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Abstract

Composite minimization involves a collection of functions which are aggregated in
a nonsmooth manner. It covers, as a particular case, smooth approximation of mini-
max games, minimization of max-type functions, and simple composite minimization
problems, where the objective function has a nonsmooth component. We design
a higher-order majorization algorithmic framework for fully composite problems
(possibly nonconvex). Our framework replaces each component with a higher-order
surrogate such that the corresponding error function has a higher-order Lipschitz
continuous derivative. We present convergence guarantees for our method for com-
posite optimization problems with (non)convex and (non)smooth objective function.
In particular, we prove stationary point convergence guarantees for general noncon-
vex (possibly nonsmooth) problems and under Kurdyka—Lojasiewicz (KL) property
of the objective function we derive improved rates depending on the KL parameter.
For convex (possibly nonsmooth) problems we also provide sublinear convergence
rates.
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1 Introduction
In this work, we consider the class of general composite optimization problems:

minff(x) = g(F(x)) + h(x), (1)

xedom,

where i : E — R, with R = R U {400}, and F : E — R” are general proper
lower semicontinuous functions on their closed domains and g : R — R is a
proper closed convex function defined everywhere. Here, E is a finite-dimensional
real vector space and F = (F1,--- , Fy,). Note that dom f = g(domF) N dom h.
This formulation unifies many particular cases, such as smooth approximation of
minimax games, max-type minimization problems or exact penalty formulations of
nonlinear programs, while recent instances include robust phase retrieval and matrix
factorization problems [5, 8, 9, 15]. Note that the setting where g is the identity function
was intensively investigated in large-scale optimization [1, 16, 19, 26]. In this paper,
we call this formulation simple composite optimization. When g is restricted to be a
Lipschitz convex function and F' smooth, a natural approach to this problem consists
in linearizing the smooth part, leaving the nonsmooth term unchanged and adding an
appropriate quadratic regularization term. This is the approach considered e.g., in [8,
27], leading to a proximal Gauss-Newton method, i.e. given the current point x and a
regularization parameter ¢ > 0, solve at each iteration the subproblem:

1
xT = argming(F()E) + VFXx)(x — )E)) + an — )E||2 + h(x).

For such a method it was proved in [8] that dist(0, 9 f (x)) converges to 0 at a sublinear

rate of order O(1 /k%), where k is the iteration counter, while convergence of the
iterates under KL inequality was recently shown in [27]. Note that the case where g
is (Lipschitz) convex, F is smooth and & = 0 has been also analysed in ( [29]) [10].
In [5] a flexible method is proposed, where the smooth part F is replaced by its
quadratic approximation, i.e., given x, solve:

+ , ( . _ S, L -z>
X7 =argmin g F(x)+VF(x)(x—x)+E||x—x|| + h(x),

where L = (Ly, -+, L,)T, with L; being the Lipschitz constant of the gradient of
F;,fori = 1: m. Assuming F, g and & are convex functions, and g additionally is
componentwise nondecreasing and Lipschitz, [S] derives sublinear convergence rate
of order O(1/k) in function values. Finally, in the recent paper [9], a general composite
minimization problem of the form:

I}léfglg(x’ F(x)),

is considered, where F = (F1, - - - , Fy,), with F;’s being convex and p-smooth func-
tions on [E and having the p-derivative Lipschitz, with p > 1 aninteger constant. Under
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these settings, [9] replaces the smooth part by its Taylor approximation of order p plus
a proper regularization term, i.e., given x, solve the following subproblem:

L
+ M F P > +1
X" = arg min x, T7(xx) + ————||x — x||” )

where L = (Ly,---, L))", with L; being related to the Lipchitz constant of the
p-derivative of F; and Tlf (x;x) is the p-Taylor approximation of F' around the current
point x. For such a higher-order method, in the convex settings and assuming that g
has full domain in the second argument, [9] derives a sublinear convergence rate in
function values of order O (1/k?).

Note that the optimization scheme in [9] belongs to the class of higher-order methods.
Such methods are popular due to their performance in dealing with ill conditioning
and fast rates of convergence, see e.g., [2, 7, 13, 20, 24, 25]. For example, first-order
methods achieve convergence rates of order O(1/k) for smooth convex optimization
[16, 26], while higher-order methods of order p > 1 have converge rates O(1/kP)
for minimizing p smooth convex objective functions [13, 20, 24, 25]. Accelerated
variants of higher-order methods were also developed e.g., in [11, 24, 25]. Recently,
[20] provided a unified framework for the convergence analysis of higher-order opti-
mization algorithms for solving simple composite optimization problems using the
majorization-minimization approach. This is a technique that approximate an objec-
tive function by a majorization function, which can be minimized in closed form or its
solution computed fast, yielding a solution or some acceptable improvement. Note that
papers such as [5, 16] use a first-order majorization-minimization approach to build
amodel (i.e., use only gradient information), while [20] uses higher-order derivatives
to build such a model. However, global complexity bounds for higher-order methods
based on the majorization-minimization principle for solving composite problem (1)
are not yet given. This is the goal of this work.

Contributions In this paper, we provide an algorithmic framework based on the notion
of higher-order upper bound approximation of the composite problem (1). Note that
in this optimization formulation we consider general properties for our objects, e.g.,
the functions F and & can be smooth or nonsmooh, convex or nonconvex and g is con-
vex, nondecreasing and has full domain. Our framework consists of replacing F by a
higher-order surrogate, leading to a General Composite Higher-Order minimization
algorithm, which we call GCHO. This majorization minimization approach is rele-
vant as it yields an array of algorithms, each of which is associated with the specific
properties of F' and the corresponding surrogate, and it provides a unified convergence
analysis. Note that most of our variants of GCHO for p > 1 were not explicitly con-
sidered in the literature before (at least in the nonconvex settings). Moreover, our new
first-, second-, and third-order methods can be implemented in practice using existing
efficient techniques from e.g., [25, 28].

We derive convergence guarantees for the GCHO algorithm when the upper bound
approximate F' from the objective function up to an error that is p > 1 times dif-
ferentiable and has a Lipschitz continuous p derivative; we call such upper bounds
composite higher-order surrogate functions. More precisely, on composite (possibly
nonsmooth) nonconvex problems we prove for GCHO, with the help of a new auxiliary
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Table 1 Convergence results for GCHO algorithm

Nonconvex case  Ass. 1 and 2 Convergence rate: 3(yg) x>0 close to (x;)g>0 s.t Theorem 2
P
min dist(0,d f(y;)) <Ok ptl
min dist(0. 0/ (3;)) < ( )

Ass. 1,2,3 & KL Convergence rate: f(x;) — fx sublinear or linear Theorem 3

Convex case Ass. 1 & f convex Convergence rate: f(xg) — f* <O (k_l’ ) Theorem 4

1 . . . ..
sequence, convergence rates O (W) in terms of first-order optimality conditions.

We also characterize the convergence rate of GCHO algorithm locally, in terms of
function values, under the Kurdyka-Lojasiewicz (KL) property. Our result show that
the convergence behavior of GCHO ranges from sublinear to linear depending on the
parameter of the underlying KL geometry. Moreover, on general (possibly nonsmooth)
composite convex problems (i.e., f is convex function) our algorithm achieves global
sublinear convergence rate of order O (1/k?) in function values. We summaries our
convergence results in Table 1. Finally, for p = 2, g(-) = max(-) and 2 = 0, we
show that the subproblem, even in the nonconvex case, is equivalent to minimizing an
explicitly written convex function over a convex set that can be solve using efficient
convex optimization tools.

Besides providing a general framework for the design and analysis of composite
higher-order methods, in special cases, where complexity bounds are known for some
particular algorithms, our convergence results recover the existing bounds. For exam-
ple, from our convergence analysis one can easily recover the convergence bounds of
higher-order algorithms from [24] for unconstrained minimization and from [20, 24,
25] for simple composite minimization. Furthermore, in the composite convex case
we recover the convergence bounds from [5] for p = 1 and particular choices of g and
from [9] for p > 1. To the best of our knowledge, this is the first complete work deal-
ing with composite problems in the nonconvex and nonsmooth settings, and explicitly
deriving convergence bounds for higher-order majorization-minimization algorithms
(including convergence under KL).

