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Abstract

This paper considers the problem of minimizing the summation of a differentiable
function and a nonsmooth function on a Riemannian manifold. In recent years,
proximal gradient method and its variants have been generalized to the Riemannian
setting for solving such problems. Different approaches to generalize the proximal
mapping to the Riemannian setting lead different versions of Riemannian proximal
gradient methods. However, their convergence analyses all rely on solving their Rie-
mannian proximal mapping exactly, which is either too expensive or impracticable.
In this paper, we study the convergence of an inexact Riemannian proximal gradient
method. It is proven that if the proximal mapping is solved sufficiently accurately,
then the global convergence and local convergence rate based on the Riemannian
Kurdyka—t.ojasiewicz property can be guaranteed. Moreover, practical conditions
on the accuracy for solving the Riemannian proximal mapping are provided. As a
byproduct, the proximal gradient method on the Stiefel manifold proposed in Chen
et al. [SIAM J Optim 30(1):210-239, 2020] can be viewed as the inexact Riemann-
ian proximal gradient method provided the proximal mapping is solved to certain
accuracy. Finally, numerical experiments on sparse principal component analysis are
conducted to test the proposed practical conditions.
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1 Introduction

Proximal gradient method and its variants are family of efficient algorithms for com-
posite optimization problems of the form
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min F(x) = f(x) + 8(x), (1)
where f is differentiable, and g is continuous but could be nonsmooth. In the sim-
plest form, the method updates the iterate via'

{dk = argmin (Vf(x,).p) . + Zllpli% + g +p),  (Proximal mapping) o
PER”

X1 =X +dj, (Update iterates)

where (u,v) = u’v and ||u||2F = (u, u) g. The idea is to simplify the objective func-
tion in each iteration by replacing the differentiable term f with its first order approx-
imation around the current iterate. In many applications, the proximal mapping has a
closed-form solution or can be computed efficiently. Thus, the algorithm has low per
iteration cost and is applicable for large-scale problems. For convergence analysis of
proximal gradient methods, we refer the interested readers to [1-7] and references
therein.
This paper considers a problem similar to (1) but with a manifold constraint,

)r(rew Fx) =f(x) + g, 3)

where M is a finite dimensional Riemannian manifold. Such optimization problem
is of interest due to many important applications including but not limit to com-
pressed models [8], sparse principal component analysis [9, 10], sparse variable
principal component analysis [11-13], discriminative k-means [14], texture and
imaging inpainting [15], co-sparse factor regression [16], and low-rank sparse cod-
ing [17, 18].

In the presence of the manifold constraints, developing Riemannian proximal gra-
dient methods is more difficult due to nonlinearity of the domain. The update for-
mula in (2) can be generalized to the Riemannian setting using a standard technique,
i.e., via the notion of retraction. However, generalizing the proximal mapping to the
Riemannian setting is not straightforward and different versions have been proposed.
In [19], a proximal gradient method on the Stiefel manifold called ManPG, is pro-
posed and analyzed by generalizing the proximal mapping (2) to

. L
i = arg min (Vf (o), m) g + Sl + g0o+m) 4)

ner, M

via the restriction of the search direction # onto the tangent space at x,. It is shown
that such proximal mapping can be solved efficiently by a semi-smooth Newton
method when the manifold M is the Stiefel manifold. In [10], a diagonal weighted
proximal mapping is defined by replacing ||;1||)2Ein (4) with (5, Wn)g, where the
diagonal weighted linear operator W is carefully selected. Moreover, the Nesterov
momentum acceleration technique is further introduced to accelerate the algorithm,

1 L . : L
The comn.mnly?used update expression is x| = arg mlnA.{Vj(xk),x - ka>2 + 3 llx — xk||§ +g(x). We
reformulate it equivalently for the convenience of the Riemannian formulation given later.
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An inexact Riemannian proximal gradient method 3

yielding an algorithm called AManPG. Note that the Riemannian proximal map-
pings (4) involves the calculation of the addition, i.e., x;, +#, which cannot be
defined on a generic manifold. In [20], a Riemannian proximal gradient method,
called RPG, is proposed by replacing the addition x; + p with a retraction R, (), so
that it is well-defined for generic manifolds. In addition, the Riemannian metric , ),
is further used instead of the Euclidean inner product (, ) g, and a stationary point is
used instead of a minimizer. More precisely, letting

£,0) 3= (VFG).m), + S0mn), + 8(R, ()

the Riemannian proximal mapping in RPG is given by

1 € T, M is a stationary point ofZ, () that satisfies 7, (1) <2, (0).  (5)

Unlike ManPG and AManPG that only guarantee global convergence, the local con-
vergence rate of RPG has also been established in terms of Riemannian KL property.

The convergence analyses of Riemannian proximal gradient methods in [10, 19,
20] all rely on solving proximal mappings (4) and (5) exactly. Unlike the Euclidean
cases, the existing Riemannian proximal mappings rarely yield a closed-form solu-
tion. When the manifold M has a linear ambient space, (4) and (5) can be solved
based on the semi-smooth Newton method described in [19, 20]. These methods
solve a semi-smooth nonlinear systems with dimension equal to the dimension of
the normal space. If the dimension of the normal space is low, such as the Stiefel
manifold St (p, n) with p < n, then these semi-smooth Newton based methods are
shown to be efficient. Otherwise, these methods can be inefficient. Such manifolds
and applications include the manifold of fixed rank matrices for texture completion
in [15], the manifold of fixed tucker rank tensors for genomic data analysis in [21],
and the manifold of symmetric positive definite matrices for sparse inverse covari-
ance matrix estimation in [22]. Therefore, finding an exact or high accurate solution
is either not practicable due to numerical errors or may take too much computational
time. Meanwhile, it is crucial to study the convergence of the inexact Riemann-
ian proximal gradient method (i.e., the method without solving the proximal map-
ping (5) exactly), which is essentially the goal of this paper. The main contributions
of this paper can be summaried as follows:

e A general framework of the inexact RPG method is presented in Section 3.
The global convergence as well as the local convergence rate of the method are
respectively studied in Sects. 3.1 and 3.2 based on different theoretical condi-
tions. The local convergence analysis is based on the Riemannian KL property.

e Itis shown in Sect. 4.1 that if we solve (4) to certain accuracy, the global conver-
gence of the inexact RPG can be guaranteed. As a result, ManPG in [19] can be
viewed as the inexact RPG method with the proximal mapping (5), and it is not
necessary to solve (4) exactly for ManPG to enjoy global convergence.

e Under the assumption g is retraction convex, a practical condition which meets
the requirement for the local convergence rate analysis is provided in Sect. 4.2.
The condition is derived based on the notion of error bound.
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Inexact proximal gradient methods have been investigated in the Euclidean setting,
see e.g., [23-27]. Multiple practical termination criteria for the inexact proximal
mapping have been given such that the global convergence and local convergence
rate are preserved. However, these criteria, the corresponding theoretical results, and
the algorithm design all rely on the convexity of the function in the proximal map-
ping. Therefore, these methods can not be trivially generalized to the Riemannian
setting since the objective function in the Riemannian proximal mapping (5) may
not be convex due to the existence of a retraction. Note that for the inexact Rie-
mannian proximal gradient method, the global and local convergence analyses and
the condition that guarantees global convergence all do not assume convexity of
the Riemannian proximal mapping. The convexity assumption is only made for the
algorithm design that guarantees local convergence rate.

The rest of this paper is organized as follows. Notation and preliminaries about
manifolds are given in Sect. 2. The inexact Riemannian proximal gradient method is
presented in Sect. 3, followed by the convergence analysis. Section 4 gives practical
conditions on the accuracy for solving the inexact Riemannian proximal mapping
when the manifold has a linear ambient space. Numerical experiments are presented
in Sect. 5 to test the practical conditions.

