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Abstract We introduce the mathematical modeling of American put option under the
fractional Black—Scholes model, which leads to a free boundary problem. Then the free
boundary (optimal exercise boundary) thatis unknown, is found by the quasi-stationary
method that cause American put option problem to be solvable. In continuation we
use a finite difference method for derivatives with respect to stock price, Griinwal
Letnikov approximation for derivatives with respect to time and reach a fractional
finite difference problem. We show that the set up fractional finite difference problem
is stable and convergent. We also show that the numerical results satisfy the physical
conditions of American put option pricing under the FBS model.

Keywords Fractional differential equation - American option pricing -
Quasi-stationary - Finite difference method - Newton interpolation method

1 Introduction

The development of modern option pricing began with the publication of the BS option
pricing formulain 1973, which was used in computing the value of the European option
pricing (Black and Scholes 1973; Merton 1973). The BS formula computes the value
of European option pricing based on the underlying asset, exercise price, volatility of
the asset, and the expiration time of option pricing (Hull 1997; Wilmott et al. 1993).
The European option pricing has the ability of exercising only at expiring date, while
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an American option is its early exercise privilege, that is, the holder can exercise the
option prior to the expiration date. Since the additional right should not be worthless,
we expect an American option to be worth more than its European counterpart. The
extra premium is called the early exercise premium (Kwok 1998; Wilmott 1998).
Therefore, analytical solutions of BS models for American option pricing problems
are seldom available and so a numerical technique should be used. During the last
decades various numerical techniques have been investigated for solving these types
of problems. We refer the interested readers to Amin and Khanna (1994), Barraquand
and Pudet (1994), Broadie and Detemple (1996), Kalanatri et al. (2015), Kwok (2009),
Ross (1999), San-Lin (2000), Meng et al. (2014).

A fractional differential equation provides an interesting instrument for defining
memory and hereditary properties of various materials and processes. This is the main
advantage of fractional derivatives in comparison with classical integer-order models,
in which such effects are in fact neglected. The advantages of fractional derivatives
becomes apparent in physics, chemistry, engineering, finance, and other sciences that
have been developed in the last decades (Podlubny 1999).

In this paper we use a fractional stochastic dynamics of stock exchange to obtain
the FBS model. Since American option pricing under the FBS has a free boundary
(optimal exercise boundary) that is unknown, by using the quasi-stationary method
we find S(r) and obtain Fractional partial differential equation (FPDE) with known
boundary. Then, we introduce a stable and convergent finite difference method for
solving the new problem.

The remainder of the paper is organized as follows: In Sect. 2, the FBS model for
American put option pricing is introduced. To remove the free boundary, we use the
quasi-stationary method in Sect. 3. In Sect. 4, we investigate stability and convergence
of finite difference method for FBS model. In Sect. 5, the Newton interpolation is used
to evaluate option pricing at some intermediate points. Finally, a brief conclusion is
given in Sect. 6.

2 FBS Model for American Put Option Pricing

The stochastic differential equation of stock exchange dynamics is used in the form

dS =rSdt +oSb(t,a)
= rSdt + o Sw(t)(dt)? 1)

where w(¢) is a normalized Gaussian white noise, i.e., with zero mean and the unit
variance. In addition, we denote by r the interest rate, whilst P (S, 7) is the American put
option pricing. The details of obtaining FBS model from (1) are explained in Jumarie
(2008), so that American put option pricing under the FBS model is presented as

9% p AP\ il ! ap —
—(rP—rsZ= _L52520 0 §2S4)., 0<i<T. (2)
e 39S ) —a) 2 952

P(S,T) =max(E — S, 0), §>0, 3)
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E(ﬁ, 1) =-—1, 4)
9S
P(S@),t) = E—S(1), (%)
SangO P(S,t) =0, (6)
S(T) =E, (7
P(S,t)=E—-S, 0<S<S(@), (8)

where S(r) denotes the free boundary. The parameters o, r and E denote the volatility
of the underlying asset, the interest rate and the exercise price of the option, respec-
tively.