2 Notations and preliminaries

We use the standard notations from [24, 25]. We denote a finite-dimensional real
vector space with E and E* its dual space composed of linear functions on [E. For
any linear function s € E*, the value of s at point x € E is denoted by (s, x). Using
a self-adjoint positive-definite operator B : E — [E*, we endow these spaces with
conjugate Euclidean norms:

1 _ 1
Ixl = (Bx.x)2, x€E, |gll.=(g.B'g)2, geE"

For a twice differentiable function ¢ on a convex and open domain dom ¢ C E,
we denote by V¢ (x) and V2¢(x) its gradient and hessian evaluated at x € dom ¢,
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respectively. Then, V¢ (x) € E* and V?¢(x)h € E* for all x € dom ¢, h € E.
Throughout the paper, we consider p a positive integer. In what follows, we often
work with directional derivatives of function ¢ at x along directions #; € [E of order
p, DP(x)[hy, -+, hpl,withi = 1: p.If all the directions /i, - - - , h, are the same,
we use the notation D”¢ (x)[h], for h € E. Note that D¢ (x) is a symmetric p-linear
form. Then, its norm is defined as:

D7 (x0)|| = 1;lea[g{D”aﬁ(X)[h]” DAl < 1}

Further, the Taylor approximation of order p of ¢ at x € dom ¢ is denoted:
Py .
TP () = () + ) =D'¢p(x)ly —xI' VyeE.
=i

If¢ : E — Ris p differentiable function on dom ¢, then the pth derivative is Lipschitz
continuous if there exist a constant L‘z > 0 such that:

IDP$(x) — DP$(I < LYllx =y Vx,y € dom ¢. @)

It is known that if (2) holds, then the residual between the function and its Taylor
approximation can be bounded [24]:

L¢
90) = TPG0l = = Fply = x17H V€ dom g, 3)

If p > 2, we also have the following inequalities valid for all x, y € dom ¢:

¢
IVo () = VTS ()l < =5 lly — xII17, €
p:
2 2., L? p—1
IV ) = VTRl = o=y =177 )

For the Hessian, the norm defined in (5) corresponds to the spectral norm of self-adjoint
linear operator (maximal module of all eigenvalues computed w.r.t. B). A function
g : R™ — Ris said to be nondecreasing if for all i = 1 : m, g is nondecreasing in its
ith argument, i.e., the univariate function:

2> 821, Zie1, 2, Zigls 5 Zm)s

is nondecreasing. In what follows, if x and y are in R, then x > y means that x; > y;
for all i = 1 : m. Similarly, we define x > y. Since g is nondecreasing, then for all
x,y € R™ such that x < y we have g(x) < g(y). Next, we provide few definitions
and properties concerning subdifferential calculs (see [17]).
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Definition 1 (Subdifferential): Let f : E — R be a proper lower semicontinuous
function. For a given x € dom f, the Fréchet subdifferential of f at x, written 9 f (x),
is the set of all vectors g, € E* satisfying:

o fO) = f(x) = (gx,y — x)

lim in
XFEY yX lx =yl

> 0.

When x ¢ dom f, we set F) f(x) = @. The limiting-subdifferential, or simply the
subdifferential, of f at x € dom f, written d f (x), is defined as [17]:

af(x):= {gx eE* Ik > x, f(xk)—> f(x) and Elng G/B\f(xk) such that gf—)gx} .

Note that we have 9 f(x) € 9f(x) for each x € dom f. In the previous inclusion,
the first set is closed and convex while the second one is closed, see e.g., [17]. Let us
recall the following chain rule for the composite problem g(F'):

d(go F)(x) =co {Zuivi |u e ag(F(x)), vi €edFi(x), i=1 :m}, (6)

i=1

where F can be nondifferentiable and u = (uy, --- , u;;), which is valid provided
that, e.g., F = (F1,---, Fy;) and g are locally Lipschitz, F;’s are regular at x, g is
regular at F'(x) and dg(F(x)) € R} (see Theorem 6 in [14] for more details). As a
consequence, if g is the identity function and m = 2, then:

A(F1 + F2)(x) = 0F 1 (x) + 0 F2(x).
For any x € dom f let us define:

Sy(x) = dist(0, 8 £ (x)) := ) Eigjg(x)ugxu.

If0f(x) =0, weset Sy(x) = oo.

3 General composite higher-order algorithm

In this section, we propose a higher-order algorithm for solving the general composite
problem (1) and analyse its convergence.

Assumption 1 We consider the following assumptions for optimization problem (1):

1. The functions F;, withi = 1:m, g and h are proper lower semicontinuous on their
domains, satisfy the chain rule (6) and dom & € g(dom F).

2. Additionally, g is convex nondecreasing and has full domain, satisfying the fol-
lowing subhomogeneity property:

glax) <agkx) Vx e R" Va > 1. @)
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3. Problem (1) has a solution and thus f* :=infedom 7 f(x) > —00.

From Assumption 1.1, it follows that dom f = dom h. Moreover, if Assumption 1.2
holds, then from [9](Theorem 4) it follows that:

gx+1y) = gx) +1g(y) Vi =0. (®)

Next, we provide several examples of optimization problems that can be written as (1)
and satisfy our Assumption 1.

Example 1 (Minimax strategies for nonlinear games) Let us consider the problem:

min {f(x) := max (F(x), u)} ,
ue/

xel, m

where A,, A, are the standard simplexes in R” and R™, respectively. The smooth
approximation for this problem using the entropy distance is as follows [22]:

min § f0) = max {(FC0.u) = Y- ujlnGu) = pinGm | 1

j=1

for some p > 0. Using Lemma 4 in [22], we get:

F; (x)

fuy=pin| Y en
j=1

Hence, considering g(y) = pn1n (ZT:] en ) , then the original minimax problem can

be approximated, for sufficiently small p, with minyca, f,(x) := g(F(x)). Note that
g satisfies Assumption 1.2.

Example 2 (Min-max problems) Let us consider the following min-max problem:

min max F;(x).
xXe m

1=1:

This type of problem is classical in optimization. Note that if we define g(y) =
max;—1., y; and h = 1p, then, the previous min-max problem can be written as
problem (1) and g satisfies Assumption 1.2.

Example 3 (Simple composite problems) Let us consider the following simple com-
posite minimization problem:

min Fo(x) + h(x).
xeRn

Taking F(x) = Fp(x) and g the identity function, we can clearly see that g(F (x)) +
h(x) = Fo(x) + h(x).
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Further, let us introduce the notion of a higher-order surrogate, see also [20].

Definition2 Let ¢ : E — R be a proper lower semicontinuous function and x €

dom ¢. We call the function s(- ;x) : E — R, with dom s(- ;x) = dom ¢, a p
higher-order surrogate of ¢ at x if it has the following properties:

(i) the error function

e(yx) =s(yx) — o (), 9

with dom e open such thatdom ¢ C dom e, is p differentiable and the p derivative
is smooth with Lipschitz constant L;.
(ii) the derivatives of the error function e satisfy

Vie(xx)=0 Vi=0:p, x € dom ¢, (10)

and there exist a positive constant R}, > 0 such that

e

R +1
et) 2 Py =PV, y € dom . (11

Note that dom ¢ may not be equal to dom e (see examples below) and from (11) we
have s(y; x) > ¢(y) for all x, y € dom ¢. Next, we give two nontrivial examples of
higher-order surrogate functions, see [20] for more examples.

Example 4 (Composite functions) Let F| : E — R be p times differentiable and the
p derivative be Lipschitz with constant L,’f‘ and let F» : E — IR be a proper closed
function. Then, for the composite function F' = Fj + F>, where dom F = dom F>,
one can consider the following p higher-order surrogate function:

F M p+1
syx)=T, (y,x)+mll x =yl + F(y) Yx,y €edom F,

where M, > Lg‘ . Indeed, from the definition of the error function, we get:

c ) — 7F (e Mp 1
e(y;x) =T,"(y;x) — Fl()’)"‘m” x = ylIPth (12)

Thus e(-;x), with dom e = E and dom F C dom e, has the p derivative Lipschitz
with constant L,Ijl + M, Further, from the definition of the error function e, we have:

Vie(xxx) = VI (xxx) = V' Fi(x) = V'Fi(x) = V'F(x) =0 Vi =1: p.

Moreover, since F| has the p derivative Lipschitz, it follows from (3) that:

F

—L,,
TFl . F _ 17+1
p X)) = Fi(y) = o le),llx vl
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Combining this inequality with (12), we get:

F
M”x

T ylIP (13)

e(yx) >

Hence, the error function e has L}, = M, + Ly and R, =M, — Ly

Example 5 (proximal higher-order) Let F : E — R be a proper lower semicontinuous
function. Then, we can consider the following higher-order surrogate function:

r

(r+ 1!

+1
Iy —xI"™"",

s(yx) = F(y) +

where r is a positive integer. Indeed, the error function is:

r

G+ xI

e(y;x) =s(yw) — F(x) = ly
where dom F C dom e = E. In this case, the error function e has the r derivative
Lipschitz with L¢ = M, and R, = M,.

In the following, we assume for problem (1) that each function F;, withi = 1 : m,
admits a p higher-order surrogate as in Definition 2. Then, we propose the following
General Composite Higher-Order algorithm, called GCHO.