2 Notation and preliminaries on manifolds

The Riemannian concepts of this paper follow from the standard literature, e.g., [28,
29] and the related notation follows from [29]. A Riemannian manifold M is a man-
ifold endowed with a Riemannian metric (n,,&,) = (n,,&,), € R, where #, and &,
are tangent vectors in the tangent space of M at x. The induced norm in the tangent
space at x is denoted by || - ||, or || - || when the subscript is clear from the context.
The tangent space of the manifold M at x is denoted by T,.M, and the tangent bun-
dle, which is the set of all tangent vectors, is denoted by TM. A vector field is a
function from the manifold to its tangent bundle, i.e.,n : M - TM : x> 5,. An
open ball on a tangent space is denoted by B(n,,r) = {{, € TM | ||, —n,.ll, <7}
An open ball on the manifold is denoted by B(x,r) = {y € M| dist (y,x) < r},
where dist (x, y) denotes the distance between x and y on M.

A retraction is a smooth (C*®) mapping from the tangent bundle to the mani-
fold such that (i) R(0,) = x for all x € M, where 0, denotes the origin of T .M,
and (ii) %R(”?x)h:o =y, for all n, € T, M. The domain of R does not need to be
the entire tangent bundle. However, it is usually the case in practice, and in this
paper we assume R is always well-defined. Moreover, R, denotes the restriction
of R to T, M. For any x € M, there always exists a neighborhood of 0, such that
the mapping R, is a diffeomorphism in the neighborhood. An important retrac-
tion is the exponential mapping, denoted by Exp, satisfying Exp,(#,) = y(1),
where y(0) = x, y’(0) = n,, and y is the geodesic passing through x. In a Euclidean
space, the most common retraction is the exponential mapping given by addition
Exp ,(n,) = x + n,. If the ambient space of the manifold M is a finite dimensional
linear space, i.e., M is an embedded submanifold of R” or a quotient manifold
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whose total space is an embedded submanifold of R”, then there exist two con-
stants »; and x, such that the inequalities

IR (1) — Xl < 3y llmcl, (6)

”Rx(nx) —X— nx” < }{2”77,{”2 (7)

hold for any x € N and R, (n,) € N, where A is a compact subset of M.

A vector transport 7: TM @ TM - TM : (n,,&,) = T, &, associated with a
retraction R is a smooth (C*) mapping such that, for all (x, #,) in the domain of R
and all &, € T, M, it holds that (i) 7, Sx € TR(n )M (i) 'ZE) & =¢,and (i) 7, isa
linear map. An important vector transport is the parallel translation, denoted P.
The basic idea behind the parallel translation is to move a tangent vector along a
given curve on a manifold “parallelly”. We refer to [29] for its rigorous definition.
The vector transport by differential retraction 7, is defined by
T é = iR (1, +1E)|,—o- The adjoint operator of a vector transport 7, denoted

by 7, is a vector transport satisfying (&, mC> <7ﬁz§,§x> for all

n.¢. € T,Mand & € Ty/\/l, where y = R (7,). In the Euclidean setting, a vector
transport 7, for any 5, € T, M can be represented by a matrix (the commonly-
used vector transport is the identity matrix). Then the adjoint operators of a vec-
tor transport are given by the transpose of the corresponding matrix.

The Riemannian gradient of a function & : M — R, denote grad h(x), is the
unique tangent vector satisfying:

D h()ln,] = (1. gradh(x)),. Vi, € T,M,

where D h(x)[#,] denotes the directional derivative along the direction #,.

A function & : M — R is called locally Lipschitz continuous with respect to
a retraction R if for any compact subset N of M, there exists a constant L, such
that for any x € N and &7, € T .M satisfying R (£,) €N and R.(,) €N, it
holds that |hoR(&,) — hoR(n,)| < L,||&, — n,||. If k is Lipschitz continuous but not
differentiable, then the Riemannian version of generalized subdifferential defined
in [30] is used. Specifically, since i, = hoR, is a Lipschitz continuous function
defined on a Hilbert space T, M, the Clarke generalized directional derivatiye at
n, € T.M, denoted by h°(11x,v) is defined by h°(nx,v) = hm.f —n, SUPsj0 M
where v € T .M. The generalized subdifferential of h at 7,, denoted oh (’h) is
defined by dhx(nx) ={n €T M| {n,v), < h;(nx,v) for all v e T, M]}. The Rie-
mannian version of the Clarke generalized direction derivative of A at x in the
direction 7, € T,M, denoted h°(x;n,), is defined by A°(x;n,) = h°(0x,;1x) The gen-
eralized subdifferential of & at x, denoted dh(x), is defined as 0h(x) = oh (0,). Any
tangent vector &, € 0h(x) is called a Riemannian subgradient of % at x.

A vector field # is called Lipschitz continuous if there exist a positive injec-
tivity radius i(M) and a positive constant L, such that for all x,y € M with
dist (x, y) < i(M), it holds that
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1P, =, < L, dist (v, %), 8)

4

where y is a geodesic with y(0) = x and y(1) =y, the injectivity radius i(M) is
defined by i(M) = inf, i, and i, = sup{e > O | Exp,|g is a diffcomorphism}.
Note that for any compact manifold, the injectivity radius is positive [31,
Lemma 6.16]. A vector field # is called locally Lipschitz continuous if for any com-
pact subset Q of M, there exists a positive constant L, such that for all x,y € Q with
dist (x, y) < i(Q), inequality (8) holds. A function on M is called (locally) Lipschitz
continuous differentiable if the vector field of its gradient is (locally) Lipschitz
continuous.

Let Q be a subset of M. If there exists a positive constant ¢ such that, for all
yeQ,Qc R(B(0, 0)) and R, is a diffeomorphism on B(0y, 0), then we call Qa
totally retractive set with respect to o. The existence of €2 can be shown along the lines
of [32, Theorem 3.7], i.e., given any x € M, there exists a neighborhood of x which is
a totally retractive set.

In a Euclidean space, the Euclidean metric is denoted by (#,, &, )z, where (1., &) &
is equal to the summation of the entry-wise products of 77, and &, such as n’¢, for vec-
tors and trace (”Iéx) for matrices. The induced Euclidean norm is denoted by || - ||
For any matrix M, the spectral norm is denoted by ||M]|,. For any vector v € R”, the
p-norm, denoted [|v]| ,, is equal to (2?:1 [v;[? ) ». In this paper, R" does not only refer to a
vector space, but also can refer to a matrix space or a tensor space.

3 Aninexact Riemannian proximal gradient method

The proposed inexact Riemannian proximal gradient method (IRPG) is stated in Algo-
rithm 1. The search direction #, at the k-th iteration solves the proximal mapping

i £, ) = (radf 0., + ZlmlP + g(R, () ©

approximately in the sense that its distance to a stationary point n:k, 4, — ﬂ;‘kll, is
controlled from above by a continuous function g of (g, ||ﬁxk||) and the function
value of 7, satisfies £, (0) > ¢, (7, ). To the best of our knowledge, this is not Rie-
mannian generalization of any existing Euclidean inexact proximal gradient meth-
ods. Specifically, given the exact Euclidean proximal mapping defined by
Prox ,,(y) = argmin @, (x) 1= Ag(x) + %Hx - y||2F, letting z = Prox ,,(y), it follows

that (y — z)/4 exdEg(z) and dist (0, 05®,(z)) = 0, where 9 denotes the Euclidean
subdifferential. Based on these observations, the inexact Euclidean proximal map-
pings proposed in [25-27, 33] only require z to satisfy any one of the following
conditions:

2

dist(0.0°@,() € =, @) <min®,+ . and = €55, (10)
2

£
—_— 17
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An inexact Riemannian proximal gradient method 7

where df denotes the Euclidean e-subdifferential. The corresponding analyses and
algorithms rely on the properties of e-subdifferential of convex functions. How-
ever, since the function . (n) is not necessarily convex, these techniques cannot be
applied. Note that if g is convex and M is a Euclidean space, then the function @ is
strongly convex. Therefore, the solutions of the inexact Euclidean proximal map-
pings in (10) all satisfy (11) with certain g by choosing an appropriate choice of .