Remark 1 The fractional Black—Scholes model of American option pricing is based
on some consideration for real market, because of the following advantages:

(1) the fractional derivative is a generalization of the ordinary derivative,

(2) the fractional derivative is a non-local operator while the ordinary derivatives is a
local operator (Baleanu et al. 2012),

(3) the FBS model based on the fractional Brownian motion is more accurate than
the ordinary Brownian motion, i.e., substituting b(z, «) for b(¢) as in (1), Jumarie
(2008).

3 Quasi-Stationary Method for Determining S(¢)

Taking 9P — () in (2), leads to a second order ordinary differential

B
aP\ 17 ! , ,3%P
rP—rS— ——0°5"—=0 )
0S ) (1—w)! 2 952
with general solution
_ ortl-@
P(S,t) =C1S + CyS (-lalo? (10)
According to (6) we should set C; = 0, then
_ 2rtl =
P(S,t) = CrS (-alal? (11)
and we use (4) to get
P S0y = —Cr 2L sy mer 12
ﬁ( (l),f)——zm () fa! =-1, (12)

which is solved for S(¢) as

(17(1)!0(!02
_ 1_ ‘ | 2 —Zrllf‘l—(l—o()!m!n2
S() = <ﬂ>< ) _ (13)

2C,rtl—@
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Substituting from (12) and (13) in (5), the exercise price E takes the form

E::(fiﬂqiﬁzmxi(CQG-mﬂ—a+_Ga_mwwg> "
with i
1 —a)la!
G = L @talo” )
2C21"t1_°‘
Put
H
K = ZVT]*D‘ +1 - CY)!O(!O’z, 0 = 7’ (16)
H:=(1-a)alo?, J =27l an
then
o
G = —_—
G

and it follows from (5), (11), (13) and (14) that

O\ ((HCN (G (oNT\ [\ (H)
— — =) +|= - = =0, (18)
0 oJ 0 C> 0
which can be solved for C; by using a suitable iterative method. Thus, the FBS model
is formulated as the boundary value problem

ap P\ @ ! 2p
9 —(rP—r 0 ) < 2528

= _ o s
o1« 0S ) (1 —w)! 2 952
H (—2rr1110‘—H)
S>—— , 0<t<T, (19)
2C,rtl-@
P(S,T) =max(E — §,0), S >0, (20)
H (—ZHIEO‘—H)
P(S,t) =E — S, 0<S<|— . Q2D
2C2}”t1_°‘

4 Stability and Convergence of Finite Difference Method for FBS Model

This section is related with conditions that must be satisfied if the solution of the
finite-difference equations to be reasonably accurate approximation to corresponding
solution of FBS model of American option pricing. The conditions are associated
with two different but interrelated problems. The first concerns the stability of exact
solution of finite difference equations; the second concerns the convergence of the
finite difference equations to the solution of the FBS model.
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Now we use a finite difference scheme for the derivatives on the right side and
Griinwald Letnikov approximation for fractional derivative on the left side of (19) and
get

k+1 .
(At)—ol Zg;)lpjl_(+l—l
i=0
k _ _ k k
s PF—PL\ = al , Pl —2Pf+ P,
J I AS (l1—a) 2 7/ AS?
(=2
H —2rt, “—H
Si>(—=]" ° . 0=u=<T (22)
2Crt
P(S;, T) = max(E — §;,0), (23)
H
H <—2rt]:_a—H)
PSS, )=E—-S;, 0<S; <|——— , (24)
/ / "=\ 2cyrtl e
where .
gf‘:(l— JirO’)g;?‘_l, k=1,23,..., g¢=1. (25)

Letty = kAt,k =0,1,2...,n—1,§; = jAS,j = 1,2,...,m — 1, where for

0<t<T,At = %, and AS = S"’;:”, are time and stock price steps respectively.

