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Abstract

The exterior Bernoulli problem is rephrased into a shape optimization problem
using a new type of objective function called the Dirichlet-data-gap cost function
which measures the L?-distance between the Dirichlet data of two state functions.
The first-order shape derivative of the cost function is explicitly determined via the
chain rule approach. Using the same technique, the second-order shape derivative of
the cost function at the solution of the free boundary problem is also computed. The
gradient and Hessian informations are then used to formulate an efficient second-
order gradient-based descent algorithm to numerically solve the minimization prob-
lem. The feasibility of the proposed method is illustrated through various numerical
examples.

Keywords Bernoulli problem - Domain perturbation - Free boundary - Shape
optimization - Shape derivative

1 Introduction

In this note, we are interested in the so-called Bernoulli’s free boundary problem
(FBP). The problem, which is considered as the prototype of a stationary FBP and
is called in some literature as the Alt—Caffarelli problem (see [1]), find their origin
in the description of free surfaces for ideal fluids [37]. There are, however, numer-
ous other applications leading to similar formulations, for instance, in the context
of optimal design, electro chemistry and electro statics (see [36] and also [35] for
further industrial applications).
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Bernoulli problem can be classified into two cases, namely, the exterior Ber-
noulli FBP and the interior Bernoulli FBP. Here, we focus our attention on the for-
mer case. In the exterior problem, a bounded and connected domain A C R2 with
a fixed boundary I" := 0A and a constant A < 0 are known or given. The task is to
find a bounded connected domain B C R? with a free boundary ¥ := 0B, B contains
the closure of A, and an associated state function u := u(Q2), where Q = B\ 4, such
that the following overdetermined system of partial differential equations (PDEs) is
satisfied:

—Au=0inQ, wu=1lonl, u=0 and J,u=AonZX. (1)

Here, d,u := Vu - n denotes the normal derivative of # and n represents the outward
unit normal vector to Z.

The presence of two boundary conditions imposed on the exterior boundary X
makes the problem difficult to solve. Nevertheless, it is known that (1) admits a
classical solution for simply connected bounded domain €, for any given constant
4 < 0. In addition, the shape solution Q* is unique for bounded convex domains A
[36] and the free boundary Z* is C>% regular (see [47, Theorem 1.1]).

Our main intent in this work is to numerically solve (1) by performing a novel
iterative second-order gradient-based optimization procedure. Our approach relies on
the method known as shape optimization (see, e.g., [22, 46, 71]) which is already an
established tool to solve such a free boundary problem. The main idea of the said tech-
nique is to reformulate the original problem into an optimization problem of the form

ngn Jo(,u(Q)) subjectto e(u(Q)) =0, )

where J; denotes a suitable objective functional that depends on a domain € as
well as on a function u(£2), which is the solution of a partial differential equation
e(u(€2)) = 0 posed on Q.

There are different ways to write (1) in the form of (2). A typical approach is to
choose one of the boundary conditions on the free boundary to obtain a well-posed
state equation, and then track the remaining boundary data in a least-squares sense.
Such formulation has been carried-out in several previous investigations; see, for
instance, [31, 32, 41, 44, 50, 65, 66]. Alternatively, one can consider an energy-gap
type cost function which consists of two auxilliary states; one that is a solution of
pure Dirichlet problem and one that satisfies a mixed Dirichlet-Neumann problem
(see, e.g., [9-12, 33]). The objective function used in such formulation is sometimes
called the Kohn-Vogelius cost functional since Kohn and Vogelius [53] were among
the first who used such a functional in the context of inverse problems. Mathemati-
cally, these aforementioned formulations are given as follows:

. | 2
ngn]1(2)=ngn§/2uNdo

Dirichlet-data-tracking approach
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where the state function uy := uy(€2) is the solution to the mixed Dirichlet-Neu-
mann problem

—Auy=0inQ, uy=1onl, Juy=4ionZ; (3)

Neumann-data-tracking approach
where the state function up, := up(€2) is the solution to the pure Dirichlet problem

—Aup,=0inQ, up=1onl, up=0o0n3; 4)
. _ .1 2
rrgnJ3(Q) = min 5 /Q |V(uN - uD)| dx
Energy-gap type cost functional approach
where the state functions uy and up, satisfy systems (3) and (4), respectively.
In this study, one of our main objectives is to introduce yet another shape optimi-
zation reformulation of (1) which, to the best of our knowledge, has not been studied

in any previous investigation. Similar to the cost functional J;, we make use of a cost
function consisting of two auxiliary states uy and ug:

. .1
rrgnJ(Z)ErrgnE/sz—uRlzda, 5)

where the state function uy is the solution of (3) and up := uyp(L2) satisfies, for a
given strictly positive (constant) f, the following equivalent form of (1) with a Robin
boundary condition:

—Aup =0inQ, ugp=1onl, J,ug+ fur=AionZ. 6)

Clearly, if (u,Q) is a solution of (1), then uy = ug = u; therefore, J(X) = 0. Con-
versely, if J(Z) = 0, then uy = ui on Z. Hence, the equation 0, (uy — ug) = fug =0
on X and the assumption f > 0 implies that up = uyy =0 on X. Consequently,
u = uy = ug is a solution of problem (1). We remark that, in the limiting case as
p goes on infinity, the PDE system (6) transforms into the pure Dirichlet problem
(4) (this means that uz = 0 on X), leading us to recover from (5) the classical Dir-
ichlet-data-tracking formulation of the FBP (1).

We stress that the formulations presented above can also be applied to Poisson
problems with overdetermined non-homogenous (sufficiently smooth) boundary
conditions. Here, however, we only inspect the free boundary problem (1) in order
to simplify the discussion.
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Motivation Our reason for considering the new cost functional J(Z) stems from
several previous related works. In the study carried out in [67], we have considered
the cost functional J, with a different state constraint problem. More precisely, we
replaced the state variable up with uz which is the solution of the mixed Dir-
ichlet—-Robin problem (6). We found that such modification of the problem setup
actually yields more regularity in the solution of the associated adjoint state prob-
lem. In fact, the adjoint state associated to the shape optimization problem
“ming %H@nuR - /l||i2 ) subject to (6)” enjoys the same degree of regularity
(depending of course on the regularity of Q) with that of ui. Also, we observed,
through various numerical examples, that this new state constraint yields faster and
more stable convergence of the approximate solution to the exact solution (both in
case of the exterior and interior Bernoulli FBP) than the classical setting
“ming %HanuD - /1||i2 ® subject to (4).” On the other hand, in [68], we proposed a
modification of the energy-gap cost functional approach for the exterior Bernoulli
FBP (1). The optimization problem we put forward in (1) utilizes a similar func-
tional to J, but, instead of (4), we took uy as one of the state constraints. More pre-

cisely, we considered the problem “ming J,(Q2) = ming %|uR - uNli[, @’ subject to
(3) and (6)” (where |-|yq,) denotes the H 1(Q)-seminorm; that is,
|l = IVOIl2q) as a shape optimization reformulation of (1). We emphasize

that under this formulation, and assuming appropriate conditions on the Robin coef-
ficient § as well as on the exterior boundary X, we were able to express the first-
order shape derivative of J, at Q along a given deformation field in terms of just the
state constraint u#y. This in turn allowed us to also reduce the number of PDE con-
straints to be solved when applying a second-order method to numerically resolve
the free boundary problem (1) (see Proposition 1 and Corollary 2 in [68]). We stress
that such reduction in the number of constraints in the optimization setup is cer-
tainly advantageous in terms of numerical aspects. Indeed, the numerical results
presented in [68] show that the proposed modification requires less computing time
per iteration to numerically solve (1) than the classical formulation
“ming %|uD —uy |121,1 @ subject to (3) and (4)” (as expected). Meanwhile, in a related
problem, Laurain and Privat [55] examined a shape optimization formulation of a
Bernoulli-type problem with geometric constraints. In their work, the domain €,
which is simply connected, is constrained to lie in the half space determined by
x; = 0. The boundary of the solution domain is also forced to contain a segment of
the hyperplane {x, = 0} where a non-homogeneous Dirichlet condition is imposed.
Then, the authors seek to find the solution of a partial differential equation satisfying
a Dirichlet and a Neumann boundary condition simultaneously on the free bound-
ary. The cost function examined by the authors in [55] has the form
J5(Q) 1= luy, — ullli2 @ where u, . satisfies a mixed Dirichlet-Robin boundary
problem while u, is a solution of a pure Dirichlet problem. Here, u, , has the prop-
erty that “u,, — u, as € - 0,” where u, is the unique (weak) solution of a mixed
Dirichlet-Neumann problem. We point out here that, as opposed to the formulation
minimizing J, whose first-order shape derivative only depends on uy (under appro-
priate conditions on f and the exterior boundary X), the cost function J5 actually has
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a first-order shape derivative that depends on the solutions of four PDEs (two state
problems and two adjoint state problems).

Besides the above statements, we mention that minimizing J, () over the set of
admissible domains O,  (see Sect. 4) of Q is, to some extent, equivalent to finding
the optimal shape solution to the optimization problem “ming J(X) subject to (3)
and (6),” and we explained it as follows. Firstly, for convenience, let us introduce the
notation “<”. This means that if P < O, then we can find some constant ¢ > 0 such
that P < cQ (obviously, Q > P is defined as P < Q). Then, for an open bounded
domain Q ¢ R? with Lipschitz boundary (in this study, we shall in fact assume that
Q is C*! regular), the inequality [|v||;200) S IVl holds, for all v € H'(Q). We
note that this bound clearly exhibits the compact embedding of H'(Q) in L?(0Q)
(see [56, p. 159]) and it actually follows from the well-known trace theorem (see,
e.g., [57, Theorem 3.3.7, p. 102], [59, Theorem 5.5, p. 95]) coupled with the com-
pact embedding of H'/2(dQ) in L*(0Q) (cf. [69, Theorem, 2.5.5, p. 61]). Moreover,
itis not hard to see from this result that we also have the relation ||v]| 2y S VIl g1 (q)-
This inequality shows that the set H}O(Q) ={ve HY(Q) : v=0o0nT} is strongly
closed in H(Q) and, in addition, a convex set. From [19, p. 54], for instance, we
know that strongly closed convex sets are also weakly closed (see also [17, Lemma
3.1.15, p. 119]). Hence, the weak convergence v, — v implies that v is in fact in
the same set H. ! 0(€2). Furthermore, we note that we may actually prove (following
the proof of [43 Lemma 2.19, p. 62]) that |v|yq) = ||VV||1;(Q) > ||v||H1(Q), for all
veH! 0(Q) We note that this bound in fact shows that the H' (Q)-seminorm | - | H(Q)
is actually equivalent to the H'(Q)-norm on H! ro(€2). Lastly, we mention that we can
also verify, possibly by way of contradiction, tHat the norm

1/2
” : “Hll'()(g) = (l |HI(Q) ” ”LZ(Z)> ’

on the other hand, is equivalent to the usual Sobolev H 1(Q)-norm. Thus, by these
results, taking v = uy — ug € H}O(Q), we can deduce the sequence of inequalities

2 2
“MN uR”L’(Z) S |uN uRlHl(Q) + ”uN uR”LZ(Q) S IuN MRlHl(Q)'

It should also be recognized that the above relation is a mere consequence of the
inequality ||uy — uRllzz(E) S lux — uﬂliumm) which holds true for any £ > 0 due to
the trace theorem. This observation further gives us the motivation to consider mini-
mizing J(X), subject to (3) and (6), over the set of admissible domains for Q to
numerically solve the free boundary problem (1).

The minimization problem (5) can be carried out numerically using different
computational strategies [67]. Standard algorithms to minimize J utilizes some gra-
dient information when using a first-order method and also uses the Hessian when
applying second-order methods. So, in order for us to accomplish our main objec-
tive, we first need to carry out the sensitivity analysis of the cost functional J(£2) with
respect to a local perturbation of the domain Q. Accordingly, we derive the first- and
the second-order shape derivative of J through chain rule approach. This requires,
beforehand, the expressions for the shape derivatives of the states uy and ug. Of
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course, there are other ways to obtain the shape derivative of J such as through a
technique used in [33]. However, the method employed in [33] by the authors, which
was inspired by [25, 26], restricts the results to starlike domains. Another method
could be to use only the Eulerian derivatives [22] of the states and follow [12], or
apply the so-called rearrangement method, first used in [51], to obtain the shape
derivative of J. We emphasize that the former approach applies not only to star-
like domains but also to more general C*¢ domains. On the other hand, the rear-
rangement method provides a rigorous computation of the shape derivatives of cost
functionals using only the Holder continuity of the state variables, bypassing the
computation of the material and shape derivatives of states (see, e.g., [10, 44, 50]).
Further, this method requires less regularity of the domain than in the case when
applying the classical chain rule approach. Here, we opted to apply the chain rule
approach since the shape derivatives of uy and uy are already available in the litera-
ture (see, e.g., [11] and [72], respectively). In addition to these previously mentioned
techniques, we remark that the shape gradient of J can also be computed using the
well-known minimax formulation developed in [20]. Similar to the rearrangement
method, this strategy in computing shape derivatives of cost functionals does not
require the knowledge of the shape derivative of the states as it naturally introduces
the use of adjoint states to derive the expression for the shape derivative of the cost;
see, for instance, [65, 66].

The plan of the paper is as follows. In Sect. 2, we describe the weak formulations
of the state equations and briefly discuss the existence, uniqueness and regularity
of their solutions. In Sect. 3, we recall a few basic concepts from shape calculus
and give the shape derivatives of the states. Then, we compute the first-order shape
derivative of the cost J through chain rule approach followed by the computation of
its corresponding second-order shape derivative at the solution of the free boundary
problem (1). Also, we shortly discuss about the ill-posedness of the proposed shape
optimization formulation by inspecting the shape Hessian form at a critical shape.
Meanwhile, in Sect. 4, we examine the existence of optimal solution to the minimi-
zation problem under consideration. After that, in Sect. 5, we describe how the gra-
dient and Hessian informations can be utilized in formulating an efficient boundary
variation algorithm to numerically solve the present optimization problem. Finally,
we demonstrate the feasibility of the newly proposed shape optimization approach
by solving some concrete problems. Also, to illustrate the efficiency of the proposed
method, we compare our numerical results with the results obtained by the classical
Dirichlet-data-tracking cost functional approach. We end the paper with a brief con-
clusion given in Sect. 6.

