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Abstract

A strongly orthogonal decomposition of a tensor is a rank one tensor decomposition
with the two component vectors in each mode of any two rank one tensors are either
colinear or orthogonal. A strongly orthogonal decomposition with few number of
rank one tensors is favorable in applications, which can be represented by a matrix-
tensor multiplication with orthogonal factor matrices and a sparse tensor; and such a
decomposition with the minimum number of rank one tensors is a strongly orthogonal
rank decomposition. Any tensor has a strongly orthogonal rank decomposition. In this
article, computing a strongly orthogonal rank decomposition is equivalently refor-
mulated as solving an optimization problem. Different from the ill-posedness of the
usual optimization reformulation for the tensor rank decomposition problem, the opti-
mization reformulation of the strongly orthogonal rank decomposition of a tensor is
well-posed. Each feasible solution of the optimization problem gives a strongly orthog-
onal decomposition of the tensor; and a global optimizer gives a strongly orthogonal
rank decomposition, which is however difficult to compute. An inexact augmented
Lagrangian method is proposed to solve the optimization problem. The augmented
Lagrangian subproblem is solved by a proximal alternating minimization method,
with the advantage that each subproblem has a closed formula solution and the fac-
tor matrices are kept orthogonal during the iteration. Thus, the algorithm always can
return a feasible solution and thus a strongly orthogonal decomposition for any given
tensor. Global convergence of this algorithm to a critical point is established without
any further assumption. Extensive numerical experiments are conducted, and show
that the proposed algorithm is quite promising in both efficiency and accuracy.
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1 Introduction

Tensors (a.k.a. hypermatrices) are natural generalizations of vectors and matrices,
serving as much more apparent and convenient tools to encode, analyze, as well as
represent data and information in diverse disciplines of applied science. As one of
the two sides of a coin, opposite to their capability over matrices, computations with
tensors are subject to the curse of dimensionality [29,32]. A vector can be represented
as an array indexed by one subscript, a matrix by two, whereas a higher order tensor
by several. Usually, we refer to order as the number of subscripts needed to express a
tensor, each subscript represents one mode, whereas the range of each subscript is the
dimension in that mode. As is well-known, almost all computations of tensors have
complexity exponential with respect to their orders and dimensions [29]. This brings
a heavy obstacle to warrant tensors in many real applications. This tough situation
dramatically improves if the tensor has a rank one decomposition with few rank one
components, since in which case the computational complexity becomes linear with
respect to either the order, the dimensions, or the rank of this tensor. Therefore, there
is a natural invitation to the study of tensor rank one decompositions. As a result, the
focus of research on tensors has been putting on both theoretical and computational
properties of tensor rank one decompositions. This article falls into this main stream
as well, and will be devoted to a particular rank one decomposition of tensors—the
strongly orthogonal (rank) decomposition.

The conception of strongly orthogonal rank and the corresponding decomposition
were proposed in the thesis of Franc in 1992 [17]. It is a natural generalization of SVD
for matrices from a restricted perspective (cf. Sect. 2.4). In [33], “free orthogonal rank”
and “free rank decomposition” were employed instead of “strong orthogonal rank”
and “strong orthogonal rank decomposition” respectively by Leibovici and Sabatier.
We will follow the terminologies of [17,27]. The number of rank one tensors in a
strongly orthogonal decomposition is referred as the length of this decomposition.

In the following, we want outline three aspects that motivate this work. The first
one is the wide range applications of strongly orthogonal (rank) decompositions of
tensors, please refer to [3,12,13,27,29,30,33] and references therein. Particularly, in
statistical modelings for learning latent variables [3] and blind source separations [12,
13], orthogonality is a reasonable requirement. Unlike the second order case in which
a complete orthogonality (a.k.a. diagonalization) can be assumed (guaranteed by SVD
of matrices, cf. Sect. 2.4), complete orthogonality for higher order tensors is impossible
in general [27,32,41]. Therefore, strong orthogonality becomes an appropriate tradeoff
between orthogonality and diagonality—it preserves the orthogonality and seeks the
most sparsity on the representation. As a result, strongly orthogonal decompositions as
well as general orthogonal decompositions have being adopted in diverse applications
[6,10,13,14,24,28,29,36].

The second one is the appealing theoretical and computational benefits by consider-
ing strong orthogonality over the general rank one decompositions. The most general
tensor rank one decomposition is decomposing a tensor with rank one components
without further requirements on the structures of these rank one tensors. The small-
est number of rank one tensors in such a decomposition is the rank of that tensor. It
is well-known that determining the rank, computing a rank decomposition of a ten-
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sor is very difficulty [32]. From the computational complexity perspective, they are
respectively NP-complete and NP-hard problems [15,19]. Given the freedom on the
structures of the decomposed rank one tensors, the tensor rank one decomposition
and approximation problems suffer from many numerical difficulties as well, such as
the component matrices of the iteration become unbounded, etc, please see [15,29]
and references therein. However, whenever strong orthogonality is imposed on the
decomposed rank one tensors, both the decomposition and the approximation become
well-possed (cf. Sect. 2.3). Thus, from the computational point of view, the strongly
orthogonal decomposition is a good candidate for tensor decomposition.

The strongly orthogonal (rank) decomposition has a geometric meaning as well.
One widely admitted rule of science is simplification. A tensor (hypermatrix) is actu-
ally the coordinate representation of an element in a certain tensor space under a
chosen coordinate system. A representation with simple coordinates should be the
goal in many tasks. SVD for matrices and principal component analysis are both ruled
by this principle, and it can represent a matrix with the simplest coordinates (i.e., a
diagonal matrix). With the matrix-tensor multiplication, it is easy to see that a strongly
orthogonal rank decomposition of a tensor also falls into this principle (cf. Proposi-
tion 2.1). Thus, geometrically, computing a strongly orthogonal rank decomposition is
equivalent to finding a coordinate system such that the representation of this tensor is
the simplest in the sense of having the fewest nonzero coordinates. This concise math-
ematical interpretation will provide insights on investigations of strongly orthogonal
rank decompositions.

The last but not the least is a direct motivation for this article—computing out a
strongly orthogonal (rank) decomposition for a given tensor. There lacks a systematic
study on this issue in the literature, since the works [17,27,33]. To compute a strongly
orthogonal decomposition for a given tensor, in [27], a greedy tensor decomposition
is proposed. In each step of this algorithm, a best rank one approximation problem
subject to orthogonality constraints must be solved. As observed already by Kolda
[27], solving such a sequence of optimization problems is a very challenging task.
Moreover, it is pointed out that the difficulty with this approach is in enforcing the
constraints [27, Page 252]. A purpose of this article is providing a numerical method
enforcing the orthogonality constraints during the iteration and computing a strongly
orthogonal decomposition with the rank one tensors all at once.

At present, there has no computational complexity of computing a strongly orthog-
onal rank decomposition for a given tensor [27-29]. However, it is suspected to be
NP-hard, in viewing of the NP-hardness of some related problems [11,20,34]. Thus,
it would be difficult and impossible (if this problem is indeed NP-hard and P#NP)
to compute out a strongly orthogonal rank decomposition of a general tensor in poly-
nomial time. Therefore, the primary purpose of this article is presenting a heuristic
approach for computing a strongly orthogonal decomposition of a given tensor with
length as short as possible and a numerical method to realize it. Hopefully, this heuris-
tic approach could give a strongly orthogonal rank decomposition in several cases as
well.

The main contributions of this article are

(1) With lp-norm and matrix-tensor multiplication, the strongly orthogonal rank
decomposition is reformulated as an optimization problem over the matrix mani-
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folds (cf. (9)) the first time (Proposition 2.1). This should serve as a standard tool
and accumulate a step towards a systematic way for analyzing strongly orthogonal
rank decompositions.

(2) A heuristic optimization problem (cf. (12)) is proposed to approximate the hard
problem (9) which has a discontinuous objective function. An inexact augmented
Lagrangian method is proposed to solve (12), i.e., Algorithm 3.1. With a careful
design, all the subproblems have closed formula solutions, all the iterations ful-
fill the orthogonality constraints, and thus this algorithm always give a strongly
orthogonal decomposition (Algorithm 4.1). Global convergence to a critical point
of (12) is established without any further hypothesis (Proposition 3.3). Extensive
numerical experiments show that this approach is quite promising (Sect. 5), and
in several cases strongly orthogonal rank decompositions can be found.

The equivalent reformulation (9) actually reflects the difficulty in the sense that
the task is minimizing a discontinuous (letting alone differentiable) function over a
system of a large number of highly nonlinear equations and a manifold constraint.
Note that even the optimization of a differentiable function over a smooth manifold is
a hard computational problem in general [2]. Therefore, there is no guarantee that an
algorithm can always return a global optimizer for (9). Actually, advances on manifold
optimization are more focused on smooth functions for finding critical points, see
[2,25] and references therein; a call for study on nonsmooth manifold optimization
is given by Absil and Hosseini very recently [1]. This gives a motivation for the
particularly designed inexact augmented Lagrangian method to problem (12).

With the discontinuous objective function in (9), a common strategy is replacing
it with a heuristic continuous surrogate [1,16]. The /{-norm is applied in this article
(cf. (12)). It is a reasonable choice, which can be viewed as a penalty approach (cf.
Sect. 2.5). Although (12) belongs to the class of optimization problems with continuous
objective function over a compact feasible set, there is no theoretical guarantee for a
numerical optimization method on finding their global optimizers for such problems
[2,7], since the constraints are highly nonlinear and nonconvex. Usually, a wisely
designed optimization method could converge to a critical point [2,7].

