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Abstract

It is known that many tensor data have symmetric or partially symmetric structure
and structural tensors have structure preserving Candecomp/Parafac (CP) decomposi-
tions. However, the well-known alternating least squares (ALS) method cannot realize
structure preserving CP decompositions of tensors. Hence, in this paper, we consider
numerical problems of structure preserving rank-R approximation and structure pre-
serving CP decomposition of partially symmetric tensors. For the problem of structure
preserving rank- R approximation, we derive the gradient formula of the objective func-
tion, obtain BFGS iterative formulas, propose a BFGS algorithm for positive partially
symmetric rank-R approximation, and discuss the convergence of the algorithm. For
the problem of structure preserving CP decomposition, we give a necessary condition
for partially symmetric tensors with even orders to have positive partially symmetric
CP decompositions, and design a general partially symmetric rank-R approximation
algorithm. Finally, some numerical examples are given. Through numerical examples,
we find that if a tensor has a positive partially symmetric CP decomposition then its
partially symmetric rank CP decomposition must be a positive CP decomposition.
In addition, we compare the BFGS algorithm proposed in this paper with the stan-
dard CP-ALS method. Numerical examples show that the BFGS algorithm has better
stability and faster computing speed than CP-ALS algorithm.
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1 Introduction

Tensor Candecomp/Parafac(CP) decomposition and tensor rank are the basic problems
in tensor research and have lots of important applications in data analysis [1, 2], signal
processing [3, 4] and others [5, 6]. Although the tensor decomposition problem is
NP hard [7], there are many researchers still doing it without bored and tired. The
decomposition of a tensor into an outer product of vectors and the corresponding
notations were first proposed and studied by Frank L. Hitchcock in [8, 9]. The same
decomposition was rediscovered in 1970s [20] in order to extend the data analysis
model to multidimensional arrays.

Symmetric tensors are a class of tensors with many different decomposition prop-
erties and special applications [10-12], so many scholars have conducted in-depth
research on symmetric tensors. Comon et al. [13] proved that any symmetric tensor
can be decomposed into a linear combination of rank-1 tensor. Brachat et al. [14]
presented an algebraic method for symmetric tensor decompositions, based on linear
algebra computation with Hankel matrices by extending Sylvester’s theorem to multi-
ple variables in 2010. Kolda [15] considered real-valued decomposition of symmetric
tensor, both nonnegative and sparse and presented a numerical optimization algorithm
based on gradient in 2015. In 2017, Nie [16] devised a combination of polynomial
optimization and numerical approaches for solving complex-valued symmetric tensor
decompositions. In 2022, Liu [17] proposed an alternating gradient descent algorithm
for solving symmetric tensor CP decomposition by minimizing a multiconvex opti-
mization problem.

Partially symmetric tensor can be used to solve practical engineering problems,
such as elastic material analysis [18] and quantum information theory [19]. Carroll
and Chang [20] first considered the CP decomposition of partially symmetric tensors
and proposed an alternating method of ignoring the symmetry, the decomposition
obtained by this method does not have the property of structure preserving unless
the decomposition satisfies the uniqueness condition [21]. In 2013, Li and Navasca
[22] proposed the so called partial column-wise least squares method to obtain the
CP decomposition of the partially symmetric tensor of the third and fourth order.
Ni and Li [23] proved that any partially symmetric tensor has a partially symmetric
CP decomposition and presented a semi-definite relaxation algorithm. However, the
semi-definite relaxation is hard to calculate a partially symmetric CP decomposition
if the tensor has higher order and higher dimension, since the number of moments will
increase sharply with the increase of tensor order and dimension.

Motivated by the above, we consider the numerical algorithm of structure preserv-
ing rank-R approximation of partially symmetric tensors. We deduce the gradient
formula of the structure preserving rank-R approximation loss function, propose a
gradient descent algorithm and a BFGS algorithm, and analyze the convergence of
the BFGS algorithm. The BFGS algorithm can be used to the structure preserving CP
decomposition of partially symmetric tensors, completely symmetric tensors and non-
symmetric tensors, respectively. Numerical examples show that the BFGS algorithm
has good numerical performance.

The paper is structured as follows. Section?2 introduces some basic concepts and
related properties, including matrix and tensor product, inner product and Frobenius
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norm of tensor, as well as partially symmetric tensor, etc. Section3 deduces the gra-
dient of the partially symmetric rank-R approximation loss function. In Sect.4, we
propose the BFGS algorithm and discuss its convergence. In Sect.5, We derive the
discrimination of partially symmetric tensors with the positive decomposition. Finally,
numerical experiments are given in Sect. 6.

Notation. N4, R and C denote the set of positive integers, real field and complex
field, respectively. A uppercase letter in calligraphic font denotes a tensor, e.g., 7. A
uppercase letter represents a matrix, e.g., U. A boldface lowercase letter represents a
vector, e.g., v. A lowercase letter represents a scalar, e.g., x. The entry with row index
i and column index j in a matrix U, i.e., (U);;, is symbolized by u;; (also (v); = v;
and (7)jiy--iy = tijiy--iy )- Let s > 0 be an integer, denote [s] := {1,2,--- , s} asan
integer set. G, denotes the set of all permutations of {1,2, --- , m;}, m; is a positive
integer, ¢ € [s].

2 Preliminaries
2.1 Matrix and tensor products

A tensor can be regarded as a multiway array, which is a generalization of matrices.
A tensor is represented with calligraphic script uppercase letters in this paper, e.g.,
T . In this subsection, some basic concepts and products of matrix and tensor will be
reviewed. For more details, please refer to the literature [24].

The Kronecker product of matrices A € R’*/ and B € RE*L denoted as A ® B,
is defined as

an B apB ---ayB
appa |00 oo
ajptBapB ---apyB
The Khatri-Rao product of two matrices A € R/*X and B € R/*X is defined as

AOB:=[a;®bjay®b; --- ag @bg] € RI/*K,

If a and b are vectors, then the Khatri-Rao and Kronecker products are identical, i.e.,
a®b=a0Ohb.

The Hadamard product of two same-sized matrices A, B € R!*”/, denoted as
A x B € RI>*/ is defined as

(A % B)ij = a;jb;j.

93 99

We use 7o to represent the outer product of two arbitrary tensors X €
R11><12><---><Im y e R11><J2><---><Jn

X o y = (xiliZ"'imyj1j2~~~j,,) c RIIX'“XI;;,X11><~~><J,!. (21)
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Invoking the definition of tensor outer product as described in (2.1), we can get
that for vectors x; € R, for k € [m], their tensor outer product X oXp0--- 00Xy, €
RI1xl2xxIn g an mth-order rank-1 tensor such that

(X] 0X2 0+ 0 Xp)iyigemiy, = (X1)i; (X2)i, *+* Xmn)j, -

m
. . f—)—.
In particular, if x; = x, = ---x,;, = x € R”, then x*" = XoXo---0X iS an

mth-order n-dimensional symmetric rank-1 tensor and is denoted as X for simplicity.

Definition 2.1 Let 7 € RI1>2XxIn pe 3 tensor and vectors x; € R for k € [m].
Define the contraction product of tensor 7 and a rank-1 tensor as follows

IIY“A’]W
T o x; = Z Liyeig XDy - Xm)iy, € R,
i1, ip=1
TS TEEEY (DY /SN IR
. I
T oLy i pXi = Z Ly iy X0y - k=D Kkt Dy =+ * Kmdiy, | € R¥%L

i1y ik kg1 s im =1

Generally, the inner product of two tensors X', ) € R/1*X2xxIn denoted as X - )
or (X, )), is defined as

1 163 I
X : y = 2 : Z T z : xiliZ”'ilrlyiliZ“'ilrl‘

i1=1ix=1 im=1

The Frobenius norm of a tensor X € RI1*2%xIn g defined as

1 163 I

Xl = [ DY Y xE

i1=lix=1 im=1

It follows immediately that (X, X') = ||X||%.