2 Preliminaries

We first review an essential quality of the state solutions which is vital in guarantee-
ing the existence of their shape derivatives.
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2.1 Weak formulation of the state equations

The respective variational formulations of the state problems (3) and (6) are stated
as follows.
Find uy € H'(Q), with uy = 1 on T, such that

/ Vuy - Ve dx = //lq) do, Vo€ H}O(Q); @)
Q = ’
Find up € H'(Q), with ug = 10on T, such that

/VuR-V(pdx+/ﬂuR(pd0'://l(pda, Vo € H ((Q), (8)
Q ) ) ’

where HII“,O(Q) is the space of test functions in the introduction. It is well-known
that the variational equation (7) admits a unique solution in H'(Q), while it can eas-
ily be verified (for instance, by means of Lax-Milgram theorem) that (8) also have a
unique solution in H'(Q) (see [39, 58]).

Remark 1 We emphasize that since f > 0, then uniqueness of weak solution
up € H'(Q) is guaranteed for the mixed Robin-Dirichlet problem (6). Moreover, we
note that we may actually consider § to be a function on X instead of just being
a positive constant. In this case, however, we require f := f(x) to be at least an
L™ function on X (i.e., § € L*(X)) and be positive almost everywhere in the free
boundary to ensure uniqueness of weak solution to (6) (cf., e.g, [58, Lemma 7.36.3,
p. 617]). In this regard, we mention here in advance that in Section 3, we will in
fact consider the mean curvature of the free boundary X as the function §. Evi-
dently, f = k belongs to L*(Z) because of Rademacher’s theorem (recall that Q, by
assumption, is C*>! regular). Hence, the first mentioned requirement for existence of
unique weak solution to (6) is satisfied, however, the condition that x(x) > 0 on X
only holds for convex domains. Nevertheless, this is not an issue when the domain
A (whose boundary is represented by I') is convex because, according to [48, Theo-
rem 2.1] (and the references therein), when A is convex, then so is the unique solu-
tion domain Q* to the free boundary problem (1).

2.2 Higher regularity of the state solutions

The unique solution uy of the PDE system (3) actually possesses higher regular-
ity if Q is assumed to be at least C!! regular. In fact, the solution is also in H?*(Q)
in this case, and in general, if Q is of class C**!!, where k is a non-negative inte-
ger, then uy is H**? regular. This claim can easily be verified since the fixed bound-
ary I' and the free boundary X are disjoint, (see, e.g., [10, Theorem 29]). Analo-
gously, the unique solution up € H'(Q) of (6) also have higher regularity depending
on the degree of smoothness of Q. More precisely, if Q is of class Ck*!! (again k
is a non-negative integer), then uy is also an element of H2(Q) (see, e.g., [52,
Remark 3.5]). For more details about existence and uniqueness of solutions to mixed
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Robin-Dirichlet problems in W52 for bounded domains in RY, we refer the readers to
[58, Section 7.36].

3 Shape sensitivity analysis of the states and cost function

Let us consider a bounded and connected domain U D Q and a family of deforma-
tion fields

©:={VeC*(U,R*>:V=00n0UUT}. )

Clearly, every V € O forces I' to remain invariant after a deformation since V van-
ishes on I'. Hence, I" is a component of the boundary of any perturbation of Q. In
this work, every admissible perturbation of the reference domain Q is described as
follows. Given an element of ®, we perturb Q by means of the so-called perturba-
tion of the identity operator (see, e.g., [22, Section 2.5.2, p. 147] or [10]):

T, : Q— Q, x+—T,(x) =x+1V(x).

For sufficiently small # and for each V € ©, the operator 7, can be shown to be a C>!
diffeomorphism from € onto its image (cf. [71]).
With the above definition of &, := T,(Q), the state solutions uy, and uy, satisfy

: du,
—Auy, =0inQ,, wuy, =1onl,, - AonZX; (10)
nt
: dug,
—Aug, =0inQ;, wug, =1lonl, E"‘ﬂ“Rt:ionzn an
1

respectively, where n, is the unit outward normal to Z,. Here, we can actually drop
tinI', because I', =T for all 7. Note that for r = 0, we recover the reference domain
Q 1= Q,, with fixed boundary I' :=T'; and free boundary X := X,

Next, let us recall some key definitions from shape calculus. We say that the func-
tion u(Q) has a material derivative it and a shape derivative u' at zero in the direction
V if the limits

o u(€)oT, — u(Q) p g w(€) — u(Q)
i=lm—-—— u =lm—

N0 t nNO t

exist, respectively, where (1(€2,)oT,)(x) = u(,)(T,(x)). These expressions are related
by

W =it—(Vu-V) (12)

provided that Vu - V exists in some appropriate function space [22, 71]. In general,
if i and Vu - V both exist in the Sobolev space W™’(Q), then ' also exists in that
space.
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3.1 Shape derivative of the states

To establish the existence of the shape derivative of J, one needs to show that the
material and shape derivatives of the states uy and uy exist and, consequently, apply
the chain rule. Apparently, the shape derivatives of uy and u, were already obtained
in [9, 72], respectively. Their existence can be guaranteed if € is assumed to be at
least C>! regular.

Lemma 1 [9] Let Q be a bounded C*' domain. Then, uy € H>(Q) is shape differenti-
able with respect to the domain, and its shape derivative uf\] € H'(Q) is the unique
solution of the mixed Dirichlet—Neumann problem

~Au, =0 inQ,
ug =0 onT, (13)
Ogtty, = divg(V-nVguy)+ AkV-n onZ,

where k denotes the mean curvature of 2.

Lemma 2 [72] Let Q be a bounded C*' domain. Then, ug € H3(Q) is shape differen-
tiable with respect to the domain, and its shape derivative u, € H Y(Q) is the unique
solution of the mixed Robin-Neumann problem

—Aug, =0 in Q,
u{z =0 onT,
Optty + fuy = divg(V - nVsug) + AV - n — f(d,up + xug)V -n on .
(14)
If B = k, then for the shape derivative u% of the solution of (6), it holds that u% =0
when X is the free boundary.

3.2 First-order shape derivative of the cost function

Our objective here is to derive the shape derivative of the cost function J in the
direction of a deformation field V € ®. We recall that, for a given functional
J . Q — R, its directional Eulerian derivative at € in the direction V, if it exists, is
defined as the limit

lim w =: dJ(Q)[V].

nNO
In addition, if the derivative dJ(2)[V] exists for all V and the map V — dJ(Q)[V]
is linear and continuous, then J is shape differentiable at Q, and this mapping will

be referred to as the shape gradient of J at Q. According to the well-known Had-
amard—Zolésio structure theorem (see, e.g., [21, Theorem 3.2 and Remark 3.1,
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Corollary 1]), the shape gradient of J depends only on the normal component of V
on the boundary of Q when the domain is regular enough.

For our proposed cost function J(X) given in (5), the shape derivative under the
assumption that

“p =« and u; is the shape derivative of the solution of (6) A
where Z is the free boundary” A

is given in the following proposition.

Proposition 1 Let Q be of class C*' and V € ©. Also, let us assume that condition
(A) holds true. Then, the Dirichlet-data-gap cost functional J is shape differentiable
with

AT, (D[V] = /X | (2 + %ué)K ~ Vyity - Vapy|n- Vo, (15)

where py denotes the adjoint state which is the unique solution to the PDE system
—Apy=0inQ, py=0onI, J,py=uyonZ, (16)
Kk denotes the mean curvature of X and the tangential gradient Vs is given by
V() = VQO)lg = da()n.

Proof We use chain rule approach coupled with the adjoint method to obtain the
shape derivative of J given by (15). Let Q be of class C>! and V € ©. Since the state
variables uy and uy are sufficiently regular, we can apply Hadamard’s boundary dif-
ferentiation formula (cf. [22, Theorem 4.3, p. 486] or [46, 71]):

d [t 0)do, = / M do
+ / (af(o, 9 ¢ kf (O a)>v -ndo,
PYe) on

where f € C([0, ], W2P(U)), p > 1, and dirf(O) exists in WP(U), to obtain

dJO)[V] = /(uN — ug)(uy — up) do

: | (18)

+ / [ﬁuR(uN —ug) + —k(uy — uR)Z]V -ndo.
s 2

Here, of course, uy and u;, satisfy (13) and (14), respectively. If u is the shape

derivative of the solution of (6) where X is the free boundary and § = x, then by
Lemma 2, up, = 0in Q. The expression for dJ(Z)[V] given by (18) then simplifies to

dJ,(D)[V] = / iy do-+% / xu2,V - ndo, (19)
z >
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where we put the subscript *“-,” to emphasize that condition (A) was imposed in the
computation of the shape gradient (see also comment on notation below).

We stress that the representation (19) of the shape derivative J in the direction of
V at Q is actually not useful for practical applications, especially in the numerical
realization of the minimization problem (5) because it would require the solution of
(13) for each velocity field V. This issue can be resolved using the adjoint method,
particularly by introducing the adjoint system (16). Using (13) and (16), we observe,
via Green’s second identity, that

/u;\IuN do = /uf\ldnpN do = /denu;\I do
> z >

(20)
= / P divy(V - nVyuy) + AV - n| do.
z

At this point, it is useful to recall the so-called fangential Green’s formula (see, e.g.,
[22, Eq. 5.27, p. 498]): let U be a bounded domain of class C!and Q c U with
boundary I". For V € CH1(U,R?) and f € W?P(U), p > 1, we have

/(fdivFV+ Vif - V)do = /KfV -ndo, 1)
r r

where k is the mean curvature of I'. In addition, when V - n = 0, we obviously have

/fdier do = —/Vrf -Vdo.
r r

Now, note that V - nVsuy - n = 0. Hence, by the above identity, we have that

/deivz(V -nVguy)do = —/VzuN - VepyV -ndo. (22)
b b
Combining Egs. (19), (20) and (22), we get the desired result. O

Remark 2 We recall from [50, Theorem 4.1] (with g = const. = A4 and f = 0) (see
also [32, Lemma 2.1]) that the shape gradient of J, is given by

dJl(Z)[V]=/[i(1u§+ApN)+<1u§+sz)x—wN~va]n-Vda
s Lon\2 2

= /Gln-Vda.
z

It seems not obvious but the kernel G given in (15) only differs by % (%MIZ\I) from G,.
This can be made more clear if we apply the identity
duy Ipy

opxN
E on = —(VMN, VPN) + /IE (23)

—(Vsuy, Vypn) = —(Vuy, Vpy) +
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to (15). Thus, in addition, we can actually write the shape gradient of J equivalently
as follows

1 op
dJA(Z)[V]=/Z[(sz+§u§)K—(wN,va)+xa—$ n-Vdo. (4

Notation Throughout the rest of the discussion, we shall denote the shape gradient
of J in the direction of V at Q obtained under condition (A) as dJ, and its corre-
sponding kernel by G,; i.e.,

1 ap
Gy 1= (Ap+ 31 )k = (Vi Vpy) + A= (25)

(cf. Proposition 1). Meanwhile, the expression dJ simply refers to the shape gradient
of J obtained without imposing assumption (A). More precisely, the expression for
dJ is given by equation (18):

dJE)[V] = /Z [ww’ + (ﬂuRw + %mﬁ)V : n] do, (26)

! —_—

where we use the notation w = uy — ug and w' = uy

uy, for simplicity.
Before going to the next subsection, let us also express dJ(Z)[V] in another form
through the adjoint method. For this purpose, let us consider two harmonic func-

tions Ey and Ej, that both vanish on I', and such that 0,2y = w and 0,5 + fE = w
on X. Then, by Green’s second identity together with Eqs. (13) and (14), we have

/ ww' do = / [urw — up (0,Ex + BEg)] do = / [urw — Er(Oqup + Bup)| do
> p) >
= /EN divg(V - nVguy) do
>

- / Er{divg(V - nVyug) — f(Opug + kug)V - n} do
z
=. J]] - J]z.

Note that the integral f2 vdivy(V - nVsu)do,foranyu,v € H3(Q), canbe expressed as
/2 vdivy(V-nVsu)do = — fz (Vsu- V)V -ndo = fz (0au0,v — Vu - Vv)V - ndo
via (21) and because V - nVyu = 0. Hence, we have

J-J,= /Z{VZMR - VsEBg — Vsuy - ViBy + BEg[A + (k — Pug]}V - ndo
= /[VuR - VEg = Vuy - VE§ + Aw — (4 = Bug)(w — ER)]V - ndo
z
+ / {PER[A + (k — Pug]}V - ndo.
z

Inserting the above expression to (26), we arrive at the following result.
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Proposition 2 Let Q be of class C*>' and V € ©. Then, J is shape differentiable with
dJ(D)[V] = fz Gn - Vdo where

G :=Vug - VEg — Vuy - VEN + Auy — ug) — (A = Pug)(uy — ug — PER)
- 1
+ PER[A + (& — Pugl + Pug(uy — ug) + EK(uN - ug)’,
27)

and the quantities 2y and Ey are the respective solutions to the following adjoint
systems

~AEy=0inQ, Ey=00nT, 0,8y =uy—uzonk; 28)

—AER =0in Q, E‘R =0onT, anER + ﬁE‘R = Uy — Ug on > (29)

Remark 3 Again, similar to what has been pointed out in the proof of Proposition 1,
we remark that the main reason for rewriting the shape gradient dJ(X)[V] given in
(26) into dJ(X)[V] = f2 Gn - Vdo is to avoid the computations of solutions to the
boundary value problems (13) and (14) for each velocity field V which are impracti-
cal to use in an iterative procedure.

As an immediate consequence of Proposition 2, we have the following opti-
mality result.