The /1-norm is a nonsmooth function. The nonsmoothness of (12) and the particular
structure that the variables of the manifold constraints are not related directly to the
objective function (cf. (12)) motivate us to a particularly designed algorithm. A general
thought is employing the penalty technique. The augmented Lagrangian method is a
modification of the penalty method in a wise way to avoid the penalty parameter being
forced to going infinite. Thus, the augmented Lagrangian method has more stable
numerical performance over the penalty method [7]. The general picture in this article
is applying the augmented Lagrangian method to (12) and keeping the orthogonality
of the iterations with a careful design. On the other hand, the “inexact version” is
studied as (i) subproblems cannot always be guaranteed to be solved exactly and (ii)
the subproblem can be solved only inexactly within appropriate required precision to
improve the overall efficiency.

The rest paper is organized as follows. For the convenience of reading, several
technical details are put in Appendixes. Preliminaries on matrix-tensor multiplica-
tion (Sect. 2.1), the orthogonal group and related optimization properties (Sect. 2.2),
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strongly orthogonal decompositions of a tensor (Sect. 2.3), some optimization tech-
niques (Sect. 2.6) will be given in Sect. 2. In Sect. 2.5, the problem of computing a
strongly orthogonal rank decomposition of a tensor is equivalently reformulated as a
nonlinear optimization problem with orthogonality constraints and /p-norm objective
function. Replacing the /y-norm by the /{-norm surrogate, we get a heuristic of the
problem, i.e., (12). In Sect. 3, an inexact augmented Lagrangian method (ALM) is pro-
posed to solve this optimization problem. Critical points of the augmented Lagrangian
function (Sect. 3.1), KKT points of the problem (12) (Sect. 3.2) are investigated. In
order to study the KKT points, a nonsmooth version of the standard Lagrange mul-
tiplier theory is reviewed in Appendix B, since the /{-norm is a nonsmooth function.
Global convergence of the algorithm is established without any further hypothesis in
Sect. 3.3, whose proof is put in Appendix C. The augmented Lagrangian subproblem
is discussed in Sect. 4. Section 4.1 presents more details on implementing the ALM
algorithm. The augmented Lagrangian subproblem is solved by a proximal alternating
minimization (PAM) method, whose global convergence is also established without
any further hypothesis in Sect. 4.2 and the proof is put in Appendix D. To this end,
the convergence theory for a general PAM method is reviewed in Appendix A. Exten-
sive numerical experiments are reported in Sect. 5. Sect. 5.1 is for concrete examples
taken from literatures, Sect. 5.2 is for completely orthogonal decomposable tensors,
in which a kind of condition numbers for tensors are discussed, Sect. 5.3 is for random
examples, whereas Sect. 5.4 draws some conclusions for the numerical computations.
Some final conclusions are given in Sect. 6.

2 Preliminaries

In this section, we will review some basic notions on tensors and preliminaries on
strongly orthogonal (rank) decompositions of a tensor, as well as those of optimization
theory which will be conducted in this article.

Given a positive integer k > 2, and positive integers ny, ..., ng, the tensor space
consisting of real tensors of dimension 7y X - - - X ny is denoted as R"! ® - - - @ R"*. In
this Euclidean space, inner product and the induced norm can be defined. The Hilbert—
Schmidt inner product of two given tensors A, B € R" ® --- ® R" is defined as

n

i
(A, B) == Z e Z aiy..ivbiy iy -

i1=1 ir=1

The Hilbert—-Schmidt norm || A|| is then defined as
Al == V(A, A).
2.1 Matrix-tensor multiplication
Givenatensor A € R" ®- - -@R" and k matrices B#) € R" *%i forj € {1,...,k},the
matrix-tensor multiplication (B(l), R B(k)) -Aresultsinatensorin R"! ®@- - - @ R",

defined entry-wisely as
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ny ny
M ®) ._ o w
[(BD. . B AL =3 Db b M
J1=1 Jie=1

foralli, e {1,...,n;}andt € {1, ..., k}.

Let n* := ]_[fle n;. The mode-j matrix flattening of A is a matrix AY) e R
defined entry-wisely as
*
a%) —a;  foralli; e{l,....n;}andi* € 1,..., = )
lflj ...k J s s Ihy Jj 5 ) n]
with
n* n* n*
ii=@G—-1D ot o — D———— 4 (1 — D———+ -+ .
nin; ny---nj ny---nj4q

We will denote by AT = A®) the mode-i matrix flattening of A. Let I be the identity
matrix of appropriate size. It follows that

[(B(l), o B(k)) _A](f»i) — B(i)[(B(l), o B(i*l)7 I, B(i+1)’ L B(k)) 'A](f’i)

foralli e {1,...,k}.
It follows from the Hilbert—Schmidt inner product that

(A B) = (ATD, BTY)

for any pair A, Be R" ® --- @ R* and any i € {1, ..., k}. '
Let O(n) C R™" be the group of n x n orthogonal matrices. Whenever B) e
O(n;) foreachi € {1, ..., k}, itis a direct calculation to see that

IBD, ..., BO) - Al = |l Al
2.2 Orthogonal group and its normal cone
For any A € OQ(n), the Fréchet normal cone to Q(n) at A is defined as
Now)(A) := {B € R"™" | (B,C — A) < o(||C — A]|) for all C € O(n)}.

Usually, we set N@(n)(A) = () whenever A ¢ O(n). The (limiting) normal cone to
O(n) at A € O(n) is denoted by Ng(n)(A) and is defined as

B € Ngn)(A) < 3FA; € O®m), A — A, 3By € N@(n)(Ak), such that By — B.

It is easily seen from the definition that the normal cone Ng,)(A) is always closed.
The indicator function §g(,) of O(n) is defined as
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0 if X € O(n),
+o00 otherwise.

dom)(X) = {

Given a function f : R® — R U {00}, the regular subdifferential of f atx € R" is
defined as

If(x) = {h e R": liminf fW - fx ~thy-x) . 0}
X7y =X ly — x|l

and the (limiting) subdifferential of f at x is defined as
3 f(x) = {h € R": 3(x*} — x and {h*} — h satisfying h* € 3 £ (x*) for all k}

We refer to [40] for more details on variational analysis concepts. An important fact
about normal cone Ng,)(A) and the subdifferential of the indicator function 8g,) of
O(n) at A is (cf. [40])

d8omn) = Nom)- 3)

Note that the group O(n) of orthogonal matrices of size n X n is a smooth manifold

of dimension @ It follows from [40, Chapter 6.C] that

Nog)(A) = Now (A) = {AS | S € S"™"},

where S"*" C R"*" is the subspace of n x n symmetric matrices.
Given a matrix B € R"*", the projection of B onto the normal cone of O(n) at A
is

ATB+ BTA
nN@(n)(A)(B) =A T .
Therefore,
ATB+ BTA
B &Now(A) <= B-A(——F—)=0
— B—AB'A=0 < A'B—-B'A=0, 4)
since
Lo T L oor
I ——-—AA"|AB'A=-AB' A
2 2
and
1
I — ~AAT
2
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is an invertible matrix. The invertibility follows from the fact that x" (I — %AAT)X =
115112
2 IXI=

2.3 Strongly orthogonal decomposition

Two rank one tensors

U=uP g ... uP andV=v"®...0v"W

with unit component vectors u')’s and v()’s are strongly orthogonal, denoted as
ULgv,ifd LV, ie.,

k
l_[ (l) (l)

and
0 = v oru® 1 v foralli = 1,..., k.

Given a tensor A € R" ® - - - ® R, a strongly orthogonal decomposition means
a rank one decomposition of A

r
A=Y "1uV @ - oul 5)

i=1

such that the set Of rank one tensors {ul(l) ® e ® ulgk) };=1 iS a set Of mutuauy Strongly
orthogonal rank one tensors. For each given tensor A € R" ® --- ® R, there is a
natural strongly orthogonal decomposition as

A= Z Zall ix€ (l)® ®e§f),

i1=1 ir=1

where {e{"), .. ., e\")} is the standard basis of R"s foralls € {1, ..., k}. Itis immediate

to see that this can be done for any given orthogonal basis of R for alls € {1,...,k}.

A strongly orthogonal decomposition of A with the minimum r is called a strongly
orthogonal rank decomposition of A and the corresponding r is the strongly orthog-
onal rank of A, denoted as rankgo(A) [27]. It is called free orthogonal rank by
Leibovici and Sabatier [33]. Some properties on strongly orthogonal rank of a tensor
are investigated in [22], including an upper bound of the strongly orthogonal ranks
and expected strongly orthogonal rank for a given tensor space.

2.4 An SVD perspective of strongly orthogonal rank decomposition
Given a matrix A € R"*"2 the classical singular value decomposition (SVD) of A

reads that there exist orthogonal matrices U € O(ny), V € O(ny) and a diagonal
matrix A € R"1*"2 guch that (cf. [21])
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A=UAV' = (U,V)-A. (6)

The diagonality of the matrix A ensures that we can take a nonnegative diagonal of A,
and define these diagonals as singular values of the matrix A. Arrange these singular
values in nonincreasing order along the diagonals. Suppose without loss of generality
thatny < na, and the columns of U and V are denoted as u;’s and v;’s. Then the SVD
(6) can be expanded as

ny ni r
A= Z)»illiV,-T =: Z)\iui ®V; = Z)\iui ® Vi, @)
i=1 i=1 i=1

where r = rank(A) is the rank of the matrix A. Obviously, (7) is a strongly orthogonal
rank decomposition of A. The importance of SVD for matrices and its fundamental
influence are widely known [18].

