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Abstract

Proximal bundle method has usually been presented for unconstrained convex opti-
mization problems. In this paper, we develop an infeasible proximal bundle method
for nonsmooth nonconvex constrained optimization problems. Using the improve-
ment function we transform the problem into an unconstrained one and then we build
a cutting plane model. The resulting algorithm allows effective control of the size of
quadratic programming subproblems via the aggregation techniques. The novelty in
our approach is that the objective and constraint functions can be any arbitrary (regu-
lar) locally Lipschitz functions. In addition the global convergence, starting from any
point, is proved in the sense that every accumulation point of the iterative sequence
is stationary for the improvement function. At the end, some encouraging numerical
results with a MATLAB implementation are also reported.
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1 Introduction

We consider the following constrained optimization problem
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glei;g fx),

g(x) =0, (1)
where the objective and constraint functions f, g: R” — R are locally Lipschitz but
potentially nonsmooth and nonconvex. In addition X C R" is a convex compact set.

Several numerical methods have been proposed for solving nonsmooth problems.
Two classes of the most efficient methods are subgradient methods [17,34] and bundle
methods. Bundle methods were first introduced by Lemaréchal [23] and have been
developed over the years. Proximal bundle methods are currently considered among
the most efficient methods for nonsmooth optimization problems, at least for convex
problems [15,16,24]. Not long after works on the bundle methods for the convex case,
the unconstrained counterpart of problem (1) was considered in [8,20,22] and more
recently in [13,14,18]. The success of the proximal bundle method in unconstrained
optimization (convex and nonconvex functions) greatly stimulated research to extend
it to solve nonconvex constrained problems.

Extending Lemaréchal’s algorithm to the nonconvex case, Mifflin [28] gives a
bundle algorithm using the so-called downshift mechanism for problem (1). In [27], a
proximal bundle method is presented for problem (1) with linear constraints by using
the improvement function for handling the constraints. This method admits only the
weak convergence in the sense that at least one of the accumulation points of the
serious iterative sequence is stationary. We recall that, a new trial point is called a
serious iterate if it is accepted as the next step, and a null iterate otherwise. Recently in
[11] an algorithm is stated for problem (1) with the strong convergence, in the sense that
every accumulation point is stationary, for classes of lower — C! functions (in the sense
of [31]). In [7], an algorithm is proposed for problem (1) where f and g are lower — C!
or upper — C! functions and the progress function is used for handling the constraint
and showed that every accumulation point of the serious iterative sequence is stationary
for the progress function. In addition, redistributed proximal bundle methods [13,14]
are extended for solving problem (1) in [37] by using the penalty function, where
the objective and constraint functions are lower — C2. Moreover, these methods are
studied in [25] by using the improvement function where the objective and constraint
functions are lower — C'. More recently, in [26] a semi-infinite programming (SIP)
problem is studied, where the objective function is lower — C? and the constraint
functions are twice continuously differentiable. By using a maximum function, the
SIP problem is formulated as a nonsmooth constrained optimization problem. Then
an infeasible bundle method based on the so-called improvement function is presented.
By utilizing a special constraint qualification, the global convergence is obtained in
the sense that the generated sequence converges to the KKT points of problem (1) as
well as the KKT points of the SIP problem.

Some other methods for constrained nonsmooth nonconvex optimization problems
are gradient sampling (GS) methods; see, for instance [5,36], where the penalty and
improvement functions for handling the constraints are used, respectively. The global
convergence of the sequential quadratic programming GS algorithm [36] and the
penalty sequential quadratic programming GS algorithm [5] are established in the
sense that, with probability one, every accumulation point of the iterative sequence is
stationary, respectively, for the improvement function and the penalty function.
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Techniques for bundle compression and aggregation, which are usual in the convex
bundle algorithm, are not used in [26,28,37] and although mentioned in [7,11,25,27],
are not explicitly addressed for updating formulas and the practical aspects. Without
these features, we can not guarantee that the number of constraints in the subproblems
can be kept smaller than a given desired bound. Therefore the method can not be
guaranteed to be practical, then numerical difficulties may arise. In our method, we
preserve the possibility of using aggregation techniques, which allow effective control
to the size of subproblems and in addition we present updating formulas.

