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Abstract
The stress of rock-like materials first increases and then decreases with an increase in the strain, and finally become dam-
aged under tensile or compressive loads. It is not suitable to use the traditional bond-based peridynamics model to simulate 
the crack propagation of rock-like materials. Based on the bond-based peridynamics theory, a constitutive model has here 
been proposed that can reflect the characteristic of the stress with an increase in strain (i.e., that the stress of the rock-like 
materials first increases and then decreases, and finally fails). This makes up for the weakness with the traditional bond-
based peridynamics theory, which fails to reflect the stress-strain change in rock-like materials. The strain energy density of 
the proposed constitutive model of rock-like materials has been derived and compared against the classical elasticity theory 
to obtain the model constants with respect to the elasticity moduli for plane stress conditions. Based on the here proposed 
constitutive model for rock-like materials, a numerical solution program for rock-like materials has been written using the 
Fortran language. For different loading conditions, the crack propagation process for an intact specimen has been simulated 
and compared with experimental results. This was also the situation for a specimen with a pre-existing flaw, a single non-
straight flaw, and with three pre-existing flaws for plane stress conditions. The numerical simulation results were in good 
agreement with the corresponding experimental results. By using this proposed constitutive model, it was possible to simulate 
and predict the mechanical properties of rock-like materials, and the process of crack initiation, propagation, and coalescence 
under different loading conditions. The results from the present study can thus provide a reference for practical engineering.
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1  Introduction

Rock is a type of natural material that contains a number of 
microcracks with different directions. Under various loading 
conditions, these cracks can initiate, propagate, interact, and 
coalesce, which eventually leads to a failure of rock bulk. 
Therefore, the investigation of the mechanism of crack ini-
tiation, propagation, and coalescence is of the largest impor-
tance for geotechnical engineering construction.

To explore the mechanisms of rock crack initiation, prop-
agation, and interaction, some researchers have studied the 
crack morphology by performing experiments on single flaw 
rock specimens under uniaxial compression [1–6]. Due to 
the possibility of two or more flaws in actual engineering, 

numerous laboratory experiments have been performed in 
studying the crack coalescence modes of rock-like mate-
rials under the condition of double, or multiple, flaws [2, 
7–11]. The results from these studies showed that the crack 
propagation mode depended on the number and geomet-
ric arrangement of the flaws. Wing cracks and secondary 
cracks are the main forms of crack propagation. As is the 
situation with tension cracks, the initiating position of the 
wing crack is influenced by the flaw inclination angle. With 
an increasing flaw inclination angle, the wing crack initia-
tion position moves to the tip of the pre-existing crack [2, 
6]. Furthermore, secondary cracks are usually considered 
as shear cracks, and appear later. These experiments are 
of a major importance for an understanding of the crack 
propagation processes and coalescence mechanism. How-
ever, there are still some limitations in these experiments; 
(1) Due to the instantaneity of the crack propagation, it is 
difficult to obtain any relevant fracture parameters from the 
experiments. (2) The experimental investigations of the 
crack propagation mechanism are time consuming, costly, 
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and poorly reproducible. At present, numerical simulations 
have become an important method for studying crack propa-
gation in rock-like materials.

These theoretical methods are based on the theory of 
continuum media mechanics and include the finite element 
method (FEM) [12, 13], finite difference method (FDM) [14, 
15], boundary element method (BEM) [16] and extended 
finite element method (XFEM) [17–19], which have earlier 
been used to simulate the process of crack initiation, propa-
gation, and coalescence. However, there are certain inherent 
flaws in these numerical methods. For instance, the spatial 
partial differential equation is not defined at the discontinu-
ity for the situation with an object discontinuity. Further-
more, there will be a singularity problem at the crack tip 
when using numerical solutions. This can be explained by 
the fact that the equations of motion of the FEM, FDM, and 
BEM have been represented by spatial partial differential 
equations. The usage of XFEM, it is possible to simulate 
crack propagation by defining enrichment functions. How-
ever, for the strengthening of a discontinuous displacement 
field, it is still necessary to introduce external criteria. And 
it is difficult to define enrichment functions in the process of 
dealing with some complex fracture problems (such as crack 
branching and coalescence).

The numerical manifold method (NMM) [20–22], dis-
continuous deformation analysis (DDA) [23, 24], and dis-
crete element method (DEM) [25, 26] are several common 
numerical methods that have a made large progress in solv-
ing fracture problems. They are based on the mechanics 
of discontinuous media. The crack tip is constrained by an 
element boundary when NMM is used for simulating the 
crack propagation, which will influence the accuracy of the 
calculations. On the other hand, the crack propagation path 
when using DDA depends on the size of discrete blocks. It 
is, therefore, difficult to simulate the whole process from 
continuity to cracking of objects [27]. Due to the lack of 
theoretical accuracy of DEM, the calculation of the con-
tinuum deviates greatly from the reality.

For the past few years, an emerging meshless method 
has been proposed by Silling [28]. It is based on a nonlocal 
action, peridynamics (PD), which reconstructs the equa-
tions of motion of solid mechanics in an integral form. It 
can also solve the problem with traditional methods, which 
are not defined for solutions at discontinuities. Furthermore, 
it can simulate the process of spontaneous crack propaga-
tion without externally defined criteria, which is widely used 
in the study of fracture behavior of materials [29–31]. The 
PD is classified into four types: bond-based, ordinary-state-
based, non-ordinary-state-based [32, 33] and the bond-asso-
ciated PD models [34–38]. The bond-associated PD models 
[34–37] which are able to incorporate classical constitutive 
models on the level (rather than on the point level) and has 
superior stability over the non-ordinary state-based PD. It 

has been shown that the bond-associative PD technique is 
effective for capturing complicated failure processes, e.g. 
ductile failures [38], failures in concrete materials [39], and 
concrete spalling [40, 41]. The other three methods have 
also been used to probe the process of crack propagation 
and the mechanisms of action of rock-like materials, such 
as the splitting damage of Brazilian discs under impact load-
ing [42–44], cracking mechanism of liquid carbon dioxide 
[45], crack propagation behavior of flaws under compres-
sive loading [46–49], calculation of fracture toughness [50, 
51], and hydraulic fracturing [52]. Among these ones, the 
micro-elastic brittle model of bond-based peridynamics is 
the most extensively used one. It has been considered that 
the particles are connected by bonds, and the interaction 
between the binding particles can be expressed by a pair-
wise force function. Also, the functions varies linearly with 
the bond stretch. When the bond stretch exceeds a critical 
stretch, the bond between the two particles breaks and the 
intrapair interaction disappears. This is inconsistent with the 
characteristics of rock-like material, namely that the stress 
will first increase, then reduce, and a damage will finally 
occur, with an increase in strain. Accordingly, researchers 
plumb fracture behaviors of rock-like materials by improv-
ing the pairwise force function [53–55]. To mention but a 
few, Wang et al. [53] established a constitutive model of con-
crete materials in studying the effect of pulse forms, pulse 
load action time, and model geometry of spallation. Zhou 
et al. [54] proposed a micro-elastoplastic constitutive model 
to investigate the crack propagation process of single flaw 
under uniaxial compression. Zhou et al. [55] proposed an 
improved peridynamics model to study the influence of pre-
existing flaws with different lengths and inclination angles 
on the crack propagation length of wing cracks. On the basis 
of these observations, it is clear that the traditional micro-
elastic brittle constitutive model fails to reflect the character-
istics of the rock-like materials strain hardening, with a fol-
lowing strain softening. Whereas the improved peridynamics 
model mostly describes the nonlinear deformation stage of 
the bond in the form of exponential or logarithmic functions, 
it is difficult to get a general analytical solution [56].