The beautiful nature of the matrix case makes many essential features of orthogonal
decompositions simple and vague to picture their higher order counterparts, i.e., tensors
(a.k.a. hypermatrices). There exist various attempts to generalize this fundamental
singular value decomposition of a matrix to tensors. As the philosophy suggests, each
generalization has its own advantages with the sacrifice of losing some attracting
properties of their matrix counterpart [14].

Perhaps the most important fact that people unwilling to see is the missing of
diagonalization for a tensor. It is a commonly admitted fact that for a given tensor
A e R"® ... ® R™ there cannot always exist a set of orthogonal matrices U; €
O(n;) foralli € {1,...,k} and a diagonal tensor A € R" ® --- ® R (i.e., the
only possible nonzero entries of A are A;; ; withi; = --- = iy = i fori €
{1,...,min{ny, ..., ng}}) such that (cf. [32])

A= U, ..., Uy - A. (8)

Therefore, searching a decomposition of the form (8) keeping the orthogonality
of U;’s and allowing possible a non-diagonal tensor A should be the main task in
decomposing a tensor and a reasonable alternative orthogonal decomposition scheme
for a tensor. Compared with the other decompositions of a tensor, the decomposition

(8) has the advantage of interpolation with orthogonal coordinates change, parallelling
to the discussion on geometry of vector spaces in the matrix case by Jordan [26].

2.5 Optimization reformulation for the strongly orthogonal rank decomposition
Given atensor A € R" ® - - - ® R"*, we consider the following optimization problem
min | Bllo
st. (U, ..., UuR)y. A=B, )
UD e Q) foralli =1,...,k,

where || B||g is the zero norm of B, i.e., counting the number of nonzero entries of 5.
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Proposition 2.1 (Optimization Reformulation) For any given tensor A e R" @ - - - ®
R, the minimization problem (9) has an optimizer (B, U MU (k)) with optimal
value being rankso (A), and a strongly orthogonal rank decomposition of A is given
by

A= Z Zb,l @ eul, (10)

i1=1 ir=1
whereu lsthelthrowofU(‘)foralll6{1 ..,ngtands € {1,...,k}.

Proof We first show that the optimization problem (9) always has an optimizer. Note
that each Q(n;) is a compact set. By the matrix-tensor multiplication, we have that

1Bl = 1w®,...,u®y. Al = |lA].

Thus, the feasible set of (9) is compact. Since the zero norm is lower semi-
continuous, we conclude that the minimum in (9) is always attainable by an optimizer
B, UD, ... UD),

In the following, we assume that (B, U (ORI (k)) is such an optimizer. It follows
from the matrix-tensor multiplication that

A= ((U(l))TU(l), o (U(k))TU(k)) A
- ((U(1>)T, e (U(k))T) (WD, u®). )

Z Z bzl 1ku(l) KX Q® u(k),

i1=1 ir=1

where u ) is the i-th row of U for all i € {1,...,ns}and s € {1,..., k}. Thus,
each optimizer (B, UV, ..., U®) of (9) gives a strongly orthogonal decomposition
of A, and the number of strongly orthogonal rank one tensors in this decomposition
is exactly the number of nonzero entries of 3, i.e., || B]|o. Consequently, we must have
rankso(A) < ||B]lo and hence the optimal value of (9) is lower bounded by rankgo (A).

In the following, we complete the proof by constructing a feasible solution of (9)
from a strongly orthogonal rank decomposition of A. Suppose that (5) gives such a
decomposition, i.e.,

-

A=Y e @u®. (11)

i=1

By the definition of strong orthogonality, we have that each pair of the vectors
ugs), .. (S) consists of either orthogonal or equal or two 0ppos1te vectors, for all
s € {1 ., k}. Thus, without loss of generality (changing A; to —J; if necessary),
we can assume that the set {u(S) .. (S) } forms an orthnormal set of vectors for all
sef{l,... k}.Letp, bethecardmalltyoftheset {u(A) o uforalls € {1, ..., k).

Note that ps < min{r, ng} and strict inequality can happen for all s € {1, ..., k}.
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Let U®) e Q(ny) with the first pg columns being these of {uf), ..,u®) for all
sef{l,..., k},and tensor B € R" ® - -- ® R™ with entries

i

b . M it s the ii-th column of U forall s = 1.k,
otk 0 otherwise.

Immediately, we see that || B||o = r and
A=wW, ... uP).B.

Therefore, the above constructed (B, U MU (k)) is a feasible solution to (9) with
objective function value || B||o = r = ranksg(.A). As a result, the optimal value of (9)
is upper bounded by rankgg(A).

Hence, an optimizer (B, UV, .. ., U ®)) of (9) exists with ||B]|o = rankso(A) and
a strongly orthogonal rank decomposition of A is given as (10) with this optimizer.
The proof is then complete. O

With Proposition 2.1, computing a strongly orthogonal rank decomposition of a
given tensor .A can be done, if one can solve the optimization problem (9). Moreover,
optimizers of (9) will give such decompositions. Therefore, we will concentrate on
solving the problem (9) in the rest article.

The constraint is nonlinear in U )’s and linear in 3. However, the objective function
is not even continuous. In order to resolve this, we would like to use a continuous spar-
sity measure || B]|; (i.e., the absolute sum of all the entries of B) as a surrogate for || 5.

min [|B]
st. (UD, . UBY. A =B, (12)
UD e Q) foralli =1,..., k.

The heuristic of employing /;-norm ||5||; for lp-norm || B]|¢ is quite popular and
useful in compressive sensing as well as in convex mathematical optimization models
[16]. Theoretical justification for this convex relaxation has been established in the
literature. For our problem (9), (12) is still nonconvex, and hence it is hard to give a
theoretical guarantee on exactness of the relaxation. However, this heuristic is quite

reasonable: If 3 is an optimizer of (9) such that b;,_; = O for (iy,...,ix) € §
withasubset S € {1,...,n1} x .-+ x {1, ..., ng}, then the constraint b;, _; = 0 for
(i1, ..., i) € Scanbeaddedinto (9). The objective function value is then constant and

irrelevant to the optimization, and hence it can be removed. On the other hand, |b;;._;, |
is a nonsmooth penalty for the constraint b;, ;, = 0. By adding Z(il,...,ik)es 1Di. i |
into the objective function, we get a penalized problem with equal penalty weights.
IBIlt = 2 ,.....ivyes |Pir...i, | can be added into the objective function as a regularizer
for selecting an optimizer with the minimum absolute sum from the set of optimizers
with b, ;, = 0for (iy,...,i) € S.

2.6 Optimization techniques

In this section, we give some basic optimization techniques that will be used in the
sequel.

@ Springer



712 S.Hu

For a given o € R, sign(«) is the sign of «, defined as

1 ifa>0,
sign(a) ;=10 ifa =0,
-1 ifa <O.

Given a vector X € R” and parameter y > 0, the optimizer of the following
optimization problem

. Z 22
min lIxIl1 + 2 Ix — x|
is given by
1 1\
x* = T%(i) = (sign((i)l)max {0, 111 — ;}, ..., sign((®),) max {0, |(X),] — ;}> :

It is known as the soft-thresholding, and Ty, is the soft-thresholding operator for a
given o > 0.
Given a matrix A € R"*", an optimizer of the following optimization problem

min | X — A|?
XeO(n)

is given by X* = U "al [18], where U,V € O(n) are taken from the full singular
value decomposition of A, i.e., ULVT = A for some nonnegative diagonal matrix
¥ e R™,

3 Augmented Lagrangian method

In this section, we apply the classical augmented Lagrangian method (ALM) for
solving problem (12).
A standard reformulation of (12) by putting the orthogonality constraints into the
objective function is
min | Bll1 + Y2 800 (U?)

st (UD, ..., U®). A=B. (13)

With Lagrangian multiplier X and penalty parameter p, the augmented Lagrangian
function of problem (13) is (cf. [7])

k
Ly(U, B; X) = 1Bl + ) 80m) (W) + (X, 0P, ..., U®) . A-B)

i=1

+§I|(U(l), L U®y A B2 (14)
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For given matrices Us(i) € On;) foralli e {l,...,k}ands =1,2,...,let
Uy =W, ...,u®).
For convenience, we define
IUs = U+ -+ U]

Note that minimization problem (13) is an equality constrained nonlinear optimiza-
tion problem with nonsmooth objective function. The classical inexact augmented
Lagrangian method for solving (13) is

Algorithm 3.1 inexact ALM
The input is a tensor A € R @ - - - ® R,
Given a sequence of positive numbers {€s} such that Y ;> €, < 00, a penalty
parameter p1 > 0, a penalty adjustment parameter y > 1, and a penalty adjustment
threshold parameter t € (0, 1).
Step 0: Initialization: choose initial guess X1 € R" @ - .- @ R". Set s := 1.
Step 1: Solve the subproblem

(Uy, By) ~ argming g L, (U, B; Xy) (15)
such that
UD e Omy) foralli € (1, ..., k), (16)
and
dist(0, L 5, (Us, By; Xy)) < . (17)

Step 2: Update the multiplier as

Xor1 =X +o,((UD, .., URY - A - By). (18)

Step 3: Update the penalty parameter as

- Ps—1 | Xs+1 =X ||
ps TN IE T ST (19)

Ps+1 = K
yps otherwise.

Step 4: Unless a termination criterion is fulfilled, set s :== s + 1 and go to Step 1.