Therefore, Eq. (22) provides the recursive formula

2AS(rAS —rSiHt
Pk :( (rAS = r3 +2)le.‘

s HS?
— k+1 l—a
2(A1)T*AS? wokiloi | [2rASt, .
_—a!aszz- iiog,. P Hs; —1|Pf . (26)

forP]].‘,j =1,2,...,m—1.
It also follows from (24) for j = 0 and all time values that Py = E ( since Syp = 0)
and if

3

H
<72)'127Q7H)
Si=AS < [ ———

2C2rtk_°‘

then from Eq. (21) we have P(S1,1) = E — S; and so

CP; 1 = AP; + BP;_,,
Py=E, Pi=E-Si, 27
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where P; = [PJQ, le, Pj2, s P]”]T and the (n + 1) x (n + 1) matrices A = (a;;),
B = (b;j) and C = (c;;) are given by

Weg?, i=j#n 0, i=j#n 0, i=j#n
aij=10, i#j L bij=10, i#j s cij=10, i#j

Wgr+V, i=j=n D, i=j=n I, i=j=n

(28)

with

2(A1)"YAS? 2rASt ¢ 2AS(rAS —rSjtl

alo?S3 HS, HS3

Let 15;‘ (k=0,1,...,n;j=0,1,...,m)be approximations to PJ].‘, then the errors
8]; = f’]’.‘ - le? (k=0,1,...,n,j=0,1,...,m)satisfy the recurrence relation

1—
. (ZAS(VAS — Sy 2) y

£ = .
Jj+1 HSIQ j
_ k+1 l—a
2(A1)T*AS? . [2rASt
_ ( ) > Zgl{xglc_+l l+ k _1 Sk'_l (29)
alo2ss A J HS; I
J i=0
or equivalently
CE;1 = AE; + BE;
Eo, E1, given, (30
0 k
forE; =[e%, &}, ..., &0 and | Ej41 [loo= (Jnax [ ejy |

Definition 1 (see Smith 1985; Yu and Tan 2003) If for any arbitrary initial rounding
errors Eg and E; given, there exists a positive constant K, independent of AS and At,
such that

I Ex 1< K max{|| Eo ||, | Ei [} or | A" <K, (3D

then the difference approximation (27) is stable.

Lemma 1 (see Zhuang et al. 2009) The coefficients g} fori =0, 1,2, ..., that were
defined in (25) satisfy

(1) gfg =18 =—aandg?>0,i>1
Q) Y2 g¥=0and Y _gg¥ <0forl=1,2,....
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Remark 2

Theorem 1 (Stability) If

AS <

)

2Cort)
then the finite difference scheme (27) is stable and we have
I Ejt1 loo< K max{|| Eo [loo, | E1 lloc}, j=1,2,...,m,—1

where K is a positive constant independent of At, AS and j.

Proof Fork =0,1,...,n—1,j=1,2,...,m — 1 by using (29) we achieve

2ASr(S; — AS)1
|e’,‘-+1|§( : L2l

2
HS:
_ k+1 1—«
2(A1)"YAS? » 2ASrt
s reasliD DIE LA R eyl Y
@O0 i0.i#1 J
2ASr(S; — AS) I )
< +2) 1 Ej lloo
2 J
( HS;
— k+1 l—«
2(A1)"*AS? o 2ASrt)
= = “NEj oo+ |1+ —=— ) IIE;- .
Py g;g IE; oo s, ) 1 Eimt o

Since Y411 g% < 0, then

. 2r(S; — AS)E 2rtl
lejirl< ASH—S12.+2 I Ejllooc + | AS HS; +1)1Ej-1 llo -
If we set
2r(S; — A1 2rtl
L{ = max %—i—— , L, =max "k ,
J HS; AS J HS;
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then

| &by I< (ASLi+1) | Ej lloo + (ASLy+ 1) | Ej i floo

1 J
< (AS(L1 + L+ A—S) + 1) max{(| Eo lloc, | E1 [loo}

1
< ebrtlatag)Smax max(|| Eo |loo, | E1 [loo)
= K max{|| Eo [loo, | Ei lloc}, j = 1,2, ...,m — 1,

where, we used the inequality

(L1 + Lo+ 59+ 1) = ethilatasios

= oL1+La+35)S) < p(Lit+Lot75) Smax (32)
Thus
I Ejt1 loo= mj’;lx{l e 1 1} < K max{]| Eo [loo, [| Ei floo}.
by definition 1; this proves the stability of (27). O

