Computational Geosciences (2019) 23:239-253
https://doi.org/10.1007/510596-018-9779-8

ORIGINAL PAPER

@ CrossMark

A Lagrange multiplier method for a discrete fracture model for flow
in porous media

Markus Koppel! @ . Vincent Martin? - Jérome Jaffré® . Jean E. Roberts3

Received: 31 January 2018 / Accepted: 11 September 2018 / Published online: 25 September 2018
© Springer Nature Switzerland AG 2018

Abstract

In this work, we present a novel discrete fracture model for single-phase Darcy flow in porous media with fractures of co-
dimension one, which introduces an additional unknown at the fracture interface. Inspired by the fictitious domain method,
this Lagrange multiplier couples fracture and matrix domain and represents a local exchange of the fluid. The multipliers
naturally impose the equality of the pressures at the fracture interface. The model is thus appropriate for domains with
fractures of permeability higher than that in the surrounding bulk domain. In particular, the novel approach allows for
independent, regular meshing of fracture and matrix domain and therefore avoids the generation of small elements. We show
existence and uniqueness of the weak solution of the continuous primal formulation. Moreover, we discuss the discrete inf-
sup condition of two different finite element formulations. Several numerical examples verify the accuracy and convergence

of proposed method.

Keywords Discrete fracture model - Porous media - Finite element method - Lagrange multiplier method -

Nonconforming grids

1 Introduction

The subsurface of the earth generally contains a variety of het-
erogeneous features such as different geological forma-
tions, inclusions, and fractures. The material parameters
in the domain of interest thus may vary by several orders
of magnitude. This often leads to a significant change
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in the flow behavior, in particular if large fractures are
present. A fracture is characterized by its lateral dimension
which is considerably smaller than its extension in other
directions. Depending on their hydrogeological properties,
fractures may act as barriers and/or conduits to the flow.
Common examples of domains of application in the Earth
sciences include CO; sequestration below caprock forma-
tions, underground storage of radioactive waste, geothermal
energy production, and enhanced oil recovery. In the last
few decades, the inclusion of fractures in models for flow in
porous media has received more and more attention, and a
variety of different models have been proposed.

In principle, fractured porous media models can be catego-
rized roughly as either discrete fracture-matrix (DFM)
models or continuum fracture models. Since the proposed
method requires information concerning the location of the
fractures in the domain of interest and since the method
calculates the flow in the fracture as well as in the sur-
rounding domain, we will focus mainly on DFM mod-
els in the remainder of this article. We refer to, e.g.,
[11, 51] for a more general overview of flow models for
fractured porous media. Because of their aforementioned
geometries, a common way to incorporate fractures in a
DFM model is to consider them as (n — 1)-dimensional
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objects within the surrounding n-dimensional matrix (bulk)
domain. This approach avoids the generation of small ele-
ments of the spatial discretization grid in (the vicinity of)
the fracture and reduces the computational costs. Addi-
tionally, it is often assumed that the fracture is filled with
debris which facilitates the modeling by making it appro-
priate to use Darcy’s law in both the fracture and matrix
parts of the domain. Such models have been extensively
studied from the mathematical and/or the engineering point
of view. Many of these studies are concerned with linear
Darcy flow; see [5-7, 10, 16, 22, 26, 27, 47, 59] to name
just a few. Others represent extensions to allow for Forch-
heimer flow in the fractures [30, 42] or for Darcy—Brinkman
flow [45], and others for two-phase or multiphase flow
[1, 17, 18, 31, 34, 36, 37, 39, 40, 46, 48-50], where
again we cite just a few. Some articles have also taken up
the topic of discrete fracture network (DFN) models, e.g.,
[12, 13, 52]. Various numerical discretization methods have
been used: finite element methods [10, 41], mixed or mixed-
hybrid finite elements [5, 6, 47], finite volume methods
[7, 26, 36, 40, 53, 55], multi-point flux methods
[2, 3, 55], mimetic finite difference methods [9], discontinu-
ous Galerkin methods [8], and vertex approximate -gradient
methods [16, 17]. Still, another approach was given in [15].

In many articles, the fracture elements, of co-dimension
one with respect to the matrix domain, coincide with the
faces of the matrix elements. This configuration is generally
referred to as a matching fracture and matrix grid approach.
However, one may wish to discretize the fracture more
finely in the case of a highly conductive fracture or more
coarsely in the case of a barrier and methods allowing for
non-matching grids may be used; see, e.g., [27, 29, 59].
Still with these methods, the fracture cannot cut through
the interior of a matrix element; it must lie in the union of
the faces of the matrix elements. The matrix grid must be
aligned with the fracture.

Nonconforming methods, on the other hand, are char-
acterized by an independent meshing of the fracture and
the matrix domain which allows for regular meshes and
elements in the corresponding domains. The most promi-
nent example in the field of nonconforming methods
is the extended finite element method (XFEM), e.g., in
[22, 38, 56] for the primal formulation and in [23, 32] for
the dual formulation, where the respective basis functions
are locally enriched in the vicinity of the fracture to account
for the discontinuities.

This paper presents an alternative nonconforming formu-
lation. The method uses Lagrange multiplier variables in a
primal variational formulation to connect the fracture flow
with the flow in the matrix. The multipliers approximate the
jump of the normal flux across the fracture interface and
represent the exchange between the fracture and the matrix.