The mode-k matricization of a tensor 7 € R/1>*/2XXIn i denoted as T(x) and
rearrange its elements into a matrix of size Iy x ]_[i#k I;. Element (i1,i2, -, i)
maps to matrix entry (ix, j), where

m t—1
J=14+) G =D]]
1k nk

Let 7 e RItx[2xxIn be an mth-order tensor. The CP decomposition of 7 is

R
T:[[Al,A2,~-~,Am]]EZal.(l)oalQ)o-uoai(m),

i=1
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where Ay = (aik) aék) a%c) ) € RIXR | e [m] are called factor matrices. The
mode-k matricization of tensor 7 = [A1, Aa, -+, Am]l, Ax € RI*R for k € [m]
can be written in the form of factor matrix,

Tiy = Ar(Am @ -+ © Ak1 © A1 @ +- © AT (2.2)

2.2 Partially symmetric tensor

Partially symmetric tensor is the main content of this paper, so its basic concepts
and some properties are indispensable. Detailed introduction can be referred to the
literature [23, 25-27].

Definition 2.2 [23] Let m = (m,m2,--- ,my), m = (ny,n2,--- ,ng) € N An
mth-order n-dimensional tensor 7 is an array over the field F indexed by integer
tuples (llv tee 7im15j17 tee 7jm29 e 9119 e 9lms)’ i‘ew

T = (¢ S . c Fnrlnlxnrznzxmxn;’”

= Vv simy s Jise s dmy s 50 g

with iq, - - - »iml € [ml, ji,--- 7jm2 €n2l,---, 01, - »lms € [ng].
The space of all tensors over the filed FF is denoted as 7 [m] IF [n]. 7 is called a square
tensor, if all dimensions are equal, that is to say ny = np = -+ - = ng.
Definition 2.3 [25] Let m = (my,mp,--- ,mg), m = (n1,np,---,n,) € Ny A

tensor S € T [m] F [n] is called partially symmetric if

Sil "'iInI J1 "'jmz'"ll "'lms = SUI (i1)--o1 (iml )Uz(jl)"‘O'Z(j)712)“‘0's'(ll)"‘Us(lms)

for every permutation o; € &;, where &, is the set of all permutations of
{1729"' 9ml}ste [S]'

The space of all mth-order n-dimensional partially symmetric tensors over the field
F is denoted by S[m]F[n].

(t

Definition 2.4 [23] Let vectors uk) € " for all t € [s]. The result of the tensor outer

MY (g@)™ ©\™ i i
product (u, o|uy o---o(uy is arank-1 partially symmetric tensor. A

tensor S € S [m]F [n] is said to have a partially symmetric CP decomposition if the
tensor S has a decomposition as

m my ms
S = Z)‘k (u,(cl)) o (u}?) 0---0 (u,(:)) A el u,(:) e ™", IIH,(ct)Hz =1.

If mi,my,--- ,mg = 1, then the tensor 7 € T[m]F[n] is an sth-order n; x ny x

- X ng-dimensional tensor, the partially symmetric CP decomposition of 7 is an
usual nonsymmetric CP decomposition. If s = 1 andny = np, = --- = ng = n, let
m) = m, then 7 € T[m]F[n] is an mth-order n-dimensional symmetric tensor.
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626 C.Chenetal.

Theorem 2.1 [23] Let m = (my, ma, - ,mg), n = (n1,n2,---,ns) € N, and
S € S[m]F [n] be a partially symmetric tensor. Then there exist Ay € T, u](:) c e,
||u/(<t)||2 = 1fork € [R]and t € [s] such that

R
m m ms
S=Y m(u)" o () oo (u)" 23)
k=1

i.e., any partially symmetric tensor (over any field) has a partially symmetric CP
decomposition.

If S € SIm]R[n] has a decomposition as (2.3) with A > 0 for all k € [R], then
we say that S has a positive partially symmetric CP decomposition. According to
Theorem 2.1, there is the following corollary.

Corollary 2.1 If there is i € [s] such that m; is an odd number, then, any nonzero
tensor S € S[m]R[n] has a positive partially symmetric CP decomposition. However,
S may not have positive partially symmetric CP decomposition, if my, - -- , mg are
even.

Proof If there is i € [s] such that m; is an odd number, without loss of generality, let
m1 be an odd number. Then, the mth real root of A always exists for k € [R], so we

. . (H"™
can rewrite the item Ay u as

mi mi -
Ak (u,(cl)) :(ﬁ,ﬁ”) , whereﬁ,(cl)z «]/Xu,(cl).

Then,
m m mg
S=3 (6" o (42) " oo ()"
k=1

That is, S € S [m] R [n] has a positive partially symmetric CP decomposition. How-
ever, if all orders are even, then m,th real root does not exist if Ay < 0, for ¢ € [s], so
the scalar cannot be absorbed. In this case, S may not have positive partially symmetric
CP decomposition. This completes the proof. O

If S has a positive partially symmetric CP decomposition as in (2.3), then we can
m m
write Ax (ul(:)) ‘= ((kk)l/ ’"fu,(:)) "forsomet € [s]. In this case, the decomposition
(2.3) can be rewritten as follows

S=3"(u")" o ()" oo ()" 2.4)

Let U, = (uY),ug), A ,u%)) e R"*R fort e [s]. We call {U;, Ua, --- ,Us} as a
tuple of factor matrices of partially symmetric tensor S. The partially symmetric CP
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decomposition (2.4) can also be written as

mi my mg
ZHU19 U13U27"'7U27"'7US""’US]]
= [[Uxm1 Usz’ cee, stmx]]. (25)

3 Positive partially symmetric rank-R approximation
Now, we study the positive partially symmetric rank-R approximation of partially

symmetric tensors. Let s, R be two positive integers andm = (my, ma, - -+ ,mg) , D =
(n1,n2, -+, ng) € N Given a real partially symmetric tensor S € S [m] R [n], find

positive scalars Ay > 0 and unit-norm vectors u,El) € R™ fort € [s] and k € [R] such
that the rank-R tensor

R
~ mi m2 mg
=3 ()" o (o) oo (o)
k=1

minimizes the function
A 1 A0
f(& = E”S_S”F'

The positive partially symmetric rank-R approximation problem of tensors S is
equivalent to solving the following optimization problem

2
(PD)

my mg
min 5= 3 (o) o (o) o0 4)

st > 0, u(’) e lul |, =1,k € [R].1 € [s].

F

Since A; > 0 for all k € [R], we can rewrite S as

S = XR:( “)) (ﬁ,(f))m2 o0 (ﬁfj))ms. 3.1)

k=1

Thenu” = & /8" [l and i = [, 18]I, , for all k € [R] and 7 € [s].
The right hand side of (3.1) may also be written as the form of a tuple of factor
matrices
= U, U™ U]
, , Ug )

where U, = (ugt), ﬁ(t), e ,ﬁ%)) € R"*R i a matrix for all ¢ € [s].
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628 C.Chenetal.