Corollary 1 Let the domain Q* be such that u = u(Q*) satisfies the overdetermined
boundary value problem (1); i.e., it holds that

U=ug =uy onQ .
Then, the domain Q fulfils the necessary optimality condition
dJEH[V]I=0 forall Ve ®.
In addition, of course, it also holds that dJ ,(Z*)[V] = 0 for all V € ©.

Proof At the shape solution Q = Q* of the Bernoulli problem (1), uy =0 on Z*.
Hence, Vuy = (d,uy)n on X and it follows that VuN 7 = 0 on X*. Moreover, we see
that Ey = 0 and Ey = 0 (and also py = 0) in Q Thus, G given by (27) is zero (so is
G, given by (25)), which implies the assertion. a

In the next section, we shall compute the second-order shape derivative of J at
Q in the direction of two vector fields from ®. We first treat the case when condi-
tion (A) is imposed during the calculation of the shape derivative followed by the
case when it is disregarded (see Sect. 3.4).
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3.3 Second-order shape derivative of the cost function

Let us now compute the shape Hessian of J at Q in the direction of two vec-
tor fields V,W € O. Due to standard regularity theory for elliptic equations, we
know that the H*(Q) regularity of uy provides the same regularity H*(Q) to py.
Hence, for sufficiently small s, it is clear that the derivative dJ,(2,(W))[V] of J
(under assumption (A)) at Q (W) C U is well-defined. Our next goal is to find an
expression for the limit

i a@Q W)LV — dJ,()IV]
1m

=: d%J,(S)[V, W],
lim . A ]

where

A5 (@, (W)[V] = / Gun, - Vdo,
Z.S

oy, 0

on,

)

GAs = (ApNs + %Mli‘y)’(s - (VuNs’ VpNs> + 4

Here, X, := X (W) denotes the free boundary of the perturbed domain Q; : = Q (W)
obtained via the deformation field W € © and uy, € H*(Q,) is the unique (weak)
solution of the state system (3) on Q = Q_. On the other hand, k, = divy ng, and ng
and 7, respectively denote the unit outward normal and unit tangent vectors on X..

Accordingly, if, for all V and W in O, d2J(Z)[V, W] exists and is bilinear and
continuous with respect to V and W, then J is said to be twice shape differentia-
ble at Q. In this case, the map (V, W) — d>J(2)[V, W] is called the shape Hessian
of J at Q in the V, W direction. For an admissible domain Q, it can be shown that
the shape Hessian has its support on dQ2 and it is independent on the tangential
component of W on the boundary. However, the exact expression for the shape
Hessian, in general, consists of the tangential component of V. This means, basi-
cally, that the shape Hessian is generally not symmetric (see, e.g., [22, Chapter 9,
Section 6]). Even so, at the optimal shape solution Q of J, it can be proved that
only the normal components of V and W contributes to the shape Hessian. Here,
we focus our attention on this situation since we are only interested in the expres-
sion for the shape Hessian of J at the solution Q* of the exterior Bernoulli free
boundary problem (1).

Proposition 3 Let Q be of class C*' and V,W € © and f be the mean curvature of
2. Then, the shape Hessian of J at Q* is given by

d*J,(Z9[V,W] = /2 Akpy, - Vdo, (31)

where p;\IW denotes the shape derivative of the adjoint state py in the direction of W
satisfying the PDE system
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—ApLy =0in Q% pl, =00nTl, 0d,py, =iy, + AW -nonZ¥ (32)

where M&W denotes the shape derivative of uy in the direction of W.
Proof In the proof, we denote the shape derivative of ¢ in the direction W by ¢’ (i.e.,
@ = (p’W) for simplicity. Let N, = N,(W) be a smooth extension of n, (see, e.g, [22,

Equation (4.37), p. 491]). Using (17) with f(s,0) = Gon, - V = Gy N, -V (G, is
given by (30)), and V replaced by W, we get

ROINAVUE / (GA\N+G,N') - Vdo
z

oG ON-V)
_,_/Z{a_nA(N.VH_GA P +1<GAN-V}n-Wda.

(33)
By Corollary 1, we know that G, = 0 on Z*. Hence, noting that N|y = n, we obtain

2 * ! aGA
a2, (= )[V,W]:/ Gy V+—2m-Vin- W ¢ do. (34)

Here, because py = 0, and uy = 0 and 0, uy = 4 on X*, G'|5. is given by

/

1
G;Jz* = {(/lp'N + uNu'N)K + (/le + §u12\1>l<
- (Vu;\], Vpn) — (Vuy, VP;I>+A(VP;\I "N+ Vpy -n’)}|2*
= AKpy.

On the other hand, we note that, for o, w € H(Q),
V(V@ - Vy)-n=(V2eVy + V2 Ve) - n. This identity holds true because the
Hessian V2@ of ¢ is symmetric. Hence, the term d,G, vanishes on Z* because

1
OhGly = {(MnPN + unOpun)K + (’IPN + 51412\1)6“1(
— (V2uyVpy + V2pyViy) - n+AV2pn - n}|2*
=0.

Thus, we have
d?JA(E)[V, W] = / Akplm - Vdo,
5
where p;\lw satisfies the PDE system (32), proving the proposition. a
In view of the previous proposition, we see that in order to evaluate the shape
Hessian of J, we first need to compute the solution py,, of (32) (although the der-

ivation of this set of equations follows standard techniques issued, for example, in
[71], we provide it in the appendix for the sake of completeness; see Proposition
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A.1) which depends on uNW and hence to the perturbation field W. In terms of
numerical aspect, this step is quite problematic to implement in an iterative pro-
cedure because it would require the solution of (32) for each deformation field
W at every iteration. To resolve the issue, we can again apply the adjoint method
(see Remark 4 in Sect. 3.4) as done in the proof of Proposition 1. Before we do
this, let us first examine the symmetry of the shape Hessian d>J(Z*) of J with
respect to the velocity fields V and W.

3.4 Symmetricity of the shape Hessian at a critical shape

Here, let us derive the shape Hessian d*J (ZM)[V, W], but in a slightly different fashion,
of J without imposing assumption (A) in expressing its shape gradient (see expression
(26)). We will show that, in this case, the corresponding expression for the shape Hes-
sian is symmetric with respect to V and W. Again, we denote w = uy — up and let
N, = N,(W) again be a smooth extension of n,. Then, J(X) = % /2 |w|?do and from
(17), we obtain

dI(D)[V] = / {ww!, + gV -n} do,
p)

where g = wVw - n + %sz. Furthermore, we get
d’J(Z)[V, W]

:/{w w +ww + [0, ww + wo,w, +waV]W n}do
p)

+/{g’WV-N+gV-N'W+[angV-N+gan(V-N)+KgV-N]W«n}d6,
>

(35)
where WVW denotes the shape derivative of w along the directions of V. and W (applied
consecutively) and g}, =wy, Vw - N+wVwy -N+wVw- N + lK(}sz + Kwwy,.
Now, according to Corollary l we have w = 0 and g 0 atx = E* which also gives
us g’ = 0 on X*. Therefore, dZJ(E* [V,W] = fz* w do-. Meanwhile, for f = «,

we know that uj, = 0 on Q* by Lemma 2. Thus, we obtain
dJEIV, W = / gyt 4o (36)
T

which clearly shows the symmetry (with respect to the deformation fields V and W)
of the shape Hessian at a critical shape.

Let us now write (36) in its equivalent form using the adjoint method. For this pur-
pose, we will denote the corresponding adjoint of uy,, and u,, by @y, and @y, respec-
tively. (The choice of subscripts for these adjoints will be made clear below.)

Clearly, both ®y, and ®,, are harmonic functions and both vanishes on I". Mean-
while, on X*, we take d,®y, = uy,, and 9, @y, = uy,, so that (via Green’s second iden-
tity) we obtain the following equahtles

NV?
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/u'Nvugwdaz/ u'Nvan(bwdd:/ <1>Wanufwd6=/ @, (AcV -n)do
Z* * *

=/ u&wan(l)vd0'=/ @Vanu;\lwd(f:/ ®,(AkW - n)do.

Consequently, the adjoint states @y, and @, satisfy the PDE systems

-A®y =0inQ*, @y =0o0nTl, 0,®y =uy, onX"; (37)

—A®, =0inQ*, ®,=00nl, 9,y =uy, onZ*, (38)

respectively. Hence, we conclude that (36) can also be expressed as

2 IV, W] = / Ak®yV -ndo = / Ak®,W -ndo, (39)
2* *
where @y, and @, satisfy (37) and (38), respectively. Evidently, this shows that, at
the optimal shape solution Q* of J, only the normal components of V and W contrib-
utes to the shape Hessian.

Remark 4 We emphasize that the shape Hessian
d*J,(ZH[V, W] = f2 /lkpf\lwn -Vdo given in Proposition 3 is also impracti-
cal to use in numerical calculation because an appropriate choice for the defor-
mation field W is difficult to determine directly from the given boundary integral
(see Sect. 5). To circumvent this difficulty, we again apply the adjoint method.
First, we let ¥ be harmonic on € such that it vanishes on I'. Letting 0, % = AxV - n
on X, we get (via Green’s second identity and Eq. (32)) the following equalities
Js Akpigym - Vdo = [ pl,0,¥do = [ Wa,py,, do = [ (Puy,, + A¥)n - Wdo.
Next, we let another function IT to be harmonic on Q such that II=0 on
I'. Also, we let 0, ]I =%, so that (via Green’s second identity) we have
Js Wiy, do =[5 0,1l do = [ TI0,uy, do = [ AkTIn- Wdo.  Summarizing
these results we can therefore write the shape Hessian d*J A9V, W]as

d?J,(ZH[V, W] = /2 Akplym - Vdo = / AY + AkIDn - Wdo,  (40)

where W and I satisfy the following PDE systems
—A¥Y=0inQ*, ¥Y=0onI, 0,¥=4xV-nonZX" 41)

—All=0inQ*, M=0onl, J,J1=YonZX" (42)

respectively. Here, we notice that ¥ = uy,, on Q.
Hence, looking back to Eq. (38), we find that @, is exactly equal to IT satisfying
(42) which means that we may actually write the shape Hessian d*J (Z*)[V, W] given

in (39) as
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d*J(Z*)[V, W] = / AxTIn - Wdo. (43)
Remark 5 In (35), we notice the dependence of the shape Hessian d*J(2)[V, W] (for
Q different from the optimal domain Q*) to the shape derivative k7, of the mean cur-

vature x along W € © appearing on g/,. The explicit form of 7, can be shown to be
given by (see [22, 71])

k, = trace{ D[(DWn - n)n — (DW)'n| — DnDW} — Vi - W.

Clearly, this expression consists of a second-order tangential derivative of the per-
turbation field W, and this derivative actually exists due to our assumption that €
is of class C%! [22, 71]. From this observation, we deduce that the shape Hessian
defines a continuous bilinear form

d*J@) : HE)xH(Z) - R;

that is, |[d>J(Z)[V, W]| < IVl s IWllg s). Here, the notation H!(-) denotes the
Sobolev space H'(-) := {u := (u;,u,) : u;,u, € H'(-)} and is equipped with the
norm ||u||ill(i) = |lu, |I§{,(_) + ||u2||12_11(_). Similar definition is also given to the Hll_ Q!
-space.

In view of the previous remark, it is natural to ask whether it is true that
d*J(ZH[V, V] > ||V||f{l ey This question actually refers to the stability of a local
minimizer Q* of J. In relation to this, we recall from [23, 24] (a result regarding
sufficient second order conditions) that a local minimizer Q* is stable if and only
if the shape Hessian d>J(Z*) is strictly coercive in its corresponding energy space
H'(Z*). Unfortunately, this kind of strict coercivity cannot be established for the
shape Hessian dzj(Z*) of J. Nevertheless, we shall show in the next subsection
that sufficient condition can be derived to obtain strict coercivity in a weaker
space. We note that the derived coercivity criterion is exactly the same as in the
case of the shape Hessian dzJi of the cost functional J;, i = 1,2,3,4, as shown in
[31-33, 68], respectively. It is worth remarking that, among these cost functions,
only the shape Hessian dZJZ(Z*) of J, is H!(Z*)-coercive under the derived coer-
civity criterion (see [31, Proposition 2.12]). For the sake of comparison, let us
also compute the shape Hessian of the cost functional J;(X) at £ = X*. From
Remark 2, we know that the gradient of J,(Z) only differs by the addition of the
integral f2 (unVuy -mn - Vdo =: fzgln - Vdo from the shape gradient of J(X).
Computing the shape derivative of g, at Q = Q* along the deformation field W,
we get gl 15 =, (Vuy - N) + un(Vig,, - N+ Vuyg - Nj)|5. = ﬂuf\”g. Mean-
while, we have V(uyVuy-n)-n= Vuy-n)> +uy[(Viuy)n]-n= 4> on X%
Hence, from (34) with G replaced by g, together with Eq. (31) in Proposition 3,
we get the final expression for the shape Hessian of J; at Q = Q™ (cf. [32, Equa-
tion (21)]):
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Proposition 4 Let Q be of class C*' and V,W € ©. Then, the shape Hessian of J, at
Q* is given by

d*J,(Z[V, W] = / {Akplyy + iy m -V + 22 - V)n - W} do.
2*

Here, we mention that the above expression was also computed in [32] but
through shape calculus for star shape domains, hence, we refer the readers to the
aforementioned reference for comparison.

Meanwhile, following Remark 4, we can also write d*J 1(E9IV, W] in terms of
appropriate adjoint states. To do this, we let Y be harmonic in Q and be zero on I
Moreover, we let d,Y = AV -n on Z, so that by Green’s second identity we have,
Js (A - Vydo = [Lul,0,Y do = [ Youy, do = [, AxYn-Wdo.  Hence,
using the results from Remark 4, we therefore have the following equivalent expres-
sion for d*J,(Z*)[V, W1

d*J,(Z)[V, W] = / {22k + AcY + AP + 2’(n - V)}n - Wdo,

*

where the adjoint states ¥ and IT satisfy the boundary value problems (41) and (42),
respectively, while Y is the unique solution to the PDE system

—AY =0inQ*, Y=0onI, 9,Y=AV-nonZX*. (44)

Here, it is worth to stress out that the shape Hessian d*J 1 (Z[V, W] depends on the
solutions of three boundary value problems as opposed to the case of d>/ ANV, W]
which depends only on the solutions of two PDE systems. In terms of numerical
aspects, this means that we need to solve an additional variational problem in order
to evaluate the descent direction for a gradient-based descent algorithm.