@ Springer

Using the ideas of [35], we show that the continuous prob-
lem is well posed. In this paper, the pressure is assumed
to be continuous across the fracture, i.e. , the permeability
in the fracture is assumed to be larger than in the matrix.
The case of geological barriers is thus excluded from the
current study. The discretization uses Lagrange P! finite ele-
ments both in the matrix and in the fracture, and since the
exchanges between the fracture and matrix flow are only
through Lagrange multipliers, the grids for the matrix and
the fracture can be mutually independent. The multipliers
are discretized by either piecewise constant or continuous,
piecewise linear basis functions on the fracture interface
provided that the involved mesh size is not too small com-
pared to the matrix mesh. We show the inf-sup stability of
the first of these, again following ideas of [35]. Somewhat
surprisingly, the fracture flow equation does not figure in
the proof of the stability and the pressure fracture mesh can
be chosen arbitrarily. In a companion paper [44], we study
a different discretization with a consistent penalty term to
stabilize the system and a different way of treating the mesh
compatibility issue.

The remainder of the paper is organized as follows:
in Section 2, we give the continuous formulation of the
Lagrange multiplier, finite element method and prove the
existence and uniqueness of the weak solution for a domain
of dimension 2 or 3. Section 3 concerns the discrete
formulations of the problem and the proof of their well-
posedness. For this part, we have considered only the case
of a 2 dimensional domain. In Section 4, we analyze
the method by means of several numerical examples of
different complexity. We perform a numerical error and
convergence analysis to study the constraints on the mesh
size of the multipliers and the performance of the method in
more detail. Finally, we conclude and discuss the proposed
method in Section 5.

2 A Lagrange multiplier formulation
of the continuous problem

We consider a convex, matrix domain 2 C R”, n = 2 or 3,
and a fracture domain y C €2 of dimension n — 1, with
a continuous unit vector field n, normal to the fracture-
surface y, see Fig. 1. For simplicity, we assume that the

Ny [0}

Fig.1 Example of a domain containing a fracture
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fracture y is a line segment if n = 2 and a planar
surface if n = 3, and that 9y C 9. Also for simplicity,
homogeneous Dirichlet boundary conditions on 9€2 and on
dy are imposed.

Flow in Q is governed by

div(-KVp)=f inQ

p=0 on" =9Q M
and in y by
div, (K, V, = in

}/( 4 Vp)/) f}/ y (2)

py =0 on dy,

where div, and V), are the (n — 1)-dimensional divergence
and gradient operators in the plane of y, the coefficients
K and K, are the symmetric, uniformly positive-definite,
bounded, permeability tensor-fields on 2 and y respec-
tively, the unknowns p and p, represent the fluid pressure,
and f and f, external source terms. However, to permit the
possibility of fluid exchange between €2 and y, we intro-
duce a term L = A(x), x € y that will be added in as a
source/sink term in y and subtracted out as a sink/source
term in  at its intersection with y. Thus, Eqs. 1 and 2
become

div(-KVp) — A= f, inQ,

p=0, onl" =0Q, )
and
div, (=K, V,p,) +1 = f,, iny,

_ “)
py =0, on dy.

To obtain a variational formulation, we will multiply by
test functions ¢ and g, integrate over 2 and y, and use
integration by parts in both equations. Define the spaces
Va, V), V,and A as follows:

Vy = Hy (1),

_1
A= Hyg (7).

Vo = Hy (),
()
V=VoxV,
These spaces are endowed with the following norms: for
q € Vg, forq, € V,,and for u € A,
gy, = llgli§ o + IV4ll5 o,
lgy 1%, = llgy 5., + 1%, 15,

(g, g1 = llglly, + gy I,
y)ly Vo riv, ©)
/M,E
lulla = sup  —F—n,
COTEN
EeHyo(y)  Hgo()
where || - [lo,o denotes the standard L?*(®) norm on an

open set O, where || - || 1 is defined by |||
Hy () Hi o)
inf q € Ve llgllvg, where for g € Vo, ql, denotes the trace

qly =§

1 =

of g on y, and where / w& denotes the duality pairing
14

_1 1
(--)y between H,(y) and Hg,(y). The variational
formulation is then given as follows:

Find (p, p,) € V and A € A such that

/QKVP Vg +f K, Vypy - Vyqy
y

—//\(qu—qy) =/fq+/ fray V.qy) €V
y Q Y

/(ply—py)u=0 Yu e A,
Y

(N

where the Lagrange multiplier can be interpreted as the
jump across the fracture of the normal component of the
product of the permeability tensor with the gradient of the
matrix pressure, i.e., A = [KVp-n,[,.

Problem (7) is a Lagrange multiplier primal formulation
that corresponds to the fracture problem that was studied
in [5, 6] in mixed form. Then, defining the bilinear forms
a:VxV — Randb:V x A — R and the linear form
£:V — Rby

a((P’ p)/)’ (q’ CIy)) = ,/S\ZKVP : Vq + /KVVVPV : quy’
Y

b(p, py; n) = f(ply — Pyt
14

E(C],Qy):/fCI'F/fqu
Q 14
(3)

we may write (7) in standard mixed form,

Find (p, py) € V and A € A such that

a((p, py). (q.q,))—b(q,qy; \)=L(q,qy), YV(g,q,) €V
b(p, py; n) =0, Yu € A,
)

and, following the techniques of [35], prove the following
theorem:

Theorem 1 There exists a unique solution to the continuous
Lagrange multiplier, fracture problem (9).