Algorithm 1 An Inexact Riemannian Proximal Gradient Method (IRPG)

Require: Initial iterate zo; a sufficiently large positive constant L;
1: for k=0,1,...do

2: Let £, (n) = {grad f(xk),n>xk + % Inll2 + 9(Rx,. (0));
3 Find 7, € T4, M such that the following two conditions hold

||ﬁ55k - Uik < q(ek, ”f?zk H) and gwk 0) > erk-, (ar ) (11)
where €, > 0, and ¢ : R? — R is a continuous function;
4: Th+1 = Rn:k (ﬁa:k)§
5: end for

In Algorithm 1, g controls the accuracy for solving the proximal mapping
and different accuracies lead to different convergence results. Here we give four
choices of g:

(1) qlep lla, II) = &, with g, — 0;

2) q(g, ||ﬁxk = q(||ﬁxk||) with § : R — [0, o) a continuous function satisfying
g(0)=0;

3) qleg 1A, D) = €2, with 32 &, < o0; and

) qleg |14, ) = min(el, 8, ||, [|*) with a constant §, > 0 and Y7 & < co.

The four choices all satisfy the requirement for the global convergence in The-
orem 4, with the first one being the weakest. A practical scheme discussed in
Sect. 4.1 can yield a 7, that satisfies the second choice. The third ¢ guarantees
that the accumulation point is unique as shown in Theorem 7. The last g allows
us to establish convergence rate analysis of Algorithm 1 based on the Riemannian
KL property, as shown in Theorem 8. The practical scheme for generating 7, that
satisfies the third and fourth choices is discussed in Sect. 4.2.

3.1 Global convergence analysis
The global convergence analysis is over similar to that in [20] and relies on

Assumptions 1 and 2 below. Assumption 1 is mild in the sense that it holds if the
manifold M is compact and the function F is continuous.
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8 W. Huang, K. Wei

Assumption 1 The function F is bounded from below and the sublevel set
Q, = {xe M| F(x) < F(xy,)} is compact, where x, is the initiate iterate of
Algorithm 1.

Definition 1 has been used in [20, 34]. It generalizes the L-smoothness from the
Euclidean setting to the Riemannian setting. It says that if the composition #oR sat-
isfies the Euclidean version of L-smoothness, then # is called a L-retraction-smooth
function.

Definition 1 Given L > 0, a function # : M — R is called L-retraction-smooth with
respect to a retraction R in a subset A of the manifold M, i.e., N'C M, if for any
x € N and any S, C T, M such that R (S,) C N, we have that

L
h(R(m) < h(x) + (grad (0, ), + SlInll?, Vn € S, (12)
In Assumption 2, we assume that the function fis L-retraction-smooth in the sub-
level set €, . This is also mild and practical methods to verify this assumption have

been given (i]n [34, Lemma 2.7].

Assumption 2 The function fis L-retraction-smooth with respect to the retraction R
in the sublevel set Q, .

Lemma 3 shows that IRPG is a descent algorithm. The short proof is the same as
that for [20, Lemma 1], but included for completeness.

Lemma 3 Suppose Assumption 2 holds and L > L. Then the sequence {x,} gener-
ated by Algorithm 1 satisfies

F(x) = Fqyp) 2 Bl 1%, (13)

where p = (L — L)/2.

Proof By the definition of A, and the L-retraction-smooth of f, we have
Flxg) = f(o0) + 80y 2 f0r) + ( gradf(x). i, )+ % 7, 117 + &R, (A,))
> Z%Luﬁ,ckn2 +F R (0,)) + 8(R, (A,)) = Flxgy,) + Z%Lnﬁxk P,
which completes the first result. O
Now, we are ready to give a global convergence analysis of IRPG.
Theorem 4 Suppose that Assumptions 1 and 2 hold, that L> L, and that

limy_, ., (e, A, 1) = 0. Then the sequence {x,} has at least one accumula-
tion point. Let x, be any accumulation point of the sequence {x,}. Then x, is a
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An inexact Riemannian proximal gradient method 9

stationary point. Furthermore, Algorithm 1 returns x; satisfying ||7, || < € in at most
(F(xo) — F(x,))/(pe?) iterations.

Proof The proof mainly follows the proof in [20, Theorem 1]. Here, we only high-
light the differences. The existence of an accumulation point follows immediately
from Assumption 1 and Lemma 3.

By Lemma 3, we have that F(xy) — F(X) > ﬂZi’io ||ﬁxk||2, where X denotes a
global minimizer of F. Therefore,

lim iz, || = 0. (14)
By lim;_, , g(&, lI7,, |I) = 0, we have
lim |l || = 0.

The remaining of the proof follows [20, Theorem 1]. O

3.2 Local convergence rate analysis using Riemannian Kurdyka-tojasiewicz
property

The KL property has been widely used for the convergence analysis of vari-
ous convex and nonconvex algorithms in the Euclidean case, see e.g., [6, 35-37].
In this section we will study the convergence of RPG base on the Riemannian
Kurdyka—t.ojasiewicz (KL) property, introduced in [38] for the analytic setting and
in [39] for the nonsmooth setting. Note that a convergence analysis based on KL
property for a Euclidean inexact proximal gradient has been given in [27]. As we
pointed out before, the convergence analysis and algorithm design therein rely on
the convexity of the objective in the proximal mapping.

Definition 2 A continuous function f : M — R is said to have the Riemannian KL
property at x € M if and only if there exists € € (0, o], a neighborhood U C M of
x, and a continuous concave function ¢ : [0, €] — [0, o) such that

¢(0) =0,

¢isClon (0, ¢),

¢’ >00n(0,e),

For every y € U with f(x) < f(y) < f(x) + €, we have

¢'(fo) = f()) dist (0,0f(») > 1,

where dist (0, 9f (y)) = inf{[[vll, : v € 9f(y)} and d denotes the Riemannian gen-
eralized subdifferential. The function ¢ is called the desingularising function.

Note that the definition of the Riemannian KL property is overall similar to
the KL property in the Euclidean setting, except that related notions including
U, df (y) and dist (0, of (v)) are all defined on a manifold. In [20, 39, 40], sufficient
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10 W. Huang, K. Wei

conditions to verify if a function satisfies the Riemannian KL condition are given.
Specifically, in [20, Section 3.4], it is shown that any restriction of a semialge-
braic function onto the Stiefel manifold satisfies the Riemannian KL property.
In [40], Lemma 4 therein gives a necessary and sufficient condition to verify if a
function defined on an embedded submanifold satisfies the Riemannian KL prop-
erty by verifying whether its extension satisfies the Euclidean KL property.

Assumptions 5 and 6 are used for the convergence analysis in this section.
Assumption 5 is a standard assumption and has been made in e.g., [6], when the
manifold M is the Euclidean space.

Assumption 5 The function f: M — R is locally Lipschitz continuously
differentiable.

Assumption 6 The function F is locally Lipschitz continuous with respect to the
retraction R.

In order to guarantee the uniqueness of accumulation points, the Riemann-
ian proximal mapping needs to be solved more accurately than (11), as shown in
Theorem 7.