We have proposed a new constitutive model, that is based 
on the traditional micro-elastic brittle model, to describe 
the linear and nonlinear mechanical behavior of rock-like 
materials. It considers not only the linear elastic deformation 
phase of the bond, but also the nonlinear deformation phase 
of the bond, which is described by a quadratic function. The 
strain energy density of the proposed constitutive model of 
rock-like materials has been derived and compared against 
the classical elasticity theory to obtain the model constants 
with respect to the elasticity moduli for plane stress con-
ditions. Under different loading conditions, the processes 
of crack initiation, propagation, and coalescence of intact 
specimens, as well as a single straight fissure, and three 
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pre-existing flaws specimens, have been simulated using the 
proposed constitutive model. In comparison with available 
experimental results [8, 57], the proposed constitutive model 
shows the effectiveness in simulating crack propagation and 
coalescence patterns under different loading conditions.

2 � Constitutive model of rock‑like materials 
based on the peridynamic

2.1 � Peridynamic theory

As a new meshless method, peridynamic theory recon-
structs the equation of motion of solid mechanics with the 
spatial integral of displacement, avoiding the problem that 
the traditional method undefined at the discontinuity. As 
shown in Fig. 1, in peridynamics theory, the body is discre-
tized into a large number of material points with volume Vx 
and mass density ρ in the spatial domain. Material point x 
only interacts with another material points x′ in its horizon 
H = {x′ ∈ R, ‖x′ − x‖ < δ}, the interaction is described by the 
pairwise force function f. According to Newton’s second 
law, the equation of motion of a material point at time t can 
be expressed as:

where x′ is the material point in the x horizon, u(x, t) 
denotes the displacement of material point x, ρ(x) and ü(x, t) 
are the mass density and acceleration of material point x, 
dV ′

x
 represents infinitesimal volume of material point x′, 

H = {x′ ∈ R, ‖x′ − x‖ < δ} is a spherical subregion of mate-
rial point x including material point x′, f denotes the pairwise 
force function related to the properties of the material, and 

(1)𝜌(x)ü(x, t) = ∫ H

f
(
x�, x, u

(
x�, t

)
, u(x, t), t

)
dV �

x
+ b(x, t)

b(x, t) is the body force density. It should be noted that Eq. 
(1) only applies to bond-based peridynamics models.

2.2 � Constitutive model of elastic‑brittle materials

The prototype micro-elastic brittle (PMB) model of isotropic 
materials proposed by Silling and Askari [58] is one of the 
most roundly applied constitutive models, of which pairwise 
force function can be given as:

where η = u′ − u and ξ = x′ − x are relative displacement vec-
tors and relative position vectors, ω(η, ξ) is micro-potential 
function, which is a scalar-valued function characterizing 
the strength of the interaction between material points, 
the micro-potential represents energy of a bond, the strain 
energy density of a material point is found form

where 1/2 indicates that the energy at the material point is 
half of the energy of the interacting bond.

In the bond-based peridynamics, the deformation of a 
material point pair is defined as the bond stretch. The forma-
tion of cracks is related to the fracture of bonds, the bond 
stretch is stated as

where |ξ| denotes initial length of bond, and |ξ + η| represents 
length of deformed bond.

The relation between pairwise force and bond stretch is 
illustrated in Fig. 2. In the constitutive model of PMB mate-
rials, the scalar-valued function of the pairwise force has a 
linear relationship with the bond stretch and can be written 
as f = cs. Assuming that the homogeneous body expands iso-
tropic, the relative displacement can be expressed as η = sξ. 
The micro-potential function is given as

where, c represents the micro-modulus, which is similar to 
the elastic modulus in the continuum mechanics theory and 
represents the deformation characteristics of material. It can 
be obtained by equating the strain energy density of the con-
tinuum mechanics with the peridynamic strain energy den-
sity when uniform deformation occurs. For the plane stress 
problem, the micro-modulus c is given by

(2)f (�, �) =
��(�, �)

��
∀�, �

(3)W =
1

2∫
Hx

�(�, �)dV �
x

(4)s =
(|� + �| − |�|)

|�|

(5)�(�, �) = ∫
s�

0

csd� = ∫
s�

0

c
�

�
=

cs2�

2

Fig. 1   An illustration of Kinematics of peridynamics material points
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where, E and h are the Young’s modulus and the thickness; 
δ is the size of horizon.

The pairwise force function is connected with the relative 
position and relative displacement of material points x and 
x′, and the direction of the pairwise force is consistent with 
the deformation direction of bond. When the bond stretch s 
between two corresponding material points exceeds the criti-
cal stretch s0, the bond breaks, and there is no pairwise force 
between two points. It is noted that the bond breaks irreversibly, 
once a bond is broken, it is broken forever even if we unload the 
material. Then the pairwise force f can be expressed as:

One of the advantages of peridynamic is that it can judge 
the failure of materials without introducing other additional 
criteria. In the peridynamic theory, the local damage of a 
material point is expressed by the ratio of the disappeared 
interaction in its horizon to the original total interaction, 
which is capable of calculating as follows:

where, μ(x, t, ξ) is a scalar-valued function representing the 
bond status and take the value of 0 for broken bonds and 1 
for intact bonds; 0 ≤ φ ≤ 1, φ = 0 represents that the material 
point is not damaged, and φ = 1 means that the material point 
is completely damaged.

(6)c =
6E

�h�3(1 − �)

(7)f (η, ξ) = f (�, �)
� + �

|� + �| =
{

cs
�+�

|�+�| s ≤ s0

0 others

(8)�(x, t) = 1 −
∫
Hx
�(x, t, �)dV�

∫
Hx
dV�

2.3 � Constitutive model of rock‑like materials

The PMB model mentioned above considers that the pairwise 
force changes linearly with the bond stretch, which is similar 
to the linear elastic material in traditional elasticity. When 
the stress reaches the peak value, the material suddenly fails. 
Obviously, this model is not suitable for the failure of rock-
like materials. Both compressive and tensile strength of rock-
like materials have obvious characteristics of strain hardening 
subsequent strain softening, that is, the stress first increases, 
then reduces and finally damages along with strain. In order 
to accurately simulate the crack propagation process of rock-
like materials, based on previous studies [53, 56] and com-
bining the characteristics of tensile and compressive curves 
of rock-like materials, this paper proposes a constitutive 
model which can reflect the linear and nonlinear mechanical 
behavior of rock-like materials. The pairwise force function 
of the constitutive model is shown in Fig. 3.