Proof It is easily seen that the bilinear forms a and b
are continuous and that, in light of the hypotheses made
concerning K and K, a is elliptic on all of V. Thus, in
order to show the existence and uniqueness of the solution
of Eq. 9 using the classical results of Brezzi [14, 20, 54], we
have only to show that b(, -) satisfies an inf-sup condition,
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more precisely, to show that there exists a positive constant
6p such that

. b(q,qy; W)
inf u —_— >
HEN (g gev lellall(g, ) llv

Toward this end, recalling the definitions of the A norm (6)
1

and of the HOE’O()/) norm, we note that for each u € A

“w b(q, qy; 1) " b(q,0; w)
@.apev Ilalllg, a)llv — qoev Inllaliig, Ollv
_ (quh/)y
qevo Inllallgllvg
(s &)y
IR AN P
1
2 q € Vg Q
%‘EH().O(V) qu zg
(u, &) 1
sup  ( - )
1 llell A inf  lgllvg
geHP\(y) € Vo
qly =£
(1, &)y
= sup —— =
1 elialigl o
EEH()?O(V) Hy'o(r)
O

3 Discretization

In this section, we are concerned with formulating and
analyzing a discrete counterpart to Eq. 9. The discrete
formulation is based on three distinct meshes, one for the
approximation of the pressure in the domain €2, one for the
approximation of the pressure in the fracture y, and one for
the approximation of the Lagrange multiplier in the fracture.
We will in fact consider two discrete problems which will
differ in the choice of the space of Lagrange multipliers. In
one the multipliers are piecewise constant and in the other
they are continuous, piecewise linear functions on y. For
the case of piecewise constant multipliers, existence and
uniqueness as well as convergence are proved, following
the ideas of [35], under the hypothesis that the Lagrange
multiplier space is not too rich with respect to the space
for the approximation of the matrix pressure, i.e. , when
the Lagrange multiplier mesh size %, is not too small with
respect to the matrix pressure mesh size /; see Hypothesis 1
and Remark 1. The numerical experiments of Section 4 give
accurate results when s, > 2h. For the case of continuous
multipliers, existence and uniqueness are shown for the case
that the mesh, and indeed the approximation space, for the
Lagrange multipliers is the same as that for the fracture
pressure. We were not able to show convergence in this case;
however, the numerical results are more than encouraging,
see Section 4.

@ Springer

For the remainder of this article, we restrict our attention
to the two-dimensional setting, i.e. , we suppose that
is two-dimensional and y is one-dimensional. We see no
inherent reason why the same procedure could not be used
in a three-dimensional setting though it would of course
be more technically complex and much more involved to
implement numerically.

3.1 Approximation spaces and a discrete formulation

To discretize problem (9), we let 7, be a finite element
discretization of 2 made up of triangles and/or rectangles,
and let both 7, , and 7y, ; be discretizations of y (made
up of line segments), and we let &, h,,, and h; denote the
respective mesh sizes:

h = max hy where hy = diam T,

TeT,
h, = max h, where h; = diam¢t,
t€Th,y
h), = max hy; where hy = diam s.
56771_)h

We assume that each of these grids belongs to a family
of discretizations that is regular, and 75, to a family that
is uniformly regular in the sense that there is a positive
constant o, such that for each £,

— < o,, with p, = min pr and pr = inradius 7.
Ph TeTy

We will also make use of the notation o, = hr/pr.

Let V; o and V;,, respectively be the space of continuous,
piecewise-bilinear (piecewise-affine) functions on €2 and on
y respectively which vanish on €2 and on 0y respectively:

q € H(Q) : VT €Ty,

‘ PL(T) if T is a triangle
1t QUN(T) if T is a rectangle

Viy ={ay € Hi(y) : Vi € Thy. qy| € PO},

Vi =

}, (10)

Then V), will denote Vj, o x Vi :
Vii=Vio X Vhy.

For the approximation of the Lagrange multiplier A, we will
consider two different discrete spaces Ay which are defined
in Sections 3.2 and 3.3, respectively. Each of these choices
for Ay gives rise to a discrete problem whose variational
formulation may be expressed as follows:

Find (pp, py.n) € Vi and Ay € Ay such that
a((pn> Py.n)» @ns> @y.n)) — b(Gn, qyns An) =L£(qn, qy.10),
V(ghs qy.n) €Va
Yun € Ap.

(11)

b(pn, py,n; n) =0,
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Clearly, on the discrete approximation spaces Vj, the
bilinear form a is both continuous and elliptic and both of
these uniformly in /.

3.2 A piecewise constant Lagrange multiplier space

For the approximation of the Lagrange multiplier A, we
define the approximation space Ay, as follows:

Ap = [y € L2(p) | Mnls € PO(s), Vs € Thal. (12)

With this definition, the bilinear form b is continuous on
Vi x Ay with a constant of continuity that is independent
of h. Thus, to apply the standard Brezzi theory for
mixed formulations and obtain existence and uniqueness
of the solution of the discrete problem and to obtain error
estimates, we need only establish a uniform-in-A, discrete
inf-sup condition. As in the proof of Theorem 1, we actually
show the inf-sup condition for b on (Vg x 0) x A, we need
only define for each &, a continuous projection operator
I, : Vo — V,q in such a way that the family of
projections operators is stable in the sense that the constant
of continuity is independent of 4, and such that Vi the
following diagram commutes:

1
Va —r Hoz’()(y)

lnh i

26T
Vg —— A

1
where T Vo — H020(y) denotes the trace map and

b L?(y) — Ay, the L?>—projection operator onto Aj,.

Following [35], we will define the continuous operators
I1;, such that there exists a constant Cyy independent of &
such that the following two conditions are satisfied:

Condition1 Vp € Vo, |xpllie < Culplhe

Condition 2 Vp € Vo, and Vuj € Ay,
b(p —yp, 0; up) = 0.

