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AN ALGORITHM FOR SOLVING THE FRACTIONAL VIBRATION EQUATION
S.T.Mohyud-Din' and A.Yildirim®

In this paper, we present a framework to obtain the solutions to the fractional vibration equation by the
homotopy perturbation method. The fractional derivative is described in the Caputo sense. Our method
performs extremely well in terms of efficiency and simplicity. Numerical results are presented graphi-
cally showing the complete reliability of the proposed algorithm.
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1. Introduction

In recent years, analysis of fractional differential equations, which are obtained from the classical differen-
tial equations in mathematical physics, engineering, vibration, and oscillation by replacing the second-order time
derivative by a fractional derivative of order o satisfying 1 < o =< 2, has been a field of growing interest as
evident from the literature survey. Fractional derivatives provide an excellent instrument for the description of
memory and hereditary properties of various materials and processes. Analytical methods used to solve these
equations have very restricted applications, and the numerical techniques commonly used give rise to rounding
off errors. Several mathematical methods including the Adomian decomposition method, modified decomposi-
tion method, variational iteration method, differential transform method, and homotopy perturbation method
have been developed to obtain exact and approximate analytic solutions to differential equations of fractional
order; see [1-8] and references therein. The basic motivation of this paper is the extension of the powerful algo-
rithm of the homotopy perturbation method to solve the fractional vibration equation. This fractional vibration
equation is obtained by replacing the second time derivative term in the corresponding vibration equation by a
fractional derivative of order o with 1 < oo < 2. The derivatives are understood in the Caputo sense. The
general response expression contains a parameter describing the order of the fractional derivative that can be
varied to obtain various responses. In the case o =2, the fractional vibration equation reduces to the standard
vibration equation.

The homotopy perturbation method was introduced by He [9-13] by merging the standard homotopy and
perturbation and has been applied to a wide class of diverse nonlinear problems of physical nature; see [9-33]
and the references therein. The numerical results explicitly reveal the complete reliability and efficiency of the
proposed iterative scheme.

2. Fractional Calculus

We give some basic definitions and properties of the fractional calculus theory, which are used further in
this paper.
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Definition 2.1. A real function f(x), x>0, issaid to be in the space C,, W€ R, ifthere exists a real

number p(> u) such that f(x) = x? f(x), where fi(x)eC [O, <><>), and it is said to be in the space Cl’f if
f"ecC,, meN.

Definition 2.2. The Riemann-Liouville fractional integral operator of order .20, of a function
feCy, W2-1, isdefined as

X

ﬁg(x—t)a_l ftydr, a>0, x>0,

T f(x)

JFx) = f(x).

The properties of the operator J® can be found in [33-36]; here we mention only the following: For
feCy, uz-1, o,f=0 and y>-1:

1 J%Pr) = 7P p(x),
2. TP rx) = TBI% (),

3. J%%Y = Mx(“ﬁ.
C(a+y+1)

The Riemann-Liouville derivative has certain disadvantages when trying to model real-world phenomena
with fractional differential equations. Therefore, we shall introduce the modified fractional differential operator

D% proposed by Caputo in his work on the theory of viscoelasticity [37].

Definition 2.3. The fractional derivative f(x) in the Caputo sense is defined as

1

T(m-a)

D*f(x) = J"*D" f(x) = (x—1)" 1 FMm gy (1)

O —y =

for m—1<oa<m, meN, x>0, and feC.
Also, we need here two of its basic properties.

Lemma2.l. If m—1<a<m, meN and feC)', w=-1, then D*J*f(x)= f(x), and,

m—1 k
J*Df(x) = fx)- Y, f”‘)(o*)%, x>0.

k=0
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The Caputo fractional derivatives are considered here because it allows traditional initial and boundary con-
ditions to be included in the formulation of the problem. In this paper, we consider a fractional vibration equa-
tion, and the fractional derivatives are taken in the Caputo sense as follows:

Definition 2.4. For m to be the smallest integer that exceeds o, the Caputo time-fractional derivative
operator of order o >0 is defined as

t m
;J(Z—I)m_a_lmdt for m—l<a<m,
o ury _ |Tm=a)y or"
Dyu(r) = P )
aimu(x,t) for o=meN
" ‘

For more information on the mathematical properties of fractional derivatives and integrals, one can consult
the mentioned references.