Let U € ROM+42)Xr be 3 block-matrix vector as
Ui
p)
Uu=1 .
Us
Then the constrained optimization problem (P1) is turned to an unconstrained opti-
mization

2
min f5(U) = (U1, Up, -+ . Ug) i= 5 HS RN |
(3.2)
3.1 Gradient calculation of f5(U)
Lemma3.1 Let s and R be two positive integers, m = (my,my,--- ,Mg),N =
(n1,n2, -+ ,ng) € N and S € S[m]R[n] be a partially symmetric tensor. Let
- m\™ @\"™ Y™ 0
SZZ(“k ) O(“k ) o-~-o(uk‘ ) . e R™.
k=1
Then
a9(S, 3 m my—1 my
(_(t)> =m S - ((u](cn) 10,..0(11]((:)) ' o~~o(u}j)> ) cRM
ouy
Proof Assume that A € S[m]R[n] be a symmetric tensor of m-order. Then,
aA - x"
axX = mA-x"1, (3.3)
Define a function F(S) = (S, S). Then,
5 - (1) @\ ()™
PO = (.3 (u) o (u) oo (o)
- )™ @\™ ()\™
:ZS'(“k ) o(uk ) o-~-o(uk‘ ) .
k=1
According to the formula (3.3), we have that
or S m m;—1 mg
(m) =m S <(“/(¢1)) Yoo (“1(:)) 0.0 (“1(5)) )
du,
This completes proof. O
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Theorem3.1 Let m = (my,my, -+ ,mg), n = (ny,na,---,n;) € N9, M; :=
mp+---+my, t € [s]. Let S € SIm]R[n] be a given partially symmetric tensor,
U, = (uY),ug), e ,u%)) e R"*R be q matrix for all k € [R], t € [s] and U =
o', UZT R UST)T be a block-matrix vector. Then the first order partial derivative
of the function fs(U) defined in (3.2) with respect to U; is

3 fs(U)

= —m; (S Wy — U WIW,),
U, my( (M) Wt t Wy )

where S,y is the mode-M; matricization of the tensor S and
W, :US(Dm.c @_,_@UtOrm—l ®~-~®U1®’"‘. (3.4)

Proof According to the definition of derivative, the first order partial derivative of the
function with respect to Uy is

IfsU) (dfs@) 8fsU)  3fs(U)
U, BuY) ’ aug) T 8u%) '

LetS = [U; ™, U™, ..., US"™]. Then

0fsU) _ 3(S8.8) | 3(5,9)

||5_‘§||2 =(5.8) —2(S.8) + (5. 8). o= 0] O
duy ou, 20uy,

From the Lemma 3.1, for every k € [R], it is followed that

0fsU) _ (5§ ((u£1)>m1 6- -0 (ul(cr)>’"r—1 0---0 (ul(y)mJ) :

)
ou,

According to definition of the mode-k matricization, we have that

8?:’1((})}) =—m,(S — S)(M,) ((u,(c-v)>®ms 2. (ulgt))@m,fl 5w (u,(cl))(@ml) |
k

Thus,

d fs(U)

s = (S - Sy (U™ 00U oo u M),
t

Substitute (3.4) into the above equation, we get that

d fs(U)
22— (S Wy — U WIW)). (3.5)
aU;
This completes the proof. O
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630 C.Chenetal.

If the gradient is calculated directly according to the formula (3.5), it will cost a lot
of computational expenses. We can save the computational expenses by the following
method. The first item S(a7,)W; can be obtained by MTTKRP, which is a function
in the tensor toolbox [29] to efficiently calculate matricized tensor times Khatri—-Rao
product. The second item can also avoid forming W, since W, W; is given by

wIw, = Wluy™ s...« Iuy™ 1 s...x UL U™

The following is the algorithm for calculating gradient value of fs(U) defined as (3.2)
at a given point.

Algorithm 1 The gradient G of the function f5(U)

Input: A tensor S € S[m]R[n] and the factor matrix Ul = (UIT, BRI UST)T.
Output: The gradient G = (G]T, B GXT)T of function f5(U) at L.
l:fort=1,---,sdo

20 LetMy=my+my+---+my.

3: Compute V = (U U)*™s s -5 (U U™ =1 s x U U™
4:  Compute G; = —m;(MTTKRP(S, [[lenh e USTSTL M) — UL V).
5: end for

6: return G = (Glr’ ... ,GST)T,

3.2 Gradient descent method

We introduce two linear search methods. Armijo inexact search rule adopts the back-
tracking strategy to obtain the step size. In other words, the step size is picked as
ar = PBy™k, where my is the smallest nonnegative integer satisfying the following
condition

f (o4 ymedt) < £ (u') + 0Byt ab), (3.6)

where 8 > 0, o, y € (0, 1).
Another inexact search rule choosing a step size oy > 0 is Armijo-Wolfe conditions
(28],
[ (uf +ad®) < £ (u¥) + cra(gh, d¥)
k k ko gk (3.7)
(Vf (0 +adb), d*) > cr(gh, db),
where 0 < ¢; < ¢» < 1 are the parameters of line search algorithm, the above
two condition are called the sufficient decrease condition and curvature condition
respectively.
Therefore, the iterative scheme is

! = ot 4 g d”,
where o is obtained from the above Armijo or Armijo-Wolfe rule, d* is the search

direction of the k-th iteration. If d* = —V f (u¥), the iteration method is called gradient
descent method.
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The termination condition of optimization algorithm is that norm of gradient is less
than a given criteria, i.e.,

k
g™ llr <e.

For partially symmetric rank- R approximation problem of some partially symmetric
tensors, the iterative formula of gradient descent method is that

U = UF + G,

where GX = —V f5(U¥), oy satisfies the Armijo or Armijo-Wolfe rule.
The following is gradient descent algorithm with Armijo rule (3.6) for the partially
symmetric rank- R approximation of a partially symmetric tensor.

Algorithm 2 Positive partially symmetric rank-R approximation with gradient descent
method

Input: A tensor S € S[m]R[n] and a termination con(Aiition e>0

Output: The factor matrix U = (UIT, cee UST)T of S.

Initialization: Obtain an initial point U! = (UllT, Ul T)T, k=1.

Step 1: Calculate the gradient Gk by Algorithm 1 with input (S, UK. I |GF| F < €, thentake U = UK,

and go to Step 4.

Step 2: Take the search direction DF = —G*, and pick the step size oy with Armijo rule (3.6).

Step 3: Take Ukl =gk 4 aka and k = k + 1. Turn to Step 1.

Step 4: Return U = (UIT, cee UST)T.

4 BFGS method

We now review the standard BFGS method with Armijo-Wolfe line search for solving
the optimization problem mingegr» f(x). For more details, please refer to [28]. The
iterative formula of BFGS method for solving the problem minger» f(X) is

k+1 k

X =X —ak(Bk)_lgk or xAt1 = x —otkagk.

where g& = V £(x¥), ay is step size satisfying Armijo-Wolfe rule. The initial point
x of the iterative algorithm is usually given randomly; H® and B° must be positive

definite matrices, usually the identity matrix.
Let y* = gkt! — g and s¥ = x¥*! — x*. The updated formula of B is that

T
Bk—H _ Bk N yk(yk) - Bksk(sk)TBk
(yk)TSk (sk)TBksk

The updated formula of H¥ is that

Hk+l _ (1 Sk(yk)T> Hk (1 yk(sk)T> N Sk(sk)T

S OHTS AR
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4.1 The BFGS method for partially symmetric rank-R approximation

Following the standard BFGS method, we will give the tensor BEGS method to solve
the partially symmetric rank- R approximation of partially symmetric tensor. Let S €
S[m]R[n] be a partially symmetric tensor, U = (U lT ,oo, U ST)T be a block-matrix
vector, U; € R"*" fort € [s]and n := nj + - - - + ny. The function f5(U) is defined
as (3.2), then the gradient V fs(U) of is fs(U) that

M
2/5(0)
VisU=| 7 | erK

0/sU)
a0,

the Hessian is that

szg(U) — (32f5(U)> c Rn><R><n><R7
ou ij ou kil
which is a fourth-order tensor.
In order to obtain the BFGS iterative formula for tensor, we define a multiplication
of two fourth-order tensors and a product between a fourth-order tensor and a matrix.
For any two tensors A, B € REXILXKXL define C = A @ B € REXLXKxXL g4

K,L
Ciyigizig = E : Qiyinji jobji joisia- 4.1
J1s2=1

For any 7 € REXEXKXL and A ¢ RKXL define B = T A € RKXL as

K.L
bi1i2 = Z ti1i2i3i4ai3i4- (42)

i3,i4=1

In the sense of the multiplication of two fourth-order tensors, we define the fourth-
order identity tensor 7 € REXEXKXL a4

Drnkat, = 0 otherwise. 7

According to the definition (4.3) and (4.2), for any matrix A € RX*L we have
TA = A. The tensor A € REKXLXKXL s an invertible tensor, if there is a same-sized
tensor Bsuchthat A@ B =27 and B® A = Z, and if so, then B is called the inverse
of A. The inverse of A is denoted by A~
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Lemma 4.1 Let fourth-order tensor T € REXLXKXL pbe invertible and its elements
satisfy T, kaly = Tiobokyly and A, B, C € REXL Then

(1) (T-'A,TB) = (A, B).
(2) (Ao B)C = A(B, C).