To define such an operator I1,, we will use the Scott-
Zhang projection [57], but in order to have Condition 2, we
will need to modify this projection operator in the vicinity
of y, and for this we will need a compatibility condition
between 7, and 7 ;. The mesh 7, ,, does not come into
play. We first define some notation associated with the mesh
Tn.For T € Ty, let A7 denote the interior of the union of the
closures of the elements 77 € 7T}, sharing a boundary point
with T, and for a vertex a of some T € Ty, let A, denote the
interior of the union of the closures of the elements T’ € Ty,
having a as a vertex, see Fig. 2. For y and z in €, let yz

243
Aa }—W"
A ’ c ////h
a, " /}4{ T
o
| —|
7 Aq o

Fig. 2 Construction and support of macro elements. Here, all of the
elements 7 are rectangles, but the case of triangular elements is
similar. Patches of elements A7 are in shades of green and patches of
vertices A, are depicted in grey

denote the line segment between y and z and |yz]| its length.
The condition of compatibility between the meshes 7, and
Tn.». needed to define the operators ITj, is that the following
hypothesis holds:

Hypothesis 1 To each s € Tp ), a vertex ag (of a cell in Ty)
may be associated in such a way that

— there is an edge eg of a cell of Ty, and a point
x5 € (es Ns) such that ag is an endpoint of es and
lasxs| < |xsbs| where by is the other endpoint of es,

— neither endpoint of s belongs to A,

— if s and s are distinct elements of Ty, ;, then
Aoy N Ag, = 0.

Note that Hypothesis 1 does not exclude the case in
which the fracture y passes through a vertex. (It is possible
in some cases to choose for a; a vertex lying on s and to
take x; = ay). Neither does it exclude the case in which y
lies along one or more of the edges of the cells of 7j. (One
can choose the edge e, to be a subset of s.)

Remark 1 Hypothesis 1 is satisfied if 34 < [s|, Vs € Tp.a,
cf. [35].

For the demonstrations, we will also need a second
hypothesis:

Hypothesis 2 There exists an L such that |s| < Lh, Vs €
Th.a-

Remark 2 As the fracture is supposed to be at least as
permeable as the matrix domain, normally one would take
h, < h; however, neither the ratio 2/ h, nor hy /h,, is used
in the proofs.

Remark 3 The two Conditions, 1 and 2, are necessary
and sufficient to prove the stability of problem (11).
Hypotheses 1 and 2 taken together are sufficient to obtain
these two Conditions, see Lemma 3, but are not necessary
in general. In particular, the practical requirement on the
meshes 34 < |s| (see Remark 1) can often be relaxed, see
Section 4.
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3.2.1 A multiplicative trace lemma

Before establishing approximation,
multiplicative trace inequality.

results we give a

Lemma 1 There is a constant C; > 0 such that if T is
a triangle, ¢ is a straight line segment contained in T and
g € H\(T), then

gy 15, < Ceop (7 g5 + hr 1 VqllG 7). (13)

Proof Let T be a triangle and ¢ a line segment with
¢ C T. We use a bijective affine transformation from a
reference element 7 onto T. Let E denote the pre image
of ¢ under this transformation, and for ¢ € HY(T) let
g e H! (T) denote the induced function on 7. Applylng
now [35, Lemma 2] which states that there is a constant C
such that V7 € H! (T) and for each line segmenté cT

171102 < CIFNy 7.
£10,¢ )

we obtain

A

2 Si2
lglelio,. = IBrl llglzllg

CIBr Il 1311% 7

IA

=Bl (1412 7 + 1412 7)
C2Brll 1det®)~" (Jlaldr + IBrl*lal} 1)

¢Chrthron™ (Ig13.7 +hilaltr).

where Br is the linear part of the affine transformation from
T to T, and c is independent of A 7. O

IA

IA

Remark 4 Lemma 1 also holds if T is instead a rectangle.
The proof is completely analagous to the one above.

This lemma cannot be derived directly from [19,
Theorem 1.6.6] (together with Young’s inequality), because
the constant in that Theorem depends on the domain (T
here). It could though be derived from [4], using the fact
that a triangle can be chosen inside 7" as such: it has an edge
that is ¢ and the minimum and maximum lengths between ¢
and the opposite vertex are bounded by A7 from below and
from above. Thus, one can apply [4, Lemma 10] using ¢ as
the edge of this particular triangle and recover an estimate
similar to Eq. 13. See also [25, Lemma 9.14] for the case of
L?.

3.2.2 Existence, uniqueness, and convergence

To prove the well-posedness of Problem (11), with Aj
defined in Eq. 12, under Hypotheses 1 and 2, following [35],
we define the projection operator to be a locally corrected
Scott-Zhang interpolation operator:

Mwp =SZip+ Y, Csts,
S€771<}L

for p € Vg, (14)

@ Springer

where §Z;, : Vo — Vj. q is the Scott-Zhang interpolation
operator, ¢; € Vj o is the function having nodal values
equal to zero except at a; where the nodal value is 1, and the
constant C; is defined by

/¢s|s

The next two lemmas show that the operator I, satisfies
Conditions 1 and 2.

/ SZup = Pls. (15)

Lemma 2 Assume that the pair of meshes (Ty, Tn..)
satisfies Hypothesis 1. Then, there exists a constant Cy > 0
independent of h such that for each s € Ty,

/¢s|s = Cth-
s

Proof We give the proof for the case in which the mesh 7,
is a mesh of triangles. The case of rectangles is similar. For
s € T, letag, eg, xg, and by be as in Hypothesis 1. Then,
es borders two cells lying in A,,. Choose one and label it
T;, and label its remaining vertex cg, see Fig. 3, left. The
angle of Ty at by will be denoted by l;; Denote by y; the
endpoint of 75 N s opposite x; and by 3, the length of xyy,
the segment between x; and y;. Since ¢ is linear in T, from
the definition of x;, we have

1 1
z (Ps(xs) + @5 (¥5)) 85 = Zas-

¢S |T3ﬂs =
TsNs

There remains to find a lower bound for §; in terms of 4.
There are three possible cases: in the first case sNe; = ;. In
this case, one can take x; = a; and y; = by, and obviously
5s=|es|2:07}- _

In the second case, the endpoint y; belongs to bgcs.
Letting £7, denote the perimeter of T, because sin(l;;) =

T, 301, P13 2hy Py

%\aﬂlq:bscﬂ = %lazsb |\b ol hép = % we have
85 > |xsbs| sin(by) > |es| Sln(bs) > _,OTS Z % ,OTS