Algorithm GCHO
Given xg € dom f. For k > 1 do:

1. Compute surrogate s (xxy) = (s1(xx¢), -+, sm(xx¢)) of F near xz.
2. Compute xi satisfying the following descent:

g (s Coa15x0)) + h(xrg1) < f (). (14)

Although our algorithm requires that the next iterate x;41 only to satisfy the descent
(14), we usually generate xi1 by solving the following subproblem:

ngng(s(x;xk)) + h(x). (15)

If F and h are convex functions, then the subproblem (15) can be also convex. Indeed,
for Example 4,if M), > le,Ij1 and F; is convex, then the surrogate function s is convex
and hence the problem (15) is convex (see Theorem 1 [24]), while for Example 5, the
surrogate is convex if M, > 0. Hence, in the convex case we assume that x; 4 is the
global optimum of the subproblem (15). However, in the nonconvex case, we cannot
guarantee the convexity of the subproblem. In this case, we either assume that we can
compute a stationary point of the subproblem (15) if g is the identity function or we
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can compute an inexact solution as defined in (25) if g is a general function. Note
that our algorithmic framework is quite general and yields an array of algorithms,
each of which is associated with the specific properties of F and the corresponding
surrogate. For example, if F is a sum between a smooth term and a nonsmooth one we
can use a surrogate as in Example 4; if F is fully nonsmooth we can use a surrogate
as in Example 5. This is the first time such an analysis is performed, and most of our
variants of GCHO were not explicitly considered in the literature before (especially in
the nonconvex settings). Note that in both Examples 4 and 5, x;+1 can be computed
inexactly, as detailed in the next sections.

3.1 Nonconvex convergence analysis

In this section we consider that each F;, withi = 1 : m, and & are nonconvex functions
(possible nonsmooth). Then, problem (1) becomes a pure nonconvex optimization
problem. Now we are ready to analyze the convergence behavior of GCHO algorithm
under these general settings. In the sequel, we assume that g (—R},) < 0.Note thatsince
the vector R}, > 0, then for all the optimization problems considered in Examples 1,
2 and 3 this assumption holds provided that M), is large enough.

Theorem 1 Let F, g and h satisfy Assumption 1 and additionally each F; admits a p
higher-order surrogate s; as in Definition 2 with the constants L;(i ) and Rf, (i),
Jor i =1 : m. Let (xp)i>o be the sequence generated by Algorithm GCHO,
Rf, = (Rf)(l), e ,R;(m)) and Lf, = (L;(l), e ,L‘;,(m)). Then, the sequence
(f (xk))g =0 is nonincreasing and satisfies the following descent relation:

§CRY) .
fOrr) < fOx) + ——— TR ———|lxxg1r — xll? Vk > 0. (16)
Proof Denote e(xj41:x%) = (€1 (Xk+13%%), -+ » €m(xk41x%)). Then, from the defini-

tion of the error function ¢ and (11), we have:

6

T + o Lt — P < e(iprs Xk = S(aerts Xk) — F (1)

This implies that:

e

F(x < §(Xp41: X, —_— — xg||PtL.
(Xk+1) < 5(Xpt15 X)) — (+1)‘” k+1 — Xkl

Since g is nondecreasing, we get:

e

g(F(xk41)) < g (S(Xk+1: xp) — ————||lxk41 — xkll”“)

(p +1)'
®) g(—Rj,
< g((sCexars x X1 — xel P
< g((s(Grp1: @) + > +1),II k1 — Xl
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Finally, we obtain that:
e

8
S ayn) < g(sGrrr: x) + h(xign) + (Tlp)‘”xk-H — xi [Pt

g(—RY,
< fx k)+( n 1),||)€k+1 — x||PF,

which yields our statement. O

Summing (16) from j = 0 to k, we get:

k
g(—R%)
> - G xj|IP < Zf(xj) fCxje)
j=0 j=0
= f(x0) — f(xxg1) < fxo) — f*

Taking the limit as k — +00, we obtain:

Dl = xeqIPF < oo (17)
k=0
Hence limg 4o0ll¥k — Xk+1]l = 0. In our convergence analysis, we also consider

the following additional assumption which requires the existence of some auxiliary
sequence that must be closed to the sequence generated by GCHO algorithm and some
first-order relation holds:

Assumption 2 Given the sequence (xk) 0 generated by GCHO algorithm, there exist
two constants L},, Lf, > 0 and a sequence (k)= such that:

Iyt = xill SLplbeesr — xill and Sy (ey1) <L llyker — xell” Yk = 0. (18)

In the next section, we provide concrete examples for the sequence (yx)i>0 satisfying
Assumption 2, and the corresponding expressions for L ;) and L%,.

3.2 Approaching the set of stationary points

Before continuing with the convergence analysis of GCHO algorithm, let us ana-
lyze the relation between ||xx41 — xx||” and Sr(x¢41) and also give examples when
Assumption 2 is satisfied. For simplicity, consider the following simple composite

minimization problem:

min f(x) = F(x) + h(x),

where F is p times differentiable function, having the p derivative L If -Lipschitz and
h is proper lower semicontinuous function. In this case g is the identity function and
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we can take as a surrogate s(y;x) = T;(y;x) + %Hx — yIP* 4+ h(y), with the

positive constant M, satisfying M, > Lg and g(—RY) < 0. The following lemma
gives an example when Assumption 2 holds.

Lemma 1 Assume g is the identity function, F has the p derivative Lipschitz and Xj1
is a stationary point of the following subproblem:

M
€ in T (x: u — x|l h(x). 19
Y+l € argmin T, (k) + (p—l—l)!”x xelP + h(x) (19)

F
My+LY

Then, Assumption 2 holds with yx4+1 = Xk+1, L}, =1 and Lf, ==

Proof Since x4 is a stationary point of subproblem (19), using (6), we get:
MP p—1 F
?kaﬂ = xillP7 B (xk — xk41) — VT, (Xg155%) € Oh(Xp1),
or equivalently

M[’ p—1 F
— Pl =l BOsk = i) & (VFGaksn) = VI Coks130))

€ VF (xpy1) + 0h(xg41) = 0 f (x41)-

Taking into account that F' is p-smooth, we further get:

MP p F
Sp(Xe+1) < 7|IX1<+1 = X l” +IVF (xp1) = VT, G, x) s« (20)

) M, + L%
< ——L e — x .

M,+LE

p! o

Hence, Assumption 2 holds with yg4+1 = xg+1, L}, = 1and Lf, =
The algorithm GCHO which generates a sequence (xx)x>0 satisfying the descent (14)
and the stationary condition (19) has been also considered e.g., in the recent papers
[20, 25], with & assumed to be a convex function. Here we remove this assumption on
h. Combining (20) and (16), we further obtain:

p+l

il My +LEN 7 (p+1)
Sr(xp+1) 7 = i , L G
p! Mp—Ly

(00 = Fowrn)

= Cory. (fO0) = FCuin).
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ptl

My+LJN 7 (p41)
p! M, — Lg'
J =0:k — 1, and using that f is bounded from bellow by f*, we get:

where C MpLE = Summing the last inequality from

k—1

S Sp0 T = Cupyar (F00) = F@0) = Cug o (FG0) = £7).

j=0

Hence:

_pr_
(Cotyorp (FOx0) = ) ™"
min Sf(xj') < 5 .
Jj=0:k—1 kpFT

Thus, we have proved convergence for the simple composite problem under slightly

more general assumptions than in [20, 25], i.e., F and h are possibly nonconvex

functions. Finally, if we have ||x;4+1 — x¢||? < ﬁe, then from (20) it follows that
V4 P

Sr(xps+1) < €,i.e., xg41 isnearly stationary for f. Note that in the previous Lemma 1,

we assume xj41 to be a stationary point of the following subproblem (see (19)):

Xp+1 € argmin s(x;xg). 21
X

However, our stationary condition for xx4 can be relaxed to the following inexact
optimality criterion (see also [2]):

lgxe I < Ollxk1 — xiell? (22)

where gy,., € 9s(xx+1;x¢) and 6 > 0. For simplicity of the exposition, in our con-
vergence analysis below for this particular case (i.e., g identity function) we assume
however that x; satisfies the exact stationary condition (21), although our results
can be extended to the inexact stationary condition from above. The situation is dra-
matically different for the general composite problem (1). When g is nonsmooth, the
distance dist(0, 0 f (x¢+1)) will typically not even tend to zero in the limit, although
we have seen that ||xz41 — xx||” converges to zero. Indeed, consider the minimization
of the following function:

f(x) = max (x2 —1,1 —xz).