Proof According to the multiplication defined as (4.2),

(T lA TB Z ZT 1]k111Ak111 Z/Tijkszkzlz

i,j \ki,h ki,l2
=Y Aty Biy, Z T ijtan Tijats
kil kil

Since Ty, 1,k00, = Tholoky1;» We have that

(T'ATB) =Y Tigikyt; Akt Brats
ka,ly kil

= Z Akzlz Bk212 .

ka,l>

Therefore, (T~'A, TB) = (A, B). According to the multiplication defined as (4.2)
and tensor outer product defined as (2.1),

M=
M=

((Ao B)C);j = (Ao B)ijkick

k=1 I=1
K L

= Zzazjbklckl
k=1 I=1

K L
=i 2 2 bucu
Hence, (A o B)C = A(B, C). The proof is completed. O

Let fs(U) be defined as (3.2), then the iterative formula of BFGS algorithm with
Armijo-Wolfe line search for solving the optimization problem miny fs(U) is

U = U — o (BY 7' G,

where GF is gradient value of fs(U) at U*, i.e., Gk = V f5(U¥), the step size o
satisfies Armijo-Wolfe rule.
The updated formula of B is that

YEoYE  (B*SF) o (BfSH)
(YK, 85) (BXSE, Sk)

B = BF ¢ (4.4)
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634 C.Chenetal.

where Y¥ = V fg(UF1) — v fg(UF), Sk = UK+ — UK.

Lemma 4.2 Let B! be defined as (4.4). Then, the inverse of B<T! can be given by

Sk o YK YK o K Sk o Sk
k+1 __ k
= (I_ <Sk,Yk>> omte (I_ <Sk,Yk>> HCA G

Proof In order to prove that H**1 is the inverse of B¥*!, we just need to prove that,
for any block-matrix X, B¥1(HE+IX) = X, Let (S, Yf) = l%, (BkSK, Ky = %
From the formula (4.4), we have

—v(BFSK o BFSK) (HF X). (4.6)

According to the Lemma 4.1,

HH X = HAX — wHRYR(SK, X) — uSE YR, HEX)
+ 28K (YR, HEX) (S, X) + uSK(S¥, X). 4.7)

By putting (4.7) into (4.6) and using the Lemma 4.1, we get Bk (HK+1X) = X. The
proof is completed. (] O

Now, we will give the BFGS algorithm with Armijo-Wolfe step size (3.7) for the
positive partially symmetric rank- R approximation of a partially symmetric tensor as
follows. The initial factor matrix U! is obtained randomly and ! is usually selected
as fourth-order identity tensor Z defined as (4.3).

Algorithm 3 Positive partially symmetric rank-R approximation with BFGS algorithm
Input: A tensor S € S[m]R[n] and a termination com}ition e>0

Output: The factor matrix U = (UlT, B UST)T of S.

Initialization: Obtain an initial point U! = (U} ", u! )T and let H! = T.

Step 1: Calculate the gradient G! by Algorithm 1 with input (S, Ub). 1t |G! ||F < €, thentake U = U,
and go to Step 6.

Step 2: Take D! = —Gl and k = 1.

Step 3: Pick the step size o with Armijo-Wolfe rule (3.7), and take UKL = Uk + aka.

Step 4: Calculate the gradient GK*! by Algorithm 1 with input (S, U1 If |GFH1 || o < €, then take
U = Ukt and go to Step 6.

Step 5: Calculate Hk+1 by the formula (4.5), and take the descent direction DiHL = _HkHLGhHL e
k =k + 1, and turn to Step 3.

Step 6: Return U = (UlT, B UST)T.

4.2 Convergence analysis of BFGS algorithm

In this subsection, the super-linear convergence of algorithm will be discussed. The
proof of following results refers to [28]. First, we give the relevant assumptions.
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Assumption 4.1 Let s, > 0 be two integers and m = (my,ma,--- ,ms), N =
(ny,n2,---,ng) € N Let S € S[m]R[n] be a partially symmetric tensor, n =
n1 + - - -+ ng. The function f5(U) is defined as (3.2), where the block-matrix vector
U=wl ul,...,uhHT e R, U, e R"* forallt € [s].

1) (V2 fs(U*)W, W) > 0 for any W € R"*" where U* is a local minimum point

of fs(U);
2) there is a neighborhood N (U*) of U* and a constant L > 0 such that for any
U, Ve NU"

IV fs(U) = V2 fs(W)llr < LU= V] .

Lemma 4.3 If the function fs(U) satisfies the second condition of Assumption 4.1,

then for any U, V, W € R,

IV 5 V)= fsW) =2 fs@)V-Wl p = £ 0Ly oy,
4.8)

Forthermore, if V? fs(U) is invertible and for every ¢ € (0, m), for any

V and W that satisfy |U—W||r < e and |U — V| r < &, respectively, then there are

constants B > a > 0 related to U such that

alV=Wlr < IVfs(V) = VisWlr < BIV—-WIF. 4.9)
Proof For any U, V, W € R"*" according to the Cauchy-Schwarz inequality,

IV fs(V) = V fs(W) = V? fs(U)(V = W)

1
= H/ (V2 fs(W + (V= W) — V2 f5(U)(V — W)dt
0

F

1
= ||V—W||F/ LIW 4+ t(V = W) —U|rdr
0

1
=< L”V_W”F/ @IV =Ulr + 1 =)W =Ulp)dz
0

IV-Ulr+IW-Ulr

=LI|V-WIF 5

For every given ¢ € (0 ), any U and V satisfying

S S
* LIVZ fs )1 T
max{[[V—Ulr, [W—-Ulr} <e,

we have that

IV fs(V) = V fs(W)| ¢
< V2 fsU)(V =W)|IF + IV fs(V) = Vfs(W) — V2 fs(U)(V — W) ||
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L(V-U W-U
S(IIV2f5<U)||F+ il ”F2+” B

< (IV?fsU)||F + LoV — W] 5.

) IV — Wi

Let 8 = |[V2fs(U)|r + Le, then the second inequality of (4.9) holds. Using the
properties of the norm, we have that

IVfs(V) =V fs(W)lF
> V2 fsU)(V = W)[F — IV fs(V) = V fs(W) = V2 f5(U)(V = W)

— L(V-U W-U
> <1/II(V2fs(U)) e ”F;” ””)nv_qu

> (11/1(V2 fsU) g — Le)[V — W] £

Let o = (|| 1/||(V2f5(U))_1 | — Le), then The first inequality of (4.9) holds. The
proof is completed. O

Theorem 4.1 Assume that the function fs(U) satisfies the Assumption 4.1, {B} and
{Uk} are obtained by Algorithm 3 without line search (that is, the step size oy is
uniformly 1), and {U} converges to a local minimum point U* of fs(U). Then the
point sequence {UX} super-linear converges to U* if and only if

. (BE = V2 FU) (UM —UY||p
1 = 0. 4.1
Pl UK+ — UK - 0 (4.10)

Proof (<) First we prove the sufficiency. Let S¢ = U¥*! — UX. Then

(B — V2 fs(U*)Sk = —V f5(U") — V2 fs(U")SF
= V fs(UKH!) — V f5(UX) — V2 f5(U")SK — V fs (UK.