3.5 Coercivity of the shape Hessian at its optimal solution

Let us now determine which weaker space of H' (Z*) does the shape Hessian d?J(=*)
is strictly coercive. To do this, we use the method already used in [28] (see also
[31-33, 68]). We start by introducing the following operators which are linear con-
tinuous as a multiplier by a smooth function (see [68, Section 3.4]):

L H2ZY - HZY, LV :=4V,;

M H'2EZ*) - H2EZY), My :=«v.

Here, V, :=V -n and « is, of course, the mean curvature of X*. The continuity of
these operators follows from the following result.

Lemma 3 Let Q C R? be a bounded Lipschitz domain with boundary T := 0Q.
Then, the map v — ¢v is continuous in H'/*(T) for any v € H'/*(I') and ¢ € C*' ().
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Proof Recall that the fractional Sobolev space H'/*(T") (the trace space for H'(Q)) is
equipped with the norm

_ 2 1/2
V@) = vl dy) '

VIl 22 = Vl2ey + Whpors Whpar = </
/2 /22 /22 rJr |lx—y?

Let ¢ be a Lipschitz function. Then, we have the inequality
[pv(x) = dIVI S 1@l V() = V] + vV x = ¥l

Hence, [¢v]; /5, - can be estimated as follows

_ 2 1/2
b1 oy = < / |p()v(x) ¢(2y)v(y)| dr dy)
rJr lx =yl

1/2
Sl@llelvlijpor + <//IV(y)|2dxdy>
rJr

1/2
S@llelvlijpor + 1T / VIl 2y

Because [|¢v]| 2y < [Pl VIl 12y, then the assertion is proved. O

In addition to the operators introduced above, let us also define the map S as the
Steklov-Poincaré operator on X* which is defined by (see [72])

. _ . ¥
8 HPE) ~ HPEY, S@)i= ) (45)

where ¥ € H'(Q*) satisfies
—-AY=0 inQ", Y=0 onl, Y=® onX".

The operator S, also called the Dirichlet-to-Neumann map, is H 1/2(2*)-coercive (cf.
[33, Lemma 2]). Its inverse R called the Neumann-to-Dirichlet map is defined by

ov

R HAE) - HAE), R(
on

> :=<D|E*’
where ® € H'(Q*) satisfies
_AD=0 inQ, ®=0 onl, 0,d=0,¥ onX".

Now, using the operators £, M, R, and denoting the L?(Z*)-inner product by
(> )r2(z+)» We can write (31) as

AT, (Q)[V, W] = (MLV, R(LW + R(MLW))250).

By the continuity of the maps £ and M, and the bijectivity of R, we deduce that the
shape Hessian d?J A at Q* is L2(Z*)-coercive (whenever « is non-negative) and we
state this result formally as follows.
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Proposition 5 For * with non-negative mean curvature k., the shape Hessian d*J
at Q* is L2(Z*)-coercive; i.e.,
PILEIV,VIZ VI -
The above result also means that the minimization problem “ming J(Z) subject to
(3) and (6)” [with condition (A) imposed in computing the gradient] is (algebrai-
cally) ill-posed. We further discuss this notion of ill-posedness (in the case of the
present shape optimization formulation) briefly as follows. As already mentioned in
the previous subsection, the shape optimization problem is well-posed if its local
minimum is stable; that is, if the shape Hessian dJ A (Z¥) is strictly coercive in its
energy space H'(Z*) (i.e., d*J,(Z9)[V,V] 2 ||V||f{l(2*)). If, on the other hand, the
positivity of the shape Hessian at Z* only holds on a weaker (Sobolev) space, then
the shape optimization problem is said to be (algebraically) ill-posed (cf. [30, 32]).
This means, in particular, that tracking the Dirichlet data in the [2-norm is not suffi-
cient, and as strongly assumed by the authors in [34], they have to be tracked relative
to H'. This aforementioned lack of coercivity is known from other PDE-constrained
optimal control problems as the so-called two-norm discrepancy (see, e.g., [30] and
the references therein) and this concept of norm discrepancy under shape optimiza-
tion framework was first observed in [23-25, 27], among others.

Remark 6 In case of the cost functional J,(2) = %|uN - ”R|12L,1 @ examined in [68],

the shape Hessian is likewise a continuous bilinear form, i.e.,
d214(Q) : H'(Z) x HI(Z) — R. This result is primarily due to the fact that the com-
puted expression for d214(Q) also consists of the shape derivative x’ of the mean
curvature k. Also, using the operators introduced above, the shape Hessian d2J4 at
Q* was shown to be expressible as

AT, (QH[V, W] = (MLV, RIM + LW) 2501,

which is H!'/2(Z*)-coercive provided that ©* has non-negative mean curvature .

Remark 7 Similarly, we have that d*/,(Q) : H'(Z) x H'(Z) = R and using the
operators introduced above, we may write the shape Hessian of J; at Q = Q* given
in Proposition 4 as follows:

T (QV, W] = (RM + )LV, RIM + SLW) 55,
This expression is also H'/2(Z*)-coercive (i.e., d*J,(Z")[V, V] 2 ||V||f{,/2(2*)) pro-
vided that X* has non-negative mean curvature .
On the other hand, in case of the shape Hessian dzJ(Z*)[V, W], we deduce (via
the continuity of the maps £ and M, and the bijectivity of R) that

FIENHIV, V] = [RMLV)Z, 5., ~ IMLVI,

LZ(E*) —1(2*)’
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whenever k is non-negative. Here, the notation “P ~ Q” means that “P < Q and
P 2 Q. Hence, the positivity of d2J(Z*) holds only in the weaker space L2(Z*).

4 Existence of optimal domains of the shape optimization problem

Before going to the numerical treatment of the proposed shape optimization
reformulation “ming, J(X) subject to (3) and (6)” [or equivalently, “ming J(X) sub-
ject to (7) and (8)”] of (1) and for completeness, let us first address the ques-
tion of existence of optimal solution to the said problem. On the other hand, as
regards to the existence of solution to the exterior Bernoulli FBP (1), we refer the
readers to [1].

To carry out our present task, we use the results established in [68] regarding
the continuity of the state problems with respect to domain. We begin by rewrit-
ing the weak formulations (7) and (8) of (3) and (6), respectively, as follows:

Find zy = uy — uyg € H[((Q) such that

/VZN'V(PdX+/VMNO-V(pdx—//l(pda=0, Vo € H.,(Q);  (46)
Q Q z ’
find zg = ug —upy € HII_O(Q) such that

/VZR-V(pdx+/VuRO-V(pdx+/ﬂzR(pda—//1(pd0'=0, Vo € H. ,(Q).
Q Q = = ’

(47)
In above equations, uy, and wug, are two fixed functions in H'(U) such that
Ung = Ugo = 1 on I'. Given the unique solvability of (46) and (47) in H (Q), we
define the map Q — (zy, zg) = (2n(€2), zg (€2)) and denote its graph by

F = {(Q,2n(Q), zr(Q)) : Q € O,y and zi(Q), 7R (Q) satisfies (46) — —(47) on Q}.

Hence, the problem “ming J(Z) subject to (7) and (8)” is equivalent to the problem
of finding a solution (€2, z\(€2), zz(€2)) that minimizes J(2) = J(Q, zy(Q), zz(L2))
on .%. Such minimization problem is usually solved by endowing the set .% with a
topology for which .% is compact and J is lower semi-continuous. For this purpose,
we follow the ideas developed in [43] and the ones furnished in [13, 42].

Let us now characterize the set of admissible domains O,y and then give an
appropriate topology on it. In the previous section, we assume a C>! regularity for
the domain Q to guarantee the existence of the shape derivatives of the states and
to establish the shape Hessian of J, for the existence proof of optimal solution to
the problem

Find (Q*, zy (%), zg (Q%)) € .F such that
J(Q*, 2(Q%), 2 (Q)) < J(Q, 28 (Q), Zp(Q), V(R 28 (Q), (@) € Z, 4D
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it is enough to assume that Q has a C"!' smooth free boundary ¥ (cf. [68]).
Hence, we let ¥ be parametrized by a vector function ¢ € C"'(R,R?) (i.e.,
X =2(¢) = {¢p=(¢,(0), P,(1)) : t € (0, 1]}) where, in addition, ¢ is assume to pos-
sess the following properties:

(P,) ¢isinjective on (0, 1] and is 1-periodic;
(P,) there exist positive constants ¢, ¢, ¢, and c5 such that

Dl < ¢y, € <IPDOI< ey 197D <5, ae. in(0,1);

(P3) Q= ﬁ(d)) C U, Uis a fixed, connected, bounded open subset of R%;
(P,) there is a positive constant y such that dist(I", 2(¢)) > 7.

If ¢ satisfies the above conditions, then we say that ¢ is in Uf,4. The set of admis-
sible domains O,; we consider here is now given as follows

Ou=1{Q=Q()CU: ¢Ely} (49)

The set U in assumption (P5) and the one introduced in Sect. 3 are not necessarily
the same set. However, we point out that in (P;), we are assuming that all admis-
sible domains €(¢) are contained in the hold-all domain U in the same manner
that the universal set U in Eq. (9) holds all the possible deformations of the refer-
ence domain Q. Also, we assume that U is large enough that it contains the optimal
domain Q* that solves the exterior Bernoulli FBP (1). Here, we are in fact requiring
that dist(X(¢), 0U) > 0 for all ¢ € U, 4 and dist(X*, dU) > 0. In this way, we can say
that the shape optimization problem “ming J(X) subject to (7) and (8)” is indeed
equivalent to the free boundary problem (1). Meanwhile, in view of (49), we see that
every admissible domain Q(¢) is a uniformly open set in R? and therefore satisfy
the well-known uniform cone property (cf. [46]). Moreover, as a consequence, these
admissible domains satisfy a very important extension property. More precisely, for
every k > 1, p > 1 and domain Q € O,, there exists an extension operator

E, @ W (Q) = WEP(U) (50)

such that || Equl| sy < Cllullyrsq) Where C is a positive constant independent of
the domain Q (see [18]). Using these properties, we can ensure a uniform extension
it € H'(U) from Q to U of every function u € H'(Q). In the discussion that follows,
we will use this result to finally define the topology we shall work with.

Let us first define the convergence of a sequence {¢,} C U,4 by

¢, = ¢ = ¢, — ¢pand ¢ — ¢ uniformly on [0, 1], (51)

i.e., if and only if ¢, — ¢ in the C'-topology. We can then define the convergence of
a sequence of domains {Q2,,} := {Q(¢,)} € O,qby

Q —-Q= ¢, ¢ (52)

Meanwhile, we define the convergence of a sequence {zy,} of solutions of (46) on
Q, to the solution of (46) on Q as follows
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Inn = AN = I — 2y Weakly in H'(U). (53)

Similarly, the convergence of a sequence {zg, } of solutions of (47) on €, to the solu-
tion of (47) on Q is define

TRy = IR = 7, = Zg Weakly in H'(U). (54)

In (53) and (54), the extensions Z;,Z;,, i = N,R, are defined as Eqz;, Eqz;,. | = N,R,
respectively, where Ej, is of course the extension operator (50).

Finally, the topology we introduce on .# is the one induced by the convergence
defined by

(I)n - ¢7
(Q,, Znn ) = (20, 2R) S 9 e = s (55
Zrp 7 <R-

We now state the main result of this section.
Theorem 1 The minimization problem (48) admits a solution in .7 .

As stated before, the existence proof is reduced to proving the compactness
of .% and the lower semi-continuity of J. Regarding the former problem, we note
that the convergence ¢, — ¢ follows immediately from the compactness of Uy
and the Arzela-Ascoli theorem, hence, the compactness of .% with respect to the
convergence (55) is already guaranteed. This means that we only need to show
the continuity of the state problems (3) and (6) with respect to the domain in
order to complete the proof of compactness of .%. The proof of this continuity is
not straightforward but has already been done in [68] using the tools established
in [14, 15], so we simply state the result as follows.

Proposition 6 [68] With the convergence of a sequence of domains given in (52), we
let {(,» Znn Zrn) } D€ a sequence in F where zy, := zy(p,) and zg, 1= zx(¢p,) are
the weak solutions of (46) and (47) on Q, = Q(¢,), respectively. Then, there exists
a subsequence {(¢y., 2ny> Zre) } and elements ¢ € U, 4 and zy, zg € H'(U) such that

b= b I — 2w in HI(U), Zg = 7z in H'(U),

where zy = 2ny($) = Inlag) and g = 2R(P) = Zrlq) are the unique solutions of
equations (46) and (47) on Q := Q(¢), respectively.

In the proof of the above proposition, three essential estimates were utilized.
The first one is a result regarding the uniform Poincaré inequality proved in [15]
(see, particularly, Corollary 3(ii)]). The second one concerns about the uniform
continuity of the trace operator with respect to the domain (see [13, Theorem 4]),
and the last auxiliary result is about a uniform extension of the state variables
from Q, to U such that their respective H'(U)-norms are bounded above by a
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constant positive number (see first part of the proof of Proposition 6 given in
[68]). For completeness, we recall them as follows:

Lemma4 Let ¢,, p € U,y and Q(¢,), QP) € O,y. Then, the following results hold.

(i) Foreveryu e H} (&), we have the estimate ||ull 2y S Ul (q)
(i) For all real number q such that% < q < land functions u € H'(U), we have

||u||L2(z(¢)) S ”””Hq(u),

where || - || yo() denotes the HY(U)-norm.