For p = 1, we have L' (1) = LT (2) = 2. Taking xo > 1 and M| = M, = 4, GCHO
algorithm becomes:

X1 = argmin Q(x, xi) ( i= max (Q1(x, x¢), Q1(x, xx) — dxxg + 2x7 + 2)),
X
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where Q1(x, x;) = 2x2 — 2xxp + x,f — 1. Let us prove by induction that x; > 1
for all k > 0. Assume that x; > 1 for some k > 0. We notice that the polynomials
Or(x, xx) := Q1(x, xx) — dxxp + 2x,§ + 2 and Qg (x, xx) are 2-strongly convex

2
. . . . . - xp+1
functions and they intersect in a unique point X = %
Xk
2 1S Xp = §xk and the minimum of Q; is x; = lxk, satisfying x; < x < Xxj.
5 3 ymg

Let us prove that x;411 = x. Indeed, if x < X, then Q(x,xx) = Qa(x, x;) and it
is nonincreasing on (—oo, x]. Hence, Q(x, x¢) > Q(x, x¢) for all x < x. Further, if
x > x,then Q(x, xx) = Q1(x, xx) and it is nondecreasing on [x, +00). In conclusion,
O(x,xr) > Q(x, xx) for all x < x. Finally, we have that: Q(x, xx) > Q(x, xx) for

all x € R. Since x; > 1, we also get that xz4| = Xé: > 1. Since x; > 1, then
df(xx) = 2xx > 2 and Sy(xx) > 2 > 0. Moreover, x¢41 < x; and bounded below

by 1, thus (xg)r>0 is convergent and its limit is 1. Indeed, assume that x; — X as

k — oc. Then, we get £ = * 2+ and thus X = 1 (recall that X > 1). Consequently,

[Ixx4+1 — xx || also converges to 0. Therefore, we must look elsewhere for a connection
between Sy () and [|xgy1 — x |-
Let us now consider the following subproblem:

Pxi) = argmmM (v, x) == f(y) + mny — x||P T, (23)

where u, > g(L;). Since f is assumed bounded from bellow, then for any fixed x, the
function y = M, (y, x) is coercive and hence the optimal value ./\/l;‘7 = inf M, (y, x)
y

is finite. Then, the subproblem (23) is equivalent to:

My +1
ylnf f()’)+( n 1),”)’ xill?

for some compact set By. Since M, is proper lower semicontinuous function in the
first argument and By is compact set, then from Weierstrass theorem we have that the
infimum M’,", is attained, i.e., there exists yr4+1 € P(xx) such that M ,(yx41, Xk) =
M. Since the level sets of y = M, (x, y) are compact, then P (x) is nonempty and
compact and one can consider the following point:

Yk+1 = argmin||y — xgl|. (24)
yeP(xk)

Let us assume that F; admits a higher-order surrogate as in Definition 2, where the
error functions e; are p smooth with Lipschitz constants Le (i) foralli =1 : m.
Denote Lf, = (Lf7 (n,---, L (m)) and define the following positive constant C e =
Hp
—&(Ly)
Assumption 2 holds provided that we compute x4 as an approximate local solution

of subproblem (15) (hence, x;+1 doesn’t need to be global optimum) and yx1 as in
(24).

(recall that 1, is chosen such that ), > g(Lf,)). Next lemma shows that
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Lemma 2 Let the assumptions of Theorem 1 hold and additionally there exists § > 0
such that x4 satisfies the following inexact optimality condition:

g(sCesin0) +has) —  min - (g(s(m0) + 7)) (25)

x|l —x <Dy

1
< 8llxkg1 — xxIPT,

1
where Dy = ((’%})!(f(xk) — f*)) " Then, Assumption 2 holds with yi41 given

1/(p+1)
- |y 5(prD) 2w
in (24), L)) = (CL; n M,,fg@;,)) and L% = 2.

Proof From the definition of y4 in (24), we have:

. Mp 1
+— —X p“:mm +—L |y — xelP* 26
FOue0) + s =l T+ = il = w26
< _mr _ p+1.
S xkg1) + T + Dl I Xk+1 — x|
Further, taking y = x; in (26) we also have:
_— — P+ <
J k1) + T 1),Ilyk+1 x| S (x).
which implies that:
(p + * o
k1 — xkll < e (f( )= 1) = Dx. (27)

Note that since the error functions e;’s have the p derivative Lipschitz with constants
L;(i)’s, then using (3), we get:

e (s

, ( ,
lei (yox) — T (yxa)| < mlly — x|t Vi=1:m, Vyedome.

From (10), the Taylor approximations of ¢;’s of order p at xi, Tlf (yxx), are zero.
Hence we get:
PR

o +1)‘||y Pt Vi=1:m. (28)

Isi (yxe) — Fi(D)| = lei (yxp)| <
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Further, since F (xx+1) < s(xx+1:xx) (see (11)) and g is a nondecreasing function, we
have:

g < 8(S(xk+1;xk)) + h(xgy1)

(25) .
< min
yi lly—xk | <Dk
(28) ¢
<  min F(y)+ —2—| —xkn"“)
v ||yxk|sDkg( ORSIETEN

+ h(y) + 8llxas — x| P

® g(L,
< min )+ ——
yi lly=xill <D A (p+ D!

e

27) 8
< fOrt1) + —L vkt — 2P+ Sllovgpr — a7
(p+ D!

g(s0m0) +hO) + 8llxer — 7!

1 1
Iy = xell?F 4+ 8l — xIPF

Then, combining the last inequality with (26), we get:

p+1

pp +8(p+ !
Pl < 2P g — X7,

k1 — xell” <
mp — 8(LY)

which is the first statement of Assumption 2. Further, using (6) and optimality condi-
tions for yy41, we obtain:

H -
0 €0 )+ —Ellyieet = el Bicer = o).
It follows that:

"
Srk41) < p—’,’||yk+1 — x||?.

3(p+1)! )WPH)
np—8(L%)

2 _ Hp
ande_p!. |

Hence, Assumption 2 holds with y,1 givenin (24), L }7 = (C lLLeZ +

Finally, we provide a third (practical) example satisfying Assumption 2 when p = 2,
h(-) = 0and g(-) = max(-) function.

Lemma 3 Let the assumptions of Theorem 1 hold and additionally assume that p = 2,
g(-) = max(-) and the surrogate function s(-; -) is given in Example 4 with Fy = 0.
Then, the global solution of the subproblem (15) with h = 0, denoted X1, can be
computed efficiently and consequently Assumption 2 holds with yr4+1 given in (24),

1/3
1 _ (" 2 _ M
L,D_<CL§) (li’lde—T.
Proof See appendix. O
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From the proof of Lemma 3 one can see that the global minimum of subproblem (15)
can be computed as:

X1 = Xk — He(u, w) " gr(u),

where Hy(u, w) = Y0 u; V2F;(xp) + %1, gr(u) = D1, ui VF; (x) and I (u) =
Z;"zl u; Fi (xx), with (u, w) the solution of the following dual problem:

1 1
__|H -1 - W3 )
max I (u) 2( (e, w) gk(u),gk(u)> o VAT (29)

with D = {(#, w) € A, x Ry s.t. Hy(u, w) > 0}, i.e., a maximization of a con-
cave function over a convex set D. Hence, if m is not too large, this convex dual problem
can be solved efficiently by interior point methods [21]. In conclusion, GCHO algo-
rithm can be implementable for p = 2 even for nonconvex problems, since we can
effectively compute the global minimum x4 of subproblem (15) using the powerful
tools from convex optimization.
+1
(Ll (Lz)p)pT (p+1)!

—8(=Rj)
following convergence result for GCHO algorithm in the nonconvex case.

Define the following constant: D , oLkt = . Then, we derive the

Theorem 2 Let the assumptions of Theorem 1 hold. Additionally, Assumption 2 holds.
Then, for the sequence (xy)>( generated by Algorithm GCHO we have the following
sublinear convergence rate:

(D 2 G0) = £9) 7

_pP_
kp+1

N Se(v) <
j:r%i“,l r(yj) =
Proof From Assumption 2, we have:

P
Sy Gk = Ly = xell” = 12 (Lh) et = xell”.

Using the descent (16), we get:

p+1

o (22 (L},)p) " (p+ 1)

Sy 7 <
e ~8(~R;)

(f Gex) = f Ger+1)) -

Summing the last inequality from j = 0 : k — 1 and taking the minimum, we get:

(D, 120y = 1) ™
mm Sf(y])< > )
=0:k kT

which proves the statement of the theorem. O
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Theorem 2 requires that x4 satisfies the descent (14) and Assumption 2. However
Assumption 2, according to Lemmas 1 and 2, holds if x; is an (inexact) stationary
point or an inexact solution of the subproblem (15), respectively.

Remark 1 To this end, Assumption 2 requires an auxiliary sequence yiy satisfying:

ket — xell < LY xegr — xel
g (30)

Sr(Vk+1) < Lf,||xk+1 —xi|lP.

If || Xk 41 —xk || is small, the point xi is near yx+1, which is nearly stationary for f (recall
that ||xx4+1 — x| converges to 0). Hence, we do not have approximate stationarity for
the original sequence x; but for the auxiliary sequence yi, which is close to the original
sequence. Note that in practice, yx41 does not need to be computed. The purpose of
V41 1s to certify that x; is approximately stationary in the sense of (30). For p = 1
a similar conclusion was derived in [8]. For a better understanding of the behavior of
the sequence yi+1, let us come back to our example f(x) = max (x2 - 1,1 — xz)
and p = 1. Recall that we have proved x; > 1 and choosing 11, = 4, then y;41 is the
solution of the following subproblem:

Vi1 = argminmax (y? — 1,1 — y?) +2(y — x0)%.
y

Then, it follows immediately that:

_ %xkika>%
L I if 1 <x < 3.

Since we have already proved that x; — 1, we conclude that |yx4; — x| — 0 and
consequently dist(0, d f (yx+1)) — 0 for k — o0, as predicted by our theory.