According to the triangle inequality and Lemma 4.3, for any k£ > 0, we have that

k1
_ IVfs@Dlr

AL
_ B = V2 sWDSHp | IV As (U = V fs(UF) — V2 £ (UDSH ||
- ISkl ISk117
B* — V2 fs(U*))Sk L
< SO AU - Ul + U - Ul )
F

If (4.10) holds, substituting (4.10) and the assumption klim UF = U* into (4.1 1), we
— 00

get
IVfsWDIF _

4.12)
T ¢
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Because V2 fs(U*) is invertible and UF — U*, according to Lemma 4.3, there exist
areal number @ > 0 and an integer ko > 0, for any integer k > kg, such that

IV fs(UE ) [IF = IV £5 (U — V £5 (U9 F = a| U — U*| .

Thus
(LS O
IVfsWDIE o[ U —U|r i
e e L L R
—U* F

Since the left limit of the above inequality is zero by (4.12), so the right limit of the
above inequality is also zero, i.e.,

i
. [[UF—U*||
S TS
O =U*| p
It follows that
O —U*|p

bl

m k— =
k—oo ||U* —U*|

which means that {U¥} super-linear converges to U*.
(=) Next we prove the necessity. By Lemma 4.3, there exist a real number 8 > 0
and an integer ko > 0, for any integer k > ko, such that

IV fsWDIE = IV fs U = V fsUHIlF < BT = U*|p.
Because {U*} super-linear converges U*, we have that

0= lim ”Uk+l —Ullr
T koo [[UK—U*||p
. IV£s@EY||p
> lim ————
k—oo BIUF — U*| F
_ g LIV As@UED e U — U
k—oo B |[UFH —UK||p UK —U*||p

Then il
o IV AS@WED I
im ——————— =0.
k—>oo UK — UK||
Thus,the equation (4.10) holds. This completes the proof. O

Based on the Theorem 4.1, we give a theorem of super-linear convergence of the
Algorithm 3.
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Theorem 4.2 Let {B*} and (U} be obtained by Algorithm 3. Suppose fs(U) satisfies
the Assumption 4.1, {UX} converges to local minimum point U*, and

1B = V2 FU) U U
kli)ngo TR, =0. (4.13)

Then, {UX} converges to U* super-linearly if and only if step size {ay} converges to 1.

Proof First, we prove the sufficiency. From the trigonometric inequality, we get

I ' BY — V2 f5(U) (UK — UM ||

[UCH — UK 7
B = V2 U - e iy = DBSU —UY)|ip
- TS — Uk IUEH — U7 '

If (4.13) holds, and {ay} converges to 1, then the limit on the right side of the above
inequality is equal to O when k — oo. It follows that

—1 12k 2 * k+1 k
lim (" B* = V= fs(U)H(U™ —UH|lF _0. @.14)
k— 00 ||Uk+1 — Uk”F
By the Theorem 4.1 and (4.14), we can get that {U¥} superlinearly converges to U*.
Next, we prove the necessity. If {U¥} converges to U* super-linearly, by the Theorem
4.1, itis followed that (4.14) holds. Since BX (U¥! —U¥) = —a V 5 (UK), by (4.13),
we have that

.G DV fs(UO)F - " — DBE U — U4 r
k—oo UM —UK||p k>0 UK+ — UK || g
e ' BE = V2 f5(U) (UK — UK |
< lim
k— 00 ||Uk+] — Uk”F
. I(B* = V2 £ (U) (UK — UM
+ lim = 0.
k— 00 ||Uk'|'1 — Uk||F

Hence,
I DVfs@Hlr
k— 00 ||Uk+1 — Uk||F
By Assumption 4.1 and Lemma 4.3, there exist a real number o > 0 and an integer
ko > 0, for any integer k > ko, such that

(4.15)

alUF —U*|[p < IV fs(UF) — V £s(UHIF = IV £5(UN I

So
U — Ul _ i — DV 5 (US|

ooy — 1] <
UK+ — UK Ok — UKl

(4.16)

@ Springer



Partially symmetric tensor structure preserving rank-R approximation... 639

By (4.15) and (4.16), we have that

. IU* — U*||
| —l|————F—=0.
i elen = e — gy,
Since again {U*} super-linearly converges to U*, so
_UF U p
lim ———— = 1.
k— 00 ||Uk+1 — Uk||F
Hence lim a|oy — 1] =0, 1i.e., lim o = 1. This completes the proof. O
k—o00 k—o00

5 Discrimination of positive partially symmetric CP decompositions

LetS € S[m]R[n]. When all orders m, ma, - - - , mg are even, according to the Theo-
rem 2.1, the tensor S may not have positive partially symmetric CP decomposition. In
this case, we cannot obtain its partially symmetric CP decomposition by Algorithm 3.
Therefore, we discuss how to identify whether even order partially symmetric tensors
have positive partially symmetric CP decompositions in real number field.

Theorem 5.1 Letm = (m,mp, -+ ,my), N = (ni,no, - , ), gndS € SIm]R[n]
be a partially symmetric tensor. For any vectors X € R and y/) e R", i, j € [s],
denote

PLm; =k, k) = (x1)" oo (xD)mi =k o (y)E oo (xD)ms,

where k € {0, 1, --- ,m;}. Then,

my m
(8. M) oo (x4 y Oy oo (xymy = 3 ( k’) (S, PL(m; — k, k)).
k=0

Proof Let Iy := {i; = (i1, 012, s iem)livy, -+ iem, € [0/}, 1 € [s]. For any
vectors X € R" and yV) € R", i, j € [s],
(S, (X(l))ml 0-+-0 (X(t) + y(t))m, 6.0 (X(S))ms)
= 3 Siedpen (D)

irel;,tels]

R R S A USRI (LSO LS
= Y S ()M x Dy xO ()

irel;,tels]

(1) 5 Seaaetn

i;el;,tels)
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XDy )i i, ()™

+<nzlt) Z Sil"'it”-ix ((X(l))ml)ll o

i;el; tels)

iy i iy i o ()™,

RS ( ) Z Sil...it...ij((X(]))ml)il
mg

i;el;,tels]

iy 8Dy e (X))

Fork=0,1,2,---,my,itis obtained that

(8. Palmy =k B)) = D7 Sy, ()" - O,

iiel; tels]

Dt O iy G i, o ()™,

Hence,
(S, (X(l))ml 0---0 (X(l‘) + y(t))m, 0.0 (X(S))ms>
mg
m
=Y ( k’)(s, PL(m, — k,K)).
k=0
This completes the proof. O

Theorem 5.2 Let S1, S; € SImR[n] be two partially symmetric tensors. Assume that
allordersmy, my, - - - , mg are even. Then (S1, S2) > 0if S| and S, both have positive
partially symmetric CP decomposition.

Proof Since S1,S> € S[m]R[n], and they have positive partially symmetric CP
decomposition. Hence, S1 and S, can be represented as the following form

Ry

k)| M1 mg

Si=Y @ oo @by™,
Ry

1)\l mg

S=Y ) oo™,

where u® v\ e R k e [R1],1 € [Ry]. t € [s].
Then, the i mner product of 1 and S is

(81.8) = Q}® m%%ZU%omw&W>
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Ri Ry
m s m s
= Y@ oo @)™, i) oo (vi)™)
k=1 I=1

=
0

mi mg
((ugk),V§1)>) .”<(u§k)7v§l)>) .