In the pairwise force function, the bond stretch s is in 
the range of s1c ≤ s ≤ s1t, the bond is in the state of linear 
elastic deformation, the relationship between pairwise force 
and stretch is linear, and the bond has no damage. The 
bond stretch s is in the range of s1t < s < st or s1c < s < sc, 
the bond is in the nonlinear deformation stage. The non-
linear deformation of bond falls into two stages, nonlinear 
strengthening deformation and nonlinear softening defor-
mation stage. While s1t < s < s2t or s1c < s < s2c, the bond is 
in the nonlinear strengthening deformation stage, then its 
damage occurs leading to the appearance of microcracks, 
the pairwise force increases nonlinearly with bond stretch. 
When s2t < s < st or s2c < s < sc, the bond is in the nonlinear 

Fig. 2   The pairwise force function of PMB materials

Fig. 3   The pairwise force function of rock-like materials
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softening stage and the pairwise force decreases nonlin-
early with bond stretch. When s > st or s < sc, the bond dam-
age is 1, the bond is allowed to break irreversibly, and there 
is no interaction between two material points.

Assuming that the scalar-valued function of the pairwise 
force in the nonlinear deformation stage of the bond is

As can be seen from Fig. 3, for the compression stage of 
the bond, the scalar-valued function of the pairwise force f 
passes through the point O (s1c,cs1c), P (sc,0). Substituting the 
coordinates of O and P into the Eq. (9), it leads to Eq. (10)

Since the scalar-valued function f of pairwise force is a 
quadratic function.

Substituting Eq. (11) into Eq. (10), Eq. 12 is obtained 
as follows:

where sc denotes the fracture stretch of compression, s2c is 
the critical stretch of compression, s1c is the compression 
elastic stretch.

Similar to Eq. (12) we get

where st represents the fracture stretch of tensile, s2t is the 
critical stretch of tensile, s1t represents tensile elastic stretch.

In the present model, the critical strength of the bond 
(s2t,s2c) of rock-like materials is related to the fracture 
strength [59, 60] and can be expressed as:

where, ft and fc are the uniaxial tensile and uniaxial com-
pressive strengths of the materials, respectively; E is the 
Young’s modulus.

(9)f = A�s2 + B�s + C�

(10)
{

A�s2
1c
+ B�s1c + C� = cs1c

A�s2
c
+ B�sc + C� = 0

(11)−
B�

2A�
= s2c

(12)

⎧⎪⎪⎨⎪⎪⎩

A� =
cs1c

(s1c−sc)(s1c+sc−2s2c)

B� =
−2cs1cs2c

(s1c−sc)(s1c+sc−2s2c)

C� =
cs1csc(2s2c−sc)

(s1c−sc)(s1c+sc−2s2c)

(13)

⎧⎪⎪⎨⎪⎪⎩

D� =
cs1t

(s1t−st)(s1t+st−2s2t)

E� =
−2cs1ts2t

(s1t−st)(s1t+st−2s2t)

F� =
cs1tst(2s2t−st)

(s1t−st)(s1t+st−2s2t)

(14)

{
s2t =

ft

E

s2c = −
fc

E

The elastic stretch (s1t,s1c) and fracture stretch (st,sc) 
of the bond under tension and compression of rock-like 
materials can be given as follows:

where, γt and γc are the microscopic parameters of the rock-
like materials constitutive model, which can be obtained 
from the geometric relationship between the bond stretch 
and bond force [61, 62]. βt and βc are the microscopic param-
eters of the rock-like material constitutive model. βt can be 
adjusted to match the fracture energy of the rock-like materi-
als, and βc can be adjusted to represent the uniaxial compres-
sive energy absorption capacity of the rock-like materials. 
Similar methods can be found in literature [49, 59–62] to 
determine fracture stretch of the bond.

Considering local damage of the bond, the pairwise 
force function of rock-like materials is expressed as

Where α(s) is a scalar-valued function representing pro-
gressive damage of the bond, which is given as follows:

Let 
(
A� B� C� D� E� F�

)
= c

(
A1 B1 C1 D1 E1 F1

)
 , 

α(s) can be expressed as

The range of α(s) is [0,1], when the value of α(s) is 0, the 
bond not damaged. When the value of α(s) is 1, the bond is 
broken, and there is no interaction between two material points.

Then, the strain energy density and micro-modulus of rock 
materials are deduced. The premise of derivation is consist-
ent with the PMB model, the scalar-valued function of the 
pairwise force for rock-like materials is

The micro-potential can be solved by the method of PMB 
material model for the linear elastic deformation stage. For the 

(15)
{

s1t = �ts2t st = �ts2t
s1c = �cs2c sc = �cs2c

(16)f (�, �) = cs(1 − �(s))
� + �

|� + �|

(17)𝛼(s) =

⎧
⎪⎪⎨⎪⎪⎩

1 −
�

A�s

c
+

B�

c
+

C�

cs

�
sc ≤ s < s1c

0 s1c ≤ s ≤ s1t

1 −
�

D�s

c
+

E�

c
+

F�

cs

�
s1t < s ≤ st

1 others

(18)𝛼(s) =

⎧
⎪⎪⎨⎪⎪⎩

1 −
�
A1s + B1 +

C1

s

�
sc ≤ s < s1c

0 s1c ≤ s ≤ s1t

1 −
�
D1s + E1 +

F1

s

�
s1t < s ≤ st

1 others

(19)f (�, �) =

⎧⎪⎨⎪⎩

A�s2 + B�s + C� sc ≤ s < s1c
cs s1c ≤ s ≤ s1t
D�s2 + E�s + F� s1t < s ≤ st
0 others
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nonlinear deformation stage, the micro-potential includes the 
energy in the linear elastic deformation stage and the energy 
in the nonlinear deformation stage, and the micro-potential 
function is stated as

Substituting the scalar-valued function of the pairwise 
force in Eq. (19) into Eq. (20), the micro-potential function 
is expressed as

The derivation premise is isotropic expansion, we have 
η = sξ, the micro-potential function can further be written as

Integrating to formula (22), the micro-potential function 
of rock-like materials can be written as

Substituting the micro-potential function (23) into Eq. (3), 
the strain energy density of rock-like materials is expressed as

The strain energy density of a material point can be 
obtained by integrating Eq. 24

In 2D plane stress problems, strain energy density in 
traditional continuum mechanics is UEL =

Es2

1−�
 . The micro-

modulus c can be obtained by the strain energy density 

(20)𝜔 =

⎧
⎪⎨⎪⎩

∫ s1c𝜉

0
f (�, �)d𝜂 + ∫ s𝜉

s1c𝜉
f (�, �)d𝜂 sc ≤ s < s1c

∫ s𝜉

0
f (�, �)d𝜂 s1c ≤ s ≤ s1t∫ s1t𝜉

0
f (�, �)d𝜂 + ∫ s𝜉

s1t𝜉
f (�, �)d𝜂 s1t < s ≤ st

(21)