(iii) There exists a uniform extension Zy, (respectively Zy,,) of zg, (respectively zy;,)
from Q, to U and a constant Cy > 0 independent of n such that ||Zg,, || 10, < Cr
(respectively ||Z, |l g1y < Cn» where Cy > 0 is constant).

In relation to the second statement of the above lemma, we note that due to
assumption (P;) and the uniform cone property of the domain Q(¢) € O, the
norm of the trace map tr : Hy(U) — L*((¢)) can actually be bounded uniformly
with respect to Q(¢) € O,4; see [59]. On the other hand, we mention that the proof
of Lemma 4(iii) given in [68] uses the first two estimates (i) and (ii). Note that the
third part of the lemma already guarantees the existence of a subsequence of {Z, }
(respectively {Zy,}) which weakly converges in H'(U) to a limit denoted by 7y
(respectively Zy). Hence, the proof of Proposition 6 is completed by showing that
the restriction of {Zg } (respectively {Zy}) in Q(¢) coincides with the unique solu-
tion of (47) (respectively (46)). Because of the basic role Lemma 4(iii) plays in
the proof of the lower-semicontinuity of J, we provide its proof below.

Proof of Lemma 4(iii) Throughout the proof we use the notation (-), := (:)(¢,,). From
a famous paper of Chenais [18], we know that the solution zg, of (47) on , admits
an extension Zy, in H'(U) such that

”ZRn ||H1(U) s ”ZRn”Hl(Qn)-

So, to establish our desired result, we need to prove that||zg,|| ;1 q ) is bounded with
respect to n. In view of (8), taking ¢ = zp, € H} ,(&,), we have

/ |Vzg,|? dx+/ Blzg,|* do = —/ Vigg - Vg, dx+/ Azg, do.
Q, z, Q >

'n n

ThiS yieldS the eStiI’nate
-Rn Hl(“ ) = RO HI(U) Rn Hl(Qn) R Il L (En)' ( )

Next, we show that ||zg, || 2, ) can be bounded by |zg,, |1 (g, )- This is where we apply
the first two parts of the lemma (i.e., Lemma 4(i) and (ii)) to obtain
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”ZRn”LZ(Zn) s ||2Rn||111(u) S ”ZRn”HI(Qn)

< IZRnIH‘(Q,l)'
Going back to (56), we get
1ZRn 1@,y S Nlugolla ) + |AlU|.
Applying Lemma 4(i) once more, we obtain
lzrallza,) S Nurollm oy + 1A11UIM2,

which establishes the boundedness of {||Zg,, || 71(¢) }- The same line of argument can
be used to prove that there exists a uniform extension Zy;,, of zy,, from &, to U and a
constant Cy > 0 independent of n such that |2y, |1, < Cy- (In fact, taking f =0
in above proof easily verifies this statement.) O

Having recalled the above results, we now proceed on the second part of the
proof of Theorem 1 by proving the next result.

Proposition 7 The cost functional

J(Z) = J(Q, ux(€), ug () = /IMN(Q)—MR(Q)|2d6
z

1
2
is lower semi-continuous on & in the topology induced by (55).

To prove the above proposition, we will exploit the parametrization ¢ of Z.
Also, its properties stated in assumption (P;) will be used implicitly many times
in the proof. The following result, which is a consequence of Lemma 4(ii) (see
[13, Corollary 2], and also [14, Corollary 1]), will also be central to the proof
Proposition 7 given below.

Lemma 5 [13, 14] Let ¢,,¢ €U,y be a sequence such that ¢, — ¢ in the
C!([0, 1], R?)-norm. Then, for any u € H'(U), we have lim,_ _ uog, = uog in
L([0, 17)

Proof of Proposition 7 Let {(Q,, uy,, ug,)} be a sequence in .7, Q, := Q(¢,), and
assume that

(Q,,, Uy Ury) = (8, 1y, ug) asn = oo,

where Q := Q(¢) and the triple (€, uy, ug) is in .#. For convenience, we let
W, = Uy, — U, (recalling that w = uy — ug) and their extensions in H'(U) by #,, and
W, respectively. Here, we emphasize that w = W], is in Hll’O(Q) which is essentially
due to the boundedness of the trace operator. Moreover, for any u € Hll’O(U), the
restriction ulg is in H. ((€2,). We have
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21U (Z(p,) — J(Z(D)]

= / lw,|? dc—/ [w|? do
Z(¢,) ()

1
/O [lw,00,)O12 1. (O] = [(wod)(®)*|' (1)]]dt

N

+

1 1
< / [w,00,)* = (wo)] ¢, | dt /(W°¢)2(I¢;I—|¢’I)dt
0 0

=:0; +10,.

We first look for an estimate for the second integral [,. For this purpose, we apply
the estimates in Lemma 4 and the compactness of the injection of H'(U) into H4(U)
for% < g < 1, to obtain

2 ~ 112
|]2 S [S(;J'B |¢; - ¢/| ||W||L2(2(¢)) S ?OU'B |¢:l - ¢/| IIWl'Hl(U) S ?SJH |¢; - ¢,|

Clearly, using the convergence ¢/ — ¢’ in the C ([0, 1], R?)-norm (see (51)), we get
the limit lim, , 1, = 0.

On the other hand, to get an estimate for the first integral [, we first apply the
identity a®> — b> = (a — b)* + 2b(a — b) to obtain

1 1
I, < /0 (w0, — woip)’|¢!| dr| +2 /0 (wod)(w, 0, — wo)|¢, | dt

=: 0}, +20,,.

Forl,,, we have the estimate

1 1
Iy < /0 (wod)wyo, — wod,)|| di| + /0 (wod)(wogh, — wodh)| ' | dr

S Wil (1w, = wllzs ) + lIwed, — wodbll2qo.17))

S lw, — W”qu) + [[wogp, — W°¢||L2([o,1])~

On the other hand, for[,,, we have
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1
/0 (w,00, — wogh,)*|¢) | dr

I <

1
+2 /0 (W,00, — wop,)(wod, — wo)|¢/ | d

1
+ /O (wogh, — wo)*| ¢ | dt

2
L*(Z,)

2

S Iy = Wil + lw, = Wi (W,

+ Iwll2g) + lIwed, = wodll 201y

S I, = W”Hq(U) + [lwog,, — W°¢||L2([0,1])~

The above estimates were obtained using the inequalities in Lemma 4. Combining
them, we arrive at

0 S W, = Wl ey + lwod, — wod|l 120.17)-

Applying Lemma 5, and again using the compactness of the injection
of H'(U) into HY(U) for + <g<1, the convergences W, — W in H'(U)-
weak and ¢/ — ¢’ in the C ([0, 1], R?)-norm (see Proposition 6), we obtain
lim,_, I, =0. Thus, lim,_, . [J(Z(¢,) — J(Z(¢))| = 0. Consequently, we find that

lim J(,, uy,» Ug,) = J(Q, uy, ug); that is, J is continuous, and in particular,

n—oo

lower semi-continuous. O

To conclude this section, let us formally provide the proof of Theorem 1 using
Proposition 6 and Proposition 7.

Proof of Theorem 1 Let (2, Zn,» Zry)» ©, = Q(¢,,), be a minimizing sequence for the
cost function J; that is, (Q,,, zx,,» Zg,,) 1S such that

lim J(Q,, 2y, 2r,) = Inf{J(Q, 25, 20) * (R, 28, %) € T}

From Proposition 6, there exists a subsequence (Q,zy Zrs) and an element
Q = Q(¢p) € O,y such that Q, — Q (i.e., ¢, — ¢ uniformly in the C' topology),
Zne = Zno Zre — Zg in H'(U), and the functions Zy|q and Zi |, are the unique weak
solutions to (46) and (47) in Q, respectively. Using these, together with the continu-
ity of J proved in Proposition 7, we conclude that (by virtue of [43, Theorem 2.10])

J(Q,%xla ZrlQ) = I}LHOIO J(Q, 2ni Zre) = Inf{J(Q, 25, 2R) © (Q, 2y, 2R) € F).
O
Remark 8 1t is worth remarking that in [32], the authors did not tackle the question
of existence of optimal solution of the shape optimization problem examined in their

paper which is the Poisson case of (1) with a regular Dirichlet and Neumann data on
the fixed boundary and free boundary, respectively. Nevertheless, the authors tacitly
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supposed the existence of optimal domains and assumed that it is sufficiently regular
to accomplish their objectives. We mention that, with the appropriate modification
on the proof of Theorem 1, the existence analysis for the shape optimization prob-
lem studied in [32] can be carried out in a similar fashion (see [13]).

5 Numerical algorithm and examples

Here, using the gradient and Hessian informations, we will formulate a boundary
variation algorithm to numerically solve the minimization problem (5). We shall use
a Lagrangian-like method to carry out the numerical realization of the problem in
contrast to the one applied in [12, 44, 50] which is an Eulerian-like type method
known as level-set method (see [64]). Of course, our approach is also different from
[31-33] which employs the concept of boundary integral equations and were then
solved by boundary element methods. Furthermore, there is another numerical
method which was recently proposed in [40] that employs the notion of conformal
mapping method to solve the FBP (1). This solution method was recently devel-
oped by Haddar and Kress in [40] and relates the Bernoulli problem in the context
of inverse problems. Much more recently, another method was also introduced by
Kress in [54] in an attempt to improve the use of boundary integral equations for
numerically solving the Bernoulli problem. In terms of numerical performance, he
demosntrated that his recently proposed method inspired by Trefftz’ integral equa-
tion method [73] is more robust and wider applicable than that of [40]. We men-
tion here that Trefftz’ approach, in principle, can be considered as a so-called trial
method (see, e.g., [72]) which is also a prominent numerical method for solving free
boundary value problems such as the Bernoulli problem.

5.1 Numerical algorithm

In the following discussion, we give the details of the numerical algorithm we use to
solve some concrete numerical examples of (5).

5.1.1 The Sobolev gradient method

Let us denote by €2, the shape of the domain at the kth iteration. Then, at the (k + 1)th
iteration, the shape Q can be updated as €, :=€Q, = I,+4V)Q, where, >0
is some small step size parameter and V represents the descent deformation field
V, at the kth iterate. In perturbing the domain Q, we may take V|y = —Gn as the
descent direction. However, this choice of the descent direction may cause undesir-
able oscillations on the free boundary of the shape solution Q*. To avoid such phe-
nomena, we compute the descent direction via the so-called H' gradient method [6];
that is, we take V as the unique solution in H}’O(Q) of the variational problem
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/(VV : V¢+V-qo)dx=—/Gn-q)d0', Ve € H] (). (57)
Q ) ’

In this sense, the deformation field V, also called in some literature as a Sobolev
gradient (see, e.g., [60]), provides a smooth extension of Gn over the entire domain
Q, which not only smoothes the boundary [5] but also provides a preconditioning of
the descent direction. The method of regularizing the descent direction using (57) is
similar to the idea behind the so-called traction method introduced and popularized
in [2-5].

On the other hand, we note that the kernel G given in (15) depends on the mean
curvature of . This means that we first need to calculate x in order to determine V. In
this investigation, we evaluate this expression by first creating a smooth extension of n
using the idea of the H' gradient method and then calculate x as the divergence of that
smooth extension. This technique is possible because, by Proposition 5.4.8 of [46, p.
218] (see also [38, Lemma 16.1, p. 390]), we know that, for a domain Q of class c?,
there exists a unitary C' extension fi of n such that the mean curvature may be defined
as

k = divyn = divh.

Hence, based on this idea, we may numerically compute « via the equation
k = div N, where N is the smoothed extension of n satisfying the equation

/VN : Vq)dx+/N-q)d0'=/n-(pdd, Vo € H(Q). (58)
Q z X

5.1.2 Step size

Let us now turn our attention to the computation of the step size to be used in our
algorithm. It is worth mentioning that the choice for 7, can be decided in many ways.
Here, we shall update ¢, € (0, €] (where € > 0 is some sufficiently small real number)
by following a heuristic approach inspired by the Armijo—Goldstein line search strategy
similar to the one offered in [50], but for level-set methods. Given the choice of descent
direction V|5 = —Gn (this means, basically, that a(-, -) in equation (60) below is the
usual inner product in L2(2)) and the definition of the domain Q_, we know that
J(E) = J(Zg) + edI (V] = J(Zg) = ell G2, (< J(Zg)).
The requirement J(X,) = (1 — a)J(Z) for some a € (0, 1) then suggests the choice
e=al(Zy)/ ||G||i2 ) However, since we are regularizing V via (57), we need to
0

replace the L?>-norm of G appearing in the denominator of the previous formula with
the H'(Q)-norm of V, and then finally define the step size t, as

= aJ(Zk)/“V“f{l(Q)' )
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We further explain the above formula as follows. In general, we may in fact consider
the variational equation

a(V,) = —(Gn, @).5), Yo € X, (60)

where a(-,-) is some bounded coercive bilinear form on an appropri-
ate space X, to obtain a regularization of the descent direction —Gn (see,
e.g., [5, Section 6.3]). Then, using (60) and the requirement that the relation
J(Z) =1 —-a)(Zy) = J(Zy) +&(Gn, V)25 holds for some a € (0,1), we end up
with the equation

J(Zy) J(Zy)
- = .
<Gn, V>L2(2) a(V, V)

for any V € H! 0(Q) Hence, at each iteration, we may choose, for a fixed «, the step
size parameter #; as t;, = aJ(X;)/a(V, V). This formula for ¢, clearly provides a natu-
ral choice for the magnitude of the step size when the descent direction V is regular-
ized using equation (60). Nevertheless, as investigated in [67] through various
numerical experiments, it is possible to change the denominator a(V, V) in the for-
mula for 7, to get a better step size. In fact, by changing the H'!(Q)-norm in (59) by
either the H! 0(Q) or the L2(Z)-norm, for instance, we can speed up the conver-
gence of the algorlthm given below, as exhibited in [67]. Indeed, this claim can eas-
ily be supported by the fact that the sequence of inequalities
||V||H1(Q) hS ||V||H, @S ||V||L2(Q) obviously holds.