Theorem 7 Let {x,} denote the sequence generated by Algorithm 1 and S denote the
set of all accumulation points. Suppose Assumptions 1,2, 5 and 6 hold. We further
assume that F = f + g satisfies the Riemannian KL property at every point in S. If
the Riemannian proximal mapping (5) is solved such that for all k,

A, = Il < &, (15)
that is, q(ey, ||, |I) = si and Y7, &, < oo. Then,
o0
Z dist (x, x, ;) < oo. (16)
k=0

It follows that S only contains a single point.

Proof First note that the global convergence result in Theorem 4 implies that every
point in S is a stationary point. Since lim,_, ||ﬁxk || = 0, there exists a 6, > 0 such
that||7, || < &7 for all k. Thus, the application of [20, Lemma 6] implies that

dist (x, X)) = dist (0, R, (A, ) < k|7, || = 0. 17)

Then by [37, Remark 5], we know that S is a compact set. Moreover, since F(x;)
is nonincreasing and F is continuous, F' has the same value at all the points in S.
Therefore, by [20, Lemma 5], there exists a single desingularising function, denoted
g, for the Riemannian KL property of F to hold at all the points in S.
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An inexact Riemannian proximal gradient method 1

Let x, be a point in S. Assume there exists k such that x; = x,. Since F(x;) is non-
increasing, it must hold F(x;) = F(xz,,). By Lemma 3, we have ;1:; =0, x; =Xz,
(16) holds evidently.

In the case when F(x;)> F(x,) for all k, Since ":k — 0, we have
F (ka (n;‘k)) — F(x,), dist (ka (n;‘k), S) — 0. By the Riemannian KL property of F on
S, there exists an [ > 0 such that

¢'(F (ka(n;k)) — F(x,))dist (0, 0F (ka(n:k))) >1 for all k>1L
It follows that
¢'(F (ka(njfk)) = F(x,)) > dist (0, oF (ka(”:k)))_l for all k>1  (18)

Since lim,_, ||17:k|| =0, there exists a constant k, > 0 such that ||17;“k|| < u for all

k > ky, where u is defined in [20, Lemma 7]. By Assumption 5 and [20, Lemma 7],
we have

lgrad f(R, (n; ) = T (gradfCo) + L)l < Llln; | (19)

for all k> kj,, where L. is a constant. By the definition of n;‘k, there exists
£, € 98(R,, (1} )) such that

gradf(x) + L} + 7*; ¢, =0. 20)
It follows that

grad f(R, (1)) = T* (gradf(x) + L)
Ty

(21)
= grad /R, (1)) + {,, € OF(R, ().
Therefore, (19) and (21) yield
dist (0, 0F (R, (n; ) < Le|ln II. (22)

for all k > k. Inserting this into (18) gives
¢(FR, (7)) = F(x,)) > L ||’155k||_1 for all k>1:=max(k,]. (23)

Define A, , = ¢(F(x,) — F(x,)) — ¢(F(x,) — F(x,)). We next show that for suffi-
ciently large k,

7, 1> < boAy s Ul I + Ei_l) + blgi_l, (24)

where b, = %, b, = %, and L is the Lipschitz constant of F. To the end, we con-

sider two cases:
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12 W. Huang, K. Wei

e Case l: F(x,) = F(R,_ (i, )) < F(ka_](n;_l)).
We have

S(F(xp) = F(x,)) = ¢(F(xpy1) — F(x,))
> ¢'(F(x) = Fae)(F () — Fx))
>¢'(FR,_ (n; )= F(x))(F(x) = F(xep))
II?

X1

>L7'p i
;I

5 Bl :
Lo (i, I+ &)

112 .
for all k> :=max(ky,1),

where the first and the second inequalities are from the concavity of ¢, the third
inequality is from (23) and (13), and the last inequality is from (15). It follows
that

N 2 Lc ~ 2
I, 12 < =2 Ay (1A, Il + €2 ),

which implies that (24) holds.
o Case2: F(x) =F(R, (A, )>FR,_ (n;‘kil)).
We have

S(F(x) = F(x,) = ¢(F(xyy) — F(x,))
> C(FR,_ (7" ) = F(x,)) = ¢(F(x4) = F(x,)
> ¢'(FR,_ (% ) = FG ) FR,_ (1 ) = Flxp)

k=1

= PR, 0 ) = Fe)(FR, 01

-1

—F(R,_ (A, ) +Fx) - F(xk+1)) 25)
Bl IP = Lelln? =,

for all k> 1 :=max(ky, )

Lllr; |
PP~ Leel
T LA+ )
where the third inequality is from Assumption 6 with Lipschitz constant denoted
by Ly and the last inequality is from (15). Together with (15), inequality (25)
yields that for all k > 2,
Pl I < Lol I |+ €8 + Lyeg_, (26)

which gives
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An inexact Riemannian proximal gradient method 13

L L
A 12 ~ 2 F 2
||’1xk|| < ?CAk,k-}.l(””xk_l ” + ek—l) + 76/(_1~

which implies that (24) holds.
Once (24) has been established, by \/a? + b < a + b and 2v/ab < a + b, we have

27

207, Nl < boAj sy + 17, N+ e +2Vbig . (28)

For any p > I, taking summation of (28) from p to s yields

D2 < Y boBpsr + 2 Wi I +2V0, Y e+ Yel

k=p k=p k=p k=p k=p

which implies

2||nxk||<||nx L+ ps+,+2\/_Zek 1+Zek1

k=p k=p
Taking s to oo yields
2 g | < 1A, 1|+ bos(F(x,) = F(x.)) +24/b; Z gt e (29)
k=p k=p
It follows that z;‘;o ||ﬁxk || < o0, which yields (16) due to (17). O

Theorem 8 gives the local convergence rate based on the Riemannian KL prop-
erty. Note that the local convergence rate requires an even more accurate solution
than that in Theorem 7.

Theorem 8 Let {x;} denote the sequence generated by Algorithm 1 and S denote
the set of all accumulation points. Suppose Assumptions 1, 2, 5, and 6 hold. We
further assume that F = f + g satisfies the Riemannian KL property at every point
in S with the desingularising function having the form of ¢(t) = %te for some C > 0,
0 € (0, 1). The accumulation point, denoted x,, is unique by Theorem 7. If the Rie-
mannian proximal mapping (5) is solved such that for all k,

1A, = n; Il < min <6k, Ilnxkllz>, (30)

that is, q(e,. |1, |I) = min (eg, ﬁnﬁxkuZ)and Y™ &, < co. Then

o [f0 =1, then there exists k, such that x, = x, for all k > k.
e iff e [%, 1), then there exist constants C, > 0 and d € (0, 1) such that for all k

dist (x, x,) < C,d5;
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14 W. Huang, K. Wei

e if6 e (0, %), then there exists a positive constant C, such that for all k

dist (v, x,) < C ki3,

Proof In the case of 6 = 1, suppose F(x;) > F(x,). It follows from (18) and (22) that
dist (0, oF (ka(ﬂ:k))) >C forall k>1,
dist (0, 0F(ka(f1;‘k))) < Lcllnjk | for all k> k.

Therefore, we have ||;1;fk | >C/L, forall k> max(ky,!). By (11), there exists
k, > 0and C > 0 such that A, 1l = @Iln;‘kn for all k > k,. It follows that

A, |l > CC/L,. forall k> max(ky,k,.D).

Due to the descent property in (13), there must exist k; such that x;, = x, for all
k> k.