𝜔 =

⎧
⎪⎨⎪⎩

∫ s1c𝜉

0
csd𝜂 + ∫ s𝜉

s1c𝜉

�
A�s2 + B�s + C�

�
d𝜂 sc ≤ s < s1c

∫ s𝜉

𝜉
csd𝜂 s1c ≤ s ≤ s1t

∫ s1t𝜉

0
csd𝜂 + ∫ s𝜉

s1t𝜉

�
D�s2 + E�s + F�

�
d𝜂 s1t < s ≤ st

(22)

𝜔 =

⎧
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∫ s1c𝜉

0
c
𝜂

𝜉
d𝜂 + ∫ s𝜉

s1c𝜉

�
A�
�

𝜂

𝜉

�2

+ B� 𝜂

𝜉
+ C�

�
d𝜂 sc ≤ s < s1c

∫ s𝜉

𝜉
c
𝜂

𝜉
d𝜂 s1c ≤ s ≤ s1t

∫ s1t𝜉

0
c
𝜂

𝜉
d𝜂 + ∫ s𝜉

s1t𝜉

�
D�

�
𝜂

𝜉

�2

+ E� 𝜂

𝜉
+ F�

�
d𝜂 s1t < s ≤ st

(23)

𝜔 =

⎧⎪⎨⎪⎩

cs2
1c
𝜉

2
+

A�𝜉(s3−s31c)
3

+
B�𝜉(s2−s21c)

2
+ C�𝜉

�
s − s1c

�
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cs2𝜉

2
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cs2
1t
𝜉

2
+

D�𝜉(s3−s31t)
3

+
E�𝜉(s2−s21t)

2
+ F�𝜉

�
s − s1t

�
s1t < s ≤ st

(24)

W =

⎧⎪⎪⎨⎪⎪⎩

1

2
∫

Vj

�
cs2

1c
𝜉

2
+

A�𝜉(s3−s3
1c)

3
+

B�𝜉(s2−s2
1c)

2
+ C�𝜉

�
s − s

1c

��
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1c

1

2
∫

Vj

cs2𝜉

2
dVj s
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1t

1

2
∫
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�
cs2

1t
𝜉

2
+

D�𝜉(s3−s3
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3
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1t)

2
+ F�𝜉

�
s − s
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��
dVj s

1t < s ≤ st

(25)

W =

⎧⎪⎨⎪⎩
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1c
c𝛿3

6
+

A
�𝜋h𝛿3(s3−s3
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)

9
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B
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3
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at the elastic stage of the peridynamic being equal to the 
strain energy density of the continuum mechanics.

where, E and h are the Young’s modulus and the thickness; 
δ is the size of horizon.

2.4 � Numerical solution method

In order to solve the equation of motion of peridynamic, 
the model is discretized uniformly. The position of the 
material point is determined by the center point of the 
square grid, so that the spatial integral equation can be 
converted into a finite sum solution. The equation of 
motion in Eq. (1) can be expressed as:

where, n represents the number of time steps, ün
x
 is the accel-

eration of the material point x when the time step is n, k 
represents the total number of material points x′in its hori-
zon, and Vx′ represents the volume of the material point x′. 
If the material point is at the edge of horizon, the volume 
is reduced and then needs to be corrected. The corrected 
volume can be calculated by Eq. (28) [32].

Where r = Δx/2, Δx represents the side length of the 
square grid.

Surface effects are a disadvantage of bond-based peri-
dynamics models owing to the fact that the horizons of 
material points near the domain boundaries are incom-
plete. In the proposed model, the authors employ the 
method using correction of the strain energy density [32] 
to reduce surface effects.

Although peridynamic is a dynamic method, quasi-static 
problems can be solved by dynamic relaxation method, that 
is, artificially adding damping to the system [63]. For purpose 
of selecting the appropriate damping coefficient and speeding 
up the convergence, the adaptive dynamic relaxation (ADR) 
method is employed to determine the damping coefficient of 
each step [63].

According to the ADR method, the virtual inertia and 
local damping are introduced into all material points in the 
system, and the equation of PD for solving static problems 
is obtained:

(26)c =
6E

(1 − �)�h�3

(27)𝜌(x)ün
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where, Λ is the virtual diagonal density matrix; c is the 
damping coefficient; L is the body force density of the inter-
action between the material point, L =

∑k

H
f(ηn, ξ)Vx� ; b is 

the body force density of the external force.

(29)Λü + cΛu̇ + L = b
The method using central difference is employed to cal-

culate the velocity and displacement at different time steps:

(30)
u̇
1∕2 =

𝛥t�−1(b0−L0)
2

(n = 0)

u̇
n+1∕2 =

(2−cn𝛥t)

(2+cn𝛥t)
u̇
n−1∕2 +

2𝛥t�−1(bn−Ln)
(2+cn𝛥t)

un+1 = un + 𝛥tu̇n+1∕2

Fig. 4   The flow chart for the based-bond peridynamic program
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where, Δt is the time step size.
According to Eq. (30), once the density matrix Λ, damping 

coefficient c and time step size Δt are determined, the speed 
and displacement of steps at different times can be obtained.

The study of reference [64] shows that these three values do 
not affect the final result of the steady-state solution. Appropriate 
parameters should be selected based on the principle of ensur-
ing the minimum time step convergence of the algorithm. In 
dynamic relaxation, a time step size of 1 is commonly used [32].

The virtual diagonal density matrix Λ is determined by 
Greschgorin’s theorem [63]:

where, λii is the diagonal element of the virtual diagonal 
density matrix Λ; Kij is a stiffness matrix, which is expressed 
by the partial derivative of the interaction force between 
the material points with respect to the relative displacement 
vector:

For the selection of the damping coefficient c, the effective 
damping at each time step can be calculated by formula (33).

where, 1Kn represents the diagonal “local” stiffness matrix, 
1Kn

ii
= −

(
Ln
i
∕𝜆ii − Ln−1

i
∕𝜆ii

)
∕
(
𝛥tu̇

n−1∕2

i

)
.

(31)�ii ≥ �t2

4

n∑
j=1

|||Kij
|||

(32)
n∑
j=1

|||Kij
||| =

∑
j=1

|||||
�f (ξ, η)Vj

�η

|||||

(33)cn = 2

√[
(un)T1Kn

un
]
∕
[
(un)Tun

]

The dynamic problem can be solved by the forward dif-
ference technique for Eq. (27). The velocity and displace-
ment of the material point when the time step is n + 1 can 
be obtained by Eqs. (34) and (35), respectively. The specific 
calculation flow chart is shown in Fig. 4.