3.3 Better rates for GCHO under KL

In this section, we show that improved rates can be derived for GCHO algorithm
if the objective function satisfies the KL property. This is the first time when such
convergence analysis is derived for the GCHO algorithm on the composite problem
(1). We believe that this lack of analysis comes from the fact that, when g is nonsmooth
and different from the identity function, one can’t bound directly the distance S y (xx+1)
by ||xx+1 — xx||. However, using the newly introduced (artificial) point yx41, we can
now overcome this difficulty. Let us recall the definition of a function satisfying the
Kurdyka—Lojasiewicz (KL) property (see [4] for more details).

Definition 3 A proper lower semicontinuous function f : E — R satisfies Kurdyka—
Lojasiewicz (KL) property on the compact set 2 € dom f on which f takes a constant
value f, if there exist 8, € > 0 such that one has:

K'(f(x) = fi) - Sp(x) > 1 Vx:dist(x, Q) <6, fu < f(x) < fu+e,
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where k : [0, €] — R is concave differentiable function satisfying «(0) = 0 and
k' > 0.

1 —1
When « takes the form « (1) = o,/ ;17 , with ¢ > 1 and o, > 0 (which is
our interest here), the KL property establishes the following local geometry of the
nonconvex function f around a compact set 2:

fx) = fu <ogSpx)? Vx: dist(x, Q) <6, fi < f(x) < fu+e. 3D

Note that the relevant aspect of the KL property is when 2 is a subset of stationary
points for f,i.e. 2 C {x : 0 € 9 f(x)}, since it is easy to establish the KL property
when €2 is not related to stationary points. The KL property holds for a large class of
functions including semi-algebraic functions (e.g., real polynomial functions), vector
or matrix (semi)norms (e.g., || - |, with p > 0 rational number), logarithm functions,
exponential functions and uniformly convex functions, see [4] for acomprehensive list.
In particular, the max (sup) of semi-algebraic functions is a semi-algebraic function,
see [6] (Example 2). Let us show that if (xx)x>0 is bounded, then also (yx)x>0 is
bounded and they have the same limit points.

Lemma4 Let (xi);>( generated by Algorithm GCHO be bounded and (yy ) k>0 satisfies
Assumption 2. Then, (yr)k>0 is bounded and the set of limit points of the sequence
(V)= coincides with the set of limit points of (Xi)g>0-

Proof Indeed, since (xy);>( is bounded, then it has limit points. Let x,, be a limit point
of the sequence (xx);>(. Then, there exists a subsequence (xg, );>0 such that x;, — x,
for t — oco. We have:

v, — Xk I < vk, — Xao—1 1l + llxk, — xg, =1l (32)

as) /-
= (Lp+1) I, =2t Ve =0,

Since (xx)i>0 is bounded and |[xx4+1 — xk|| — O, then (yk)i>0 is also bounded.
This implies that y;, — x.. Hence, x, is also a limit point of the sequence (yi)i>o-
Further, let y, be a limit point of the bounded sequence (yx);~¢. Then, there exists a
subsequence (yg )r>o such that y; — y, for 7 — oc. Taking ¢ — oo in an inequality
similar to (32) and using lim;_, o llxg, — g1l =0 and boundedness of (xi)x>0, we
get that x; — yy, i.e., yx is also a limit point of the sequence (xj)>o- O

Note that usually for deriving convergence rates under KL condition, we need to
assume that the sequence generated by the algorithm is bounded (see e.g., Theorem 1

in [6]). Let us denote the set of limit points of (xx)x>0 by:

Q(xp) = {x € E : 3 an increasing sequence of integers (k;);>0,

such that x;, — X ast — oo},

and the set of stationary points of problem (1) by crit f.
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Lemma5 Let the assumptions of Theorem 1 hold. Additionally, assume that (xi)g>o
is bounded, (yi)k>0 satisfies Assumption 2 and f is continuous. Then, we have: ) #
Q(x0) C critf, Q(xo) is compact and connected set, and f is constant on Q(xp), i.e.,

(& (x0)) = fe

Proof First let us show that f(£2(xp)) is constant. From (16) we have that (f (xx))>0
is monotonically decreasing and since f is assumed bounded from below, it converges,
letus say to fi, > —o0o,i.e. f(xr) — fi ask — 00.On the other hand let x, be a limit
point of the sequence (xx); (. This means that there exist a subsequence (xk,) />0 Such
that xz, — x. Since f is continuous, then f(xr,) — f(x4«) = fi. In conclusion, we
have f(€2(x0)) = f«. The closeness property of d f implies that Sy (x4) = 0, and thus
0 € 9 f (x4). This proves that x, is a stationary point of f and thus €2 (xp) is nonempty.
By observing that €2 (xp) can be viewed as an intersection of compact sets:

Q(x0) = Ng=0Uk=g {xk},

so it is also compact. This completes our proof. O

Note that f, from Lemma 5 is usually different from f* = infycqoms f(x) defined
in Assumption 1. In addition, let us consider the following assumption:

Assumption 3 For the sequence (xx),., generated by GCHO algorithm, there exist
positive constants 0y ,, 6> , > 0 such that:

Fasn) < FOrr) + 01 plvest — xellP 462 pllxers — xe P VE > 0. (33)

Remark 2 Note that Assumption 3 holds when e.g., g is the identity function or when
(Yr)k>01s givenin (24) and xj 41 satisfies (25) (see Lemmas 2 and 3). For completeness,
we provide a proof for this statement in Appendix.

Letus alsorecall the following lemma, whose proofis similar to the one in [1](Theorem
2). For completeness, we give the proof in Appendix.

Lemma6 Let 6 > 0, C1,C2 > 0 and (Ai)i>0 be a nonnegative, nonincreasing
sequence, satisfying the following recurrence:

1
Al < Cp (A — A1) + Co (A — Apt1) - (34)

If 6 < 1, then there exists an integer kg such that:
C C k—ko
M < <L) Ao Vk > k.
I1+C+C

If0 > 1, then there exists o > 0 and integer kg such that:
S k> ko,
(k — ko)71
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From previous lemmas, all the conditions of the KL property from Definition 3 are
satisfied. Then, we can derive the following convergence rates depending on the KL
parameter.

Theorem 3 Let the assumptions of Lemma 5 hold. Additionally, assume that f sat-
isfies the KL property (31) on Q2(xo) and Assumption 3 is valid. Then, the following
convergence rates hold for the sequence (xi)k>0 generated by GCHO algorithm:

o Ifg > ijrl, then f(xy) converges to fy linearly for k sufficiently large.

e Ifg < p7+1’ then f(xy) converges to fy at sublinear rate of order O (#)
k P+1=pq

for k sufficiently large.

Proof Since (xx)x>0 and (yx)k>0 have the same limit points, we get:

33 P+l p+l
FCrrD) = fx = FOreD) = fo + 01 pllykstr — xellP™ 4+ 602 pllxeg1 — xill

GB)+(18)
= 08Ok + (81,5 LY + 62, kg — xell 7!

18 2 14 qp
< oy (L2@)7) s —

(01, LY 4 62,p) s — el

If we define Ay = f(xx) — f«, then combining the last inequality with (16), we get
the following recurrence:

qp_
Apy1 < Cr (Mg — Agy) 7T + Co (Ap — A1),

Pq

where C) = o, (L2(L1)P)? (L”')”T and Cy = (el,p(L;)P“ + 92,1,) _;f}tligé).
p+l

Using Lemma 6, with 6 = g e getour statements. O

Remark 3 Contrary to Theorem 2, under KL we prove in Theorem 3 that the original
sequence (xi)x>o converge in function values. When the objective function f is uni-
formly convex of order p 4 1 and g not necessarily with full domain, [9] proves linear
convergence for their algorithm in function values. Our results are different, i.e., we
provide convergence rates for GCHO algorithm for possibly nonconvex objective f.

3.4 Convex convergence analysis

In this section, we assume that the objective function f in (1) is convex. Since the
problem (1) is convex, we assume that x4 is a global minimum of the subproblem
(15), which is convex provided that M, is sufficiently large (see Theorem 1 in [24]).
Below, we also assume that the level sets of f are bounded. Since GCHO algorithm is
a descent method, this implies that there exist a constant Ry > 0 such that ||x; —x*|| <
Ry for all k > 0, where x™* is an optimal solution of (1). Then, we get the following
sublinear rate for GCHO algorithm.
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Theorem 4 Let F, g and h satisfy Assumption 1 and additionally each F; admits a
p higher-order surrogate s; as in Definition 2 with the constants L; (i) and R; (i),
fori =1 : m. Additionally, f is a convex function and has bounded level sets. Let
(xXx)k>0 De the sequence generated by Algorithm GCHO, R; = (R;(l), cee, R;‘;(m))
and L; = (L;",(l), e L?(m)). Then, we have the following convergence rate:

1
gLORYT (p+ 1P
plkP '

) — f(x™) <

Proof Since F(xg+1) < S(xx+13xx) (see (11)) and g is nondecreasing, we have:

1) < 8(sGrg13x)) + h(xkt1)

2 min g (s (ve) + h(x)

e

(28) L
< ming | F(x) + P__x—x 1’+1)+hx.
= mi g< (x) (p+l)!|| k|l (x)

Hence we get:

® g(Ly)
S Goee1) < ming (F0) + =l = sl 7+ h)
. g(Ly)
= min /() + £ —
R
< min £ +o[(F6N) = ]+t g (L)

where the last inequality follows from the convexity of f and the boundness of the
level sets of f. The minimum in & > 0 is achieved at:

o [ f) = fFGaHptT
@O =— .
g(Le)RY™!