Next, we consider 6 € (0, 1). By the same derivation as the proof in Theorem 7
and noting the difference between (30) and (15), we obtain from (24) that

N 2 A ﬂ A2 ﬁ A 12
7 17 < BoAg s <“'7xk_1 I+ EH%” ) +blm||ﬂxk|| )

by replacing €,_; with %“ﬁx,{”- Since ||ﬁxk|| — 0, for any 6 > 0, there exists k, > 0
F
such that for all k > k,, it holds that1 + g/ (ZLF)||ﬁxk|| < 6. Therefore, we have

. . L.
12, 1 < b (1 + Bl Il + 3l I
By 24/ab < a + b, we have

2017 Il < boBygr + Il I

where by = 2b,(1 + 8). It follows that

DA< N, I+ Bog(F(x,) = F(x,)). G1)

k=p

Substituting ¢(r) = %te into (31) yields

~ A EOC /]
Dl I < i, N+ ——(F(x,) = F(x,))’. (32)
k=p ’ o

By Assumption 6 and (30), we have
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An inexact Riemannian proximal gradient method 15

|F(x,) = FR, (] )] = |F<Rxlﬂ(ﬁxp4)> FR, (0] )

/J 1
) (33)
<Ll = Il < —||nx .

p—1

Combining (32) and (33) yields

byC p 5\’
Z||nxk||_||nx,1||+— FR, 01 )= Fe)+ 510, 7). G4

k=p

By (18), we have %(F(Rxﬂ,l (n; 71)) — F(x,)'7% < dist (0, ‘)F(Rxp,l("/; 71)). Combin-
ing this inequality with (22) yields

é(F(RxH oy )= F(x, )™ < Lclln;‘pfl Il (35)

It follows from (34) and (35) that

) 0
. R 2B
3 gl < i, I+ 27 <<CL I D% + Sl ||2>
= . (36)

. b,C . oo B.
<l I+ 2= <(CLC<1 +8)li, 1) + Sl ||2> .

Since lim;_, ||ﬁxk || = 0, there exists p > 0 such that ||ﬁxk || < 1 for all kK > p. There-
fore, for all p > p, it holds that

L min (2, n ) ~ min (2,
I, 17 <, 1™ and g, R < g, 1 G

p—1 p-1

which combining with (36) yields
S 7o o B c L N mm 2t9,i
Dl 1 < Wiy 1T+ 25 ((CL(1 +6)) ™ +ﬁ/2) I, 1 C075).
k=p

Note that if 6> 0.5, then 1<26<6/(1—6). Thus min (29 )>1 It

0 € (0,0.5), then min (26‘, ﬁ) =6/(1 — 6) < 1. The remaining part of the proof
follow the same derivation as those in [41, Appendix B] and [5, Theorem 2]. O

4 Conditions for solving Riemannian proximal mapping

In the general framework of the inexact RPG method (i.e., Algorithm 1), the
required accuracy for solving the Riemannian proximal mapping involves the
unknown exact solution n;‘k. In this section, we study two conditions that can gen-

erate search directions satisfying (11) for different forms of g when the manifold
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16 W. Huang, K. Wei

M has a linear ambient space, or equivalently, M is an embedded submanifold of
R" or a quotient manifold whose total space is an embedded submanifold of R”.
Throughout this section, the Riemannian metric is fixed to be the Euclidean met-
ric (, )g. We describe the algorithms for embedded submanifolds and point out
here that in the case of a quotient manifold, the derivations still hold by replacing
the tangent space T, M with the notion of horizontal space H,.

4.1 Condition that ensures global convergence

We first show that an approximate solution to the Riemannian proximal mapping
in [19] satisfies the condition that is needed to establish the global convergence of
IRPG. Recall that the Riemannian proximal mapping therein is

i = argminZ,(n) = (gradf(0. )¢ + (0.1 + g+ (37)
neT M

Since M has a linear ambient space R", its tangent space can be characterized by

TM={neR": Bn=0}, (38)
where BT : R" — R"™ : v > ((b),v) g, (b2, V) g .. . (b,_g V) )" is a linear opera-
tor, d is the dimension of the manifold M, and {b,, b,, ..., b,_,} forms an orthonor-

mal basis of the normal space of T .M. Concrete expressions of B){ for various mani-
folds will be given later in Appendix 1. Based on B){, Problem (37) can be written as

L

7, = argmin (1) = (gradf (), n) g + S (1,1 + g0x +1). (39)

BTn=0

Semi-smooth Newton method can be used to solve (39). Specifically, the KKT con-
dition of (39) is given by

9,L(n,A) =0, (40)

Bin =0, (4D

where L£(n, A) is the Lagrangian function defined by

£01,) = Crad f0, ) + 50,1 + X+ m) = (ABn) .

Equation (40) yields
1
n=v(A) := Prox,; <x — z(gradf(x) - BXA)> - X, (42)

where
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An inexact Riemannian proximal gradient method 17

Prox ,/;(z) = mi$in%||v—z||2 + I%g(v) (43)
denotes the Euclidean proximal mapping. Substituting (42) into (41) yields that
YA = B){ < Prox . /; <x - %( grad f(x) — BXA)> - x> =0, (44)

which is a system of nonlinear equations with respect to A. Therefore, to solve (7),
one can first find the root of (44) and substitute it back to (42) to obtain 7,. Moreo-
ver, the semi-smooth Newton method can be used to solve (44), which updates the
iterate A, by Ay, = Ay +d,, where d, is a solution of

le(/\k)[dk] = _IP(Ak)s

and Jy(A,) is a generalized Jacobian of .

To solve the proximal mapping (37) approximately, we consider an algorithm that
can solve (44) globally, e.g., the regularized semi-smooth Newton algorithm from
[42-44]. Given an approximate solution Ato (44), define?

A, = Pr p((A)), (45)

where v(+) is defined in (42). We will show later, in order for #, to satisfy (11), it suf-
fices to require A to satisfy

IFA)| < min(p(||A,]]), 0.5), (46)
£.0) > £ () (47)

where 7,(-) the Riemannian proximal mapping function used in Algorithm 1,
¢ : R = R satisfies ¢(0) = 0 and nondecreasing. Moreover, a globally convergent
algorithm will terminate properly under these two stopping conditions. The analyses
rely on Assumption 9.

Assumption 9 The function g is convex and Lipschitz continuous with constant L,,
where the convexity and Lipschitz continuity are in the Euclidean sense.

Note that if g is given by the one-norm regularization, then Assumption 9 holds.

It is evident that, in order to show that 7, satisfies (11), we only need to show
that there is a function g(r) such that ||7, — 77|l < g(||#,]]) holds if 4, satisfies (46)
and (47). Therefore, the function g(s, ) in (11) can be defined by g(s, 1) = §(¢).

2 Note that if $(A) # 0, then # defined by (42) may be not in T, M. Therefore, we add an orthogonal
projection.
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18 W. Huang, K. Wei

Theorem 10 Suppose there exists a constant p > 0 such that for any x € Q, it holds
that Q. C R .(B(O,, p)). If L is sufficiently large and the search direction #, define
in (45) satisfies (46), then we have

7, = w211 < gliaD, (48)
where
2L, % 4L,y — 41252
Gy = —22 14 il 204 M (.05
L—2L,x, (L- 2Lg}{)2 L—=2L,x,

and () is defined in (46).