3 � Numerical simulation of crack 
propagation in rock‑like materials 
under tensile load

Rock is a heterogeneous material with a low tensile strength 
and high compressive strength. It is more prone to failure 
and damage under a tensile load, than under a compressive 
load. Hence, the here proposed constitutive model has been 
used to simulate crack propagation under a biaxial tension in 
rocks, and to study the influence of different stress ratios on 
the crack propagation path. The numerical simulation results 
have in the present study been compared with the results of 
RFPA [65] to verify the accuracy of the proposed model in 
this paper. As shown in Fig. 5, there is a flaw with a length of 
28 mm in a square rock specimen of size 254 mm × 254 mm, 
with a flaw inclination angle of 15°. The spacing of material 
point Δx = 0.001m, size of horizon δ = 3.0Δx, time step size 
Δt = 5 × 10−8, the Young’s modulus E = 47.5GPa, the density 
ρ = 2500kg/m3, the tensile strength ft = 8.5MPa and compres-
sion strength fc = 105MPa. The critical stretch of the bond 
in tensile was s2t = 1.79 × 10−4, and the elastic stretch and 
fracture stretch of the bond in tensile were s1t = 0.8s2t and 
st = 5s2t, respectively. Furthermore, the critical stretch of the 
bond in compression was s2c = 2.21 × 10−3, and the elastic 
stretch and fracture stretch of the bond in compression were 
s1c = 0.8s2c and sc = 5s2c, respectively. The horizontal loads 
were applied to the left and right sides of the specimen, and 
the vertical loads were applied to the upper and lower sides 
of the specimen. Also, the stress loading ratio was described 
by B = σx/σy. The values of σx, σy, and B are shown in Table 1. 

(34)u̇n+1
x

= ün
x
𝛥t + u̇n

x

(35)un+1
x

= u̇n+1
x

𝛥t + un
x

Fig. 5   Numerical model diagram

Table 1   Loading conditions 
under different stress ratios

Model σx/MPa σy/MPa B

1 8.107 6.756 1.2
2 9.1 5.833 1.56
3 9.3 3.72 2.5
4 10.5 3.5 3
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Furthermore, the dynamic crack propagation problem was 
solved by forward and backward difference techniques.

As shown in Fig. 6, the maximum strain energy den-
sity was concentrated at the crack tip and moved along the 
crack propagation path. The crack was initiated at 0.04 ms 
and propagated along the direction of the maximum princi-
pal stress. The final crack propagation path under different 
loading stress ratios is shown in Fig. 7. With the increase 
in stress ratio, B, the curvature of the crack increased. 
Also, the crack growth direction changed from the maxi-
mum principal stress direction to the minimum principal 
stress direction. These numerical simulation results were in 
good agreement with both the simulation results of RFPA 
[65] and the experimental results [66]. The validity of the 
proposed model to simulate the crack propagation under a 
tensile load has, thereby, been verified.

4 � Numerical simulation of crack 
propagation in rock‑like materials 
under compressive load

4.1 � Crack propagation under uniaxial compression

To further verify the validity of the proposed constitutive 
model of rock-like materials, numerical simulations of a 

uniaxial compression of rock-like materials have been 
conducted. According to the work by Yang et al. [57] 
(Fig. 8), the specimen was simplified into a planar stress 
problem. The size of the model is 80 mm × 160 mm, 
the elastic modulus E = 13.94GPa and the density 
ρ = 2449kg/m3, the tensile strength ft = 10MPa and com-
pression strength fc = 117.4MPa. The critical stretch of 
the bond in tensile was s2t = 7.17 × 10−4, and the elastic 
stretch and fracture stretch of the bond in tensile were 
s1t = 0.8s2t and st = 7s2t, respectively. Also, the critical 
stretch of the bond in compression was s2c = 8.42 × 10−3, 
and the elastic stretch and fracture stretch of the bond in 
compression were s1c = 0.8s2c and sc = 7s2c, respectively. 
Furthermore, the virtual boundary layer was assigned 
the upper and lower ends of the model, and the thick-
ness of the boundary layer was three times the distance 
between two material points. A displacement load was 
applied to the virtual boundary layer at the loading rate 
of ±5.0 × 10−8m/s. The problem of uniaxial compression 
was solved by the adaptive dynamic relaxation method.

The material point distance and the horizon had an impor-
tant influence on the crack growth [67]. The δ-convergence 
and m-convergence (m is the ratio of the horizon to the mate-
rial point distance) were performed according to the proposed 
constitutive model (Fig. 9). As can be seen in Fig. 10a, the 

Fig. 6   Contours of strain energy 
density and crack propagation 
process at stress ratio B = 3. (a) 
Contours of the strain energy 
density. (b) The crack propa-
gation process under biaxial 
tension
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result of the numerical simulations, with a uniaxial compres-
sion, was an X-shaped conjugate inclined plane shear failure 
for different δ and m values, which was one of the most typi-
cal failure modes of rocks [68]. When m was fixed, the crack 
propagation became clearer with a decrease in horizon δ. 
When δ was fixed, the crack propagation became smoother 
with an increase in m. It can be seen from the stress-strain 
curve in Fig. 10b that the present simulation could reflect 
the deformation stages of pre-peak, peak, and post-peak in 
the uniaxial compression. The simulated stress-strain curves 
under different δ and m values were consistent with the 
stress-strain curves obtained by laboratory tests. However, 
the computational efficiency decreased with a decrease in δ 
and an increase in m. Therefore, the optimal value of m was 
4 and the optimal value of δ was 2.0 mm.

4.2 � Crack initiation and propagation of a single 
non‑straight flaw

As a natural non-homogeneous material, a rock may 
include non-straight cracks. The propagation and coales-
cence of non-straight cracks will give rise to a reduction 
in structural strength, thereby causing serious engineer-
ing problems. Consequently, uniaxial compression of 
rocks with a single non-straight flaw has been simulated 

numerically, and the geometric and physical parameters of 
the chosen model were identical to the one present in Sec-
tion 4.1. For convenience, the “pre-existing crack” is from 
here on called “flaw” and the “propagation crack” is called 
“crack”. A single non-straight crack of length L = 30 mm 
and of width b = 2 mm was formed in the center of the 
specimen, and the angle between the crack length direc-
tion and horizontal line was α(Fig. 11a). The spacing of 
material point Δx = 0.0005m, size of horizon δ = 4.0Δx. In 
peridynamic, preforming a flaw requires to break the bond 
at the centerline where the crack is located. The center-
line with a single non-straight flaw at different inclination 
angles can be expressed by the Eq. (36):

where, L is the length of pre-existing flaws, α represents the 
inclination angle of pre-existing flaws and b is the width of 
flaws.