To prove convergence of the scheme (27), let P(S;,#%) (k =0,1,2,...,n — 1;
J =12,...,m —1) be the exact solution of (19)~(21) at the mesh point (S}, ).
Define

i =PSju)— P}, j=12,....m—1k=01,...n-1

and

0 1 T
sz(ej,ej,...,eg') .

Using Fg = F1 = 0 and substituting PJ].‘ = P(Sj, 1) — ef into (26), we have

1—
L <2A5(ms — St 2) &

AT HS? j
_ k+1 1—«a
2(A1)TYAS? w kil [2rASy ‘
- Sen —=— — 1) €8 s 33
alo2$? ;g’ i T\ s, v 59

where k = 0,1,2...,n—1; j = 1,2,...,m — 1. Now, we prove the following
convergence.
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Theorem 2 (Convergence) Let (22) has the smooth solution P(S,t) € Céf‘ (R2). Let
Pj]? be the numerical solution computed by use of (27). Then P]’-C convergesto P(S;, ty),

if

H
H <72rt£7a7H>
AS<|——— .

— 1—a
2Crt,

Proof We have from (29)

2ASF(S; — AS)t) ™
|e§+1|s< : L2 1€l

2
HS;
_ k+1 1—
2(A1)T*AS? 3 q|ek+1_i|+|2ASrtk a_1||€k .
2¢2 i J . Jj—
alo Sj =071 HS;
2ASr(S; — AS) ™
<< ]HSZ. £ 1 2) 11F) Nl
J
_ k+1 l—
2(A1)"YAS? u 2ASr,
= = “NEjlloo +| ——=—+1) I Fj- .
prr ;Og I F; lloo s, IFj -1 lloo

Since Zf;’é g <0, then

2r(S; — AS)t
|l 1< (AS stz ke 4 2) 1) o
j

+ ZSA; + I l Jj— o0 -
J

Now, we set

2r(S;AS) Y1 2rt}
L= e e
: mflx[ HS? Tas( T :

and use (32) to get
| ef-ﬂ [<(ASLi+ D) [ Fjlloo +(ASL2+ 1) || Fj—i lloo

1 J
< (AS(LI + L+ E)*F 1) max{l| Fo lloo, [| F1 [loc}

1 .
< BT 35)5) max{|| Fo lloo, | F1 lloo}
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1
< M1t ag)Sne max{|| Fo Jleo, || Fi oo}

= K max{|| Fo [lec, || F1 lec}, j =1,2,...,m — L.

Since Fyp = F; = 0, this proves that P]].‘ converges to P(S;, ). O

5 Solving FBS Model for American Put Option Pricing

Now we solve (22)—(24). Since the American put option pricing is only known at
the end point (exercise time), then in order to use a higher order Griinwald Letnikov
approximation, we need some other points of American put option pricing. To get
this intermediate values, we use Newton’s interpolation method, that is, for the points
P} = P(S;j,0)and P] = P(S;, T), we get

T 0
PO =0 T g 34
j(T)— j‘i‘ﬁ(f— ), (34)
which yields
T Pl +p? T
T
and for the points Pj(.), sz and P].T,

T
—4P7 +2P] +2P)

PO () = PV () + = 0E =)

and
(2) (e8] T
Pj () = Pj () = Pj .