Proof For ease of notation, let e = P(A) =B§v(/A\). Consider the optimization
problem

;?;Be z.(n). (49)
Its KKT condition is given by
9,Ln.A) =0, Bln=e

which is satisfied by (A, v(A)) Therefore, v(A) is the minimizer of fx(n) over the set
S={v: va =e¢}, ie.,

v(A) = arg rgin Z.(n) = (gradf(x),n)p + %(n, me +8gx+n). (50)

Define fx(nx) = /(1 + B,e). Further by the definition of 7, i.e., f, = Pr. v, it is
not hard to see that

fl, = argmin fx(n).
neT M

By the L-strongly convexity of fx and the definition of 7, it holds that

£n) 2 .G+ Zlng =P, Vi, € T M. (51)
By definition of 7,, we have

0 € gradf(x) + Lij, + P 10"g(x + 7, + B,e). (52)

Since Q, is compact, there exists a constant U, such that || grad f(x)|| < U, for all
x € Q, . By [45], if a function is Lipschitz continuous, then the norm of any subgra-
dient is smaller than its Lipschitz constant. Therefore, by Assumption 9, it holds that
ISl < L,forany ¢ € 0Fg(x + n). It follows from (52) and (46) that
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An inexact Riemannian proximal gradient method 19

U, +L
7.0l < fz . (53)

Define Y = {R.(y,) : x € ona 7,1l < p}. Therefore, U is compact. Moreover, since
Q, CR.(B(0,,p)) for any x € Q, , we have Q, C U. It follows from (7) that there
exists x, such that

”Rx(rlx) —X— nx“ S XZ””Ix”Z (54)
holds for any x € Q. and||n,|| < p. By Assumption 9 and (54), we have
1£,(1) = £l < Loglin |, VxeQ,, n eT M, |nll<p. (55

Moreover, by the definition of Z (17,), we have for any x € Q, and||n.|l < p,

1Z.(n) = £,
< || grad f0)||I1B.ell + Llin,|l|B.ell + glleGII2
+18(x+n, + B.e) — gx +n,)|
= (|| grad )|l + Ll Il + %IIBxell + L)|IBell

<(Up+(p+ DL+ L)|B,ell
= 192 ”Bxell’

where the third line has used the fact ||B.e|| < |le]| < 1/2 (see (46)). Together
with (55), and (51), it holds that for any x € Q, ,n, € T, M, and||n,[| < p,

. L R
3 + 2 lln, = i1? = Lo lin I = 9;1Bell

< Z.(n) = Loy lin > = 9,11B,ell (56)
<Z.(n) = Ly lln, 1P
<¢.(n) (57)
<Z,(n) + Ly |ln,|I? )
<Z.(n) + Lyolin > + 9,1IBell.
Define
~ L . .
Q= {nx € T M & Zline =il = Lpolindl’ = 9,11Bell < Lyolla | + 85 1B.ell }

It is easy to verify that
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20 W. Huang, K. Wei

ALL,xy — 412

A 2
Q=457 €TM: |n, -
1 (L - 2Lg}{)2
4LLg}fz - 4L§J{§ 49,
——— A l* + =———|IB.ell (.,
(L - ZLg}(2)2 L—2L,x,
which yields
A R 2Ly
QcU:=<n €T M:|n -l < ———I4,ll
L— 20

4LL ., — 412>
g”*2 2 A 419
S 214,12 + ——=—||B.ell §

(L — 2L x))? L—-2L,x,

Noting the expression of 8,, when L — oo, the righthand side in the above inequality
goes to 4/4(p + 1). Thus, for sufficiently large L and p, we have

Qci:={neTM: |l <p/2}
cWi={n e TM: nll <p}.

For any n, € YV but not in Q, it follows from (58) that

o L .
i) 2 € + 2l = A7 = Lo lInl” = 911B.ell

> £ + Lo | + 811B.ell > £,(h).

(59)

Therefore, there exists a global minimizer of ¢, in the set Q, we denote it by r/;‘. It
follows from 7 € €, and thus ||7, — 7} || < g(||7,||) for g(z) given in the theorem. O

Theorem 10 ensures that the search direction given by (45) is desirable for
IRPG to have global convergence. There are several implications of this theorem.
First, the global convergence of ManPG in [19] follows and the step size one is
always acceptable. This can be seen by noting that if ¢(#) = 0, then the direction 7
with A satisfying (46) is the search direction used in [19]. Secondly, one can relax
the accuracy of the solution in ManPG and still guarantees its global conver-
gence. However, it should be pointed out that Theorem 10 does not implies that
71, satisfies (15) or (30). Therefore, the uniqueness of accumulation points and the
convergence rate based on the Riemannian KL property are not guaranteed.

Lemma 11 shows that a globally convergent algorithm for solving (44) can ter-
minate properly in the sense that it satisfies (46) and (47) under the assumption
that L is sufficiently large.
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An inexact Riemannian proximal gradient method 21

Lemma 11 Suppose there exists a constant p > 0 such that for any x € Q, it holds
that Q. C R .(B(O,, p)). If L is sufficiently large and an algorithm that converges
globally is used for (44), then inequalities (46) and (47) are satisfied by all but
finitely many iterates from the algorithm.

Proof If ¢ = 0, then #j, = 7], and the above derivations for #, also hold for 7,. There-
fore, 2,(0,) > 7 ,(#,) follows from (59) by noting 0, € W and 0, ¢ Q when L is suf-
ficiently large. Finally, by strong convexity of 7, and the convergence of the algo-
rithm, we have that 7, — 7, and ||¥(A)|| — 0. Therefore, inequalities (46) and (47)
are satisfied by all but finitely many iterates from the algorithm. O

4.2 Condition that ensures local convergence rate

In this section, we directly consider the solution of the Riemanniann proximal mapping
(9) and provide a condition that meets the requirement for the local convergence rate
analysis. First note that the Riemnnaian proximal mapping (9) is equivalent to

min J,(¢) = (¢, 07 gradf() ;. + Zlll> + g(R(Q,0), (60)

which is an optimization problem on a Euclidean space, where the subscript & is
omitted for simplicity, d is the dimension of M and Q, forms an orthonormal space
of T M.

The analysis in this section relies on the notion of error bound (see its definition
in e.g., [46, (35)], [47]), whose discussion relies on the convexity of the objective
function. Therefore, we will make Assumption 12 which uses Definition 3. It fol-
lows that J,(c) is convex. Note that Definition 3 has also been used in [20, 48]

Definition 3 A function 2 : M — R is called retraction-convex with respect to a
retraction R in A/ C M if for any x € N and any S, C T, M such that R (S,) C N,
there exists a tangent vector { € T M such that p, = hoR, satisfies

Note that { = gradp, (&) if & is differentiable; otherwise, ¢ is any Riemannian sub-
gradient of p, até.

Assumption 12 The function g is retraction-convex on M.
In the typical error bound analysis, the residual map plays a key role which con-

trols the distance of a point to the optimal solution set. For our purpose, the residual
map for (60) is defined as follows:

. = L
r.(c) = arg gnn w, (V) 1= <v, QXT grad f(x) + Lc> Pt ) IvI? + g(R.(Q,(c+V))),
veR"
(62)
It is not hard to see that
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r(c*) =0 < ¢*is the optimal solution to (60).

Note the residual map defined here is slightly different from the one defined in [46],
where the coefficient in front ||v||? is 1/2 instead of L/2. However, the error bound
can be established in exactly the same way. To keep the presentation self-contained,
details of the proof are provided below. It is worth pointing out that the family of
Problems (60) parameterized by x possesses an error bound property with the coef-
ficient independent of x.

Lemma 13 Suppose that Assumption 12 holds. Then it holds that
le = cill <2|Ir(o)ll, forall xe& M, (63)

where ¢ is the minimizer of J (c).

Proof Let f,(c) denote gradf(x)"Q,c + §||c||2 and g,(c) denote g(R, (Q,(c))). It fol-
lows that J (c) =fx(c) + g.(c) and

r.(c) = argmin (v, Vﬂ(c))F + %Ilvll2 + 3. (c+v).

veR

Therefore, we have 0 € fo(c) —+ I:rx(c) +0f g.(c + r.(c)), which implies
r.(c) = argmin <fo(c) + I:rx(c), v> p T &(c+w).
veRA
It follows that

(VI + Lr(0). r(0)) . + B.(c+ 1) < (Ve) + Lrc). ¢t —c) . +&,(ch).