A comparison between the previous experimental and 
numerical simulation results of the mechanical parameters 
and deformation characteristics of the specimen with a sin-
gle non-straight flaw under uniaxial compression at differ-
ent inclination angles, is shown in Fig. 11. As can be seen 
in Fig. 11b, the peak force and post-peak results match 
well for the experiments [57] and simulations, but there is 

(36)

(
y1 cos (�) − x1 sin (�)

)
=

L

8
sin

(
2�

L

(
x1 cos (�) + y1 sin (�)

))
+

b

2

Fig. 7   Comparison of the crack propagation paths obtained from the present simulation and the RFPA simulation [65]. (a) Crack propagation 
paths in present simlation. (b) Crack propagation paths by using RFPA
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a significant mismatch of the pre-peak results. The reason 
is that under a compressive load, the internal pores of the 
rock specimen will gradually close, and the specimen will 
become more compact, thereby forming an early nonlinear 
deformation. However, the natural pores in the rock have not 
been considered in the numerical simulations. As can be seen 
in Fig. 11c, with an increase in the inclination angle, α, the 
peak stress obtained from numerical simulation increases, 
which is consistent with the trend in the experimental results 
[57]. Moreover, the peak strengths obtained by numerical 

simulations are very similar to the peak strengths in the 
experimental results [57]. A comparison of peak strains 
obtained experimentally and by numerical simulations, for a 
sample with a single non-straight flaw at different inclination 
angles, is shown in Fig. 11d. This result shows that the trend 
in peak strain for the numerical simulation results is consist-
ent with that of the experimental results for an increase in 
inclination angle. However, the peak strains that are calcu-
lated are smaller than the experimentally obtained ones. The 
reason is that the natural pores in the rock were not taken into 
consideration in the numerical simulations.

Figure 12 shows the process of crack initiation and propa-
gation with a single non-straight flaw at different inclination 
angles under uniaxial compression. When load was applied 
to point A, the tensile cracks 1a and 1b were initiated from 
the convex point of a non-straight flaw in the specimen. 
Furthermore, when load was applied to point B, the tensile 
cracks 1a and 1b continued to propagate along the loading 
direction, and tensile cracks 2a and 2b started to form at the 
tip of the pre-existing flaw. When a load was applied to point 
C, the tensile cracks 1a and 1b stopped expanding. Finally, 
when load was applied to peak point D, the shear cracks 3a 
and 3b became initiated and continued to propagate. In addi-
tion, the cracks 2a, 2b, 3a, and 3b became coalescent through 
the entire sample.

When load was applied to point A on a sample containing 
a single non-straight crack with α = 15°, the wing tension 
cracks 1a and 1b were initiated from the tip of the pre-exist-
ing flaw. As the load continued to increase, the wing tension 
cracks 1a and 1b extended along the vertical direction of the 
prefabricated flaw for a certain length and then continued 
to propagate along the loading direction. When load was 
applied to point B, the tensile crack 2 was initiated from the 
lower tip of the pre-existing flaw. Furthermore, when load 
was applied to point C, the secondary shear crack 3 emerged 
at the upper tip of the pre-existing flaw. Finally, when load 
was applied to point D, the shear cracks 4a and 4b became 
initiated and propagated. In addition, the cracks 3, 4a and 4b 
became coalescent through the entire specimen.

Figure 12c shows that the load is applied to point A, wing 
tension cracks 1a and 1b emerge at the tip of the prefabricated 

Fig. 8   Numerical model under uniaxial compression

Fig. 9   Diagram of m-convergence and δ-convergence, (a) m-convergence, (b) δ-convergence
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flaw and propagate along the vertical direction of the pre-
fabricated flaw. Then the load continues to increase, and 
the wing tensile cracks 1a and 1b extend for a certain length 
along the vertical direction of the pre-existing flaw and then 
continued to propagate along the loading direction. When 
the load increased to point B, the secondary shear crack 2 is 
initiated from the upper tip of the flaw. As the load continues 
to increase, the shear crack 3 emerges at the upper tip of the 
flaw. Finally, when the load increases to point D, secondary 
shear cracks 2 and 3 coalesce the specimen, and accompany 
by crack 4.

For the specimen containing a single non-straight flaw 
with α = 45° loads to point A, the wing cracks 1a and 1b 
are initiated from the tip of the prefabricated flaw. And 
then when the wing cracks 1a and 1b propagate to a certain 
length along vertical direction of the pre-existing flaw, they 
gradually propagate along the loading direction. When the 
load increases to point B, the shear stress at the crack tip 
increases, and secondary shear crack 2 emerges at the lower 

tip of the flaw. As the load increase to point C, shear crack 3 
is initiated from the upper tip of the flaw. With the increase 
of load, cracks 4a, 4b, 5a and 5b initiate and propagate, and 
ultimately, cracks 2, 3, 5a and 5b propagate and coalesce the 
specimen.

It can be seen from Fig. 12e that when the specimen is 
loaded to point A, wing cracks 1a and 1b are initiated from 
the tip of the prefabricated flaw. Then, the load continues 
to increase, and the wing cracks 1a and 1b propagate along 
the loading direction. When the axial stress increases to 
65.16 MPa, secondary shear crack 2 initiate from the upper 
tip of the prefabricated flaw. In pace with the increase to 
point C of load, secondary shear crack 3 is initiated at the 
lower tip of the prefabricated flaw. As the load is loaded to 
peak point D, shear cracks 4a and 4b initiate and propagate, 
and ultimately, cracks 2, 3, 4a and 4b coalesce through the 
specimen.

When the specimen containing a single non-straight crack 
with α = 75° is loaded to point A, shear crack 1 is initiated 

Fig. 10   Comparison of uniaxial compression experiment [57] and numerical simulation results. (a) Crack propagation path under uniaxial com-
pression. (b) Stress-strain curve under uniaxial compression
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from the non-tip of the prefabricated flaw. In pace with the 
increase of load, shear crack 2 is initiated at the non-tip 
of the pre-existing flaw. With the axial stress increases to 
84.96 MPa, shear cracks 3a and 3b is initiated at the non-tip 
of the pre-existing flaw. Finally, when the load reaches the 
peak point D, shear cracks 1, 2, 3a and 3b coalesce through 
the specimen.

For the specimen containing a single non-straight flaw 
with α = 90°, when the load is loaded to point A, shear cracks 
1a and 1b are initiated at the non-tip of the pre-existing flaw. 
With the increase of load, shear crack 2 is initiated at the 
convex point of the prefabricated flaw. When the axial 
stress increases to 83.32 MPa, shear crack 3 is initiated at 
the convex point of the prefabricated flaw. When loading 
the specimen to failure, shear cracks 2, 3, 4a and 4b propa-
gate and coalesce through the specimen, and the specimen 
finally showed X-shaped shear failure, similar to uniaxial 
compression.

Figure 13 shows the comparison between the present 
simulations and previous experimental results [57] for the 
initial crack growth with a single non-straight flaw under 
different inclination angles α. The results from the numeri-
cal simulations showed that when α= 15°, 30°, 45°, and 
60°, the crack initiated from the tip of the pre-existing 
flaw, and when α= 0 °, 75 °, and 90 °, the crack initiated 
from another place of the pre-existing flaw. Compared with 
the previous experimental results [57], the crack initiation 
position that was obtained by using the proposed constitu-
tive model was consistent with the experimental results.