Now, with @ € (0 1) fixed, the step size will be decided according to the follow-
ing rule: we take #;, as in (59) whenever there is a decrease in the computed cost
value from the previous to the next iteration loop (i.e., if J(Z;,;) < J(Z;)). Other-
wise, if the cost value increases, we reduce the step size and go backward: the next
iteration is initialized with the previous shape €2,. We also reduce the step size f; if
reversed triangles are detected within the mesh update.

5.1.3 The boundary variation algorithm (first-order method)

The main steps required for the computation of the kth domain is summarized as
follows:

Step 1  Fix the step size parameter and choose an initial shape €.

Step 2 Solve the state equations and their corresponding adjoint state systems on
€. Also, solve the variational problem (58) on £2,.

Step 3  Using the shape gradient, compute the descent direction V,, via (57) and the
step size t;, by (59).

Step4 Using V, and #,, perturb the current domain by ;| = (I, + £, V,)Q,.

Finally, to complete the above steps, we need to specify the stopping condition.
Here, we terminate the algorithm as soon as the inequality condition
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JE /I () <, (61)

is satisfied for some sufficiently small real number # > O or if the algorithm already
completed a specified (maximum) computing time. It worth mentioning that a typi-
cal stopping criterion is to find that whether the shape gradients in some suitable
norm are small enough. However, since we use the continuous shape gradients, it is
hopeless for us to expect very small gradient norm because of numerical discretiza-
tion errors. In addition, because we will be comparing our proposed method with
that of the classical Dirichlet-data-tracking approach and since this method uses
a different cost function, a normalization of the cost histories with the initial cost
value that corresponds to each method seems more appropriate to our case.

We shall refer to the above sequence of procedures with dJ, given by (15) as the
gradient as Algorithm A.1. On the other hand, when using the full shape gradient dJ
given in Proposition 2 in Step 3, the above steps will be referred to as Algorithm B.1.

5.1.4 Incorporating the shape Hessian information in the numerical procedure

We remark that, with the help of the shape Hessian information, we can obviously
improve the convergence of the numerical method given in the previous section in
terms of the number of iterations required to complete the iteration scheme (see, e.g.,
[28, 68, 72]). However, the drawback of a second-order method is that, in most cases,
it demands additional computational burden and time to carry out the task. In this sec-
tion, we will formulate a second-order optimization algorithm to solve the minimiza-
tion problem (5) following an idea first proposed by the second-author in [7] (see also
[8, Problem 4.2, Eq. (29)]). Particularly, we use a variant of the so-called H'! Newton
(or Sobolev Newton) method which utilizes the Hessian information to compute the
descent direction. The basic idea of this method is that it incorporates the shape Hes-
sian in obtaining a regularized descent direction for the algorithm similar to equation
(60) (see Remark 9 below). In our case, however, we propose to use only the shape
Hessian information at the solution of the FBP (1) (i.e., we use (40)).

To do the task, we define the descent direction W &€ HIF’O(Q) as the unique solution
of the variational equation

/(VW : V(p+W-(p)dx=—/(G+H*[V])n-(pda, V(pEH}O(Q),
Q ) ’

(62)
where G, as before, is the kernel of the shape gradient while H*[V], in this case,
denotes only the kernel of the shape Hessian at the solution of the FBP (1), i.e.,
/z* H*[VIn-Wdo := d*J(Z*)[V, W] (cf. (43)). In case of the shape gradient com-
puted with assumption (A), the corresponding notation is H[V]. In terms of the
adjoint states, these kernels of the shape Hessians are exactly given by

H*[V] = AcII[V] and H,[V]= AY[V]+ AII[V]), (63)
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respectively. Here, of course, ¥ and II satisfy Eqgs. (41) and (42), respectively. In
above expressions, we added the notation (-)[V] to emphasize that the expression it
is attached to is dependent to the deformation field V.

Now, the main steps to compute the kth domain €, are essentially the same as
that given in Sect. 5.1.3. However, in order to take into account the procedure in
computing W, we divide the third step of the original algorithm as follows:

Step 3.1 Using the shape gradient, compute the descent direction V, via (57).

Step 3.2 Compute ¥ and II by solving the PDE systems (41) and (42) at Q = ;.

Step 3.3 Using the shape gradient and the shape Hessian, compute the descent
direction W, using (62).

Moreover, in Step 4 of the original algorithm, we replace V, with the new defor-
mation field W,; that is, we perturb the kth domain by €, ;, = I, +1,W,)Q,.
Here, the step size #, can still chosen on the basis of the formula given in (59).
However, in our experience, this formula for the step size does not give much
improvement in terms of convergence speed for the second-order shape optimiza-
tion algorithm. To exploit the advantage of utilizing the shape Hessian informa-
tion, an appropriate step size formula has to be used to achieve at least a superlin-
ear (or even quadratic) convergence rate for the algorithm (see Remark 10 below).

Remark 9 We also remark that the computed boundary integral expression (33) with
G, replaced by G in the proof of Proposition 3, in general, can be further written
into the following form

2 J(2)[V, W] = / (G}, V, + (0,G + kG)V,W, — GK + G(DV)W,] do,
z

where K = vy - (Dgn)wy +n-(DsV)Ws +n-(DsW)vy, V, :=V.n for V€O,
v=Vl|s,v=vy+v,n :=(v-7)r +(v-n)n and Dy denotes the tangential differen-
tial operator called the tangential Jacobian matrix given as Dyv = DV|y — (DVn)n"
(see, e.g., [22, Eq. (5.2), p. 495]). Evidently, the above expression for the shape Hes-
sian is composed of symmetric and non-symmetric terms with respect to the defor-
mation fields V and W (cf. [63]). This lack of symmetry and complexity in form of
the shape Hessian provides much difficulty for its utilization and numerical imple-
mentation [62, 70]. Nevertheless, as proposed by Simon in [70], one can still utilize
the shape Hessian in an optimization procedure in a much simpler way by dropping
the non-symmetrical part of the Hessian (see, e.g., [49]), allowing one to obtain a
second order expansion of the form J(Z) + dJ(Z)[V] + d?J(2)[V, V] of J(Z) with
respect to the descent direction V. Note that, at the optimal shape solution Q = Q*,
the necessary optimality condition give rise to the variational formulation of the
Newton equation

IV, W] = —dJ(D)[V], VYV eH] (),
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whose solution W may be used as a descent direction in a gradient-based descent
algorithm (cf. equation in Step 3 of [43, Section 4.1.1, Algorithm 4.1, p. 131]). Fol-
lowing this idea, and employing a smoothing technique such as (60), we arrive at
Eq. (62) which gives us a new regularized descent direction W.

Remark 10 In addition to the previous remark, and as also noted by Simon
in [70] (see his remark in Section 2.1), we mention that the velocity of gradient
methods (such as Algorithm A.1) can be improved by choosing the step size as
the negative ratio between the shape gradient over the shape Hessian. For exam-
ple, the kth approximation of €, can be computed as ,,; = (I, + tZVk)Qk where
tli = —dJZ)IV,] /dZJ(Zk)[Vk, V, 1. Here, the step generated by the formula for # is
commonly called as the (full) Newton step (see, e.g., [61, Section 3.3]).

In our case, since we are using regularized descent directions, the above idea is,
in a sense, equivalent to taking #, as a scalar multiple of the ratio of the square of the
H!(Q)-norm of V over the squared H!(Q)-norm of W. Indeed, from a similar propo-
sition issued in Sect. 5.1.2, we can naturally take

1 = @Vl 0, /Wl o, ©9

for a fixed @ € (0, 1], as the kth step size of the second-order optimization algorithm
proposed in Sect. 5.1.4.

In (64), we introduced the step size parameter & simply to control the magnitude
of the descent step during each iteration. We recall that, in most optimization prob-
lems, the introduction of a step size parameter to Newton’s method is primarily due
to the fact that the method is quite sensitive if the initial guess is too bad. Com-
mon strategies to globalize the method is to introduce a line search strategy or to
work with the so-called trust region methods (see, e.g., Section 3.4 and Chapter 4
of [61]). In practice, the former strategy is accomplished by scaling the Newton’s
step by some coefficient 0 < @ < 1 in every iteration [as we have done in (64)]. Tak-
ing & = 1 obviously amounts to a full Newton step and choosing & < 1 yields the
so-called damped Newton method (see, e.g., [16, Section 9.5.2, p. 487]) which has
an increased convergence radius (this, however, does not work well in general), and
also has a reduced convergence order (not quadratically anymore). Nevertheless,
when the approximant is judged to be near to a solution, @ = 11is taken and the con-
vergence would be as good as for the standard (or pure) Newton’s method.

Here, we opted to apply a line search method in our proposed second-order (shape
optimization) algorithm to address two main issues when taking the full Newton step.
Firstly, we notice that, in some situations, choosing a full Newton step is not necessar-
ily the best strategy to start the approximation procedure, especially if the initial guess
is far from the (optimal shape) solution. Secondly, we observe that the full Newton
step is sometimes too large that the cost functions become insensitive with respect to
geometric perturbations, occasionally causing the algorithm to overshoot or converge
prematurely to a less optimal solution (see Example 5.2.4). On the other hand, although
the step size parameter & can be made at most equal to the unit value when the approxi-
mant is estimated to be close to the optimal solution, we only fixed @ to be of constant
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value (< 1) throughout the iteration process. Nevertheless, a backtracking procedure as
in Sect. 5.1.2 will still be employed in the algorithm, meaning that the maximum step
size at each iteration of the algorithm is only bounded above by a fraction (determined
by the value of &) of the full Newton step.

Despite the fact that the idea is already known in the literature, we emphasize that
the formula for the step size given by (64) is, to the best of our knowledge, novel to
this work. We shall refer to the modifications of Algorithm A.l1 and Algorithm B.1,
exploiting the shape Hessian informations given in (63) and the new step size formula
for t,, as Algorithm A.2 and Algorithm B.2, respectively. Also, for the sake of compari-
son, we will also run our propose iterative procedures using the classical Dirichlet-data-
tracking approach in solving the numerical examples in the next section. We will refer
to these procedures as Algorithm C.1 for the first-order method (with shape gradient
dJ; in Remark 2) and Algorithm C.2 for the second-order method (with shape Hessian
d>J | given in Proposition 4). Regarding the latter method, it is worth to mention that a
second-order shape optimization method that utilizes the Dirichlet-data-tracking cost
functional J, in Lagrangian-like method has not been done yet in previous numerical
investigations. Hence, this paper is the first to investigate the feasibility and efficiency
of employing the said formulation in a second-order shape optimization (finite element
based solution) procedure for solving the exterior Bernoulli FBP (1).

5.2 Numerical examples

The test cases we give below are all performed in two-dimension using the pro-
gramming software FREEFEM++ (see [45]). All weak formulations described in
previous sections are solved using P2 finite element discretization where the num-
ber of discretization points on the free and fixed boundaries are initially set to
Ny X Nip = 120 X 100 discretization points. Meanwhile, we use the built-in function
movemesh of FREEFEM++ in perturbing the reference domain Q during the optimiza-
tion process. In addition, we use the function adaptmesh with minimum edge size A,
and maximum edge size h,,,, during mesh adaption to refine and avoid the degeneracy
of the triangles in the meshes. In all examples, we set A, = 1/80 and &, = 1/40
except for the third problem where we take h,;, = 1/10 and h,,,, = 1/5. Moreover,
we terminate the iterations as soon as J(Z,,,)/J(Z,) < 1078 or if the algorithm already
runs for 60 seconds of computing time. Furthermore, in all examples we give below,
the Robin coefficient f is, of course, chosen to be equal to x (the mean curvature of
the free boundary) in Algorithm A.1 and Algorithm A.2, while for Algorithm B.1 and
Algorithm B.2 we take f = 100. All computations are carried out on a 1.6 GHz Intel
Core i5 Macintosh computer with 4GB RAM processors.

5.2.1 Example 1: axisymmetric case
We first consider a simple axisymmetric case. Given that C(0, r) and C(0, R) are the

circles centered at the origin with radius » > 0 and R > r, respectively, the pure Dir-
ichlet problem (problem (4))
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2
010w forr<p<R u)=1, and u(R)=0,
dp*> p dp
has the exact solution u(p) =log(p/R)/log(r/R). In this case,
0,u(R) = 1/[Rlog (r/R)]. Hence, the exterior Bernoulli FBP (1) with

F=(xeR2:|x|=r) and A= —  0<r<R

Rlog(%)

has the unique exact free boundary solution X* = C(0, R). Moreover, the explicit
expression up, satisfying (4) on €, (the annular domain with inner radius r and outer
radius p centered at the origin) is given by

(65)

log |x| — log p
up(Q,) = Toor —Toe s "
ogr—logp
Similarly, for the mixed Dirichlet—-Neumann problem (3) with assumptions given by
(65), the explicit expression for its solution uy is given by
|x]
Q)= Apl — |+ 1

un( p) P 0g< .
Meanwhile, for the mixed Dirichlet—Robin problem (6) with fixed § > 0 and 4 in
(65), the PDE system

Pu 1 ou

—— ——-—=0 forr<p<R, u(ry=1, and 0,u(R) + pu(R) = 4,
op> p dp

has the solution u = ug(€2,) explicitly given by

1+/1p10g<|x|> —ﬁplog('xl)

r P

)= 1~ pplog (£)

Thus, when the free boundary is given by X, = {x : |x| = p}, the exact values of the
functionals J,, J,, J3, J, and J are given by the following expressions:

@ Springer



A second-order shape optimization algorithm for solving the... 287

2
71p) = %/2 uy, do = ”P<1 — Aplog <£>> .

P

1 aMD : T r 2
et () i ()

o(lee

5(Q) = %/Q |V(MN_MD)’2dx=1 72 ><1 — Aplog <£>>2,
X og

‘2

NS

1
1(Q,) = 5/Q ]v(uN — ug)

2

_ =z ﬂplog(i> <1—/1p10g <£>>2’
p

2

1 2 ﬂplog(f}) r 2
J(zp)=§/2|uN—uR| da:rcp—) 1— Aplog )

1 - pplog (-

Figure 1 shows that the algorithms using J,, J,, J5, J, and J are not equivalent.