3. Fractional Vibration Equation

We consider the fractional calculus version of the standard vibration equation in one dimension as

%u 1du 1 0%
+__ [—
ot ror 2 on®

, r20, 20, 1l<a<2, A3)

which constitute the relation between the radial velocity of u(r,¢) to the fractional time derivative of order «
(1< o =<2) of u(r,t), and c isthe wave velocity of free vibration. It is easily seen that the whole hierarchy

of moments M, = <rk(t)> have the same time dependence as for the fractional Brownian motion though their

statistical features are quite different. Now taking the Laplace transform of Eq. (3), we get

2 —
1

s%u(r,s) = 2 d—L2l+—d—u , 4

dr r dr

where u(r,s) = L[u(r,t)].
Equation (4) can be written as
2 d S(X
r—zﬁ(r,s)+—ﬁ(r,s)——zrﬁ(r,s) =0. 5)
dr dr c

Taking the series solution of u(r,s) as

u(r,s) = Zanr"+p, ap#0, p isreal, (6)
n=0
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we finally obtain

B
i(r,s) = A(1+Inr)+— %% +o(s**), (7)
c
where A and B are constants.
Therefore,
u(r,s) = 7", ®)

which clearly exhibits the power law decay of u(r,#) with o in contrast to the stretched exponential decay

characteristic generally seen in fractional Brownian motion.

4. Solution Procedure

In this section the application of the homotopy perturbation method is discussed in solving the fractional vi-
bration equation (3) with the initial conditions

u(r,0) = r?, )
2u(r,O) = cr. (10)
ot

Equation (3) can be written as

2 2—-o 2
a_u _ 20 |:a_u la_u} (11)

a? a9t ror

To solve Egs. (9)—(11) by the homotopy perturbation method, we construct the following homotopy:

Pu_u ) _ [ 22 1au]| 2w (12)
P A A A

Assume the solution of Eq. (12) to be in the form

u = u0+pu1+p2u2+p3u3+.... (13)

Substituting Eq. (13) into Eq. (12) and collecting terms of the same power of p give

0. 82u0 _ 82140
S oot ot

=0, (14)

(15)

pli 82u1 _ C2 82_0‘ 82u0 +1aﬂ _ 82u0 ’
o’ o or* roor | o
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2. 82u2 _ 2 82_0‘ _82M1+1%:|

= C
P e a* | or* 1 or
3. 82u3 _ 2 82_0‘ i 82142 " l 8142 "
P > = ¢ 5 5 —= |, etc.
ot - *| or® r or

The initial conditions admit the use of
J 2
ug(r,t) = u(r,0)+ta—u(r,0) = r-+crt.
1

The solution reads

(1) 4c%t*
u(r,t) = ——m—,
: T(o+1)
3 o+l
c't
u(r,t) = ———,
2(r.1) /T (a+2)
5. 20+1
c't
us(rt) = ———
r F(20L+2)
9C7t3(l+1
u4(r,t) = 54
r F(3(x+2)

and so on; in this manner, the rest of the components of the homotopy perturbation series can be obtained.
The solution of Egs. (9)—(11) can be obtained by setting p =1 in Eq. (13):

U = uytu tu+uz+....

Thus the exact solution may be obtained by using

u(r,t) = i u,(r,t),
n=0

5 4czta C3ta+1 C5t20c+1 9c7t3a+1

ro+ocrt+ + +— +— +
C(a+1) rT(a+2) £T(200+2) rT(30+2)

2 0 2
4c“t c
= r2+—+crtEa,2(—ktaJ,

F(OL+1) r2

(16)

A7)

(18)

(19)

(20)

2D

(22)

(23)

(24)

(25)

(26)
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Fig. 1. Plot of u(r,t) withrespectto r and t at c=5.

where
k" = [135...(2n=3)]
and
=3 tn
Egpt) = ¥ ———
(1) ng(‘)l“(noc+b)

is the generalized Mittag-Leffler function [38].
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Fig. 2. Plotof u(r,t) vs. t for different valuesof o at r=10 and ¢=5; a: (+) a=1/3, (-) a=2/3, (0) o=1.
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Fig. 3. Plotof u(r,t) withrespectto 7 and t at c=6.
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Fig. 4. Plotof u(r,t) vs. t for different valuesof o at r=10 and ¢=6; o: (+) a=1/3, (-) a=2/3, (0) o=1.