(64)
Since 0 € Vf,(c}) + 0£8,(c*), we have ¢* = arg min Vf,(c*)Tv + Z,(v). Therefore,
veR”
(Bt ) p + 8D (VD) c+10)  +&ilc + r(0)). (65)

Adding (64) to (65) yields

(fx(c) —fx(c:), c— c;> et Lllro]? < <fx(c;) - f.(c), rx(c)> et i(rx(c), cr = c> -
(66)
By definition of f,, we have that f, is L-strongly convex and Lipschitz continuously
differentiable with constant L. Therefore, (66) yields

Lije = ;I < 2Llle = ¢ llir @l

which implies ||c — ¢*|| < 2| (o). O

Computing the residual map (62) is usually impractical due to the existence of
the retraction R in g. Therefore, we use the same technique in [20, Section 3.5] to
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linearize R (Q,(c +v)) by R .(Q,c) + ’Z}Q _O,v, and define a new residual map 7.(c)
that can be used to upper bound r,(c), '

y - . L
F(c) = argminw, .(v) := <v, gradf(x) + LQxc> gt ) ||7}Q L_va||2 +g(y+ TRQ O,
veRd x x
(67)

where y = R, (Q,c). A simple calculation can still show that
7(c*) =0« ¢* is the optimal solution to (60).

Moreover, minimizing W is the same as Problem (37) and therefore can be solved by
the techniques in Sect. 4.1.

Lemma 14 Let G C M be a compact set. Suppose that Assumptions 9 and12 hold,
and that there exists a parallelizable set U such that G C U, where a set is called
parallelizable if Q. as a function of x is smooth in U3 If L is sufficient large, then
there exist two constants b > 0 and 6 > 0 such that

lr . < b7 ()l (68)
forall x € Gand||c|| < 6.

Proof Since Q, is smooth in U/ and 7, is smooth, we have that the function
72 UXRY S R (x,¢) QyT’Z}QXCQX is a smooth function, where y = R (Q,¢).
Furthermore, since me is an identity for any x € M, we have z(x,0) = I, for any
x € M. It follows that

||QyT?}QNQX - L <L,|lc|l, forany x€G,]c| <56, (69)

where L; = max,cg <5 1%, Q,0)||. Since the set of {(x,c) : x € G, [|c|| <6} is
compact and the Jacobi J_ is continuous by smoothness of z, we have L; < co.
Using (69) and noting | T¢I = 1077, Q. Il yields

1T, 11 < Mall + 1] Ty, Q= Il < 1+ Ly el
and
1) 1= all < Mg = Q] T, Q07
STy MO Tr, Q= 1l < Lyllelll T, I,

which gives

3 The notion of a parallelizable set is defined in [49] and the function Q is also called a local frame. The
existence of a smooth Q around any point x € M can be found in [29, 50].
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A= LlleDIT! 1< 1.

Therefore, by choosing § < min(y/3/2—-1,1— 1/\/5)/LJ, we have

1T, Il < V372, and |IT! 1< V2 (70)
It follows that
173y, QI = IVIP < (1T, [P = DIVIP < 2P and
1T, Ol = Il = | —— — 1 |Ivli2 > =22,
17! 12 2

which yields
1
2 _ 1uli2l < L2
17, QI = IVIPL < S1IvI

By the compactness of G, there exists a constant 7, such that

”Rx(Qx(C + V)) - Rx(QxC) - %QNQXV” < )?2”7;? vallz’ (71)

Oxc

for all x, R (Q,c),R.(Q,(c+V)) €G.
Therefore, we have

|Wx,c(v) - ﬁ)x,c(v) |

L L
<13 IVII* + g(R,(Q,(c + ) — 5 IIT}QAL,QXVII2 +8(+Tg, O)

3

2 2 ~ 2 2

< S Zg, Q1™ = IVIFL + Lo 2211 Tk, NIV
2
< Grlvll®,

where Cp = L/4 + 2L, 7», the second inequality follows from (71) and Assump-
tion 9, and the last inequality follows from (70).

Since w, . and W, . are both strongly convex, their minimizers r (c) € RY and
7 (c) € T, M are unique. By the same derivation in Theorem 10, we have that

210 = F©IP = Clln I < CallF @I,

which implies

< % _ \/C_R>Ilrx(c)ll < <\/§+ \/C_R>||?x(c)||, forall k> k.

VI+/2C, -

By assuming L > 8L, 7,, we have that (68) holds with b = v
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The main result is stated in Theorem 15, which follows from Lemmas 13 and 14 .
It shows that if the Riemannian proximal mapping is solved sufficiently accurate
such that the computable ?xk(ék) satisfies (72), then the difference ||ﬁxk — ;7;1 | is con-
trolled from above by the prescribed function y. An algorithm that achieves (72)
can be found in [20, Algorithm 2] by adjusting its stopping criterion to (72).

Theorem 15 Let S denote the set of all accumulation points of {x,}. Suppose that
there exists a neighborhood of S, denoted by U, such that U is a parallelizable set,
that Assumptions 1, 2,9 and 12 hold, that L is sufficiently large, and that an algo-
rithm is used to solve

- L
minJ, (c) 1= (. QF gradf(x)) . + 5 llell® + (R, (Q, ©)),
such that the output ¢, € R? of the algorithm satisfies
”?xk(ék)” S W(gk’ o, ”Ek”)’ (72)

where x, is the k -th iterate of Algorithm 1 and v is a function from R? to R. Then
there exists a constant a > 0 and an integer K > 0 such that for all k > K, it holds
that

I, =72 Il < @y (eg. 0. I, ID. 73)
where i, = Q, ¢,. Moreover, if y(g, o, 1) = €2, then inequality (15) holds; if

k’
y(g;, 0, t) = mln(s ot?) with o < L , then inequality (30) holds.

Proof By (17) and [37, Remark 5], we have that S is a compact set. Therefore, there
exists a compact set G and an integer K > 0 such that S € G C U/ and it holds that
x, C G forall k > K. By Lemma 14, there exists two constants » > 0 and § > 0 such
that ||7.(¢)|| < b||7(c)|| for all x € G and ||c|| < 6. In addition, it follows from (14)
that there exists a constant K > 0 such that for all £ > K it holds that ||:7x || < 6.
Therefore, for all k > max(K, K ), we have

lr, @Il < blIF, @Il (74)

The result (73) follows from (72) and (74). O

For simplicity, we define F, (c) as the minimizer of Wy (V). Indeed, we can show
that it is not necessary to optimize w, .(v) exactly. Suppose that the minimizer c;k of
J,, (¢) is nonzero, that a converging algorithm is used to optimize J, (c) and let {¢;}
denote the generated sequence, and that w, .(v) is only solved approx1mately such
that  the approximated solution, denoted by 7, (), satisfies
||7’xk(c,~) 7 (¢ | < 6,017, (¢ )|l, where 6, € (0, 1) is a constant. Then we have

4 Note that ﬂ/& (v) has the same format as (37). We can use condition (46) and (47) to find the approxi-
mate solution 7, (c;).
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(1= N7, (Dl < N7 (el < (1 +8IIF, (el (75)

It follows that if

17, (e)ll < T35 Ve o llalD, (76)

5

then (72) holds. Since a converging algorithm is used, we have c¢; goes to c* and
7, (c) goes to zero. It follows that y (g, 0, ||c;||) is greater than a positive constant
for all i and 7, (c ) goes to zero by (75). Therefore, an iterate c;, denoted by ¢, satis-
fying 1nequahty (76) can be found.

5 Numerical experiments

In this section, we use the sparse principle component analysis (SPCA) problem
to test the proposed practical conditions on the accuracy for solving the Riemann-
ian proximal mapping (9).