Next, we evaluate the efficiency of the first-order shape optimization meth-
ods presented in the previous sections (i.e., Algorithm A.1, Algorithm B.1 and
Algorithm C.1) in solving a concrete example of the present test problem. For
this purpose, we let r = 0.3 and R = 0.5 (hence, R* = 0.5), giving us 4 = —3.9152.
We choose the circle centered at the origin with radius 0.6 as our initial guess
(i.e., we take X, = C(0,0.6)). The results of the convergence tests using Algo-
rithm A.1, Algorithm B.1 and Algorithm C.1 for values of @ =0.1,0.3,0.5 are
depicted in Figure 2. This includes the histories of mean radii shown in Fig. 2a,

Fig. 1 Variation of the cost _J1 (=)
functionals J,, J,, J3, J, and J __J (Ep)
with respect to p 2 p
)

P
PN 4(Qp)

_J(Ep)

Cost
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(¢) Histories of Cost Values

Fig.2 Histories of a mean radii, b error values and ¢ cost values of Example 5.2.1 for values of
a =0.1,0.3,0.5 (left, middle and right plots, respectively) using the gradient based algorithms A.1, B.1
and C.1

the histories of relative errors €, = |R, — R*| shown in Fig. 2b, and the histories
of cost values (normalized with its initial value) plotted on logarithmic scale in
Fig. 2c. In these figures, the ‘kth mean radii,’ denoted by Rk, means the aver-
age distance from the origin of the nodes on the exterior boundary of the kth
domain Q,, and X, denotes the kth approximation of the optimal free bound-
ary ~*. In all cases, the computed values of the cost functions at X; that cor-
respond to each algorithm, where K denotes the optimal termination index (i.e.,
K :=min{k € N, : stopping condition is satisfied}), are all found to be of magni-
tude less than 107°. Furthermore, the computed relative errors €, in all cases are
of magnitude of order 10~*. Meanwhile, we notice from Fig. 2a that our proposed
formulation coupled with our present numerical scheme with a = 0.3 solves the
solution of the test problem as fast as the Kohn—Vogelius formulation (com-
bined with the level-set method) used in [12] in terms of the number of itera-
tions required to complete its corresponding iteration process. In fact, our pro-
posed method with the step size parameter a set to 0.5 is even faster than the
said approach used by Ben Abda et al. in [12]. On the other hand, it is evident
from the shown figures that Algorithm B.1 posseses faster convergence rate than
Algorithm C.1. Hence, our proposed method (without, of course, imposing condi-
tion (A)) is more efficient than the classical Dirichlet-data-tracking approach, at
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least in solving the present case problem. In contrary, however, Algorithm A.1
(in which condition (A) is assumed) converges to the solution of the test problem
slower than Algorithm C.1.

Now, we resolve the test problem using Algorithm A.2, Algorithm B.2 and Algo-
rithm C.2. The computational results obtained from these second-order shape optimi-
zation methods are shown in Figure 3. Looking at the graphs depicted in the said figure,
it seems that our proposed method, with or without condition (A) (respectively, Algo-
rithm A.2, and Algorithm B.2) is faster than the second-order Dirichlet-data-tracking
approach (i.e., Algorithm C.2). In this case, however, Algorithm B.2 and Algorithm
C.2 were ran with @ = 0.3 while we used the full Newton step (i.e., @ = 1) for Algo-
rithm A.2. Again, the computed final cost values, in all cases, are of magnitude less
than 1076 and the absolute errors at the final iterate € are all found to be of magnitude
of order 10, Notice from the left most plot in Fig. 3 that the first iterate of Algorithm
A.2 already overshoots the solution. Even so, the second iterate is already close enough
to the optimal solution as evident in the said plot.

In the next two examples, we further examine the effect of imposing condition (A) in
the shape optimization process. This time we consider two concrete problems that have
non-trivial fixed boundaries. Also, due to the limitation of the proposed shape opti-
mization method coupled with condition (A) (see Remark 1), we only consider cases
wherein the optimal shape solution are nearly convex. More precisely, for the first prob-
lem, we consider the case when the fixed boundary has a shape like an inverted letter T.
On the other hand, for the second case problem, we consider a fixed boundary that has
two disjoint components similar to the one examined in [54]. In these cases, since the
exact optimal free boundaries are difficult to solve analytically, we simply assume ~*
as the final free boundary computed using finer meshes and at longer computing times.

5.2.2 Example 2: an inverted T-shaped fixed boundary

Next, we consider I = S as the boundary of the T-shape
S 1=((-3/8,3/8)x (=1/4,0) U ((-1/8,1/8) X [0, 1/4)),

and let A = — 10. We solve the present problem using algorithms A.1, B.1, A.2, and
B.2. For the first-order methods, we take a = (0.1 while for the second-order algo-
rithms, we choose @ = 0.9. The results of the computations are shown in Fig. 4.
Here, the evolution of the free boundaries with initial profile X, = C(0, 0.6) are illus-
trated in Fig. 4a. Observe from these figures that the evolution of the free boundaries

Histories of Mean Radii Histories of Error Values . Histories of Cost Values
10
0.1 —~ N —Algorithm A.2
A W e -+ Algorithm B.2
= e o Algorithm C.2
&0.051) ST TN R
) i ’
= s
0 1 0—1 0
0 5 10 15 0 5 10 15

Fig. 3 Histories of mean radii (left plot), error values (mid plot) and cost values (right plot) for Exam-
ple 5.2.1 using the second-order shape optimization algorithms A.2, B.2 and C.2
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(a) Evolution of the free boundaries generated by gradient methods (left) and by Newton methods (right)
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(¢) Histories of Hausdorff distances

Fig. 4 Computational results of Example 5.2.2 using algorithms A.1, B.1, A.2 and B.2

are clearly different from each other (as expected), especially when the approximant
is closing to the optimal free boundary. Meanwhile, a comparison between the histo-
ries of cost values and histories of Hausdorff distances between the kth approxima-
tion and the (approximate) optimal free boundaries (here, we denote by dy(Z;, £*))
obtained from the four algorithms are shown in Fig. 4b, c, respectively. Looking at
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these figures, it seems that Algorithm B.1 is converging faster than Algorithm A.1 at
first few iterations, but then the condition is reversed after 12 iterations. Meanwhile,
comparing their corresponding second-order methods, it appears that Algorithm
A.2 and Algorithm B.2 are comparable in terms of convergence speed. On the other
hand, the second-order methods are obviously much faster than the first-order meth-
ods as expected. In these numerical tests, the computed cost values are all found
to be of magnitude of order 10~%. Furthermore, the calculated Hausdorff distances
between the final free boundaries obtained from the four algorithms (including the
approximate optimal free boundary) are found to be of order 1073, This means that
the computed final free boundaries are almost identical.

5.2.3 Example 3: a domain with fixed boundary having two disjoint components

For the third example, we look at one of the test problems studied in [54]. Particu-
larly, we let A = — 1.5 and define the fixed boundary I" as the union of two disjoint
kite-shaped figures which are parametrically defined as follows:

I' = {(1+0.7cos0 —0.4cos26,sin0)",0 < 6 < 2x},
I? = {(=2+cosf +0.4¢c0s26,0.5+0.7sin0)",0 < 0 < 2x}.

Here, the initial guess X for the free boundary is taken to be the circle C(0,5.0). In
addition, we again choose @ = 0.1 and & = 0.9 in the first- and second-order meth-
ods. The results of the computations using algorithms A.1, B.1, A.2, and B.2 are
shown in Fig. 5. In particular, Fig. 5a shows the evolutions of the free boundaries
obtained using the four algorithms while the remaining plots, Fig. 5b, c, illustrate
the histories of cost values and Hausdorff distances d(Z;, X*), respectively. In this
problem, it appears that Algorithm B.1 is completely much faster than Algorithm
A.1 as oppose to the previous problem. However, we notice a similar convergence
behavior on the second-order methods as in the previous example. More precisely,
it seems that Algorithm B.2 converges faster that Algorithm A.2 as the approximant
gets closer to the optimal free boundary. Meanwhile, as in the previous example, the
computed cost values are all found to be of magnitude of order 10~*, and the com-
puted final free boundaries are almost identical with each other (i.e., their Hausdorff
distances are computed to be of order 1073).

In the last two examples presented above, the computed final free boundaries are
found to be nearly convex. To complete our numerical investigation, we need to con-
sider another example wherein the optimal free boundary is clearly non-convex. For
this purpose, however, we focus on comparing our proposed method with that of
the classical Dirichlet-tracking approach (noting, of course, that condition (A) is not
appropriate to take into account in solving this new last and final case problem).

5.2.4 Example 4: a dumb-bell like shape fixed boundary

We consider I = 9D as the boundary of a dumbbell-like domain D similar to the one
examined by Eppler and Harbrecht in [29] which has the following parametrization

@ Springer



292 J.E.T.Rabago, H. Azegami
Algorithm A.1 Algorithm A.2
76 56
5
g g
€ 1S
2 2
c 0 c
.2 S
g ©
g L
0 S 0
2
19 5 1
g g
€ €
z 2
c 0 c
2 S
© g
£ )
_5 0 '5 0
-5 0 5 -5 0 5

(a) Evolution of the free boundaries generated by gradient methods (leff) and by Newton methods (right)
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Fig.5 Computational results of Example 5.2.3 using algorithms A.1, B.1, A.2 and B.2

D := {(0.45c0s 0,0.3sin 0(1.25 + c0s20))",0 < 0 < 2x}.

For this problem, we again choose the circle C(0, 0.6) as the geometric profile of the
initial free boundary X,. Moreover, we let a = 0.3 as the step-size parameter for the
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first-order methods and take @ = 0.8 for the second-order algorithms. The compu-
tational results using algorithms B.1, C.1, B.2, and C.2 are summarized in Fig. 6.
Looking at Fig. 6a, it is evident that the free boundaries evolve differently from each
algorithm. In particular, referring to the results of the first-order methods shown in
the other plots (Fig. 6b, c), it seems that our proposed method is somewhat faster
than the classical Dirichlet-data-tracking approach. Regarding second-order meth-
ods, however, it looks like that the classical approach is converging faster than the
Dirichlet-data-gap tracking formulation. In fact, as early as the second iterate, the
classical Dirichlet-data-tracking approach was already able to detect the non-con-
vexity of the optimal free boundary. Nevertheless, as the approximants get closer
to the optimal free boundary, we observe that the proposed method then converge
faster than the classical approach (at least based on the right plot depicted in Fig. 6c).
Even so, the computed optimal free boundary obtained from the two formulations
are almost identical as evident in Fig. 6d (in fact, the computed Hausdorff distance
between the computed final free boundaries obtained from the two formulations has
magnitude of order 1073). Lastly, in all cases, the computed cost values are all found
to be of magnitude of order 1073 or lower. However, as we see in the right plot in
Fig. 6b, it seems that the cost functional J is less sensitive than the Dirichlet-data-
tracking cost functional J; in this example. We further explain this property of the
cost function below, giving emphasis on the notion of ill-posedness of the proposed
formulation “ming J(Z) subject to (7) and (8)” discussed in Sect. 3.5.

Sensitivity of the cost functionals J and J,. We conclude our numerical example
by discussing the effect of the step size parameter & in the ‘sensitivity property’ of
the cost functionals J and J,. As pointed out at the end of Sect. 5.1.4, the main pur-
pose of introducing a step size parameter in our second-order methods is to control
the magnitude of the step size (i.e., to limit the maximum step) at every iteration.
Recall that, at the kth iterate, we only accept the step size f, only if it provides a
decrease in the cost value (i.e., if J(Z;, ) < J(Z})); otherwise, we do a backtracking
procedure. In our numerical experiments, we observe that taking a full Newton step
at every iterate is not a good strategy at all because the cost functional J (as well as
J}) seems to be insensitive with respect to large geometric perturbations. For illus-
tration, we refer to Fig. 7a where we logarithmically plot the histories of cost values
obtained from resolving the present case problem using Algorithm B.2 and Algo-

rithm C2 with the full Newton step , = VI, o /IWIZ, o, (e &= 10).

Noticeably, several adjacent iterations differ only with very small values (and almost
insignificant). Hence, the non-uniform sensitivity of the cost with respect to the
descent directions. This observation can actually be viewed as a validation to our
findings that the present formulation is algebraically ill-posed (see Proposition 5 and
Remark 7). That is, in this case, the ill-posedness of the present optimization formu-
lation could also mean that larger deformations in the domains may have little effect
on the cost functional. On the other hand, the evolution of the free boundaries with
the full Newton step are shown in Fig. 7b while a comparison between the computed
free boundaries using the two second-order algorithms is depicted in Fig. 7c. In the
latter figure, the difference between the two computed geometries is clearly discern-
ible and, in this case, the final free boundary computed through the classical
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(d) Computed free boundaries obtained via gradient methods (/eft) and via Newton methods (right)

Fig. 6 Computational results of Example 5.2.4 using algorithms B.1, C.1, B.2 and C.2
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approach (i.e., Algorithm C.2) is more accurate than the one obtained via the pro-
posed method (i.e., Algorithm B.2). Meanwhile, scaling the (full) Newton steps by a
factor of @ = 0.2 at every iteration (in both Algorithms B.2 and C.2) lead to the
computational results shown in Fig. 8. The figure shows, in particular, the histories
of cost values and Hausdorff distances both plotted in Fig. 8a (left and right plot,
respectively). Referring, in particular, to the left plot shown in Fig. 8a, it is clear that
the costs J and J, are decreasing almost uniformly from the initial to their respective
final values. However, it is apparent from the figure that the cost J is more sensitive
(and therefore has higher convergence behavior) than J;. In fact, because the number
of iterations required by Algorithm B.2 to reach the optimal free boundary is less
than that of Algorithm C.2 (as evident in the right graph plotted in Fig. 8a), we can
conclude that the proposed method is indeed much faster than the classical Dir-
ichlet-data-tracking approach. This observation is, of course, also evident from the
evolution of the free boundaries shown in Fig. 8b wherein we recognized a big dif-
ference on how the two algorithms actually develop the initial free boundary into an
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(b) Evolution of the free boundaries

Fig. 8 Computational results of Example 5.2.4 using Algorithms B.2 and C.2 with the scaled full New-
ton step (i.e., @ = 0.2)
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optimal one. We mention here that we also ran the two algorithms using several
other values for @ between zero and the unit value (to solve the present case prob-
lem), and, as in the previous cases, we found that the proposed method is, in general,
faster that the classical approach of minimizing the Dirichlet-data-tracking cost
functional. Nevertheless, the cost function J becomes more insensitive than J; as the
step size parameter @ increases in value.