We have 0 < o* < 1. Indeed, since ( f (xk)) £>0 is decreasing, we have:

Fr) < fxn) < g(sGrixo)) + h(x)
= min g(s (xx0)) + h(x)

e

(28) L
< ming | F(x) + P__|x —x ”'H)—i—hx
u g< (x) (p+1)!“ ol (x)

e

L
<g (F(x*) T oroi T xon"“) +h(x)

1
g(LS)RY™
(p+ D!

< fGx"+
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Hence:

0<a*

IA

1 1
((fm) - f(x*))p!>” _ ( g(LS)RY™ p! )

1 1
g(L)RY™ g(LRY (p+ 1)
1

p! P 1 % |
<(p+1)!> _(p+1> =

Thus, we conclude:

gLORYT
i @)

fag1) < fg) — o™ (f(Xk) — f(x™) —

= flx) —

[fG) — Fx]

a*
p+1

Denoting & = f(xx) — f(x*), we get the following estimate:

pl
8k — k1 = C8."

1

| P

where C = # (W) . Thus, for ux = CP8 we get the following
g 4 0

recurence:

ptl
Wk — k41 = Mkp .

Following the same proof as in [24](Theorem 4), we get:

p
1 1 k—1
k » 14
H“ w?
Since
1 p+1
1 1 p+1f ORI\ 1 —
— = - = ' - >—(p+1) P
/’“17) Cé,» p pif(x) — f*%) 14
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then
1
1\? g(LoRY”
8k=c—"uk=<”: ) e
. 1
+1\? gLORYT (1 prt k—1\7"
(M) ER (o 4
p p: p p
B g(Lj,)Rg;’+1 o+ 1)% N k—1\"7 - (p+ 1)”g(Li,)R6'+1
T p p+1 DikP '
This proves the statement of the theorem. O

Note that in the convex case the convergence results from [5, 8, 9] assume Lipschitz
continuity of the p derivative of the object function F, which may be too restrictive.
However, Theorem 4 assumes Lipschitz continuity of the p derivative of the error
function e(-) (note that we may have the error function e(-) p times differentiable
and with the p derivative Lipschitz, while the objective function F may not be even
differentiable, see Examples 4 and 5). Hence, our proof is different and more general
than [5, 8, 9]. Moreover, our convergence rate from the previous theorem covers the
usual convergence rates O( ki,,) of higher-order Taylor-based methods in the convex
unconstrained case [24], simple composite case [24, 25] and composite case for p > 1
[5, 9]. Therefore, Theorem 4 provides a unified convergence analysis for general
composite higher-order algorithms, that covers in particular, minimax strategies for
nonlinear games, min-max problems and simple composite problems, under possibly
more general assumptions.

3.5 Adaptive GCHO algorithm

In this section, we propose an adaptive variant of GCHO algorithm. Since the surro-
gate functions in all the examples given in this paper depend on a given constant M
(see Examples 4 and 5, where M = M), below we consider the following notation
s(-;+) := sp(; ). Note that the convergence results from Theorems 1, 2 and 3 are
derived provided that Assumption 2 and 3 and the following properties of the sequence
(xx)k>0 generated by GCHO hold:

8 (sar (ve13x0)) + haign) < f (), (35)
e
glsm (rr1:x0)) — (F (1)) = —— |l — |7 (36)
(p+ D!
where C} := —g(—RY) is a given constant depending on the choice of the surrogate

Sm (Xk+1; Xx), which may be difficult to find in practice. Hence, in the following we
propose an adaptive general composite higher-order algorithm, called (A-GCHO):
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Algorithm A-GCHO
Given xo € dom f,i =0and R, My > 0. For k > 0 do:

While some criterion is not satisfied

1. Compute a p higher-order surrogate s,i , (-3xx) of F' near xi

2. Compute xj4 satisfying the descent (35) with M = 2! M.
If (36) holds with C; =—g(—Rp)and M = 2! My, then go to step 3.
Else seti =i 4 1 and go to Step 1.
End If

3. sethk=k+1, My =21""Myandi = 0.

End While

For a better understanding of this process, let us consider Example 4, where F = F| +
F>, having the p derivative of Fj L;‘ -Lipschitz and F, proper closed convex function.
Then, in this case the surrogate is sy (yx) = T,fl (yx) + % Iy —x P! + Fa(y).
Let R, My > 0 be fixed. Then, the step 1 in A-GCHO algorithm can be seen as a
line search procedure (see for example [13]): that is at each step k > 0 we choose
M = Mo, then build sy, (yie) = T (yxi) + 2i51lly — x| ”+! + Fa(y) and
compute xi1 satisfying (35). If (36) doesn’t hold, then we increase My < 2 - My,
recompute sy, (yxx) using the new My and go to step 2. We repeat this process
until condition (36) is satisfied. Note that this line search procedure finishes in a
finite number of steps. Indeed, if My > R, + Lt 1, then from inequality (13), we

get sy, (yxx) — F(y) > %Hy — x||P*! for all y and thus for y = xz4; and g
increasing function (36) holds. Note also that in this case the error function e satisfies
Definition 2 (i) with L; =2(R,+L [f 1 ). Hence, using the same convergence analysis
as in the previous sections, we can derive similar convergence rates as in Theorems
1, 2 and 3 for A-GCHO algorithm under Assumption 2 and 3, since the sequence
(xx)k>0 generated by A-GCHO automatically satisfies (35) and (36). For the convex
case, as in Sect. 3.4, in A-GCHO algorithm we require that x; 1 is the global solution
of the corresponding subproblem and consequently similar convergence results as in
Theorem 4 can be derived for this adaptive algorithm.

4 Numerical simulations

In this section we present some preliminary numerical results for GCHO algorithm.
For simulations, we consider the tests set from [18]. In [18], one can find systems
of nonlinear equations, where one searches for x* such that F;(x*) = 0 for all i =
1, .-, m. For solving these problems, we implement our GCHO algorithm for p =
1, 2. We consider two formulations: min-max and least-squares problems, respectively.
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The min-max formulation has the form:

min f (x) := max(F2(x), -+ , F2(x)). (37)
xeR"

Similarly, the least-squares formulation can be written as a simple composite mini-
mization problem:

min /(x) i= Z(; F2(x). (38)

Note that both formulation fit into our general problem (1). We consider the following
2 implementations. First, for problem (37) we compare GCHO algorithm for p = 1, 2
with IPOPT (the results are given in Table 2). Secondly, for problem (38) we compare
GCHO algorithm for p = 1, 2 with IPOPT and the method proposed in [12] (the results
are given in Table 3). At each iteration of GCHO algorithm we replace each function
F; by its Taylor approximation of order p, with p = 1,2, and a quadratic/cubic
regularization and solve the corresponding subproblem (15) using IPOPT [28]. In the
numerical simulations we have noticed that for p = 2 IPOPT was able to detect a global
minimizer of the subproblem at each iteration, i.e., the solution of IPOPT coincided
with the solution obtained by solving the dual problem as described in the proof
of Lemma 3 given in the appendix. Since it is difficult to compute the corresponding
Lipschitz constants for the gradient/hessian, we use the line search procedure described
in Sect. 3.5. Note that since in practice it is difficult to compute the sequence (yi)i>1,
then we cannot consider dist(0, d f (yx)) < € as a stooping criterion for the proposed
algorithm. Thus the stopping criterion considered in this paper is the same as in [3]:

S k) — Sfoest <104
max (1, foest) — ’

where fpest = f* ~ 0, but positive, and the starting point x are taken from [18].
In Tables 2 and 3, we summarize our numerical results in terms of cpu time and
number of iterations for GCHO algorithm p = 1, 2, IPOPT and [12]. Note that the
test functions we consider in the two tables are nonconvex and most of them satisfy the
KL condition (as semi-algrabraic functions). From the tables, we observe that GCHO
algorithm (p = 1 or p = 2) applied to the min-max formulation performs better than
the GCHO algorithm (p = 1 or p = 2) applied to the the least-squares problem, both
in cpu time and number of iterations. This is due to the fact that the regularization
constants for the min-max problem (37), My™* = (M;‘a"(l), e M;’ax(m)), are
much smaller than the one for the least-squares formulation (38), M s je., M}f ~
p Mg‘a" (i). Moreover, from the tables we observe that increasing the order of
the Taylor approximation is beneficial for the GCHO algorithm: e.g., in the min-max
formulation, GCHO with p = 2 is at least twice faster than GCHO with p = 1. We
also observe from Table 3 that GCHO algorithm applied to min-max formulation for
p = 2 has a better behavior (in both cpu time and number of iterations) than the
method proposed in [12] for the least-squares formulation. Finally, GCHO algorithm
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Table 2 Behaviour of GCHO for p = 1, 2 and IPOPT for the min-max formulation (37). Here "*" means
that IPOPT didn’t find x*/ f* reported in [18]