Several problems should be addressed for Algorithm 3.1: (i) Step 1 is well-defined,
i.e., there exists a solution for (15), (16) and (17); and (ii) efficient computation of such
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a solution as €; | 0. For a succinct representation, these algorithmic implementations
will be discussed later. Convergence properties will be established first, assuming
Algorithm 3.1 is well-defined.

To that end, critical points of the augmented Lagrangian function and KKT points
of the original optimization problem (12) will be discussed.

3.1 Critical points

In the following, we study the critical points of the augmented Lagrangian. For a given
multiplier X', we can split L, (U, B; X) as

L,(U, B; X) := f(U) + Q(U, B) + g(B), (20)
where
k .
fFU) =Y 80u)UD). gB) =Bl
i=1
and

O, B) = (X, UV,... ., UN). A B) + gll(U“), oUWy A— B

with
U:=@WW,...,U®) e RM>M 5 ... 5 RWXNk,

With the natural structure of the variables, we can partition the subdifferentials or
gradients of the functions involved so far accordingly. The subdifferentials and gradi-
ents are kept aligned as the variables without vectorizing, e.g., the partial derivatives
of Q(U, B) are collected in the same tensor format as 3 and the block matrix structure

of U. This notation can be easily understood from the linear operator perspective of
subdifferentials and gradients. In particular,

B B
af(U) = B; € 35@(ni)(U(i)) = Bj € N@(n,—)(U(i)) ,
By By
and
Dy A N f,1 DT L 1 (1 B
U()v()[v( )] — B¢ )[V( )] +;X(' )[V( )]
VuQ@U, B) =p

U(k)V(k)[V(k)]T _ 3<f,k)[v<k>]T + 1X<f,k)[v(k>]T
P
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where

vO = [w®, ... v Lot u®y . A foralli e {1, ..., k).
2n
Likewise,

VB0, B) = p (B— WO, .. u®)y.A- %X) .

We also have that

1 if bil...ik >0
We ag(B) — Wi . € a|bi|..‘ik| =q[-11] if bil...ik =0 (22)
-1 if bil»--ik <0
forallij € {l,...,nj}and j € {1,..., k}.
Given a lower semicontinuous function f, a critical point of f is a point x such

that 0 € 9 f(x).

Proposition 3.2 (Critical Points) With notation as above, a point (U, B) € (R"1*" x
- x R%XY o (RM Q@ - - - @ R™) is a critical point of the minimization problem

inL,(U,B; X
Lo B0

if and only if
(VD) (B — %xm)[v@]T _ v %x(fﬂ)Tw — Oforalli € {l.....k)
and

oUW, ..., UMY A=B)+x € dgB).
Proof By the structure of the augmented Lagrangian (cf. (20)), we have that
ouL, (U, B; X) =0 f(U) 4+ VyQ(U, B) and dgL ,(U, B; X) = VgQ(U, B) 4+ dg(B).
The rest then follows from (4). O

3.2 KKT points

In this section, we study KKT points of the optimization problem (12). A general the-
ory on Lagrange multiplier rule for optimization problems with nonsmooth objective
functions is presented in Appendix B, for more details, we refer to [40].
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In the following, we first rewrite (12) in the form (43) as !

min || 5]
st. (U . uRYy. A-B=0, (23)
WD, ..., UD By eO®y) x -+ x O(ng) x (R @ --- @ R™),

where O € R" ®- - -@R"* is the zero tensor. Note that all requirements in Appendix B
for the objective and constraint functions and abstract set X are satisfied. In the fol-
lowing, we will show that the constraint qualification (44) is satisfied at each feasible
point of (23).

Note that in this case

X =0m) x---xO®nyg) x (]R”1 ®-~-®R""),
and

Nx(WD, ..., UD, B) = Nou)(UD) x -+ x Nogy(UP) x (0}

Let matrices V@ € R"*" be defined as (21) for all i € {1,...,k}. Let X €
R" ® ---®R™. With a direct calculation, the system (44) for problem (23) becomes

X(ﬂl)(v(l))T

v, w®, ..., uW)y. A-B) = 1 e Ny, ..., uN B,
x @0 (V<k>)T
-X

(24)
which implies directly X = O from the last relation. Therefore, the constraint quali-
fication (44) is satisfied at each feasible, and hence local minimum, solution of (23).
Next, we present the KKT system of (23) in an explicit form. With (24) and the fact
that each N@(ni)(U(i)) is a linear space (cf. Sect. 2.2), it is easy to see that a feasible
point (U, B) = (UD, ..., U® B)is a KKT point of (23) (as well as (12)) if and

only if the following system is fulfilled

X € 9|Bll;, and X(f’”(v(f))T € Nom)(UD) foralli € {1,...,k}. (25)

3.3 Global convergence

Suppose that {(Uy, B, &;)} is a sequence generated by Algorithm 3.1. We will show
first that the sequence {(Uy, By, Xs)} is bounded. Then, suppose that (U, B, Xy) is

' We can reformulate (23) as an optimization problem with a smooth objective function by packing [|B||;
into the constraints as well. Then, optimality conditions can be derived as [39]. While, it seems that it is not
a wise choice here to destroy the smooth nature of the constraints and introduce a heavy task on computing
the normal cone of a feasible set whose constraints involve nonsmooth functions.
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one of its limit points. We will next show that (U, B, X) is a KKT point of (12),
i.e., the system (25) is satisfied.

Proposition 3.3 Ler {(Uy, B, Xy)} be the iteration sequence generated by Algo-
rithm3.1. Then it is a bounded sequence, every limit point (Uy., By, Xy) of this sequence
satisfies the feasibility of problem (12), i.e.,

WM, ..., U A=B,and UD € Q) foralli € {1, ...k},

and (Uy, B,) is a KKT point of problem (12).

The proof of Proposition 3.3 is given in Appendix C. Proposition 3.3 gives the
global convergence result for Algorithm 3.1. In the following Sect. 4, we will address
the well-definiteness and computation issues.

4 Augmented Lagrangian subproblem

In this section, we apply a proximal alternating minimization (PAM) method to solve
the augmented Lagrangian subproblem (15), (16) and (17). For the sake of notational
simplicity, we will omit the outer iteration indices of Algorithm 3.1 and present the
algorithm for the problem

(U, By) ~ argming g L, (U, B; X)

for given multiplier X’ and penalty parameter p. The initial guess for this problem
is denoted as (Uy, Byp), which can be taken as the previous outer iteration of Algo-
rithm 3.1.

4.1 Proximal alternating minimization algorithm

The algorithm is a regularized proximal multi-block nonlinear Gauss—Seidel method:
starting from s = 1, iteratively solve the following problems

. )

By = argming L, (Us—1, B; X) + % |1B — By,

andfor j =1,...,k, solve
U e argming) Ly (0, ..., 0770 00, 0070 U, B X)
0] ‘ ;
+a U9 — U,
. (26)

in which c§1) >0forall j € {0,...,k}and s = 1,2, ... are proximal parameters
chosen by the user. There are k+ 1 subproblems in (26), whereas the last k subproblems

are of the same structure. A good news is that all the subproblems have optimal
solutions in closed formulae. In the sequel, we will derive these closed formulae.
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The first subproblem is equivalent to

(©)

. 1 k Cs
min Bl + = ||B w®, ... u®). A- Xu + 5B = Byl
BeR"l @---QR"
1 k 0
. ,0+C§0) P(Ux(_)l,--qu(_)l) A+X+C.5 )Bsfl 2
~ min 1Bl + B— )
BeR"l ®@---QR"* 2 0 + Cs

whose solution is analytic and obtained by the soft-thresholding (cf. Sect. 2.6)

I (,o(Us(l_)l,.. UO) A+ X+ OB 1)
= 1
T RD p+c?

In the next, we derive optimal solutions for the rest subproblems. Let j € {1, ..., k},
and

. - 1 ' £
v = [w®, .. vV Lot u®)y A
Then the subproblem for computing U, S(j ) is

. j—1 i j+1 k
pomin (. w®, .. ud )y gith o u®)y . A)
J

(
P i—1 4 j+1 j
+§||(U§1>,...,U§f Lud gttt oy A B+ 2 ||U<J> v 2.
(27)

Note that

1 (O j @+ (k)
x,w®,.. v v T ) - A)
— (X(f’./')’ U(j)vs(j)> — (X(f,j)(vs(]'))T’ U('j)>.

Likewise,
By, O, ..., v v vt u®)y ) = B I oD,
With these facts and UY) € Q(n i), the subproblem (27) is equivalent to

pomin U = PO+ (XD = pBI ) ()T,
J

which in turn can be solved by singular value decomposition (SVD) or polar decom-
position [18] (cf. Sect. 2.6).

We are now in the position to present the proximal alternating minimization algo-
rithm for the augmented Lagrangian subproblem.
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Algorithm 4.1 PAM
The inputs are tensors A, X € R" Q- - -QR"™, parameters p > 0,€ > 0,0 <c < c.
Step 0: Initialization: choose initial guess By € R" ® --- ® R, and Uy

WP, .. UP)Y € Omy) x -+ x Omy). Set s = 1.
©)

Step 1: Choose cg~ € [c, ¢, and compute

(28)

©) (O]

- (p(Uj”l,.. UP) A+ X+ B, 1)
s — 1
P+ Cs

ptcg

Step 2: For j =1, ..., k, choose C(J)

decomposition

€ [c, ¢] and compute the full singular value

. . R £ .
Uzvr — Cg/)U;i)l _ (X(f,]) _ ,OB_E v/))(vs(/))T’ (29)

and let U = U VT,
Step 3: Unless ||O;|| < € (see (30) for ®y), set s := s + 1 and go to Step 1.