In the third and last case, yj belongs to Ay Cy. Here there
are two possibilities: if y, is closer to ¢s than to ag, then
Sy > %|bxcs| > %prs. If on the other hand, y, is closer
to ag, then redefine x; to be yy, es to be ayc; and T to
be the other cell of 7, having asc; as an edge. Repeat the
previous arguments. One may change successively the point

Fig.3 Intersections of a macro element on a triangular grid
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Xg, turning around as until reaching one of the previous
cases (recall that s is a straight segment), see Fig. 3, right.
: h
Conclude by noting that p7, > pp > e where we have

used the uniform regularity of 7. O

Lemma 3 With Il defined by Egs. 14 and 15, if
the pair (Tp, Th.n) satisfies Hypotheses 1 and 2, then
Conditions I and 2 are satisfied.

Proof With the definition of C; given in Eq. 15, it is clear
that Condition 2 is satisfied. Thus, we have left to find an
upper bound Cp on the continuity constants Cpy, of the
operators I1j. Since the support of ¢; is A, , we have, for
each p € Vg, that

M plhe < 18Zuplia+ | Y ICIP gl o,

SGE.A

(16)

Estimates for the Scott-Zhang operator are well known, cf.

[57] or [24, Lemma 1.130]:

Ve, m,h,g; £> 10 <m<min{l, ¢},q € HY(Q),
15Znqllm,@ < Cszliglle,o,

Ve,m, h,T,q; 3<€<2;0<m=<¢TeTyqgeH (A7),

g — SZuqllm.m < Cszh*™1qle.ar-

To estimate the second term of Eq. 16, we first calculate an
upper bound for || ||% A - wehave, Vs € Tj 3,
s Bag

2
Islia, =

TeTh,TCAgy

2
#5117 7-

Using the technique of passing to a reference element and
using the regularity of the mesh 73, we obtain that there is
a constant C7 independent of /4 such that for each s € Ty 3,
and foreach T € T with T C A,,

2 2
||¢s||1,T =< O’TC? and ||¢S||1:Au5 =< UUQCﬁ

where 7 is the maximum number of cells of 7, meeting at
a vertex of 7, (Such a maximum exists because the grid,
belonging to a regular family, has a minimum angle size).
To control the constants Cs, s € Tj 5, we use Lemma 2

to obtain a lower bound for | ¢;|s, and we establish an
N

upper bound for / (8Zyp — p)ls, using the Cauchy-Schwarz
N

inequality, Lemma 1 and the estimates for the Scott-Zhang
interpolation operator:

A

[ (SZup— Py < 1512 15Zhp — plsllos

1
Cflsl%{ 3

TeTy; TNs#Y

IA

o (h7'1S2ip

1
2

—pl§.r +hr!SZhp — plf,r) }

IA

1 1L
Cils|2ag { >

2
2C§Zh|17 ﬁ.AT
TeTh; TNs#D

IA

1
2
11 11
V2Cszh2 CE 5|07 > pliarg -
TeTh; TNs#P

We thus have
Y ICPlgsIE a, <10,CF Y ICI

sE'ﬁ,,)L SEE_A

1 2
<noCr ) 22 {/S(Sth—p)ls}

SE77,1)L (P
1
< naQZC?W2C§ZhC, > sl >
¢ €T TeTy: TNs#D
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|P|1,AT

1
2 2 2
< no CT—£h22quhC,Lh E E |p|1,5T

SEThANTET; TNs#D
1 -
< 202 C3—Cs,C-Liilplf o
Co
20 12
=Cj |P|1,Q,
where 7) = supy7. 7 with 7 the cardinality of
{(s,T) € Thp xTn = sNT #@Pand T C Ap}. Thus,
one obtains

Mxrplie < (Csz +Colplia.

and Condition 1 is satisfied with Cr; = Csz + Cj. O

Remark 5 We have supposed that 7, is uniformly regular.
In fact, we only need uniform regularity in a narrow strip
containing y .

In light of Brezzi’s theory for mixed methods [14, 20,
54], the following theorem is an immediate consequence of
Lemma 3:

Theorem 2 Assume that A is defined by Eq. 12 and
that Hypotheses 1 and 2 concerning the meshes T, and
Th,». hold. Then there exists a unique solution (pp, py n;
An) € Vi x Ay to the discrete, Lagrange-multiplier,
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fracture problem (11). Moreover, there exists a constant C
independent of h, hy, and h,, such that

lp = prllve + Py — Pyality +1IIA = Ay II,%,
<C ( inf

ah€Vh,Q

14

- inf -
Ip —anlie +qy,;,ev;,_y Py —aynlliy a7

+Wfr€1£h 1A= mnll 1, )

To obtain a convergence estimate, it remains to use
approximation results. These are standard for p and p,.
For A, we can use the result of [35, Lemma 7]: there exists
C; independent of hj such that for all u € H9%(y) for
a € {0, %}, we have

1, ~
. o .

inf — | < CpLh? inf - 50
ot I = pnll s, = Crhj ot e = wnlla,y

Theorem 3 Assume that the hypotheses of Theorem 2 hold.
Let (p, py; ) € V x A be the solution to Problem (9), and
(Phs Py.hs An) € Vi X Ay, be the solution to Problem (11).
Assume that (p, py) belongs to H*(S2) x Hz(y) for an
o€ [%—8, 2] (¢ > 0), and that A belongs to H® (y) for some
a € [0, %]. Then, there exists a constant C independent of
h, hy, and h, such that

1P = pulie + 1Py = Pyalliy + 112 —Anll_1

- 1+a 18
<C (h“ "pllag + by lpyllay + b} aI\AII&,y)-
Thus, depending on the regularity of the continuous
solution, one expects a convergence rate of order between
1 . .
h27% and h. In all of the numerical experiments that we
have examined, we obtained an order of at least & for the

variables p; and p, , and an order between h% and h for
Ap: cf. Figs. 5,7, and 10.