5.1 Experimental settings

Since practically a sufficiently large L is unknown, we dynamically increase its
value by L « 1.5L if the search direction is not descent in the sense that back
tracking algorithm a1V = 0.5¢® with «® = 1 for finding a step size fails for 5
iterations. In addition, the initial value of L at k + I-th iteration, denoted by L, ,,
is given by the Barzilar-Borwein step size with safeguard:

Ly, = min (max ( ),f,max>

where L, > 0, Ly > 0, ¥, = PTXkM gradf(x;,,) — gradf(x;) and s, = an,, . The
value of L is problem dependent and will be specified later. The parameters are
givenby L, =103 L =L.¢ :R->R:10 /1,6 = (Hk)lm, and o = 100.

Let IRPG-G, IRPG-U, and IRPG-L respectively denote Algorithm 1 with the
subproblem solved accurately enough in the sense that (46) and (47) hold, (72)
holds with w (g, p, [I7l]) = £ , and (72) holds with y (g, p, ||n]]) = mln(gk, ollnll®.
Unless otherwise 1ndlcated IRPG G stops if the value of (||;1x ||Lk) reduces at
least by a factor of 1073, IRPG-U and IRPG-L stop if their ob]ectlve function val-
ues are smaller than the function value of the last iterate given by IRPG-G.

All the tested algorithms are implemented in the ROPTLIB package [51] using
C++, with a MATLAB interface. The experiments are performed in Matlab
R2018b on a 64 bit Ubuntu platform with 3.5GHz CPU (Intel Core i7-7800X).

Ve Vi)
Ve Sk>

‘min
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5.2 SPCA test

An optimization model for the sparse principle component analysis is given by

. TAT
Xeréltl(zl’n) —trace (X' A"AX) + A|IX|];, (77)
where A € R™" is the data matrix. This model is a penalized version of the ScoT-
LASS model introduced in [52] and it has been used in [10, 19].

Basic settings A matrix A € R is first generated such that its entries are drawn
from the standard normal distribution. Then the matrix A is created by shifting and
normalized columns of A such that the columns have mean zero and standard devia-
tion one. The parameter L, is 24,,,(A)?, where 4., (A) denotes the largest singular
value of A. The initial iterate is the leading r right singular vectors of the matrix A.
The Riemannian optimization tools including the Riemannian gradient, the retrac-
tion by polar decomposition can be found in [20].

Empirical observations Figure 1 shows the performance of IRPG-G, IRPG-
U, and IRPG-L with multiple values of n, p, and 4. Since IRPG-G, IRPG-U, and
IRPG-L solve the Riemannian proximal mapping up to different accuracy, we find
that IRPG-G takes notably more iterations than IRPG-U, and IRPG-U takes slightly
more iterations than IRPG-L, which coincides with our theoretical results. Though
IRPG-U and IRPG-L take fewer iterations, their computational times are still larger
than that of IRPG-G due to the excessive cost on improving the accuracy of the Rie-
mannian proximal mapping.

Appendix: Implementations of BI and B,

In this section, the implementations of the functions Bf :R" > R™4 and
B, : R4 — R" are given for Grassmann manifold, manifold of fixed-rank matri-
ces, manifold of symmetric positive definite matrices, and products of manifolds.
Note that the Riemannian metric is chosen to be the Euclidean metric in this section.
Grassmann manifold We consider the representation of Grassmann manifold by

Gr(p,n)={[X] : X € St(p,n)},

where [X] = {XO : 070 = 1,}. The ambient space of Gr(p,n) is R™? and the
orthogonal complement space of the horizontal space Hy at X € St(p,n) is given
by

Hy = (XM : M € R},
Therefore, we have

B)T( TR S RPYP 7 - XTZ,  and
By : RP? 5 R : M — XM.

@ Springer



28 W. Huang, K. Wei
700 i % 3
—%—IRPG-G —%—IRPG-G
—7—IRPG-U —7—IRPG-U
L 25
600 IRPG-L I IRPG-L |57
2l
500
8 g 15¢
400 | -
1t
//
300 r —
0.5 X
200 0 - - - -
0 500 1000 1500 2000 0 500 1000 1500 2000
n n
1000 5
—%—IRPG-G —*%—IRPG-G
—7—IRPG-U —7—IRPG-U
800 f IRPG-L |, 4r IRPG-L
600 f 3l
P (0]
2 £
400 + T oot
| L 3
200 1 %
0 : : : 0 — :
0 2 4 6 8 0 2 4 6 8
p p
1600 5 .
B —#—IRPG-G —%—IRPG-G
1400 |\ ~7—IRPG-U |4 —7-IRPG-U
IRPG-L 41 IRPG-L
1200 | \
L A 3 .
- 1000 o
2 £
800 f = 51
600 —
1t [—
400 | Y
*M\)e
200 0 : - :
0 0.5 1 15 2 0 0.5 1 15 2
A A

Fig. 1 Average results of 10 random runs for SPCA. The same random seed is used when compar-
ing the three algorithms. We choose the runs where the three algorithms find the same minimizer in
the sense that the norm of the difference between the solutions is smaller than 1072, “time” denotes
the computational time in seconds. “iter” denotes the number of iterations. Top: multiple values
n = {256,512,1024,2048} with p =4, m =20, and A =2; Middle: multiple values p = {1,2,4,8}
with n = 1024, m = 20, and A = 2; Bottom: Multiple values A = {0.5,1,2,4} with n = 1024, p =4, and
m = 20.

Manifold of fixed-rank matrices The manifold is given by
R™" = {X € R™" : rank(X) = r}.

The ambient space is therefore R™". Given X € R”™", let X = USV be a thin singu-
lar value decomposition. The normal space at X is given by
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NyR™ = {U,MV] : M € R0},

where U, € R™"=") forms an orthonormal basis of the perpendicular space of
span(U) and V, € R™"=" forms an orthonormal basis of the perpendicular space of
span(V). It follows that

By : R™" - RO 2 75 UTZV,,  and
By : R0 o X Mo U MV
Note that it is not necessary to form the matrices U; and V,. One can use [53, Algo-

rithms 4 and 5] to implement the actions of U |, UI, V,,and Vf.
Manifold of symmetric positive semi-definite matrices The manifold is

S ={X € R™ : X =X",X > 0,rank(X) = r}.

The ambient space is R™". Given X € ™", let X = HHT, where H € R™ is full
rank. The normal space at X is

xS ={H MHT : M € R""70=0 M = M"},

where H, € R™"") forms an orthonormal basis of the perpendicular space of
span(H). Therefore, we have

n—=r)(n—r+1)
BL i R - R 7 vec(%HI(Z+ZT)HL)’ and
(n=r)(n—r+1)

By :R™— 2 —SR™ :ve H vec'(WH,

where vec(M) = (M, My, ..., M, \/2M,,, \/_M13, VM, . \2M ()T for
M € R** being a symmetric matrlx and vec™!is the inverse function of vec.
Product of manifolds Let the product manifold M be denoted by
My X M, X ... x M,. Let the ambient space of M, be R™ and the dimension of
M, be d;. For any X = (X, X,, ..., X,) € M, the mappings B)T( and By are given by

B)T; TRYXR2 X .. XRY" — R(nl—d1+nz—d2+...+n,—d,)
T
. T T T T T T
(21 Zs e Z) ((BX]ZI) (BLZ).....(B}Z) ) , and
By : Rm=ditm=dytdn=d) _, @y R x| x R™
. T . T T\T
: (vl Vs aee ,vt) — (Blel,szvz, ,BX’vt),
where B)T(_ and By denote the mappings for manifold M; at X;, and v, € R"~%,
i=1,...,t
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