1

»
Il
-
-
I

m
Since orders m1, my, --- , m, are even, ((u,(k),vfl)) l > 0, forall k € [R{],] €
[R2],t € [s]. Hence, it is followed that (S1, Sp) > 0. The proof is completed. O

Assume that {Uy, U, - - - , Uy} is a tuple of factor matrices of S € Sm]R[n],i.e.,
3» — [[leml U2><m2 . Uxm“]]
) ) 9 s .

In the next, we see the object function Fs (5:’) =S — S ||% as a function of factor
matrix U, t € [s], i.e.,

Fs(Up) = Fs(8) = ||S — S} (5.1)
For convenience, we denote

(S,;[Uth, AUt X(mt_k—l)’ U[Xl]

o xXmj Xmy—| xk X (my—k—1) x[ XMyt Xm,
=My, U Uk Au D g o o

Next, in order to study the convexity of the function Fs(U;), we derive a second-
order Taylor formula of Fs(U;).

Theorem 5.3 LetS € S[m]R[n] be a partially symmetric tensor and Fs(Uy,) is defined
as (5.1). Let

Li:

—2(”I’><S -8, 81aU,, U™y, (5.2)

Ly: —2<";’> (S =38, 81U, 2, yxm=2)

+181a0, U014+ 81Uy, AU, U 4 SIU Y AU
(5.3)

Then, the second-order Taylor formula of the function Fs(Uy) is as follows
Fs(U; + AU;) = Fs(U) + L1+ Ly + 0(||AU,||%). (5.4)
Proof From (5.1), Fs(U; + AU;) = ||S — S[(U; + AUI)X'"’]H%. Then,
Fs(U; + AU = (S, 8) — 2(S, S[(U; + AU)*™])
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+(SIU; + AU ™, S[(U; + AU ™T).  (5.5)

Now, we compute the first degree term and the second degree term of AU; in the right
hand side of (5.5). Since,

R
(8. SIW, + AUY™ ) = (8.3 @)™ oo (@ + au)ym oo @By,
k=1
According to the Theorem 5.1, we can get that
(S, SI(Us + AUY ™)
=(5.8) + ("I’)«s, S1AU, U ™))

m 5 X (m;—
+( 2’><S, SIAU2, UX ™2 + o(| AU 3). (5.6)

Since,

IS1AU, U™ V1 + 81U, AU, U™ P+ -+ S[u} ™D, AU

m m A xm,— A X (my—
=(1’>( fl )(S[AU,, = Stu,, av,, U™

( >||S[AU,, [ [T (5.7)

And, forall k,/ € [R]and t € [s],

(@® + 2au®ym, @ 4 Au®ym)
k / k ! k / k H O\
= (. + (20w + @®, 2u) + (a0, Au))

IO NG m k i 0 k(=1
= @, ) ’+<1’> (W, 2u?) + (au®, u) @, o)™

m —1
1t> (au, au) @, uf)™

m - k i k i k 1y, mi—2
( )( ><u§’,Au§’><Au§>,u§)><u§),u,”> ’

m 2 -2
;) B a0 + (20 u)) @ u)"

+o (lau 1} + 14w )3) . (5:8)

+

+

+

Let

P = @)™ oo @)1k € [R],
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Q= @)™+ oo P k€ [R].
Then, by (5.7) and (5.8), we have that
(SLU 4+ AUY ™1, SIU, 4+ AU ™)

R R
Z Z (Pro @™ + Au®y" 0 0, Pro @ + Ay 6 Q)

(Pk,P])((u(k)-FAll(k))mt (u(l) +Au(l))mt)<Qk, Ql>

Il
M= T
M= I

~
Il

11

A2 A m 5 A Xm,f m 5 X (m;—
= S,8>+2<1f><8 S1au;, U ‘)]>+(1’)||8[AUI,UH D12

1

—

( )( 1)<S[AUI, Um0, 81y, av,, U™
<2><S SIAU2, UX ™) + o(| AUL ).

=(S,8) + 2(”1”><3, Stav,, vy 4+ 2(";’
HIS1AU,, U D14 81Uy, AU UFS P+ SIu7 %Y Avu it

+o([ AU, |17). (5.9

)(3, S[Au 2, v ™)

Hence, by (5.6) and (5.9), the first degree term and the second degree term of AU, in
the right hand side of (5.5) are as follows, respectively.

L = _z<”;’><s -8, 8[au,, uxm by,

5 = _2<”2”><5 — 8, 8[AU X2, U
+181AU,, U1+ Stuy, AU, U P14+ SIu Y Au).

This completes the proof. O

It is well known that (1) if U, is a stationary point of function Fs(U;),then L} =0
for any AU;,; (2) the function Fs(U;) is convex at the point U; if and only if L, > O for
any AU;. From this, we will discuss the discrimination of partially symmetric tensors
with the positive decomposition.

Theorem 5.4 Assume that orders my, - -+ , mg are even and S € S[m]R[n] has pos-
itive partially symmetric CP decomposition. Then, zero tensor O € S[m]R[n] is the
global minimum point of the function F_s(S), and the global minimum value is equal
to F_s(0) = ||S|I3-
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Proof Since F_s(U;) = ||S + 3||%-. By Theorem 5.3, Lj and L; of F_g(U;) are as
follows

L, = 2(’?)(8 + 8, 8[aU;, U™y,

L, = 2(";’) (S + 8, S[AU 2, UMDy

x (k—2)

18140, U1+ Stu, Av, U P 4+ 81U Y Au).

Since S has positive partially symmetric CP decomposition, and orders my,
my, - -+ , my are even. According to Theorem 5.2, if U; # 0 foralli € [s], i # ¢, then
(S, 3[AUIXZ, U (m,—2)]) is nonnegative and (S’, LSA’[AUIXZ, U,X(m’_z)]) is positive if
U; # 0. Hence, L is positive at U; for any AUy, i.e., the function F_g(Uy) is convex
forevery ¢ € [s]if U; # 0 foralli € [s], i # 1. Since S =0ifand only if there
exists U; = 0 for some i € [s]. Hence, S = O is the global minimum point of the
function F. ,S(S’ ) and the global minimum value is F_g5(O) = ||S ||%. This completes
the proof. O

Assume that S € S[m]R[n] be a partially symmetric tensor and its orders are even.
From the Theorem 5.4, U; = 0 is the global minimum point of the function F_s(U;),
and the global minimum value is equal to ||S |%, if partially symmetric tensor S has
positive CP decomposition. According to Theorem 5.4, we have the corollary in the
following.

Corollary 5.1 Assume that S € S[m]R[n] and its orders are even. The function
F_s (3) is defined as in (5.1). Then, the partially symmetric tensor S has no positive
partially symmetric CP decomposition, if zero tensor O is not the global minimum
point of the function F_g (S’ ).

Proof These results can be obtained directly form Theorem 5.4. O

When dealing with partially symmetric rank-R approximation of S € S[m]R[n]
with even orders, i.e., m; for all ¢t € [s] are even, we construct a new tensor S €
S[1, m]R[1, n] satisfying

Stiveviy 1oy t-mg = Sit-wimy jre+jmy 11

We compute the partially symmetric rank-R approximation of S by the Algorithm 3
as

S~ [[l}05 ﬁ]x’nl’ IR stmsl]’
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ﬁl(l), ﬁ;z), e ,ﬁ,(R)), t € [s]. Compute u,(:) and Ak, t € [s],k € [R] by
the following formula

where Ut = (

N
~(0 ~ ~ ~
ae= i TG 15 and wf” = &0/18».
t=1

So, we obtain that
A=A AR U = (u,(”,u,(z),-~- ,u,(R)>, t € [s].
That is, the general partially symmetric rank-R approximation of S is
S~ A U™, U™

We give an algorithm to calculate general partially symmetric rank-R approxima-
tion of partially symmetric tensors with BFGS algorithm as follows.