Min-max formulation test functions GCHO(p=1) GCHO(p =2) IPOPT for (37)
Iter Cpu Iter Cpu iter Cpu
(2) Fre 32 0.78 5 0.18 85 0.01
(7) Hel 33 0.74 11 0.4 29 0.02
(8) Bar 19 0.69 8 0.42 27 0.06*
(9) Gau 9 0.33 2 0.15 16 0.04*
(12) Box 23 0.9 9 0.5 36 0.08*
(15)Kow (m = 11,n =4) 48 0.7 7 0.35 5000  7.8*
(17) Osb-1(m =33, n =5) 57 3.8 9 1.7 40 0.9
(18) Big (m = 13, n = 6) 149 7.73 14 0.6 593 1.5%
(19) Osb-2 (m = 65,n = 11) 67 18.75 20 12.1 55 3.7*
(20) Wat (m=31,n=9) 23 2.56 7 2.63 5000  50.5*
(21) E-Ros (n = m = 6) 21 0.63 3 0.21 379 0.72
(21) E-Ros (n = m = 20) 26 1.7 3 0.53 124 3.8
(21) E-Ros (n = m = 100) 25 102.5 5 40.1 119 133.9
(24) Pen 1I (n = 10) 61 6.4 3 0.32 64 0.9*
(26) Tri (n = 10) 20 0.53 3 0.22 45 0.2*
(30) Bro (n = 10) 44 0.88 3 0.25 118 0.3*

Table 3 Behaviour of GCHO algorithm for p = 1, 2, algorithm [12] and IPOPT for the least-squares
problem (38). Here "*" means that IPOPT didn’t find x*/ f* reported in [18]

L.S formulation test functions ~GCHO(p=1) GCHO(p=2) [12] IPOPT for (38)
Iter Cpu iter  Cpu Iter Cpu Iter Cpu
(2) Fre 562 72 23 0.48 7 0.19 85 0.06
(7) Hel 59 1.2 25 0.95 15 055 12 0.02
(8) Bar 88 1.3 13 0.5 12 048 26 0.04
(9) Gau 71 1.25 13 0.65 5 0.17 8 0.03*
(12) Box 719 12.1 51 2.05 13 068 34 0.05
(15) Kow 534 13.1 14 0.67 10 049 825 1.98*
(17) Osb-1 815 45.8 101 9.6 18 3.6 103 1.9
(18) Big 968 18.5 44 2.19 17 079 44 0.15*
(19) Osb-2 365 45.9 82 35.6 29 153 329 11.5*
(20) Wat 161 50.6 21 7.6 10  3.66 794 8.16*
(21) E-Ros 2563  38.7 12 0.93 4 028 83 0.33
(21) E-Ros 3040 823 28 9.4 5 1.53 233 1.8
(21) E-Ros 530 253 33 288.2 7 715 223 1624
(24) Pen 11 147 10.2 7 0.8 3 035 22 0.08*
(26) Tri 28 0.55 5 0.3 3 022 26 0.05*
(30) Bro 56 0.9 12 0.59 4 035 36 0.07*
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(p = 1,2) for both formulations is able to identify the global optimal points/values
given in [18], while IPOPT directly applied to the formulations (38) or (37) may fail
to identify the global optimal points/values (see Tables 2 and 3).

Acknowledgements The research leading to these results has received funding from: ITN-ETN project
TraDE-OPT funded by the EU, H2020 Research and Innovation Programme under the Marie Skolodowska-
Curie grant agreement No. 861137; NO Grants 2014-2021, under project ELO-Hyp, contract no. 24/2020;
UEFISCDI PN-III-P4-PCE-2021-0720, under project L20-MOC, nr. 70/2022.

Declarations

Conflict of interest The authors declare that they have no conflict of interest.

5 Appendix
Proof of Lemma 3 Let us first prove that for p = 2, g(-) = max(-) and 4(-) = 0, one

can compute efficiently the global solution x4 of the subproblem (15). Indeed, in
this particular case (15) is equivalent to the following subproblem:

min max {F,-(xw + (VF(x), x — xi) + %<V2Fi(xk)(x — X0, —x)  (39)

xeR" i=1:m

+ —lx —x .
6|| k||}

Further, this is equivalent to:

m m
min max luiFi(xk)+<_X]:uiVE(xk),x —xk>
1= 1=
L/ 2 Doy uiM; 3
+3 EW Fi(u0)(x = 00, x = xi ) + =15 =l — el
=
where u = (uy, -+, uy) and A, = {u >0: Zf"zl U = l} is the standard simplex

in R™. Further, this min — max problem can be written as follows:

m m
min max Zuiﬂ(xk) + <Z u;VF;(xy), x — xk>

xeR"uelAy 4 .
i=1 i=1

s <Zuiv2mxk)(x — X0, (x — xk>>

i=1

+ max E||x—x ||2—;w3
w=0 \ 4 T RE wM) )

Denote for simplicity Hy (v, w) = Y -, u,-VZE(xk)—i—%I,gk(u) =Y ui VFi(xp),
Ie(u) = " i Fi(xx) and M (u) = 37, u; M;. Then, the dual formulation of this
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problem takes the form:

w3

1
;21113' unel%x Le(u) + {gr(), x — x) + 3 (Hi(u, w)(x — x), (x — xx)) — W
welkky

Consider the following notations:

O(x, u) =l (u) + (gx (u), x — xx) + %<<21: MiV2Fi(xk)> (x —xp), x — Xk>
M (u)

3
+ llx — xell”,

Blu, w) = l(u) — l(Hk(u w) " g(u) g(u)}— L2
’ 2 ’ ’ 2M@u)?

m
D = {(u, w) €Ay xRy st Zuiszi(xk) + %I - 0} .
i=1

Below, we prove that if there exists an M; > 0, for some i = 1 : m, then we have the
following relation:

0* := min max O(x,u) = max Bu,w) = B*.
xeR* ueA, ,w)eD

Additionally, for any (1, w) € D the direction x; 1 = x3 — Hy (u, w) ™! gx (u) satisfies:

0= 001, u) — Alu, ) M“”( L )( )2 (40)
= Xk+1,U) — u,w) = ~ Tk Fp — —= )

* 12 \ W) M)
where r; = ||lxg+1 — xi||. Indeed, let us first show that 6* > g*. Using a similar

reasoning as in [23], we have:

3

1
0 = iy X {(u) + {0, ¥ = ) 3 (s ) = ). ¥ =) =
weR4
1 w3
> max min I (u) + (gk (), ¥ — xi) + = (Hi, w)(x — x3), X — x3) — —=——
ueA,; xeRn 2 12M(u)2
weRy
> )+ (8100, =3+ (H )5 = ), — ) — —
max m1n X — - , W)X — N — X, — =
(u,w)eD xeR" K Skl Tk 2 K - ¢ 12M(M)2
= max Ilj(u) — 1(Hk(u w) ™ gk (), g (u)) — éuﬁ = B*.
(u,w)eD 2 12M (u)?
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Let (u, w) € D. Then, we have g (u) = —Hy(u, w)(xg+1 — Xx) and thus:

O (X1, u) = L (u) + (gr(u), Xk41 — Xk)

1 " i
+ 5 <<Z MiVZFi(Xk)) (X1 — XK, Xig 1 —Xk> n éu) r

i=1

=l (u) — (Hp(u, w)(Xg1 — Xp), X1 — Xk)

1 " i
+ E <<Z Miszi(Xk)) (Xk1 — X%)s Xt 1 _xk> + éu) r]?

i=1

1 m
=l (u) - %(Z ui V> Fi(xx) + %1) (k41 — Xk), X1 — Xk>

i=1

M (1)
B
_ Wi W2 M(u)
_ Mu) [ w \° M(u)/ w ) M (u)
=P+ (M(u)) & \ 3w 6
= B(u, w) + M(u) <L+2rk) ( Tk — z )
12 \ M@ M(u)

which proves (40). Note that we have [23]:

1 21 w W
VwBu, w) = —||xk+l — x| — 4M(u)zw =7 <rk + M(u)) (rk M(u))‘

Therefore, if B* is attained at some (1™, w*) € D, then we have VB(u*, w*) = 0.

This implies le;*) = r and by (40) we conclude that 6* = B*.