3.3 An alternative Lagrange multiplier space
with continuous, piecewise-linear multipliers

The study in this subsection is motivated by the idea that
for some alternative, discrete, Lagrange-multiplier space, it
might be possible to use a relation between the Lagrange
multiplier space and the fracture pressure space to establish
a discrete inf-sup condition. Here, we consider the simplest
possible such case: the case in which the spaces Vj, o and
Vi, are still defined by Eq. 10, but the fracture meshes are
equal, 7y, = Th,,, and indeed (12) is replaced by
Ap = Va,y. (19)
Proposition 1 Assume that Ay is defined by Eq. 19 and
that Tpp = Th,y is uniformly regular. Then there exists a

@ Springer

unique solution (py, pyn; An) € Vi X Ay to the discrete,
Lagrange-multiplier, fracture problem (11).

Proof We show that the discrete inf-sup condition is
satisfied by the operator b(-, -;-) on Vj, x Ay, using the
norm || - ||y for V; and for Ay, the discrete norm defined for
wh € Ap by

1
leenllan = lmnll_y = 25 Nisnllo,y - (20)

Let Ay, € Ap. As Ay =V, we take 1, = —Ap, and
rp = 0. Then we have

b(rhs Fhys bn) = bO, =An: hn) = 121G,

Using the uniform regularity of the mesh 7 ; = 75, and
using an inverse inequality [24, Corollary 1.141, page 76 or
Remark 1.143 (i), page 77], there is a constant 6 such that

I@ns ra ) IV IAR A, = 1Ay ARl 2y g,
1

I2nll1,y 7 I Anllo,y

A1, "2 2

QhA? ”)‘hHO,y

éh;7 b(rp, T,y An).

Al

IA

Thus, the discrete inf-sup condition is satisfied with a

!
constant 6, = 6~ 'h 5 which is not independent of 2. [

Remark 6 Note that there is no compatibility condition
on the meshes 7, and T, = Ty, in the proof, neither
does 7, need to be uniformly regular. In particular, there
is no hypothesis on the respective mesh sizes 7 and h; =
h, . However, with this choice of Aj, the discrete inf-sup
condition is not uniform in /;, so one can assure a unique
solution but not convergence. We remark that the numerical
results of Section 4 show good convergence rates even for
this choice of Ay; cf. Figs. 5,7, and 11.

4 Numerical results

The emphasis of this section is on numerical experi-
ments using the two different discretizations presented in
Section 3. In particular, the mesh size of the discrete mul-
tipliers &, and its impact on accuracy and convergence will
be addressed. We recall that the two discretizations of the
continuous problem (9) vary only in the way the Lagrange
multiplier is defined. By Az|s € PO(s), cf. Eq. 12, we refer
to the discretization of Section 3.2 and by A;|; € P!(s), cf.
Eq. 19, to the discretization of Section 3.3. The latter implies
that ; = h,,. In the former case, we consider /) ~ 2h, in
order to show that the condition /&, > 3h (see Remark 1)
is sufficient but probably too restrictive in practice. Due to
the higher permeability in the fracture, which may demand
higher accuracy at the fracture interface, in all cases we have
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taken #,, < h. With the above choices of &;, we ensure that
h; > min{h, h, }, to prevent a poorly conditioned system
matrix.

We analyze the performance of the proposed method by
means of several test cases of different complexity. Based
on an oblique fracture extending up to the boundaries of
the matrix domain and an internal fracture with a junction
and with fracture tips in the interior of the matrix, we study
the numerical convergence of the method in Section 4.1 and
Section 4.2, respectively. These examples are followed by
more complex test cases with a regular fracture network
in Section 4.3 and a more realistic benchmark problem in
Section 4.4. The accuracy and convergence are validated by
means of a comparison with other methods in this field [28].

As the fracture interface is generally not aligned with the
matrix mesh, we use a sufficiently fine reference solution
for the computation of the error in all examples. In the
simplified case of a conforming fracture, i.e. , aligned with
the matrix mesh, we obtain optimal rates of convergence in
the matrix as well as in the fracture (results not shown here,
see [43]; cf. also [44]). A direct solver was used to solve
the linear systems.

4.1 Case 1: an oblique fracture

The first setup is a two-dimensional, square domain
Q := [0, 11* with homogeneous Neumann conditions on
the horizontal boundaries and nonhomogeneous Dirichlet
conditions on the vertical boundaries (p = 1 on the left
and p = 4 on the right). An oblique fracture y with K, =
10I,,, K = I, extends from the left to the right part of the
horizontal boundaries of the matrix domain €2 with Dirichlet
boundary values p, = 1 on the lower tip and p, = 4 on
the upper tip. The test case and the pressure distribution are
shown in Fig. 4. Because of the geometry of the setup, the
oblique fracture mesh is not aligned with the rectangular
elements of the matrix grid (nonconforming).

Figure 5 displays the numerical convergence analysis
of the primary variables in different norms for 7 €
{1/8,1/16,...,1/128} based on a reference solution
computed with a resolution of # = 1/512. The mesh size of
the fracture £, is always half of the matrix mesh size, i.e. ,
hy, ~h/2.

The results in Fig. 5 are in accordance with or better
than the theoretical findings: the H! errors for fracture
and matrix pressures converge linearly independent of the
utilized discretization of the Lagrange multiplier and the
Lagrange multiplier converges with rates up to O(h,) in
the discrete norm || - || _ Ly defined in Eq. 20. The
Lagrange multiplier error remains at quite high levels, but
this does not degrade the error for p or p, which are
the more relevant physical unknowns. In the L? norm, the

errors for the matrix pressure converge linearly, and the
errors for the fracture pressure converge with rates between

3

O(hf) and O(hf,). Additional numerical experiments (not
presented here) showed that it is possible to use a more
refined fracture mesh, e.g., 1, ~ h/10, with conclusions in
no way significantly different from those above. The only
difference is an improvement in the fracture pressure error.