5. Numerical Results and Discussion

In this section, numerical results of the displacement for various values of radii of the membrane and time
are presented through Figs. 1-4. It is observed from Figs. 1 and 3 that the displacement increases with increase
of both r and ¢ for both wave velocities ¢ =5 and c¢=6. Itis also seen from Figs. 2 and 4 that the dis-
placement rapidly increases with increase of ¢ and c¢ both at a fixed value of the radius of the membrane
(r =10) but decreases with increase of the fractional time derivative « , which is in complete agreement with
the fact described in Section 3. The numerical calculations and figures are made using Maple software (Ver-
sion 10).

6. Conclusions

The homotopy perturbation method is very powerful in finding solutions for various physical, vibration, and
oscillation problems. The main interest is in finding numerical solutions of vibration equation. It is seen that
our method is efficient for finding the solutions of a higher degree of accuracy. Our method is direct and
straightforward and avoids voluminous calculations. Also the homotopy perturbation method facilitates compu-
tational work, for which it gives the required solution faster in comparison with other methods [1-6]. Another
important part of the study is to explain the decay of u(r,t) with increase in the fractional time derivative o,
which has been accomplished by the authors. The author strongly believes that the present study in solving
fractional vibration equations for very large membranes constitutes a significant change from the usual approach
and thus will considerably benefit engineers working in this field.

REFERENCES

1. S. Momani, “An explicit and numerical solutions of the fractional KdV equation,” Math. Comput. Simul., 70, No.2, 110-118
(2005).

2. Shaher Momani and Rabha Ibrahim, “Analytical solutions of a fractional oscillator by the decomposition method,” Int. J. Pure Appl.
Math.,37,No. 1, 119-132 (2007).



236 S.T.MOHYUD-DIN AND A. YILDIRIM

3. S. Momani, “Analytic and approximate solutions of the space- and time-fractional telegraph equations,” Appl. Math. Comput., 170,
No. 2, 1126-1134 (2005).
4. S. Das, “Solution of fractional vibration equation by the variational iteration method and modified decomposition method,” Inz.
J. Nonlin. Sci. Numer. Simul., 9,361-365 (2008).
5. S. Momani, Z. Odibat, and A. Alawneh, “Variational iteration method for solving the space- and time-fractional KdV equation,”
Numer. Meth. Part. Differ. Equat., 24, No. 1,262-271 (2008).
6. Z. Odibat, S. Momani, and A. Alawneh, “Analytic study on time-fractional Schrodinger equations: Exact solutions by GDTM,”
J. Phys.: Conf. Ser.,96,012066 (2008).
7. Q. Wang, “Homotopy perturbation method for fractional KdV equation,” Appl. Math. Comput., 190, 1795-1802 (2007).
8. A. Yildinm, “An algorithm for solving the fractional nonlinear Schrodinger equation by means of the homotopy perturbation
method,” Int. J. Nonlin. Sci. Numer. Simul., 10, 445-451 (2009).
9. J. H. He, “Homotopy perturbation method for bifurcation of nonlinear problems,” Int. J. Nonlin. Sci. Numer. Simul., 6, 207-208
(2005).
10. J. H. He, “Homotopy perturbation method for solving boundary value problems,” Phys. Lett. A, 350, 87-88 (2006).
11. J. H. He, “Homotopy perturbation technique,” Comput. Meth. Appl. Mech. Eng., 178, 257-262 (1999).
12. J.H. He, “A coupling method of a homotopy technique and a perturbation technique for non-linear problems,” Int. J. Nonlin. Mech.,
35, 37-43 (2000).
13. J. H. He, “Homotopy perturbation method: a new nonlinear analytical technique,” App!l. Math. Comput., 135, 73-79 (2003).
14. T. Ozis and A. Yildirnm, “A note on He’s homotopy perturbation method for van der Pol oscillator with very strong nonlinearity,”
Chaos, Solitons Fractals, 34, 989-991 (2007).
15. T. Ozis and A. Yildirim, “A comparative study of He’s homotopy perturbation method for determining frequency-amplitude relation
of a nonlinear oscillator with discontinuities,” Int. J. Nonlin. Sci. Numer. Simul., 8, 243-248 (2007).
16. T. Ozis and A. Yildirim, “Traveling wave solution of Korteweg-de Vries Equation using He’s homotopy perturbation method,” Int.
J. Nonlin. Sci. Numer. Simul., 8,239-242 (2007).
17. T. Ozis and A. Yildirim, “Determination of periodic solution for a u(1/3) force by He’s modified Lindstedt—Poincaré method,”

J. Sound Vibr., 301, 415419 (2007).

18. A. Yildirrm and T. Ozis, “Solutions of Singular IVPs of Lane—Emden type by homotopy perturbation method,” Phys. Lett. A, 369,
70-76 (2007).