Finally, if x;41 is a global solution of the subproblem (15) (or equivalently (39)),
then it satisfies the inexact condition (25) with § = 0. Hence, using the proof of
Lemma 2 with § = 0 we can conclude that Assumption 2 holds with y;; given in

1/3
4), L} = (Cfé’) and L2 = 4. 0

Proof of Remark 2 1f g is the identity function, then taking yx+; = Xx41 one can see
that Assumption 3 holds for any 61, and 6, , nonnegative constants. If g is a general
function, then Assumption 3 holds, provided that x; | satisfies the inexact optimality
condition (25). Indeed, in this case, we have:

fxg1) < g(S(Xk+1;Xk)> + h(xk41)
(25)

< omin (s ) + R0 + Sl — xl Pt
yilly=xicll=Dx
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e
28).®) 8(L}) 1

g(F(y)) +h(y) + m”)’ — x|

m
yi lly=xk | <Dk
!
+ 8llxk1 — xx 1P T

e

8
< FOre1) + —L Nyt — 2|7 4 Sllggr — P
(p+ D!

where the last inequality follows taking y = yx41. Hence, Assumption 3 holds in this
g(L%)
p+ D!

Xk+1 is the global solution of the subproblem (15) and hence, using similar arguments

as above, we can prove that Assumption 3 also holds in this case. O

case for 0y, = and 6> , = 4. Finally, if p = 2 and g(-) = max(-), then

Proof of Lemma 6 Note that the sequence Ay is nonincreasing and nonnegative, thus it
is convergent. Let us consider first & < 1. Since Ay — A1 converges to 0, then there
exists ko such that Ay — Agy1 < land Agy1 < (C1 + C2) (Ax — Ag41) for all k > k.
It follows that:

Ci+C
Ml S M
1+C1+C

which proves the first statement. If 1 < 6 < 2, then there exists also an integer ko
such that Ay — Ar4+1 < 1 for all k > ko. Then, we have:

My < (Cr+ ) O — hag1) -

Since 1 < 6 < 2, thentaking0 < 8 =60 — 1 < 1, we have:

1 i

— ) A < Ak — Akt

for all k > ko. From Lemma 11 in [25], we further have:

A

)\k < +
(14+o(k—ky))?

for all k > ko and for some o > 0. Finally, if & > 2, then define h(s):s‘g and let
R > 1 be fixed. Since 1/6 < 1, then there exists a kg such that Ay — ;41 < 1 for all

k > ko. Then, we have Aryr1 < (C1 + C) (A — Ak+1)9l, or equivalently:

1 < (C1 4 C2)? ke — hr DR k1)

If we assume that h(Agy1) < Rh(Ag), then:

R(C1+C)f / _ _
1 < R(Cy + C2)? e — Mr DR (hp) < — ()Lk9+1 — kafl) .
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0
“RCHC)T Then:

Denote u = e

0<u b =a -7 (41)

If we assume that h(Ar4+1) > Rh(Ag) and set y = R_%, then it follows immediately

that Ar4+1 < yAx. Since 1 — 0 is negative, we get:

I Y Y

Since 1 — 0 < 0, y1_9 > 1 and X; has a nonnegative limit, then there exists g > 0

such that (y'=¢ — l)kli_g > [ for all k > kg. Therefore, in this case we also obtain:

0<p<nai—an" (42)

If we set o = min(u !, ft) and combine (41) and (42), we obtain:
0<p=nf-2"
Summing the last inequality from kg to k, we obtain A,i_e — A,&O_Q >k — ko), ie.

J—
)\’k - " 0—1
(k= ko)

for all k£ > k. This concludes our proof. O

References

1. Attouch, H., Bolte, J.: On the convergence of the proximal algorithm for nonsmooth functions involving
analytic features. Math. Program. 116(1-2), 5-16 (2009)

2. Birgin, E.G., Gardenghi, J.L., Martinez, J.M., Santos, S.A., Toint, P.L.: Worst-case evaluation com-
plexity for unconstrained nonlinear optimization using high-order regularized models. Math. Program.
163(1), 359-368 (2017)

3. Birgin, E.G., Gardenghi, J.L., Martinez, J.M., Santos, S.A.: On the use of third-order models with
fourth-order regularization for unconstrained optimization. Optim. Lett. 14, 815-838 (2020)

4. Bolte, J., Daniilidis, A., Lewis, A., Shiota, M.: Clarke subgradients of stratifiable functions. SIAM
18(2), 556-572 (2007)

5. Bolte, J., Chen, Z., Pauwels, E.: The multiproximal linearization method for convex composite prob-
lems. Math. Prog. 182, 1-36 (2020)

6. Bolte, J., Sabach, S., Teboulle, M.: Proximal alternating linearized minimization for nonconvex and
nonsmooth problems. Math. Program. 146, 459-494 (2014)

7. Cartis, C., Gould, N., Toint, PL.: A concise second-order complexity analysis for unconstrained opti-
mization using high-order regularized models. Optim. Methods Softw. 35, 243-256 (2020)

8. Drusvyatskiy, D., Paquette, C.: Efficiency of minimizing compositions of convex functions and smooth
maps. Math. Program. 178(1-2), 503-558 (2019)

9. Doikov, N., Nesterov, Yu.: Optimization methods for fully composite problems. SIAM J. Optim. 32(3),
2402-2427 (2022)

10. Fletcher, R.: A model algorithm for composite NDO problems. Math. Program. Stud. 17, 67-76 (1982)

@ Springer



Efficiency of higher-order algorithms for minimizing... 473

11. Gasnikov, A., Dvurechensky, P., Gorbunov, E., Vorontsova, E., Selikhanovych, D., Uribe, C., Jiang, B.,
Wang, H., Zhang, S., Bubeck, S., Jiang, Q.: Near optimal methods for minimizing convex functions
with Lipschitz pth derivatives. Conf. on Learning Theory 1392-1393 (2019)

12. Gould, N.LM., Rees, T., Scott, J.: Convergence and evaluation-complexity analysis of a regularized
tensor-Newton method for solving nonlinear least-squares problems. Comput. Optim. Appl. 73(1),
1-35(2019)

13. Grapiglia, G., Nesterov, Yu.: Tensor methods for minimizing convex functions with Holder continuous
higher-order derivatives. SIAM J. Optim. 30(4), 2750-2779 (2020)

14. Hiriart-Urruty, J.-B.: New concepts in nondifferentiable programming. Memoires de la Societe Math-
ematique de France 60, 57-85 (1979)

15. Li, C., Ng, K.F.: Majorizing functions and convergence of the Gauss-Newton method for convex
composite optimization. SIAM J. Optim. 18(2), 613-642 (2007)

16. Mairal, J.: Incremental majorization-minimization optimization with application to large-scale machine
learning. STAM J. Optim. 25(2), 829-855 (2015)

17. Mordukhovich, B.: Variational Analysis and Generalized Differentiation. Basic Theory. Springer,
Berlin (2006)

18. More, J., Garbow, B.S., Hillstrom, K.E.: Testing unconstrained optimization software. ACM Transat.
Math. Soft. 7(1), 17-41 (1981)

19. Necoara, I., Nesterov, Yu., Glineur, F.: Linear convergence of first-order methods for non-strongly
convex optimization. Math. Program. 175, 69—-107 (2019)

20. Necoara, I., Lupu, D.: General higher-order majorization-minimization algorithms for (non) convex
optimization (2020). arXiv preprint: arXiv:2010.13893

21. Nesterov, Yu., Nemirovskii, A.: Interior-Point Polynomial Algorithms in Convex Programming. SIAM,
Philadelphia (1994)

22. Nesterov, Yu.: Smooth minimization of non-smooth functions. Math. Program. 103, 127-152 (2005)

23. Nesterov, Yu., Polyak, B.T.: Cubic regularization of Newton method and its global performance. Math.
Program. 108, 177-205 (2006)

24. Nesterov, Yu.: Implementable tensor methods in unconstrained convex optimization. Math. Program.
186, 157-183 (2021)

25. Nesterov, Yu.: Inexact basic tensor methods for some classes of convex optimization problems. Optim.
Methods Soft 37, 878-906 (2022)

26. Nesterov, Yu.: Gradient methods for minimizing composite functions. Math. Program. 140(1), 125-161
(2013)

27. Pauwels, E.: The value function approach to convergence analysis in composite optimization. Oper.
Res. Lett. 44, 790-795 (2016)

28. Wichter, A., Biegler, L.T.: On the implementation of a primal-dual interior point filter line search
algorithm for large-scale nonlinear programming. Math. Program. 106(1), 25-57 (2006)

29. Yuan, Y.: Conditions for convergence of trust-region algorithms for nonsmooth optimization. Math.
Program. 31, 220-228 (1985)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under
a publishing agreement with the author(s) or other rightsholder(s); author self-archiving of the accepted
manuscript version of this article is solely governed by the terms of such publishing agreement and applicable
law.

@ Springer


http://arxiv.org/abs/2010.13893

	Efficiency of higher-order algorithms for minimizing composite functions
	Abstract
	1 Introduction
	2 Notations and preliminaries
	3 General composite higher-order algorithm
	3.1 Nonconvex convergence analysis
	3.2 Approaching the set of stationary points
	3.3 Better rates for GCHO under KL
	3.4 Convex convergence analysis
	3.5 Adaptive GCHO algorithm

	4 Numerical simulations
	Acknowledgements
	5 Appendix
	References