From the numerical simulation results in Fig.  14, 
it could be concluded that the proposed constitutive 
model could simulate the initiation and propagation of 
wing cracks, secondary cracks, tensile cracks, and shear 
cracks. Thus, these cracks were similar to the experi-
mentally obtained ones [57]. However, there were some 
differences between the numerical simulations and the 

Fig. 11   Comparison between present simulation and experiment results [57] of single non-straight flaw specimen under uniaxial compression. 
(a) Numerical model of specimen containing single non-straight flaw. (b) Stress-strain curves. (c) Peak stress and (d) Peak strain
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experimental results, which may be due to the heteroge-
neity and processing errors of the samples. According to 
the comparisons and conclusions above, it could be seen 
that the results obtained from the proposed constitutive 

model were basically consistent with the experimental 
results, regardless of strength characteristics, deformation 
characteristics, and crack growth processes. This verifies 
the feasibility of the proposed model in the prediction of 

Fig. 12   Crack growth process and stress-strain curve of single pre-existing non-straight flaw under different inclination angles. (a) α = 0° (b) α 
=15° (c) α = 30° (d) α = 45° (e) α = 60° (f) α = 75° (g) α = 90°
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crack propagation, strength characteristics, and deforma-
tion characteristics.

4.3 � Crack propagation and coalescence of three 
pre‑existing flaws

Yang et al. [8] studied the mechanical properties and crack 
propagation characteristics of sandstone, with three pre-
existing flaws, by using an experimental method. We have 
used the same geometric model as Yang et al. [8] in their 
experiment, and the size of the model was 80 mm × 160 mm. 
As shown in Fig. 15, the length of the pre-existing flaw was 
2a, and the inclination angle was β. Also, the length of the 
ligament between the flaw ① and flaw ② was 2b, and the 
ligament inclination was α. Furthermore, the ligament length 
between flaw ② and flaw ③ was 2c, and the inclination angle 
of the ligament was β1. The flaws ①, ② and ③ were situated 

in parallel with each other and the flaws ① and ② were copla-
nar. The geometric parameters of the pre-existing three flaws 
are shown in Table 2.

To simulate the crack propagation process of the pre-
existing three flaws in the sandstone under uniaxial com-
pression, it was simplified to a planar stress problem. The 
sandstone was discretized into 160 × 320 = 51200 points. 
The distance between the material points was Δx = 0.5mm 
and the size of the horizon was δ = 4Δx. In addition, 
the material properties were selected from the experi-
ments: Young’s modulus E = 26.7GPa, Poisson’s ratio ν 
= 0.33, mass density ρ = 2650kg/m3, the tensile strength 
ft = 12MPa and compression strength fc = 190.8MPa. The 
critical stretch of the bond in tensile was s2t = 4.49 × 10−4, 
and the elastic stretch and fracture stretch of the bond 
in tensile were s1t = 0.8s2t and st = 10s2t, respectively. 
The critical stretch of the bond in compression was 

Fig. 12   (continued)
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s2c =  − 7.14 × 10−3, and the elastic stretch and fracture 
stretch of the bond in compression were s1c = 0.8s2c and 
sc = 10s2c, respectively. Furthermore, the virtual bound-
ary layer was defined by the upper and lower ends of the 
model, and the thickness of the boundary layer was three 
times as long as the spacing between two material points. 
Also, the displacement load was applied to the virtual 
boundary layer at the loading rate of ±5.0 × 10−8m/s, and 

the adaptive dynamic relaxation method was used to solve 
the quasi-static problem.

It could be observed that as the load increased, wing 
cracks were initiated from the inner and outer tips of the 
pre-existing flaws (Fig. 16). When the wing cracks con-
tinued to propagate along the direction of the maximum 
principal stress, the flaws ② and ③ became coalescent 
(Fig. 16b). Furthermore, when the axial stress increased 

Fig. 13   Comparison of the initial crack growth paths in the specimen 
containing a single pre-existing flaws with the different  inclination 
angle α obtained from the proposed model and the previous experi-

mental results [57]. (a) α = 0° (b) α =15° (c) α = 30° (d) α = 45° (e) 
α = 60° (f) α = 75° (g) α = 90°
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to 86.46 MPa, the anti-wing crack that emerged from the 
inner tip of flaw ① coalesced with the anti-wing crack 
that was initiated from the outer tip of flaw ③. Finally, 
the anti-wing crack that emanated from the outer tip of 
flaw ①, and the wing crack that initiated from the outer 
tip of flaw ②, propagated and became coalescent through 
the whole sample.

Figure 17 shows the crack growth process with the liga-
ment angle β1 = 90°. In pace with the increase of load, wing 
crack initiate from the inner and outer tips of flaws ①, ② and 
③. When the axial stress increases to 58.84 MPa, flaws ② and 
③ are coalesced. With the continuous increase of load, the 
oblique secondary crack emerges from the inner tip of flaw ① 
coalesce with the oblique secondary crack initiate from the 
outer tip of flaw ②. With the load increasing to 79.85 MPa, 
quasi-coplanar secondary crack and anti-wing crack initiate 

from the outer tip of flaw ① and wing crack emanates from 
the outer tip of flaw ② propagate, and the crack coalesce 
through specimen.

It can be observed from Fig. 18 that wing crack first 
emanate from the inner and outer tips of flaws ①, ②, and 
③. Then, as the load continues to increase, the oblique 
secondary crack initiate from the inner tip of the flaw 
① coalesce with the oblique secondary crack initiate 
from the outer tip of the crack ③. At this time, the crack 
propagation mode is different from that of the ligament 
angle β1 = 75° and β1 = 90°. When the load continues to 
increase to 84.67 MPa, the wing crack emanates from 
the inner tip of flaw ② and the wing crack emerges from 
the outer tip of flaw ③ are coalesced through. The anti-
wing crack and quasi-coplanar secondary crack initi-
ate from the outer tips of f laws ① and the wing crack 

Fig. 14     Comparison of the crack propagation paths in the specimen 
containing a single pre-existing flaws with the different  inclination 
angle α obtained from the present simulation and the previous experi-

mental results [57]. (a) α = 0° (b) α =15° (c) α = 30° (d) α = 45° (e) 
α = 60° (f) α = 75° (g) α = 90°
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emanates from the outer tip of flaw ② further propagate 
until the load increases to 98.32 MPa, and the cracks 
coalesce through the specimen.

Figure 19 shows the crack propagation process with the 
ligament angle β1 = 120°. It can be seen from Fig. 19 that 
wing cracks first initiate from the inner and outer tips of 
the flaw ①, and the outer tips of the flaws ② and ③. Then, 
with the increase of load, the oblique secondary crack 
emerges from the inner tip of flaw ① is coalesced with the 
oblique secondary crack initiate from the outer tip of flaw 
③, and the quasi-coplanar secondary cracks is initiated 
from the inner tip of flaw ①. When the load increases to 
86.39 MPa, the initiated quasi-coplanar secondary crack at 
the inner tip of flaw ② is coalesced with the crack between 
ligament of flaws ① and ③. Then, the initiated quasi-copla-
nar secondary crack and oblique secondary crack at the 
outer tips of flaws ① and the wing crack emanates from the 
outer tip of flaw ③ continued to propagate until the load 
increased to 101.53 MPa, and the crack coalesces through 
the specimen.