6 Conclusion

We presented a second-order shape optimization algorithm for solving the exterior
Bernoulli free boundary problem using a new boundary cost functional which meas-
ures the ?-gap at the free boundary of two auxiliary states, one of which is a solu-
tion of a mixed Dirichlet-Neumann problem and the other of which satisfies a mixed
Dirichlet—Robin problem. The novelty of the present investigation is the utilization
of the shape Hessian information at the solution of the free boundary problem in the
iterative scheme formulated to numerically solve the minimization problem. Numer-
ical results revealed that the first- and second-order shape optimization methods put
forward in this study is, in general, faster than the classical approach of tracking the
Dirichlet data in L? sense. Thus, in this investigation, the robustness of the proposed
method was shown not only theoretically but also numerically.
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Appendix 1: Shape derivative of the adjoint state p,

Let us first introduce some notations and present some properties of the operator
T, (see Sect. 3) that will be useful to our analysis. For ¢ € (0, ¢) (¢ > 0 sufficiently
small), the transformation 7, is invertible and 7,, T, € 7' (R%,R?) (see, e.g., [10,
Lemma 11]). In addition, the Jacobian matrix of the transformation T, = 7,(V) asso-
ciated with the velocity field V denoted by det DT,(X) is strictly positive. Here, we
shall use the notations (DT,)~! and (DT,)~" to denote the inverse and inverse trans-
pose of the Jacobian matrix DT,, respectively. Also, for convenience, we write
A, = det DT,(X)(DT;")(DT,)"" and w, = det DT,(X)|(DT,)~"n| which represent the
Jacobian matrix of 7, with respect to the boundary 0€2.

The following lemma, whose proof can be found in [22, 71], will also be essential
to our analysis.

Lemma A.1 Let V be a fixed vector field in © (see (9)) and I = (—ty, t), with t, > 0
sufficiently small. Then, the following regularity properties of T, hold
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(i) t+~ det DT,(X) € C'(I,C(Q))
(i) t+— A4, €C'U,C(Q)
(i) t+ w, € C'(I,C(X))
@iv) limsow, =1
) d%w,|,=0 = W(0) = divgV

. d
(VI) aAtlt:O =A/(0),

where A'(0) = (div V)I, — (DV + (DV)") and the limits defining the derivatives at
t = 0 exist uniformly in x € Q.

Before we derive the shape derivative of py, and for completeness, let us first
prove the unique solvability of the adjoint problem on the perturbed domain €,.

Lemma A.2 For any t >0 sufficiently small, the variational problem: find
pl € H'(Q) such that p{, = 0 on T and

/Ath;I -Vedx — /w,u;\](p doe =0, Vepe HII-O(Q). (66)
Q ) ’
admits a unique solution py in H Q).

Proof We first note that the variational problem being examined is obtained from
the problem: find py, € H'(Q,) such that py, = 0on T and

J

via the application of domain and boundary transformation formulas (see, e.g.,
[71, Proposition 2.46-2.47]). In fact, the functions ¢, : Q, > R and ¢’ : Q > R
are related through the equation ¢’ = ¢,o7,. Hence, if py, solves the variational
equation (67), then p;\] = py;°7, satisfies (66). In addition, the boundary condition
Py = pnioT, = 0on T implies that pj is actually in H}’O(Q).

Now, consider the bilinear form b,(-, -) : HIF’O(Q) — R defined by

Vpn: - Vo dx, — / uy,pdo, =0, Vo € H.(Q), (67)
21

‘t

b(d'. @) = / AVP -Vedx, V¢, @ € H\(Q). (68)
Q

Note that, as a consequence of Lemma A.1, A, is bounded. Hence, it is clear that b,(-, -)
is continuous because|b,(¢', @)| = | [, A, V" - Vo dx| S Al oo 19" 1110|9110
Moreover, b,(-,-) is coercive. Indeed, from the fact that A, — I uniformly on
Q as t » 0, we know that there exist sufficiently small values for # > O such that
lA; = Il o) < 1. So, we have
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b(¢'. ) = / AV -V dr = / (A, ~DV¢' - V' + V' dx
Q Q
> IV 12 ) — 1A, ~ T IV 12,
>

112
|V¢ HI(Q)'

Next, we consider the functional w : H% 0(Q) = R defined by (w, ) = fz wiy @ do.
Evidently, this functional is continuous because of the boundedness of |w, |, and due
to the sequence of inequalities

/w,u&(p do
p>

Thus, by Lax—Milgram theorem, the function p&, vanishing on I', is the unique solu-
tion to the variational equation (66) in H'(Q). This proves the lemma. O

S Wl llug iz @l 2y S 1wl llug )| @1 -

Proposition A.1 Let Q be a bounded C>' domain. The shape derivative of the adjoint
state variable py € H(Q) at Q = QF satisfying the mixed Dirichlet-Neumann prob-
lem (16) is a solution to the following mixed boundary value problem:

—Apy =0in Q% pl, =0o0nT, d,pl,, =uy, +AW-n onZX*

Proof The proof mainly contains two parts; we first prove the existence of the
material derivative of py, then we formally proceed on the derivation of its shape
derivative.

Step 1. Existence of the material derivative of py. The variational formulation of
(16) on the reference domain Q is given as follows: find py € H% 0(€2) such that

/Q Vpy - Vo dx — /}2 un@do =0, Vo € H]((Q). (69)
Subtracting (66) with ¢ = 0 from the case where ¢ > 0, for all p € H}’O(Q), we obtain
/Q {A,Vpy — VP + Vpy — Vpn) - Ve dx - /2 {wuy — uy + uy — ux o do = 0.
Hence, we have a unique solution pf\l —-pN E H;,O(Q) to the variational equation
/gwg -pn) - Vodx = —/Q(A, - DVpy - Ve dx

+ /(wt - Duygpdo + /(“;1 — uy)p do,
s T

for all ¢ € H] ,(Q). We note that Vp{ is uniformly bounded in L*(Q;R?) and we
have the convergence Vp}, — Vpy also in that space. Indeed, using the boundedness
of ||A, || .« () from below, we get the estimate

(70)
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”VpN”Lz(Q) /A VPN Vde-x /Wt NpN dO'< |Wt| ”uN”Hl(Q)”pN”[}(Q)

Because ”h is uniformly bounded in H 1(Q) (cf. [10, Theorem 23], see also [50,
Proposition 3.1]), the uniform boundedness of VpN in L2(Q;R?) immediately fol-
lows, and so the convergence VpN — Vpy in L*(Q;R?). Next, we divide both sides
of (70) by ¢ and denote ¢ := (p — py) to obtain

t Az_I ¢ Wt—l ‘
Vo' -Veodx = — Vpy - Vedx + uy @ do
Q Q t b t
u, —u
+/< N N)(pd(}',
s t

forallp € H O(Q) We choose a sequence {t, } such that ¢, — O as n —> 00. Our goal
is to show that the limit lim ¢' exists. Using the boundedness of = ( I) and

n—-oo

tl(wt - 1) in L*®, we deduce that VpN is bounded in L?(©;R?), and thus the bound-

n

edness of ¢ in H. 0(Q) Hence, we can extract a subsequence, which we still denote
by {z,}, such that hrnn_,oo = 0 Moreover there exists an element ¢ of H O(Q)
such that ¢ — ¢ weakly in (Q) From the convergences VpN - VpN in
L*(©;R?) and u — uy in L2(), together with Lemma A.1(v)—(vi), we get

/V¢-V(pdx=—/AVpN~V(pdx+/uN(pdiVZWda+/1}tN(pda,
Q z z

for all ¢ € H! O(Q) where iy = hmt\0 (u — uy) which is exactly the material
derivative of uy at t = 0 in the direction w. Th1s function exists and is actually an
element of H! O(Q) as shown, for example, in [9]. Hence, the above equation admits
a unique solutlon in H'(Q) and we deduce that ¢ — ¢ for any sequence {z,}. This
implies the strong convergence of ¢’ to ¢ in L>(Z). Now, taking ¢ = ¢ € HII_’O(Q),
we obtain

) At) =T\ .
l1m |p'™ Hl(sz) 111’1’(1) —— |Vp§ - Vo dx
Q tn
. W(tn)_l t, 4t
e (5 oo
1,
Uy — U
+ lim {/< N N>¢f,,d6}
t,—0 s tn

—/AVpN-V¢dx+/uN¢diV2Wda+/f4N¢da= 11 0y-
Q z z

The norm convergence and the Weak convergence of ¢ in H! 0(Q) implies the
strong convergence of ¢’ to ¢ € H, O(Q) This guarantees the existence of the mate-
rial derivative of py.

Step 2. Computing the shape derivative of py at Q = Q" along the deformation
field W.From the previous step, we showed the existence of the material derivative

@ Springer



A second-order shape optimization algorithm for solving the... 301

of pyin H} 0(€2). Denoting this derivative by py, we know that it satisfies the vari-
ational equation

/ Vpy - Vedx = —/AVpN -Vodx+ /uN(pdiVZWda

Q Q z

(71)

+ / inpdo, Vo € H}. (Q).
. :

In addition, it is clear that py, = 0 on I". Applying Green’s formula to the above vari-
ational form, we get

- / @Apy dx + / @o,pydo = / @div(AVpy) dx — /(pAdnpN do
Q b Q z
+ /uN(pdiVZW do + /uN(p do, Vpe HILO(Q).
p) p) ’

First, let us choose ¢ € H(l) (). Then, we have — fQ @Apydx = fQ @div(AVpy) dx.
Since, H(l)(Q) is dense in L*(Q), we obtain —Apy = div(AVpy) in Q. Next, we
choose ¢ € H} 0(€2) such that ¢ is arbitrary in X. This gives us

/(p()npN do = - / @A, py do + /uN(pdiVZW do + /uN(p do.
b b b b

Because the traces of functions in H}O(Q) are dense in L*(X), we arrive at
OpPN = —A0ppyn + undivs W + ity on Z. Summarizing these results, we see that py
satisfies the following boundary value problem:

—Apy =div(AVpy)in Q, py=0o0nTl, 0,py=—A0,py+ undivyW +ity onZ.

From above equations, and due to the fact that W vanishes on I', we immediately
obtain [in view of the identity (12)] p{\l =pn—W-Vpy=0onTI. Now, we con-
sider @ € H*(Q). Note that for C""! domain, we have that uy € H*(Q) (see [10,
Theorem 29] and also [50]). Hence, uy € H*?(Z) which, in turn, means that
Pn € H*(Q) by standard elliptic regularity theory. Given this regularity of py and
since —Apy = 01in Q, we can therefore write — fQAVpN - Ve dx as follows (see [50,
Lemma 4.1])

- /AVpN -Vepdx = / V(W - Vpy) - V(pdx+/6npN(W -Ve)do
Q Q b
(72)
- /(VpN - Vo)W - ndo,
b
for all ¢ € H?(Q). Hence, using the identity (12), we have the equation

/VpN-V(pdx=/Vpg,-vwdx+/V(W-va)-v¢dx, Vo € H} (Q).
Q Q Q ’

Combining this equation with (71) and (72) yields
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/ VW - Vpy) - Vedx + /anpN(W- Vo)do — /(VpN Vo)W - ndo
Q b b
+ /uN(pdinW do + /quo do
b b
= / Vpy - Vodx + / V(W -Vpy) - Vedx, Ve H? nH%O(Q).
Q Q ’
Applying Green’s formula on the right side of the above equation we arrive at
- / pApy dx + /(panpf\] do = /anpN(W~ Ve)do — /(VpN -Vp)W - ndo
Q b b b
+ / unedivy W do + / ingdo, Vo € H*nH} (Q).
b b ’
Now, we choose ¢ € C°(€2). This leads us to —Ap{\I = 01in Q. Moreover, we get
/qoanpl’\I do = /(uNW - VpyW:-n) - Vedo + /quodiVZW do + /uN(p do.
z z z z
Observe that (uxW — VpyW - n) - n = 0. Hence, we can replace Vgl by the tan-
gential gradient Vy@. Using the tangential Green’s formula (see equation 21) thrice,

noting that W - nVypy - n = 0, and then using the relation ity = uy + W - Vuy, we
obtain

/(panp;\l do = /(pdiVZ(VpNW-n)do+/uN(pda
b b b
= /(pK(VpNW -n) -ndo — /(quo - Vpo)W -ndo + /quoda
b b2 b2
= /(pKMNW -ndo — /(Vz(p - Vep)W - ndo + /uN(de'
z b T
= /(pKuNW -ndo + / @divg(VepyW - n)do + /(u;\I + W - Vuy)edo,
b b b
for all @ € H*NH[ ,(Q). Since the trace of functions from H*(Q) is
dense in L2(Z), we deduce the boundary condition on for py given by

0Py = divs(VepyW - n) + ki gyW - n + ug, + W - V. Summarizing these results,
and letting Q = Q*, we get

-Apy=0inQ*, p =0onTl, dpy =u;+AiAW-n onZ*,

as desired. O

It is worth remarking that the existence of the shape derivative py of py can only
be justified if uy is H3-regular. Hence, we require that Q be at least of class C>! so
that uy (as well as ug) is in H3(Q) (see, e.g., [10, Theorem 29]).
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