4.2 Convergence analysis

In this section, we will establish the global convergence of Algorithm 4.1. To that end,
optimality conditions of problem (26) will be derived first.

A direct calculation shows that the optimality conditions for the subproblem (26)
are the following system:

p(Bs —w®, . uP)y A %X) + el (By — By_1) € —dlBs 1.

X(f,])(vs(]))T + P(US(J)VS(J) _ B§ J))(VS(]))T +c§1)(U§J) _ Us(J—)l) c —3@(nj)(Us(]))
forall j=1,...,k.

With the fact that the normal cones of the orthogonal groups are linear subspaces, the
above system can be simplified as

p(Bs ~w®, ..., u®). A- 1X> +(By — Bs_1) € a1 Bsll1,
XED VIV pBED I 4 D0 — 0D €~y U forall j = 1.,.... k.
Let
AEO YD GO ppED M T D g® o)
s := 200y T _ pB§f"‘)(V;("> YT L P w0y |

p(WP, . uly A, Py A) - (B, - B
(30)
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where for j € {1,...,k}
» - - .
v = [w®, .. vV Lot u®y . A"

Compared with the critical points of the augmented Lagrangian function (cf. Sect. 3.1),
we have that
O, € 0L, (Uy, By, X). 3D

We will show that Algorithm 4.1 converges. Itis based on a general result established
in [4, Theorem 6.2]. We summarized the convergence theory for this general PAM in
Appendix A.

Proposition 4.2 Forany giventensors A, X € R" ®- - -QR", and parameters p > 0,
€ > 0,0 < ¢ < ¢, we have that the sequence {(Uy, By)} produced by Algorithm 4.1
converges and

O]l = O0ass — oo

for the sequence {®;} generated by (28), (29) and (30). Then Algorithm 4.1 is finite
termination.

The proof of Proposition 4.2 is given in Appendix D.

5 Numerical experiments

In this section, we test Algorithm 3.1 for several classes of tensors. All the tests were
conducted on a Dell PC with RAM 4GB and 3.2GHz CPU in 64bt Windows operation
system. All codes were written in MatLab with Tensor ToolBox by Bader and Kolda
[5]. Some default parameters were chosen as y = 1.05, T = 0.8, and

€ = max{107 "% x max{n; | 1 <i <k}, min{0.8°, 0.8 % &_;}} with & = 0.8,

with €_1 = [|®s_1]| < €_1 for s > 2. The initial guess X} = O, and B; =
((Ul(l))T, ...,(Ul(k))T) - A with each Ul(’) € O(n;) randomly chosen for all i €
{1, ..., k} (unless otherwise stated). The other parameters are given concretely. The

maximum outer iteration number (i.e., the maximum iteration number allowed for
Algorithm 3.1) is 1000. The termination rule is

) CNU
LW U A-BL _ 108 and

LAY T )
I max{lXs |10} 24—y Sy N0 TV O T
l_[k < 10 .
i=17

representing the relative feasibility and optimality residuals. Unless otherwise stated,
the inner iteration Algorithm 4.1 is terminated whenever either the optimality condition
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(17) is satisfied or the number of iterations exceeds 1000. If the number of the outer
iteration exceeds 1000 and (32) is not satisfied, then the algorithm fails for this test;
otherwise the problem is solved successfully.

As problem (12) is nonlinear and nonconvex, the solution found heavily depends on
the initial point. Thus, each instance is tested 10 times (unless otherwise stated) with
randomly generated initializations. In the tables, the column sucp indicates the prob-
ability of successful computations in the 10 simulations; max(len) is the maximum
length of the strongly orthogonal decomposition computed among the simulations,
and min(len) for the minimum; prob is the probability the algorithm computes out
a strongly orthogonal decomposition with length min(len). All the other columns
are the mean of the successfully solved simulations: len is the length of the strongly
orthogonal decomposition, out-it and inner-it are respectively the numbers of the
outer and inner iterations, cpu is the cpu time consumed, in(10~?) and 0p(10’9) are
respectively the final infeasibility and optimality residuals in the magnitude 10~°.

5.1 Examples

In the following, we test several classes of examples from known literatures.

Example 5.1 This example is taken from Kolda [28, Section 3]. Let a,a € R” be
two unit vectors and orthogonal to each other, and o7 > 03 > 0. The tensor A €
R" ® R" ® R" is given by

A=0a® +»b®b®Aa, (33)

where b = JL? (a+4). The rank of A is two, and (33) is a rank decomposition, while it

is not a strongly orthogonal decomposition. Obviously, rankgo(A) < 5, by expanding
b into a and a.

We tested sampled examples with the dimensions n varying from 2 to 8. Usually,
we get a strongly orthogonal decomposition with length 5; sometimes we get 4. The
starting penalty parameter is 10 and the maximum inner iteration number is (n — 1) *
100. For each case, 10 simulations were generated with random [a, a] € St(n, 2), and
random o3 < o7 € (0, 1). The results are collected in Table 1.

Example 5.2 This example is taken from Ishteva et al. [24, Section 4.1]. Leta, b, ¢ €
R” be three unit vectors and orthogonal to each other. The tensor A € R"” @ R" @ R”
is given by

A=a®b®c+b®cRat+c®axb.

Obviously, this already gives a strongly orthogonal rank decomposition of A.

For each case, 10 simulations were generated with random [a, b, ¢] € St(n, 3).
The penalty parameter is chosen as 10. The computational results are listed in Table 2.
All simulations were solved by the algorithm successfully. Thus the column suep is
omitted. It is easily seen from Table 2 that in most cases the algorithm can find out a
strongly orthogonal rank decomposition.
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Table 1 Computational results for Example 5.1

n sucp len out-it inner-it cpu in(10~9) op(10*9)
2 1 4.9 26.6 110.9 1.4 1.1 5.1

3 1 4.8 46.4 230.5 2.8 1.6 7.6

4 1 4.8 51.6 342.8 4.0 1.5 7.6

5 1 49 50.9 443.8 5.0 0.5 0.6

6 1 49 51.1 2015.6 19.9 0.4 5.8

7 0.8 4.875 65.5 6129.6 55.4 1.2 6.1

8 0.8 5 108.6 30579.1 285.7 23 35

Table 2 Computational results for Example 5.2

n prob len max(len) Out-it Inner-it cpu in(10_9) op(10_9)
3 0.7 3.6 5 20.3 50.7 0.8 0.4 5.2

4 0.9 32 5 25.1 51.7 0.9 1.3 6.8

5 0.8 34 5 28.7 272.2 29 3.1 4.6

8 0.8 34 5 28.7 598 5.9 1.3 4.5

10 0.8 34 5 27.6 279.9 3.1 22 5.0

15 1 3 3 20.2 399.3 11.2 0.9 6.4

20 0.8 3.4 5 16.1 105.5 4.0 0.9 5.4

25 1 3 3 15.1 142 5.7 0.4 6.6

30 1 3 3 28.4 4955.7 199.8 0.4 6.0

35 1 3 3 44.2 8971.7 462.5 0.7 1.0

40 1 3 3 52.8 13281.4 858.3 0.05 0.004

45 1 3 3 54.8 13097.9 1106.8 0.04 0.003

50 1 3 3 58.9 182923 3415.6 0.004 0.0004

Example 5.3 This example is taken from Kolda [27, Example 3.3]. Let a, b € R” be
two unit vectors and orthogonal to each other, and o1 > 02 > 03 > 0. The tensor
A e R" @ R" @ R" is given by

A=01a®@b®b+omnb®b®b+o3a®aRa.

The definition of 4 gives a strongly orthogonal rank decomposition already. The
parameters are chosen the same as Example 5.2. The initialization for the orthogonal
matrices is by the factor matrices of the higher order singular value decomposition
(HOSVD) of the underlying tensor [14]. Computational results are shown in Table 3.

Example 5.4 This example is taken from Kolda [27, Example 3.6]. LetU, U € R"' ®
R"2 ® R™ be two unit rank one tensors that are not orthogonal to each other, and
o1 > 03. The tensor A € R"! @ R"2 ® R is given by
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Table 3 Computational results for Example 5.3

n sucp prob len max (len) out-it inner-it cpu in(1 0*9) op(1 0*9)
5 0.9 1 3 3 55.1 737.2 7.7 1.9 7.9
10 1 1 3 3 61.1 9840.8 94.0 3.9 5.8
15 0.8 1 3 3 61.5 9883.2 340.0 2.6 6.2
20 0.6 1 3 3 52 10603.1 562.1 2.8 5.9

Table 4 Computational results for Example 5.4

n sucp  prob  len max (len) out-it  inner-it  cpu in(1 0*9) op(1 0*9)
(5,5,5) 1 1 5 5 51 2155.7 210 33 5.4
(10,10, 10) 1 1 5 5 51.7 4764.4 460 19 34
(15,15,15) 0.8 1 5 5 43 2210 825 47 3.0
(10,15,20) 0.9 1 5 5 48.4 2279 65.1 3.8 4.5
(15,20,30) 0.9 1 5 5 34.2 1429 448 3.8 4.8
(20,30,40) 1.0 1 5 5 28.9 2108.1 742 1.7 6.3

The penalty parameter is chosen as 10. The computational results are given in Table 4.

Example 5.5 This example is taken from Kolda [27, Example 5.1]. Leta, b, ¢,d € R”
be four unit vectors and orthogonal to each other,

o1=1, 0p =0.75, 03 =04 =0.7, 05 =06 = 0.65,
and

Uy =a® th =1 lh=aRced Uy=a®ddc,
Us=bRcRd, Us=bR®dRc.