19. A. Yildirim, “Solution of BVPs for fourth-order integro-differential equations by using homotopy perturbation method,” Comput.
Math. Appl., 56, No. 12,3175-3180 (2008).

20. A. Yildirnm, “He’s Homotopy Perturbation Method for nonlinear differential-difference equations,” Int. J. Comput. Math., 87,
No. 5,992-996 (2010).

21. A. Yildirim, “The homotopy perturbation method for approximate solution of the modified KdV equation,” Z. Naturforsch. A,
J. Phys. Sci., 63a, 621-626 (2008).

22. A. Yildinnm, “Application of the homotopy perturbation method for the Fokker—Planck equation,” Int. J. Numer. Meth. Biomed.
Eng., 26,No.9, 1144-1154 (2010).

23. M. Dehghan and F. Shakeri, “Solution of an integro-differential equation arising in oscillating magnetic fields using He’s homotopy
perturbation method,” Progr. Electromagn. Res. PIER, 78,361 (2008).

24. F. Shakeri and M. Dehghan, “Inverse problem of diffusion equation by He’s homotopy perturbation method,” Phys. Scr., 75, 551
(2007).

25. M. A. Noor and S. T. Mohyud-Din, “Variational iteration method for solving higher-order nonlinear boundary value problems using
He’s polynomials,” Int. J. Nonlin. Sci. Numer. Simul., 9, No. 2, 141-157 (2008).

26. M. A. Noor and S. T. Mohyud-Din, “Homotopy perturbation method for nonlinear higher-order boundary value problems,” Int.
J. Nonlin. Sci. Numer. Simul., 9, No. 4, 395-408 (2008).

27. S.T. Mohyud-Din, M. A. Noor, and K. I. Noor, “Travelling wave solutions of seventh-order generalized KdV equations using He’s
polynomials,” Int. J. Nonlin. Sci. Numer. Simul., 10, No. 2, 223-229 (2009).

28. S. T. Mohyud-Din, M. A. Noor, and K. I. Noor, “Parameter-expansion techniques for strongly nonlinear oscillators,” Int. J. Nonlin.
Sci. Numer. Simul., 10, No. 5, 581-583 (2009).

29. S.T. Mohyud-Din, M. A. Noor, and K. I. Noor, “Some relatively new techniques for nonlinear problems,” Math. Probl. Eng., Hin-
dawi, 2009 (2009); Article ID 234849, doi: 10.1155/2009/234849.

30. J. H. He, “Recent development of the homotopy perturbation method,” Topol. Meth. Nonlin. Anal., 31, 205-209 (2008).

31. J. H. He, “Some asymptotic methods for strongly nonlinear equations,” Int. J. Mod. Phys. B, 20, 1141-1199 (2006).

32. S. T. Mohyud-Din and M. A. Noor, “Homotopy perturbation method for solving partial differential equations,” Z. Naturforsch. A,
J. Phys. Sci., 64a, 157170 (2009).

33. A. Yildirim, M. M. Hosseini, M. Usman, and S. T. Mohyud-Din, “On nonlinear sciences,” Stud. Nonlin. Sci., 1, No. 3, 97-117
(2010).

34. K. S. Miller and B. Ross, An Introduction to the Fractional Calculus and Fractional Differential Equations, Wiley, New York
(1993).



AN ALGORITHM FOR SOLVING THE FRACTIONAL VIBRATION EQUATION 237

35

36
37

38

. S.G. Samko, A. A. Kilbas, and O. I. Marichev, Fractional Integrals and Derivatives: Theory and Applications, Gordon and Breach,
Yverdon (1993).

. K.B. Oldham and J. Spanier, The Fractional Calculus, Academic Press, New York (1974).

. Y. Luchko and R. Gorneflo, The Initial Value Problem for Some Fractional Differential Equations with the Caputo Derivative, Pre-
print series A08-98, Fachbreich Mathematik und Informatik, Freic Universitat Berlin (1998).

. G. M. Mittag-Leftler, “Sopra la Funzione E,(x),” R. Accad. Lincei, Rend., Ser. V,13,3-5 (1904).



	Abstract
	1 Introduction
	2 Fractional Calculus
	3 Fractional Vibration Equation
	4 Solution Procedure
	5 Numerical Results and Discussion
	6 Conclusions
	References