We conclude that in the present test case with an oblique
fracture, the choice of the ansatz functions of the Lagrange
multiplier does not affect the rates of convergence and the
errors significantly. The major difference in Fig. 5 stems
from the choice of the mesh sizes.

Remark 7 When h; is too small (typically h, < h/2),
Hypotheses 1 and 2 are not satisfied by far, and problem (11)
is not stable. This is characterized by solvability issues of
the linear system (at least a very poor conditioning of the
matrix) [43].

4.2 Case 2: a y-shaped fracture

The next setup rests upon a slightly different fracture-matrix
scenario with fracture tips ending within the matrix domain
Q. In contrast to the test case of the previous Section 4.1,
a y-shaped fracture splitting into two parts is located in the
center of the domain. We impose no flow conditions at the
fracture tips. The test case and the pressure distribution are
shown in Fig. 6.

The numerical convergence study in different norms is
displayed in Fig. 7 for h € {1/8,1/16, ..., 1/128} based on
a reference solution computed with resolution 7 = 1/512.

1
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0.6 19}
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=}

BN @

g

0.4 e
0.2
0

0 0.2 0.4 0.6 0.8 1

x

Fig. 4 Case 1 (an oblique fracture): Pressure distribution of a
simulation with i = 1/24, hy = hy, = 1/48, a5 € PL(s)
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Fig.5 Case 1 (an oblique fracture): Convergence of matrix pressue p, fracture pressure p,,, and Lagrange multiplier A for ) ~ 2h, Ay € PO(s)
(above) and for hy = hy, Ayl € Pl(s) (below) depending on the mesh size

Apart from a small kink in Fig. 7b the linear rate of
convergence of the H' error observed in the previous
example (cf. Fig. 5) is maintained. The L? errors have
approximately linear convergence with slightly improved
rates of the matrix in the case hy =~ 2h, Aply € PU(s).
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Fig. 6 Case 2 (a y-shaped fracture): Pressure distribution of a
simulation with i = 1/24, hy =h, = 1/48, Ayls € P (s)
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It is worth noticing that the difference of L2 and H' error
in the fracture is marginal. The absolute value of the L2
errors is higher compared to those of Fig. 5. The errors of
the Lagrange multiplier are in the range of O(hl/ 2) and
0(h3/ 4) Again, additional numerical experiments show
that it is possible to use a more refined fracture mesh, e.g.,
hy, ~ h/10, with roughly the same conclusions.

We conclude that in this case of a splitting and
internal fracture, the choice of the ansatz function of the
discrete Lagrange multipliers has a stronger impact on the
convergence rates. Nonetheless, the numerical experiments
indicate the overall convergence. The junction of the
fracture lines and the fracture tips ending within the
matrix domain may additionally reduce the regularity of the
solution. This may explain why the choice of the ratio of the
involved mesh sizes becomes more important.

4.3 Case 3: a fracture network

The third setup is a more complex test case with
a regular fracture network presented in [33] but with
boundary conditions slightly modified (in accordance
with [28]). On the horizontal boundaries, homogeneous
Neumann conditions are imposed. Moreover, we impose
nonhomogeneous Neumann conditions (inflow) on the left
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Fig.7 Case 2 (a y-shaped fracture): Convergence of matrix pressure p, fracture pressure p,, and Lagrange multiplier A for i ~ 2h, Ay € PO(s)
(above) and for hy = hy, Ayl € Pl(s) (below) depending on the mesh size

and nonhomogeneous Dirichlet boundary conditions on the

right.

All fractures of the test case have the uniform aperture
d = 107* The matrix domain is characterized by a

0.2 0.4

0.6 0.8 1

T

1.56

1.4

1.3

pressure

1.2

1.1

Fig.8 Case 3 (a fracture network): Pressure distribution of simulation
with h = 1/33, hy, = 1/32, h; =~ 2h, Apls € PO(s). The fracture
network is shown in black

permeability of K = I and the fracture by a permeability
of K, = I,. Note that the aperture of the fracture is
incorporated in the value of K,, and the inflow condition u,, -
n, on the left boundary. The resulting pressure distribution
of a simulation with nonconforming configuration and & =
1/33, h, = 1/32, hy ~ 2h, Als € POs) is shown in
Fig. 8.

Based on the benchmark study [28], we compare the
proposed Lagrange-multiplier method with several other
available methods in the field of single-phase flow in
fractured porous media. The reference solution used here
is computed with a mimetic finite difference method [21]
using a two-dimensional grid in the fracture and the matrix
domain. The interested reader is referred to [28] for further
details of the different methods. Figure 9 displays the
comparison of the pressure profile at y = 0.7 and x = 0.5,
where the proposed method of this work is denoted by
LM-FEM, (Lagrange multiplier - finite element method).
Figure 9 shows that the distribution of the pressure is
in good agreement with the other methods. With 1089
rectangular elements in the matrix and 112 segments in the
fracture, the simulation of the Lagrange multiplier method
is in the same range of numbers of elements as the other
methods. Similarly, the L? error in the matrix err, =
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Fig. 9 Case 3 (a fracture network): Comparison with other methods,
cf. [28], at y = 0.7 (above) and x = 0.5 (below). Lagrange multiplier
method (with A;|; € PO(s), h = 1/33, hy, = 1/32, h) ~ 2h and
nonconforming grid) denoted by LM-FEM

1.0 - 1072 and in the fracture err, = 6.5 - 1073 is in the
same range.