The tensor A € R” @ R"” ® R" is given by
6
.A = Z O’,‘Z/[i.
i=1

The definition of 4 gives a strongly orthogonal rank decomposition already. The
penalty parameter is chosen as 10. The computational results are given in Table 5.

Example 5.6 This example is taken from Nie [37, Example 5.6]. The tensor A € ®°R3
is given by

®5 ®5 ®5 ®5
1 1 [ N
A=l2l =2 +=|-12] +2| 12
3 3 31 3 S1-13
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Table 5 Computational results for Example 5.5

n sucp prob len max (len) out-it inner-it cpu in(1 0*9) op(1 0*9)
5 1 0.7 6.7 9 54.9 1048.4 10.3 3.8 5.0
10 1 0.7 6.7 9 57.9 3968.9 37.3 1.7 4.5
15 1 0.9 6.2 8 48.5 2311.9 76.3 3.6 4.0
20 1 0.5 7.3 9 40.1 44242 150.1 39 3.7

Table 6 Computational results for Example 5.7

n sucp prob len max (len) out-it inner-it cpu in(1 0_9) op(1 0_9)
2 1 1 5 5 38.9 197.1 23 41 4.6

5 1 1 5 5 103.6 39810.7 399.0 5.0 0.006

8 1 1 5 5 374.6 279100.5 2575.2 1.9 0.01

10 1 1 5 5 482 454104.7 3995.8 0.4 0.07
This tensor is a hard one, since the entries of the tensor varies from % to — 3695268 =

—7.38 x 10*. The computed orthogonal decomposition has rank 213, slightly smaller
than the upper bound 3° — 15 = 228 (cf. [22]). We take the penalty parameter 10,
and run 100 simulations. Each simulation finds a decomposition with length 213. The
average outer iteration number is 83.15, the inner iteration number is 5435.59, the
cpu time is 78.771, the infeasibility is 1.7597 x 10~!!, and the optimality residual is
3.6463 x 1077,

Example 5.7 This example is taken from Nie [37, Example 5.8]. The tensor A €
S3(R™), the subspace of symmetric tensors in ®>R”, is given by

aijp =ijk—i—j—k, foralli, jke({l,... n}.

The penalty parameter is chosen as 10. The computational results are given in Table 6.

Example 5.8 This example is taken from Nie[37, Example 5.9]. The tensor A € S*(R")
is given by

ajjk = tan(ijkl), foralli, j, k,I € {1,...,n}.
This example is also not easy to solve, since the entries of the tensor vary with large

magnitudes. The penalty parameter is chosen as 10. The computational results are
given in Table 7.

Example 5.9 This example is taken from Nie [37, Example 5.10]. The tensor A4 €
S*(R™) is given by

aiju = sin(i + j +k + 1) + cos(ijkl), foralli, j, k,l € {1,...,n}.
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Table 7 Computational results for Example 5.8

n sucp prob min(len) len max(len) out-it inner-it  cpu in(10*9) op( 10*9)
2 1 1 12 12 12 63.8 699.1 9.4 8.7 0.08

3 1 0.2 10 11.6 12 56.2 524.6 6.5 7.2 1.6

4 1 0.3 51 54.8 57 70.5 35379 392 2.8 6.1

5 1 0.1 178 191.7 198 105.7 21171.7  233.1 2.2 6.8

6 02 05 495 508 521 113 41670.5 461.9 4.4 73

Table 8 Computational results for Example 5.9

n sucp prob min(len) len max(len) out-it inner-it  cpu in(1 079) op(1 079)
2 1 1 12 12 12 435 209 3.0 1.9 6.6
31 1 53 53 53 75.2 2191.7 26.1 0.7 7.5
4 1 0.1 180 193.2 208 108 26385.9 285.3 5.8 6.0
5 08 0375 499 507.5 527 139.8  57917.1  637.6 34 7.4

Table9 Computational results for Example 5.10

n sucp prob min(len) len max(len) out-it inner-it  cpu in(10_9) op(1 0_9)
2 1 1 5 5 5 18.4 167.2 1.6 0.2 0.4
31 1 15 15 15 70.1 14889.3 1214 1.3 1.2

The penalty parameter is chosen as 10. The computational results are given in Table 8.

Example 5.10 The last concrete example is taken from Batselier et al. [6, Example 6].
The tensor A € ®>R” is given by

ik = ———, foralli, j,ke{l,...,n}

Aijk it itk L, J { n}

Similar reason as that in Example 5.8, this class of tensors is hard. The penalty param-
eter is 100. The computational results are given in Table 9.

5.2 Completely orthogonally decomposable tensors
We would like to separate a section for the class of completely orthogonally decom-
posable tensors (CODT), as it is of particular interest [3,23]. For this class of tensors,
we can consider an analogue condition number for tensors.

A tensor A € R" ® --- @ R is called completely orthogonally decomposable
(cf. [27,38,41]) if there exist orthogonal matrices

Ai=laj1,....a;,] e R" M foralli =1,...,k

and numbers Ay € Ry ford = 1,..., Do := min{ny, ..., n;} such that
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Do

A=) ra1a® - ®ara. (34)
d=1

Note that some of the A;’s can be zeros. By eliminating the zeros, we can further
assume that a nonzero completely orthogonally decomposable tensor takes the form

D
A= Z)»dal,d Q- Qarq.
d=1

with D < Do := min{ny,...,n}and Ay > 0,d =1, ..., D. Itis easy to see that D
is then the strongly orthogonal rank of A.

Unlike the matrix case (i.e., k = 2), the rank one decomposition of a completely
orthogonally decomposable tensor is always unique [41], regardless of the possibility
of equal A;’s. It can be derived from Kruskal’s uniqueness theorem [31] as well, in
which the prerequisity is the trivial inequality k — 1 < (k —2)D when D > 2 and the
case D = 1 is obvious. Therefore, in this case, problem (13) has an optimizer with a
diagonal tensor B.

For this class of tensors, we implement two tests for stability of the algorithm. The
first test is on tensors with respectively small, medium, and large strongly orthogonal
ranks. All the tensors are third order, and the dimensions are listed in Table 10 case by
case. In this table, rk indicates the rank of the generated tensor. In each case, 10 simula-
tions were generated with the factor orthogonal matrices being the orthogonalization
of the columns of randomly generated matrices. The penalty parameter for tensors
with dimensions 30, 50, 80, and 100 are chosen respectively as 10, 20, 30, and 40.

Denote by Amax := max{iy | | <d < D}, and Apjn ;= minf{ry | 1 < d < D}.
Then

o o Dmax (35)

)\-min

will serve as the role of condition number in the tensor case. The other test is on
third order tensors of strongly orthogonal rank 3 and dimension 30 with different
levels of condition numbers, which are indicated as cond in Table 11. Computational
tests are given in Table 11 for the performance. The penalties for these nine cases are
respectively ranging from 20 to 100 with equi-gap 10.

5.3 Random examples

In this section, we test random examples to see the performance of Algorithm 3.1.

We generate two sets of random examples, the first one is generated with each
entry being drawn randomly in [—1, 1]. The second one is generated as the sum of
rk rank one tensors, with each component vector in the rank one tensor being drawn
componentwisely in [—1, 1]. In this set, we also generate symmetric tensors. The
penalty parameter is chosen as 100 for all simulations, and the results are listed in
Tables 12, 13 and 14. In Table 14, sym indicates the symmetry of the tensors; it is
symmetric when it takes value 1, and nonsymmetric otherwise.
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Table 10 Computational results for third order CODTs with different ranks

(n, 1k) sucp prob min(len) len max (len) out-it inner-it  cpu in(10*9) 0p(10*9)
(30,2) 1 1 2 2 2 18 531.5 455 39 1.7
(50,2) 1 1 2 2 2 11.5 178 345 8.6 53
(80,2) 1 0.9 2 2.1 3 13 469.5 366.5 1.9 3.0
(100,2) 1 0.9 2 22 4 10.3 305.4 425.8 0.9 52
30,15) 1 0.2 15 17.2 19 35.6 1047.6 49.5 2.8 7.0
(50,25) 1 0.4 25 27 33 425 1524.3 220.7 0.3 9.1
(80,40) 1 0.1 40 45.8 54 54.8 3646 2690.5 3.8 6.5
(100,50) 1 0.1 52 62.7 79 72.8 13649.8 15725.1 4.6 52
(30,28) 1 0.3 32 352 38 45 1071 639 0.6 8.7
(50,48) 1 0.1 56 60.4 68 47.6 1774.5 241.1 0.3 8.5
(80,78) 1 0.1 80 90.4 96 585 3783.7 2331.2 0.3 9.0
(100,98) 1 0.1 102 116.3 134 67.9 102849 11312.8 3.4 49

Table 11 Computational results for third order CODTs with different condition numbers

(n,cond) sucp prob min(len) len max(len) out-it inner-it cpu in( 10*9) op(1 0*9)
(30,2) 1 1 3 3 3 29 140.2 10.0 04 6.6
(30,3) 1 1 3 3 3 389  266.8 17.5 0.6 8.4
(30,5) 1 1 3 3 3 503 606.9 363 0.7 8.4
(30,8) 1 1 3 3 3 59.5  2820.1 146.0 0.5 9.1
(30,10) 1 1 3 3 3 57.7 32225 161.1 0.9 8.7
(30,15) 1 1 3 3 3 86.9 225289 1086.1 0.7 5.7
(30,20) 08 1 3 3 3 1232 49390  2522.1 0.7 0.01
(30,25) 07 1 3 3 3 199.4 85041.8 40152 13 0.08
(30,30) 03 1 3 3 3 1533 64728.6 4866.3 0.9 0.08
Table 12 Computational results for randomly generated nonsymmetric third order tensors