Then it follows from (34)

P; J (36)
and
sr - 3pT 4+ pY
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Proposition 1 For n = 4, the discrete form of the FBS model is in the form

UP = WF, (38)
where
a; b
¢ ax b
c3 az b3
U = ,
cg ag bg
c9 a9 by
10  aio
a; b
¢, ay b
¢y ay by
W=
cg ag by
cy ay b
cho dio
Py .
0 1
P20 e
P e3
P=| | F=|:
Py es
Py 0
0 €10
Py
with
1 (rS; Chl=« g 02512' -« 02512'
TZa\AsU—w 282 7T T8 a8
T _ 1 (1—a) 31 —a)2 —a) 1—a)2—-—a)3—0a)
a4 =aly) Q(ZJ“ P 41 - 41 )

_I_

L <(r s G 0!0253-) |
4 AS (=) (AS)?

o 3 V_&'(%)l_“ a! 02512 . 3a! oszz.
4 C I TR as)

AS (1 —a)! 2 (AS)?

J
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, T\ ¢ 3¢ a(l—a) a(l—a)2—a)
“f:(Z) <1_T_ 4 41 )

3 (3T)] -« glo28?
- ( s + 2’),
4 AS (=) " (AS)

e; = max(E — §;,0),

forj=1,2,...,10.

Proof We return to the Eq. (22) and obtain for n = 4,

pT 4 po
T T + P;

Eyrepr -2 e 0

al-0)2-a) T _, P,-T+3P?

—T(Z) (T)
Cal -2 -3 - a)(T) o p0
41 4 J

rs; (Gl oz‘c7252 T 3PJ.T+P](.)

o (e + 2+()‘”‘(—)
AS"(IT—a)! " (AS)

(rSj Gyl g GZSJZ-> 3P+ PY

AS (1—a)l 2 (AS)?

2¢2 0
O,va S 3P+1+P]+1

2 (AS)Z( 4 ’

or, equivalently
(e ars),
AS (1—a)! 2 (AS)?2) /!
T\ “ - 3¢ a(l—a) a(l-0)2-a)
(Z) ( 4 4 41 >
3 r__J(BT)1a+a!a2SJ2~ P.T—i-EﬁP.Tl
4 AS (1 —a)! (AS)?2 J 8 (AS)2 /T
. T (1 —a) 3(1-a)—-—a) (J—-—a0)2—-—a)B—ou)
B [a (Z P 41 + 41 )
+

)
1 (3T)1 — alo?SE 0
4 <(r AS)(l o T as ) | B

L (r_Sﬂ%““_a_!GzS?)Po @ 5
4

0 2 J pt
AS(I—a) 28?2 717 g a2 it
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which can be rearranged as (38). O
The algorithm of the proposed method can be formalized as follows.

Algorithm

The input data: r, o, AS, At,a,m,n, T.
compute H, C», E from (17), (18) and (14).
for j =0,------ ,m do

fori =0,------ ,ndo

H
I—a
. H <—2rt. —H)
if S; > ! , then
] = <2C2rtila>

compute U, W, F as in proposition 1 and set P = UlsWxF

H
_opelmo
elseifOij<< Hla) i H>,then

2C2rti -
P=F
end if;
end do ;
end do .

For some special values of the parameters 7', o, r,  and S,,,x = 2, the results
plotted in Fig.1a—g.

Remark 3 For a call (put) option, either European or American, when the current asset
price is higher, it has a strictly higher (lower) chance to be exercised and when it is
exercised induces higher (lower) cash inflow. Therefore, the call (put) option price
function is increasing (decreasing) of the asset price, that is,

C(82,10) > C(S1,10), S2 > S,

or
P(S$2,10) < P(S1,10), $2 > S1. (39)

It is shown in Fig. 1a—g, that our results are true for 7y = 0, according to remark 3.

6 Conclusion

We introduced FBS model that was obtained from fractional stochastic differential
equation. Then we investigated the stability and convergency of a finite difference
scheme and showed that it is stable and convergent. So we solved American put
option problem by using Newton interpolation. In continuation we showed numerical
results in some figures that satisfied the physical condition of American put option
pricing.
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