Algorithm 4 General partially symmetric rank- R approximation of partially symmet-
ric tensors

Input: A partially symmetric tensor S € S[m]R[n]. A positive integer R.

Output: A general partially symmetric rank-R approximation of S

Step 1: Construct a new tensor S € S[1, m]R[1, n] with

=S

Slil"'fml i jmy 1l i1 iy 1 -jmy g -

Step 2: Compute the partially symmetric rank-R approximation of S by Algorithm 3,

S~ [l O™ o T,
Step 3: Compute u](f) and A, t € [s], k € [R], by

s
~(0 ~ ~ ~
=i TTIE 15, w? =a /15 I
t=1

Step 4: Obtain A = (A1, s -+, Ap)], Up = (u§‘),u,<2),.-- ,u,(R)), t € [s.
Step 5: Return {A, Uy, ..., Us}, the general partially symmetric rank-R approximation

S~ U™ U™

@ Springer



646 C.Chenetal.
Table 1 The minimum values of F_S(S) forR=1,2,---,6
R=1 R=2 R=3 R=4 R=5 R=6

min F_g5(S) 44.7896 39.1948 38.7092 38.7092 38.092 38.7092
181 F 2.3677 3.3274 3.3996 3.3996 3.3996 3.3996
run-time 0.1357 0.1799 0.2175 0.2222 0.2348 0.2989
Table 2 The positive partially symmetric rank-R approximation of S

R=1 R=2 R=3 R=4 R=5 R=6
min Fs(g) 26.6158 14.9132 14.2719 14.1711 14.1711 14.1711
run-time 0.2049 0.3430 0.6942 0.5885 0.3417 0.2971

6 Numerical examples

We give some examples in this section. All experiments on a laptop with an Intel(R)
Core(TM) 17-8550U CPU and 8.00 GB of RAM, using MATLAB 2018b on a Microsoft
Win 10. All tensor computations use the tensor toolbox for MATLAB, Version [29].

Example 6.1 (A random tensor) Consider a partially symmetric CP decomposition of
atensor S € S[2, 2]R[3, 2]. It is obtained randomly as follows

1.4897 0.6715 1.6302

S¢, ., 1,1) = [ 0.6715 1.2075 0.4889 | ,
1.6302 0.4889 1.0347
0.7296 0.7873 —1.0689
S, 1,2y =1 0.7873 0.8884 —0.8095 |,
—1.0689 —0.8095 —2.9443
1.4384 1.3703 —0.2412
S¢, 2,2y =1 1.3703 —1.7115 0.3192

—0.2412 0.3192 0.3129

Firstly, we discuss whether there is a positive partially symmetric CP decomposition
of tensor S. We compute the minimum value of F_S(S) defined as in (5.1) for all
R =1,2---,6by Algorithm 3 and obtain the minimum values min F_g (5‘ ), norms
of the minimum points ||3 || 7 and running time as in Table 1. From the datum in Table
1, it can be seen that the minimum points S are not zero tensor. Hence, tensor S has
no positive partially symmetric CP decomposition by Corollary 5.1.

Secondly, we compute the positive partially symmetric rank-R approximation of
S by the Algorithm 3 forall R = 1,2--- , 6. We obtain in the minimum values min
Fs (3 ) and running time as in Table 2. It can be seen from Table 2 that the minimum
values of the objective function are always greater than 14.

Finally, we consider the general partially symmetric CP decomposition of tensor
S. We compute the partially symmetric rank-R approximation of the tensor S by the
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Table 3 The general partially symmetric rank-R approximation of S

R=1 R=2 R=3 R=4 R=5 R=6
min Fg S 26.6158 149132 7.3878 0.3930 0.0116 2.6001le—15
run-time 0.2496 0.2999 0.6163 0.5746 0.5476 0.9072

Table4 A general partially symmetric CP decomposition S

Ak —4.3145 —2.4363 —1.1755 0.7307 5.4125 5.5547
uy 0.2957 —0.0615 —0.1442 0.6882 —0.3700 —0.6367
0.1253 —0.8871 0.9895 —0.6924 —0.1581 —0.6216

—0.9470 0.4575 0.0088 —0.2169 —0.9155 0.4563

Vi 0.8793 —0.0408 —0.0831 0.9564 0.8834 —0.6275
0.4763 —0.9992 —0.9965 0.2919 —0.4685 —0.7787
Algorithm 4 for R = 1,2, ---, 6 and obtain the minimum values min Fg (3) and

running time as in Table 3.
Therefore, we obtain a general partially symmetric CP decomposition of the tensor
S with R = 6 as

6
S= m)®o(vp)?,

k=1

where A, € R, u € R3 and v, € R2fork=1,2,---,6 are as in the Table 4

Example 6.2 (Comparison of convergence speed between the gradient descent method
and the BFGS method) Partially symmetric tensor S € S[1, 2]R[n, n;] is given by
S = Uy, szz]], where U; € R"*R U, e R™*R are randomly obtained. We
use Algorithm 2 and Algorithm 3 to calculate the rank-R approximation of tensor
S, that is, its structure preserving CP decomposition. The termination condition of
both methods are that the norm of gradient is less 10™>, or the number of iteration
reaches 5000. We calculate four types of tensors: (n1,n3, R) = (5,5, 3), (5,5,5),
(10, 10, 5), (10, 10, 10). For each type, we calculate 10 times. The results of numerical
calculation are shown in Table 5, where ‘Iter’ denotes the average number of iteratipns,
‘Time’ denotes average running time and ‘Error’ denotes average value of ||S — S|| 7,
respectively. Form Table 5, we see that the running time of BFGS method is less than
that of gradient descent method.

Example 6.3 (Rank partially symmetric CP decomposition) Assume orders m of
S € S[m]R[n] are even. If the tensor S has a positive partially symmetric CP
decomposition, must its rank partially symmetric CP decomposition be a positive
CP decomposition? Here, we assume that the tensor S € S[2, 2, 2]R[3, 4, 5] has the
following form

S= Z (w)? o (vi)? o (Wp)?,

k=1
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Table 5 Comparison of gradient descent method and BFGS method
BFGS Method Gradient Descent Method
(n1,n2, R) Iter Time Error Iter Time Error
(5,5.,3) 88 0.4958 2.8621e—06 1784 13.9672 7.8444e—06
(5,5.5) 139 0.8539 2.3775e—06 4327 34.3292 1.1041e—05
(10,10,5) 196 1.2396 1.8571e—06 1567 14.6899 2.9783e—06
(10,10,10) 302 1.9261 1.6014e—06 3024 28.3224 4.2299e—06
Table 6 A random tensor S
uy 0.5879 0.0573 —0.5386 —0.4456 0.2703
0.2569 0.6998 0.2485 0.8666 —0.2906
—0.7671 —0.7121 —0.8051 —0.2247 —0.9178
Vi —0.5227 0.4239 0.4971 —0.1866 —0.8625
—0.6135 —0.8625 0.0352 0.2793 —0.0620
0.2197 0.1632 0.8410 0.6191 0.0810
—0.5496 —0.2233 —0.2105 —0.7099 0.4957
Wi —0.1873 —0.0872 0.0549 0.3834 —0.3450
0.0660 —0.6735 0.4485 —0.1169 —0.5523
0.4818 0.1916 —0.2199 0.1492 —0.3000
—0.4444 —0.3929 0.4977 —0.3105 —0.3327
—0.7286 —0.5897 0.7070 0.8489 —0.6126
Table 7 The positive partially symmetric rank-R approximation of S
R=1 R=2 R=3 R=4 R=5
min Fg ) 3.8551 2.8202 1.7086 0.7745 3.8329¢—14
run-time 0.6164 0.8543 1.2143 3.6154 3.1265

where u; € R3, v, € R* and wy € R are generated randomly unit vectors for all
kelr].