(n,tk) sucp prob min(len) len max(len) out-it inner-it cpu in(107=) op(10~9)
3.3) 1 1 18 18 18 56.7 822.7 53 0.1 6.9

(5.3) 1 0.1 15 17.7 18 71.5 3314.1 18.6 0.7 5.4
(8,3) 1 0.1 13 16.3 18 65.7 681.8 43 0.09 7.9
(10,3) 1 0.1 14 17.3 18 78 1423.5 8.5 0.09 6.5
(15,3) 1 0.1 14 16.6 18 59.6 1005.6 274 0.8 6.3
(20,3) 1 0.1 13 16 18 66.6 1583.4 445 0.1 7.8
(3,100 1 1 18 18 18 62.5 53873 293 1.1 72
4,100 1 1 46 46 46 90.4 38876.7 2114 3.5 6.0
(5,100 0.7 1 95 95 95 124.1  88120.4 4739 4.6 8.0
(6,100 09 1 171 171 171 172.1 145383.1 802.8 2.9 5.4
(7,100 04 1 280 280 280 169.7 146378.2 803.7 2.2 53
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Table 13 Computational results for randomly generated symmetric third order tensors

(n,1k) sucp prob min(len) len max (len) out-it inner-it cpu in(10*9) op(10*9)
33 1 0.3 15 17 18 51.7 586 3.7 07 5.7
53 1 0.1 15 17.4 18 65.1 2481 143 99 6.7
83 1 0.1 15 17.6 18 60.4 843.9 54 08 8.4
(10,3) 1 0.1 14 17.1 18 62.8 7665.4 433 13 7.8
(15,3) 1 0.1 14 17.2 18 50.1 661.4 19.1 09 7.8
(20,3) 1 0.2 16 18 23 68.5 2279.7 63.0 0.6 7.6
(3,100 1 0.2 15 17.3 18 56.5 615.6 39 06 7.7
4,10) 1 0.2 37 42.7 46 63.8 2994.5 170 1.0 6.7
(5,100 1 0.1 77 86.7 95 122.7 696079 3814 35 53
(6,100 09 0.111 144 157.111 169 112.1 637973 3455 2.7 39
(7,100 0.8 0.125 259 273.625 280 165 136584.5 7448 1.5 6.2

Table 14 Performance for randomly generated higher order tensor examples: symmetric and nonsymmetric

(n, k, 1k, sym) sucp prob min(len) len max(len) out-it inner-it cpu in(lO’g) op(1079)
(30,4,1,0) 1 1 1 1 1 22 230 313.7 0.1 4.1
(30,4,1,1) 1 1 1 1 1 219 250.7 339.1 0.07 4.4
(40,4,1,0) 1 1 1 1 1 18.3  196.7 779.1 0.1 5.7
(40,4,1,1) 1 1 1 1 1 16.7 237.1 9123 0.1 44
(10,5,1,0) 1 1 1 1 1 22.5 2458 432 0.1 5.2
(10,5,1,1) 1 1 1 1 1 22.7 2079 344 0.1 5.4
(20,5,1,0) 1 1 1 1 1 199 2052 1392.1 0.1 4.7
(20,5,1,1) 1 0.8 1 1.2 2 18 207.2  1390.0 0.2 6.0
(10,5,2,0) 1 05 11 153 27 42.1 3527 60.6 0.9 6.1
(10,5,3,0) 1 0.1 51 93 174 85.7 4775.8 1073.6 3.5 3.6
(20,5,2,0) 1 03 11 14.6 18 46.1 7977 60349 1.1 3.8
(10,5,2,1) 1 03 11 209 27 51.8 767.2 159.0 0.9 5.7
(10,5,3,1) 1 0.1 57 124.3 213 106.4 13165 2639.9 3.3 1.7
(20,5,2,1) 1 0.1 11 20.7 28 348 3844 26727 1.5 4.9

5.4 Conclusions

We see that problem (13) is highly nonlinear, especially when the tensor size is large,
thus solutions of Algorithm 3.1 depend on the initializations heavily. While, for most
cases, the convergence is fast with high accuracy. These can be seen from Tables 1, 2,
10, 11, 12, 13 and 14. We can also see from these computations that when the strongly
orthogonal ranks are small relative to the tensor sizes or the tensor sizes are small,
the computational performance is very well, which can be seen from Tables 3, 4, 5,
6 and 11. On the other hand, when the tensor components have a large deviation in
magnitude or the strongly orthogonal ranks are large, the performance is reduced,
which can be seen from Tables 7, 8,9, 10, 12 and 13.
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We want to emphasize Table 11, from which we can see that the condition number
defined as (35) plays a key role in the performance of the algorithm. We think this is
an intrinsic property of the underlying tensor, which will domonstrate the efficiency
of most computations. Since the rank one decomposition for CODT is unique, and
then the condition number as (35) for CODTs is well-defined. More sophisticated
definition and investigation for general tensors should be carried out in the future.
Also, theoretical justification of the dependence of the efficiency of an algorithm on
the condition number should be investigated in the next.

6 Conclusions

In this article, computing the strongly orthogonal rank decomposition of a given ten-
sor is formulated as solving an optimization problem with the help of matrix-tensor
multiplication. This optimization problem has discrete-valued objective function (the
lp-norm of the tensor) subject to a system of nonlinear equality constraints and a set
of orthogonal constraints. As the number of components of a tensor increases expo-
nentially with respect to the tensor size, the number of nonlinear equality constraints
becomes huge for tensors with large sizes. For example, it is one million for a sixth
order ten dimensional tensor. As we can image, this class of problem is very difficult
to solve in general, partly due to (i) the huge number of equality constraints, (ii) the
orthogonality constraints, and (iii) the discrete-valued objective function.

Nevertheless, we propose to replace the objective function by a widely used
surrogate—the /1 -norm of the tensor. Then, we apply an inexact augmented Lagrangian
multiplier method to solve the resulting optimization problem. During the iterations,
the orthogonality requirements are always guaranteed. Thus, the algorithm will always
return a strongly orthogonal decomposition whatever the termination situations were
met. Moreover, the augmented Lagrangian subproblem is solved by a proximal alter-
nating minimization method with the benefit being that each subproblem has a closed
formula solution. This is one key ingredient to keep the orthogonality constraints.
Global convergence of the ALM algorithm is established without any further assump-
tions. Surprisingly, though as simple this algorithm as it sounds, the performance of the
proposed algorithm is quite well. Extensive numerical computations were conducted
with quite sounding efficiency as well as high accuracy. Note that in Table 14, the
number of nonlinear equality constraints is 3,200,000 for the case (n, k) = (20, 5).

It follows from the computations that several issues need further investigation. The
first is the exactness of the /{-norm surrogate with respect to the original /p-norm. It
can be seen from the computations that quite often, /{-norm can realize the strongly
orthogonal rank decomposition. Thus, theoretical justifications should be established.
The second would be a more efficient method to deal with tensors with larger strongly
orthogonal ranks, which are the hard ones in the present computations. Another is that
various other surrogates for the /p-norm should be studied.

Acknowledgements This work is partially supported by National Science Foundation of China (Grant
No. 11771328). The author is very grateful for the annoynous referees for their helpful suggestions and
comments in revising this paper.
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Appendix A. Convergence theorem for PAM

Let f:R™ x ... x R™ — R U {400} be a function of the following structure

k
f =01 ....x)+ Y gi(x),
i=1
where Q isa C! (continuously differentiable) function with locally Lipschitz contin-
uous gradient, and g; : R — R U {400} is a proper lower semicontinuous function
foreachi € {1, ..., k}.
We introduce the following algorithmic scheme to solve the optimization problem

min f(x).
XeR"1 x--- xRk
Since f is proper and lower semicontinuous, X is an optimizer of this minimization
problem only if it is a critical point of f,i.e., 0 € d f(x).

Algorithm A.1 general PAM
Given parameters a; > Qwith j € {1,...,k}, 0 < ¢ <, k symmetric matrices P;
such that cl < P; <¢l foreach j € {1,...,k}.
Step 0: Initialization: choose initial guess x° € R™ x - .. x R™_ Sets := 1.
Step 1: For j = 1,...,k, findx*, v’ € R" x -.. x R"™ such that

s 1 s s—12 s—1
8/ + Q0% ) + S I =715, < g (7H + Qv o) (36)

Vi€ 0gj(x}); 37)
V5 + Vi, Qs NIl < ajllxs — 5711 (38)
where
Xg,j = (X], ..., xsl xj;ll e ,x,sc_l),
and

Iz, := (Pjz,2).

Step 3: If a termination criterion is not reached, set s :== s + 1 and go to Step 1.

Step 1 can be implemented through several methods. In particular, (36), (37) and
(38) are fulfilled if forall j € {1, ..., k}, xj is taken as a minimizer of the optimization
problem
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. . ‘ _ _ 1 _
min g;(2) + Q(x}, ..., x5,z x5 1 D+ Slz=x T e (39)
zeR"J 2

We now state the global convergence of Algorithm A.1 for a wide class of objective
functions [4, Theorem 6.2].

Theorem A.2 (Proximal Alternating Minimization) Let f be a Kurdyka—Eojasiewicz
function and bounded from below. Let {x*} be a sequence produced by Algorithm A. 1.
If {x*} is bounded, then it converges to a critical point of f.