The crack coalescence patterns of the red sandstone 
specimen containing pre-existing three flaws is related 
to the ligament angle β1. The coalescence pattern in the 

ligament region falls into two types (Fig. 20a). The coa-
lescence of anti-wing cracks is first type, and the other 
type is the coalescence of wing crack and oblique second-
ary crack. For the ligament angle β1 = 75°, flaws ① and 
③, flaw ② and ③ are coalesced, while flaws ① and ② are 
not coalesced.

The crack coalescence patterns of ligament angle 
β1 = 90° is shown in Fig. 20 (b). It can be seen from the 
figure that the coalescence pattern in the ligament region 
divided into two types, one is the coalescence of anti-wing 
cracks and the other is the coalescence of wing crack and 
oblique secondary crack. For the ligament angle β1 = 90°, 
flaws ① and ③, flaw ② and ③ are coalesced, while flaws ① 
and ② are not coalesced.

Figure 20c shows the crack coalescence patterns of liga-
ment angle β1 = 105°. It can be seen from the figure that the 
coalescence pattern in the ligament region have two types. 
The coalescence of oblique secondary cracks is first type 
and the other type is the coalescence of wing cracks. For 
the ligament angle β1 = 105°, like the above two specimens, 
flaws ① and ③, flaw ② and ③ are coalesced, while flaws ① 
and ② are not coalesced.

It can be seen from the Fig. 20d that the coalescence pat-
terns in the ligament region divided into three types, includ-
ing the coalescence of oblique secondary crack and quasi-
coplanar secondary crack, the coalescence of wing crack 
and quasi-coplanar secondary crack and the coalescence 
of oblique secondary cracks. Flaws ① and ③, flaw ② and 
③ and flaws ① and ② are coalesced in the ligament angle 
β1 = 120° of red sandstone specimen containing three pre-
existing flaws.

A comparison of crack propagation paths, that have 
been obtained from the here proposed constitutive 
model of rock-like materials, and previous experimen-
tal results is shown as Fig. 20. The results indicate that 
the numerical simulation can well simulate the propaga-
tion and coalescence of wing cracks, anti-wing cracks, 
oblique secondary cracks, and quasi-coplanar secondary 
cracks, which is in agreement with previous results [8]. 
As obtained from the numerical simulations, stress-strain 
curves with the ligament angle β1 are shown in Fig. 21. 
When the angle of the ligament increases, the stress peak 
value first decreases and then increases, which is the same 
as for previous experimental results [8] and numerical 
simulation results [48].

Fig. 15   Numerical model of pre-existing three flaws specimen

Table 2   Geometric distribution 
parameters of pre-existing three 
flaws specimens

Specimen α(°) β(°) β1(°) 2a (mm) 2b (mm) 2c (mm)

1 45 45 75 15 20 20
2 45 45 90 15 20 20
3 45 45 105 15 20 20
4 45 45 120 15 20 20
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Fig. 16   The process of crack growth with the ligament angle β1 = 75°. (a) σx = 49.15 MPa (b) σx = 57.38 MPa (c) σx = 86.46 MPa (d) σx = 90.40 
MPa

Fig. 17   The process of crack growth with the ligament angle β1 = 90°. (a) σx = 46.26 MPa (b) σx = 58.84 MPa (c) σx = 65.55 MPa (d) σx = 79.85 
MPa

Fig. 18   The process of crack growth with the ligament angle β1 = 105°. (a) σx = 56.02 MPa (b) σx = 63.67 MPa (c) σx = 84.67 MPa (d) σx = 98.32 MPa
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Fig. 19   The process of crack growth with the ligament angle β1 = 120°. (a) σx = 63.01 MPa (b) σx = 85.21 MPa (c) σx = 86.39 MPa (d) σx = 
101.53 MPa

Fig. 20   Comparison between numerical simulation and experimental results [8] of the crack coalescence mode of red sandstone samples con-
taining pre-existing three flaw with ligament angle β1. (a) β1 = 75° (b) β1 = 90° (c) β1 = 105° (d) β1 = 120°
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5 � Conclusion

In the present study, a constitutive model of rock-like materi-
als has been proposed and the strain energy density has been 
derived. Also, the model constants, with respect to the elas-
ticity moduli for plane stress conditions, have been obtained 
by a comparison with the classical elasticity theory. Further-
more, the process of crack initiation, propagation, and pen-
etration under plane stress scenarios, have been simulated. 
The main conclusions were as follows:

(1) For a rock-like sample with a pre-existing flaw under 
a biaxial tensile load, the results of numerical simulation 
showed that with an increase in stress ratio B, the crack 
curvature increased and the crack propagation direction 
changed from the maximum principal stress direction to the 
minimum principal stress direction. It was found that the 
proposed constitution model could well simulate the crack 
growth process of rock-like materials under a biaxial tensile 
load.

(2) The effect of flaw inclination angle on crack propaga-
tion in rock-like samples, containing one single non-straight 
pre-existing flaw under uniaxial compression, has been stud-
ied. The numerical simulation results showed that the crack 
initiation position fell into two types. One was tip-cracking 
and the other was non-tip-cracking. The crack initiation 
position was related to inclination angle. When α= 15 °, 30 
°, 45 ° and 60 °, the crack initiated from the tip of the pre-
existing flaw. When α= 0 °, 75 ° and 90 °, the crack initiated 
from the non-tip (i.e., from another position than the tip) of 
the pre-existing flaw. With the increase in the inclination 
angle, the peak stress of the sample gradually increased. The 
peak strain of the sample first increased, then decreased, and 
finally increased again. Moreover, it could be seen that the 

present numerical simulation results were consistent with 
the experimental results.

(3) The numerical results of the crack propagation and 
coalescence in rock-like material samples, with three pre-
existing flaws, were in good agreement with the experimen-
tal results. The coalescence patterns in the ligament region 
were relevant to the ligament angle, β1, and were divided 
into six types: coalescence of anti-wing cracks, coalescence 
of wing cracks, coalescence of oblique secondary cracks, 
coalescence of an oblique secondary crack and wing crack, 
coalescence of a quasi-coplanar secondary crack and an 
oblique secondary crack, and coalescence of a wing crack 
and a quasi-coplanar secondary crack. For β1=75°, 90°, and 
120°, the flaw pairs ①/③ and ②/③ succeeded to coalesce, 
while the flaw pair ①/② failed to coalesce. Furthermore, the 
flaw pairs ①/③, ②/③, and ①/② became coalesced for the liga-
ment angle β1 = 120°in the rock-like material sample that 
contained three pre-existing flaws.
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