Let r = 5. The tensor S is obtained randomly as in Table 6.

We first compute the partially symmetric rank of S by Algorithm 4. We compute
the general partially symmetric rank-R approximation by the Algorithm 4 for R =
1,2,---,5 as in Table 7. It is clear that the partially symmetric rank of tensor S is
equal to 5.

Furthermore, we obtain a general partially symmetric rank decomposition of the
tensor S with R = 5 as in Table 8. It is observed that the rank partially symmetric CP
decomposition is also a positive CP decomposition. When we take » = 10 or 15, the
results are the same. Hence, we have the result that if a tensor S has a positive partially
symmetric CP decomposition, then its rank partially symmetric CP decomposition
must be a positive CP decomposition.
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Table 8 A rank partially symmetric CP decomposition of S

Ak 1.0000 1.0000 1.0000 1.0000 1.0000

uy 0.5879 0.0573 —0.5386 —0.4456 0.2703

0.2569 0.6998 0.2485 0.8666 —0.2906

—0.7671 —0.7121 —0.8051 —0.2247 —0.9178

Vi —0.5227 0.4239 0.4971 —0.1866 —0.8625

—0.6135 —0.8625 0.0352 0.2793 —0.0620

0.2197 0.1632 0.8410 0.6191 0.0810

—0.5496 —0.2233 —0.2105 —0.7099 0.4957

W —0.1873 —0.0872 0.0549 0.3834 —0.3450
0.0660 —0.6735 0.4485 —0.1169 —0.55233

0.4818 0.1916 -0.2199 0.1492 —0.3000

—0.4444 —0.3929 0.4977 —0.3105 —0.3327

—0.7286 —0.5897 0.7070 0.8489 —0.6126

Example 6.4 (Comparison with ALS method) Given a random nonsymmetric tensor
S € S[1, 1, 1]R[3, 4, 5] as in the following. We compare the compute efficient of the
ALS method and the BFGS method.

0.8147 0.9572 0.6787 0.6948 0.7094
0.9134 0.1419 0.3922 0.0344 0.6797
0.2785 0.7922 0.7060 0.7655 0.1189 | °
0.9649 0.0357 0.0462 0.4898 0.3403

0.9058 0.4854 0.7577 0.3171 0.7547
0.6324 0.4218 0.6555 0.4387 0.6551
0.5469 0.9595 0.0318 0.7952 0.4984 | °
0.1576 0.8491 0.0971 0.4456 0.5853

0.1270 0.8003 0.7431 0.9502 0.2760
0.0975 0.9157 0.1712 0.3816 0.1626
0.9575 0.6557 0.2769 0.1869 0.9597
0.9706 0.9340 0.8235 0.6463 0.2238

S(1,:,:) =

SQ2,:,) =

S@3, ) =

We compute the CP-rank rank(S) = 7 by Algorithm 3. Hence, we take R =
7 to compute its CP decomposition ten times by the ALS method and the BFGS
method, respectively. For each time, the initial point is obtained randomly. For the
ALS method, the program code “cp_als” comes from the tensor toolbox [29]. The
termination condition of both algorithms is that the iterative steps reaches 10,000 or
the absolute error ||S — S||# is less than 107>. We obtain the number of iteration
‘it-number’, running time and the absolute error ||S — S |7 in Table 9. The average
running time of Algorithm 3 and ALS algorithm is 1.4743 seconds and 8.8574 seconds,
respectively. The numerical results show that the BEGS method is more effective than
the ALS method in terms of calculation accuracy and calculation speed.
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Table 9 Comparison between ALS method and BFGS method

BFGS Method ALS Method

it-number run-time IS — S vz it-number run-time IS — S iha
196 1.5016 8.6112e—06 1412 2.4816 9.9639e—06
288 2.1853 9.7341e—06 10,000 15.1429 0.0105

104 0.7118 7.9662e—06 6192 9.2558 9.9998e—06
112 0.8293 7.4256e—06 8478 12.3807 9.9960e—06
116 0.9340 7.1936e—06 10,000 14.8388 0.0016

123 0.9170 9.6007e—06 10,000 14.9394 0.0168

526 39134 4.9603e—06 10,000 14.9196 0.0130

141 1.0186 6.0423e—06 1288 1.9106 9.9485e—06
187 1.4230 6.9865¢e—06 315 0.4857 9.9445e—06
174 1.3086 8.3163e—06 1495 2.2186 9.9702e—06

Table 10 Comparison with stability between ALS method and BFGS method

Tensor types BFGS ALS

m n R success run-time success run-time

4 6 12 10 14.3239 3 67.7969

4 10 12 10 21.3027 7 41.4185
2,2 6,6 12 10 31.1316 6 63.1839
2,4 6,5 12 8 350.2533 1 383.3560
2,2,2 6,6,6 12 9 368.0565 4 311.4647
2,2,4 6,4,4 8 10 738.7009 2 1027.4193

Example 6.5 (Comparison with ALS method) We compare the stability and computing
speed of the BFGS algorithm and the ALS algorithm. The BFGS algorithm is the
structure preserving CP decomposition method proposed in this paper, while the ALS
algorithm is the usual CP decomposition method and does not have the structure
preserving property. In the numerical example, partially symmetric tensors have the
following form

R
S=) @)™ o (Vi)™ o (W)™,
k=1

where u; € R"! and v, € R"2 and wy € R"3 are generated randomly, for all £ € [R].

For each parameter tuple (m, n, R), we randomly generate tensor S ten times,
and use Algorithm 3 and the ALS algorithm to calculate their CP decomposition
respectively, where the program code “cp_als” comes from the tensor toolbox [29].
The termination condition of both algorithms is that the iterative steps reaches 10,000
or the relative error |S — 3||F/||S||F is less than 1075, We say a run is successful,
if the relative error is less than 107>, We obtain the total running time and success
times of each tuple (m, n, R) in Table 10. The numerical results show that the BFGS
method is more stable and faster than the ALS method.
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7 Conclusion

In this paper, we study the numerical problem of structure preserving rank-R approx-
imation and structure preserving CP decomposition of partially symmetric tensors.
For the problem of structure preserving rank-R approximation, we deduce the gradi-
ent formula of the objective function, obtain the BFGS iterative formula with tensor
form, propose a BFGS algorithm for positive partially symmetric rank-R approxi-
mation, and discuss the convergence of the algorithm. For the problem of structure
preserving CP decomposition, we give a necessary condition for partially symmetric
tensors with even orders to have positive partially symmetric CP decomposition, and
design a general partially symmetric rank-R algorithm to obtain structure preserv-
ing CP decomposition. Finally, some numerical examples are given. We compute the
partially symmetric CP decomposition of the random partially symmetric tensors. By
some numerical examples, we find that if a tensor has a positive partially symmetric CP
decomposition then its partially symmetric rank CP decomposition must be a positive
CP decomposition. Meanwhile, in some numerical examples, we compare the BFGS
algorithm proposed in this paper with the standard CP-ALS method.

When my, mo, ..., mg are all even numbers, it is difficult to judge and obtain the
positive partially symmetric CP decomposition of S. In particular, when m| = my =

. = my = 2, the tensor S can be regarded as a real Hermitian tensor, and S has
real Hermitian separability if and only if S has a positive partially symmetric CP
decomposition, see reference [30].
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