon-
don (1984).

3. G. Gasper and M. Rahman, Basic Hypergeometric Series, Encyclopedia of Mathematics and its
Applications, Vol. 35. Cambridge University Press, Cambridge (1990).

4. Ya. Granovskii, I. Lutzenko and A. Zhedanov, Mutual integrability, quadratic algebras, and
dynamical symmetry, Ann. Physics, Vol. 217, No. 1 (1992) pp. 1-20.

5. FE A. Grunbaum and L. Haine, A g-version of a theorem of Bochner, J Comput. Appl. Math., Vol.
68, No. 1-2 (1996) pp. 103-114.

6. T. Ito, K. Tanabe and P. Terwilliger, Some algebra related to P- and Q-polynomial association
schemes, In Codes and Association Schemes ( Piscataway NJ, 1999), Amer. Math. Soc., Providence
RI (2000).

7. R. Koekoek and R. Swarttouw, The Askey-scheme of hypergeometric orthogonal polyomials and its
g-analog, Vol. 98-17 of Reports of the faculty of Technical Mathematics and Informatics, Delft, The
Netherlands (1998).

8. H. T. Koelink, Askey-Wilson polynomials and the quantum su(2) group: survey and applications,
Acta Appl. Math., Vol. 44, No. 3 (1996) pp. 295-352.

9. D. Leonard, Orthogonal polynomials, duality, and association schemes, SIAM J. Math. Anal., Vol.
13, No. 4 (1982), pp. 656-663.

10. H. Rosengren, Multivariable Orthogonal Polynomials as Coupling Coefficients for Lie and Quantum
Algebra Representations, Centre for Mathematical Sciences, Lund University, Sweden (1999).



332 TERWILLIGER

11. J. J. Rotman, Advanced Modern Algebra, Prentice-Hall, Saddle River NJ (2002).

12. P Terwilliger, The subconstituent algebra of an association scheme, J. Algebraic Combin. Vol. 1,
No. 4 (1992) pp. 363-388.

13. P Terwilliger, Two linear transformations each tridiagonal with respect to an eigenbasis of the
other, Linear Algebra Appl., Vol. 330 (2001) pp. 149-203.

14. P Terwilliger, Two relations that generalize the ¢-Serre relations and the Dolan-Grady relations, In
Proc. of Nagoya 1999 Workshop on Physics and Combinatorics ( Nagoya, Japan 1999), World Scien-
tific Publishing Co., Inc., River Edge, NJ, Providence RI (2000).

15. P Terwilliger, Leonard pairs from 24 points of view, Rocky Mountain J. Math., Vol. 32, No. 2
(2002), pp. 1-62.

16. P. Terwilliger, Introduction to Leonard pairs. OPSFA Rome 2001, J. Comput. Appl. Math. Vol. 153,
No. 2 (2003) pp. 463-475.

17. P. Terwilliger, Introduction to Leonard pairs and Leonard systems. Surikaisekikenkyisho
Kokyiroku, (1109) pp. 67-79, (1999). Algebraic combinatorics (Kyoto, 1999).

18. P. Terwilliger. Two linear transformations each tridiagonal with respect to an eigenbasis of the
other: the 7D-D and the LB-U B canonical form. Preprint.

19. P. Terwilliger. Two linear transformations each tridiagonal with respect to an eigenbasis of the
other; comments on the split decomposition. Preprint.

20. A. S. Zhedanov, “Hidden symmetry” of Askey-Wilson polynomials, Teoret. Mat. Fiz., Vol. 89,
No. 2 (1991) pp. 190-204.