Appendix B. Nonsmooth Lagrange multiplier

The following materials can be found in [40, Chapter 10].

Let X € R" benonempty and closed, fy : R" — Rbelocally Lipschitz continuous,
F:R" - R™ with F := (f1, ..., fm) and each f; locally Lipschitz continuous, and
0 : R™ — RU {400} be proper, lower semicontinuous, convex with effective domain
D.

Consider the following optimization problem

min fo(x) + 0(F(x)) s.t. x € X. (40)

IfXis alocal optimal solution to (40) such that the following constraint qualification
being satisfied

0cd(y F)® + Nx® andy € Np(F() =y =0, (41)
then there exists a vector y such that
0cd(fo+7 F)X) + Nx(X) and § € 36(F(X)). (42)

A vector y satisfying (42) is called a Lagrange multiplier, and the pair (X, y) satisfying
(42) is a Karush—-Kuhn-Tucker pair with X a KKT point. Let M (X) be the set of
Lagrange multipliers for a KKT point X. Under the constraint qualification (41), the
set M (X) is compact.

A particular case is 6 = J(g), the indicator function of the set {0} C R™. Then
problem (40) reduces to

mi}r{l fox) s.t. fi(x) =0, foralli =1,...,m. 43)
Xe
If each f; is continuously differentiable for i € {1, ..., m}, then the constraint quali-
fication is

VAR +- -+ ymVfnX € NxX) = y=0. (44)

It is the basic constraint qualification discussed in [39], an extension of the
Mangasarian—Fromovitz constraint qualification [35].
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The optimality condition (42) becomes
VAR + -+, V&) €0 fo(X) + Nx(X),
or in a more familiar form as

VANV AR + -4 YV fin(X) € Nx(X) for some v € 9 fo(X).

Appendix C. Proof of Proposition 3.3

Proof Tt follows from (16) that U € O(n;) foralli € {1,...,k}ands = 1,2, ...
and hence the sequence {U} is bounded.

Let B € 0L, (U, Bs; Xy) be such that || Es|| < €, which is guaranteed by (17).
Thus,

1 1 DAT f,1 DT f,1 AT
B UMV = BT + Lt P v
Es=| o | tps o E 07T fk: 0T torodqt | @)
B® vOVE [y O] - g [yO] +éX§’ VO]
1 k
Wy BS—(US(),...,US())'A—iXS

for some Wy € 9||B;||1, and Bs(i) € N@(ni)(Us(i)) foralli € {1,...,k}.
It follows from the last row in (45) and (17) that

By the fact that W is uniformly bounded (cf. (22)), and €, — 0, we conclude that
Ds (BY — (Us(l), R Us(k)) A — piXs) is bounded. Therefore, the sequence { Xy} is
bounded by the multiplier updatesmle (18).

Since W, and X are both bounded, it follows from (46) that p; (Bs

(Us(l), R Ufk)) . A) is bounded. As {p;} is a nondecreasing sequence of positive
numbers and {Us} is bounded, we must have that the sequence {B;} is bounded.

In a conclusion, the sequence {Uy, B;, Xy} is bounded.

For the feasibility, note that U, satisfies the orthogonality by (16). The rest proof
is divided into two parts, according to the boundedness of the sequence {py}.

Part 1. Suppose first that the penalty sequence {p,} is bounded. By the penalty
parameter update rule (19), it follows that p, stabilizes after some so, i.e., ps = ps,
for all s > s¢. Thus,

1
Ps

ps(Bs — (WU, ..., UP) - A~ < &l < . (46)

Xs) + Wy

Hw®, ..., u®y. A-B| <<, ..., u®) - A= B,_y| forall s > 5o+ 1.
47)
The feasibility result then follows from a standard continuity argument.
Part II. In the following, we assume that p; — 00 as s — 00.
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Likewise, it follows from the last row in (45) and (17) that

1 1
HBS — WO, UPY A= =X+ —W

S S

Bl e

Ps Ps

By the fact that W, and X are both bounded, p; — o0, and €; — 0, we have that
18, — W, ...,u®) . A| - o. (48)

Thus, by continuity, we have that (U, B,) is a feasible point.
In the following, we show that (U, B,) is a KKT point. Let

My = o (U, ..., UP) - A-By).

It follows from the above analysis that { M} is bounded. By the multiplier update rule
(18), the system (45) can be rewritten as

: : , 49
5 || (M, 4 2) T v
W —M — X

0]

S

The' boundedness of {Us, By, X5, M} and {E;} implies the boundedness of each
{BS(’)} foralli € {1, ..., k} as well. We assume without loss of generality that

{U‘Ya BS9 ‘XS7 MS’ WS’ BMS} — {U*a 8*9 X*a W*a M*7 ]B*} as s — o0 and NS IC
for an infinite index set X C {1, 2, ...}, and in where
By := (B, ..., BY)and B, := (B", ..., BY).

Taking limitations on both sides of (49) within K, we have then

(M* + X*)(f'l)[vil)]-r Bil)
(Mo + 2) D[V BY

where V*(i) is defined as (21) with U ®’s being replaced by Uf)’s. By the closedness
of subdifferentials, we have

Wi € 0|1Byll1
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and
BY € Nou(U) foralli € {1,..., k).

Since each Ng,;) (U,ﬁi)) is a linear subspace, we have shown that (U, B,) is a KKT
point of (12) with Lagrange multiplier X, + M, (cf. (25)). The proof is complete. O

Appendix D. Proof of Proposition 4.2

Proof Itisknownthatforalli € {1, ..., k}eachorthogonal group O(n;) is an algebraic
set, defined by a system of polynomial equations. Therefore, O(n;) is a semi-algebraic
set and its indicator function is semi-algebraic [8]. The /;-norm || - ||; is also semi-
algebraic. Also known is that each semi-algebraic function is a Kurdyka—t.ojasiewicz
function (cf. [9, Appendix]). Thus, as a summation of the /{-norm, the indicator func-
tions of the orthogonal groups, and polynomials, the augmented Lagrangian function
L,(-,-; &) is a Kurdyka—t.ojasiewicz function.

If the iteration sequence {(Uy, Bs)} generated by Algorithm 4.1 is bounded, and the
function L, (-, -; X) is bounded from below, then the sequence {(Uy, B,)} converges
by Theorem A.2.

For any given X, it follows immediately from (14) that the function L, (-, -; X) is
bounded from below, since

k

Lp(U. B X) = 1Bl + ZT‘ S0y U + 2| WP, .Uy A B+ %x”z - %uxnz.

(50)

In the language of Appendix A, the variable 3 refers to the j = 0-th block variable,
and U) the j-th block for j € {1, ..., k}. Then,

go(B) == |IBll1, and g;(UY) = 8 (U forall j € {1, ...k},

and the function Q is defined naturally to comprise L, in (50).

We first show that (38) is satisfied. By (26), we know that (38) is satisfied by o; = ¢
forall j € {0, 1,...,k}.

It follows from (26), (28) and (29) that

0)
Ceo
L,(Us—y, By; X) + “THBS —Bso1l? < Lp(Us—1, By—1; X),

(1
C
L, ((U;“, u®..... Uj’i)l) By X) + =S IU®P = UL P < LU, B ),

(k)
Cg —
LUy B )+ -0 — U2 < 1, (U, D 0 B x).
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Summing up these inequalities, we have

k
Lp(Us. By ) + <§ NUD UL P+ 1By — By ||2) < L,(Us_y, Bs_1; X).
i=1

Therefore, the sequence {L,(Uy, B,; X)} monotonically decreases to a finite limit.

On the other hand, since each component matrix of Uy is an orthogonal matrix,
the sequence {Uy} is bounded. Suppose that the sequence {B;} is unbounded. Then,
it follows from (50) that the sequence {L,(Us, By; X)} should diverge to infinity,
which is an immediate contradiction. Thus, the iteration sequence {(Uy, I35)} must be
bounded, and hence converges by Theorem A.2.

In the following, we show that ||®|| — 0 as s — oo. First of all, we derive an
upper bound estimate for ||Vs(j ) Vs(j )|| as
v vy

= I[w®,...,v8 P udth L u®)y. A"
(W™, oYV eIt u®)y A

=M, ... vV o u®)y A
— WO, o LI u®)y )

<|@w®,. .. ud Y oYt u®)y A
—w®, .. oY et v u®y . 4
+w®, Lol o v u®) - A
— WO, oY o u®y )

—lw®, —uO WO, ..., v8 " ot uED . A
HIw®, o oIt L uE D u®y A
— WO, oI LI u®)y )

< JANuE, —u®
+lw®, oI Lt v u®)y A
—wO, .oV o u®y )

< 1T = oV + - v, - u®))

< IAINUg = Ug—1 1,

where the second inequality follows from the fact that Ut(i) € O(n;) foralli €

{1,...,k}andt = 1,2, ..., and the third from a standard induction.
Likewise, we have

1 k
1w, ..., u®) - A—@w®, ... uP) - Al < AU — Us_y]l.
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Thus, we have

1051 < (o + kX + kp I BsIDIANNUs — Us—y ]| + ¢ 1By = By

k
+ > U —ul|

i=1

< [0 +kIXI + kpl Bs DIAI + €] Uy — Us—11l +€lIBs — Bs—1l.

Since the iteration sequence {(Uy, By)} converges, we conclude that ||©]] — 0 as
s — 00. As € > 0 1is a given parameter, Algorithm 4.1 terminates after finitely many

iterations. O
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