Building on this configuration, the meshes are con-
secutively refined three times by a factor of two (h €
{1/33,1/65,1/129, 1/257}) in order to investigate the con-
vergence in a similar way as proposed in [28]. The resulting
convergence study of both, matrix and fracture pressure, is
illustrated in Fig. 10. Again, the Lagrange multiplier method
is characterized by a similar convergence behavior as the
other methods of the benchmark, with linear convergence
rates in the matrix and the fracture. Additional numerical
experiments indicated linear rates of convergence also for
different discretizations such as A, |s € P! (s), hp, =h, ora
refined fracture mesh as long as the mesh of the multiplier
is not chosen too small compared to the matrix mesh, e.g.,
hy > h/2.

The numerical results demonstrate that in practice, the
mesh size of the Lagrange multiplier can be chosen smaller
than the theoretical results of Section 3 suggest. Moreover,
the results show that the multiplier method is able to
compete with other DFM models in the field.
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4.4 Case 4: the hydrocoin benchmark

The last setup is a more realistic flow problem of
the international hydrocoin project [58]. The benchmark
accounts for the morphology of the geological formation
and is characterized by the piezometric head and hydraulic
conductivities. It comprises two conductive and intersecting
fractures with different aperture, dy =~ 7.07 m and dp ~
14.76 m, and uniform hydraulic conductivity 10~%m/s.
The surrounding matrix rock has an isotropic hydraulic
conductivity of 1078 m /s. The surface elevation represents
the Dirichlet boundary condition at the top of the domain.
No-flow Neumann boundary conditions are imposed on the
other boundaries. Note that we slightly modified the original
domain as in [28] in order to preserve the comparability
between different fracture models. The plot at the top of
Fig. 11 shows the distribution of the piezometric head of a
simulation with & ~ 34m, h, = h) ~ h/2, Apls € Pl(s).
A comparison with other fracture models at a depth of
200m based on [28] is shown in the plot at the bottom
of Fig. 11. The reference solution used here is again
computed with a mimetic finite difference method [21]
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Fig. 10 Case 3 (a fracture network): Convergence of matrix pressure
p (above) and fracture pressure p,, (below) for h; ~ 2k, Ayls € PO(s)
depending on the number of elements compared to other methods, cf.
[28]. Lagrange multiplier method denoted by LM-FEM
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Fig. 11 Case 4 (the hydrocoin benchmark): Nonconforming simula-
tion with b ~ 34m, h, = hy, ~ h/2, hyls € P!(s) (above) and

comparison with other methods, cf. [28], at z = —200m (below).
Lagrange multiplier method denoted by LM-FEM

using a two-dimensional grid in the fracture and in the
matrix domain. Figure 11 indicates that the approximation
with the proposed method stays within the range of the
compared distributions of the hydraulic head. The global
error in the matrix err, = 1.6 - 1072 and the fracture
error err, = 1.3 - 10~2 are slightly higher than those of
the other methods. Additional simulations with piecewise
constant multipliers Ayl € PO(s) showed that the errors
increase rapidly with the coarsening of the multiplier mesh.
However, a more refined fracture mesh does not affect the
results significantly.

A more detailed convergence study was not performed
in this case since the large width of the fractures raises the
question if the equidimensional mimetic finite difference
solution is a precise reference solution to reduced models of
co-dimension one.

5 Conclusion

We presented a novel approach to modeling single-phase,
single-component, Darcy flow in fractured porous media
based on the use of a Lagrange multiplier, which couples
the flow in the fracture with that in the surrounding matrix,
and showed that there exists a unique solution to the
primal formulation of the continuous problem. In particular,
this method allows for the use of a mesh in the matrix
domain that is not aligned with the fracture. In order
to approximate the fracture and the matrix pressure of
the interface model, two different types of finite element
discretizations were studied. Both discretizations are based
on a discrete multiplier space defined on the fracture
interface. However, they differ in the choice of the mesh and
the basis functions of the Lagrange multiplier.

The first of these relies on discontinuous piecewise
constant basis functions on sufficiently large multiplier
elements (h, > 3h). Under this condition, following [35],
we proved existence, uniqueness, and convergence of the
discrete problem. Several numerical experiments confirmed
the theoretical results and validated the approach. The
numerical experiments showed that in practice, the mesh
size of the multiplier can be chosen finer than the theoretical
results suggest. Provided that 4, > min{h, k) }, a multiplier
mesh size in the range of the matrix element, i.e. , i, =~ h,
yields a reasonable balance between accuracy, convergence,
and conditioning.

The second discretization is based on continuous,
piecewise-affine, multiplier elements. In particular, the
mesh for the multiplier is the same as that for the fracture.
In this case, we could prove that there exists a unique
solution of the discrete problem, but not convergence.
However, the numerical results indicated that the discrete
problem converges to the reference solution and validated
the approach. Similar to the previous discretization, mesh
sizes of h), = h, ~ h or hy = h, ~ h/2 yield a reasonable
balance between accuracy and convergence. We note though
that the condition number is generally significantly higher
for the second discretization for A, (P!) than for the first
().

The numerical examples showed that the errors of matrix
and fracture pressure decrease linearly in the H' norm.
However, the errors deviate from the desired rates in the
L? norm resulting from the nonconforming fashion the
fracture intersects the matrix elements and the regularity
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of the different test cases. Therefore, the L?-convergence
generally varies between O (h) and 0(h2). If the fracture
mesh is aligned with the matrix mesh, we obtain optimal
rates of convergence. In accordance with the theoretical
findings, the Lagrange multiplier is characterized by rates
up to O(h,). The results of the benchmark problems in
[28] lead us to the conclusion that the method is in good
agreement with other fracture models and is an efficient
alternative for the approximation of flow problems in
fractured porous media.
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