Itis worth mentioning that in the most of the cited methods for constrained problems,
e.g.,[5,7,27,28,36] all the serious iterates and also the starting point, are required to be
feasible. In those methods computing a feasible point is essential to start the algorithm.
This preliminary general nonsmooth feasibility problem may be as difficult as to solve
problem (1).

In this paper, we propose an infeasible proximal bundle method to solve problem (1).
To handle nonconvexity, we extend the redistributed proximal bundle method [13,14]
to the class of all regular locally Lipschitz functions, which is less restrictive than
lower — C! and lower — C? functions. We use the improvement function to regularize
the constraint, which is one of the most effective tools in this context; see [21,26,33].
At least part of the motivation for using the improvement function consists in avoiding
the need to estimate a suitable value of the penalty parameter, which is often a delicate
task. Then we obtain the convex cutting plane model. Different from the unconstrained
optimization, our cutting plane model no longer approximates the objective function
f or its local convexification as in [13,14]. In addition, unlike [26] our model does
not approximate a maximum of the piecewise-linear models of the local convexifica-
tion of the objective and constraint functions. However, we consider the augmented
improvement function at the current step. Moreover, we compute the proximal bun-
dle point of the model function to obtain new bundle elements and generate better
minimizer estimate. The global convergence of the proposed algorithm is proved
in the sense that, every accumulation point of the serious iterates sequence is sta-
tionary for the improvement function, when f and g are regular locally Lipschitz
functions.

It is worth mentioning that in [26,37] the authors use the fact that when f and g are
lower — C? and the convexity parameter is large enough then the local convexification
of f and g can be obtained, however, in our model the regular functions are considered.

The proposed method is implemented in the MATLAB environment and applied to
solve some test optimization problems. The numerical results show that this method
can successfully be used to solve optimization problems. We also compare the pro-
posed algorithm with the public software SolvOpt [34] and the proximal bundle
method [25].

The rest of the paper is organized as follows. In Sect. 2 we review some basic
definitions and results from nonsmooth analysis. In Sect. 3 we provide the details of
our algorithm and its convergence presented in Sect. 4. Computational experience is
reported in Sect. 5 and, finally, in Sect. 6 the conclusions are presented.
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2 Preliminaries

Our notations are fairly standard. We denote by (u, v) = Y "_, u;v; the inner product
of two vectors u, v € R". We use || - || to denote the standard Euclidean norm. For
x € R" and ¢ > 0, B¢ (x) is an open ball of the radius ¢ centered at x and B (x) is a
closed ball of radius ¢ centered at x.

First we recall some concepts and results from nonsmooth analysis. Most of the
materials included here can be found in [3]. Then we recall the definition of the
improvement function and state some of its properties.

A function #: R” — R is said to be locally Lipschitz of rank L > 0 at x € R" if
for some ¢ > 0, we have |h(y) —h(z)| < L||y — z|| forall y, z € B.(x). The classical
directional derivative of & at x in the direction d € R” is defined as

h(x +ad) — h(x)

o

K (x;d) = lim
a—0

The Clarke directional derivative of 4 at x in the direction d is defined by

h d) —h
h°(x; d) := limsup O +ad) ()’).

y—>x o
a0

The Clarke subdifferential (generalized gradient) of & at x is defined as
deh(x) = {g eR"ETd < h°(x:d), Vd € ]R"] .

Each element & € d.A(x) is called a subgradient of 4 at x. It is well-known that 9./ (x)
is a nonempty convex compact set in R”. Also the Clarke subdifferential 9.4 (x) is
upper semicontinuous for every x € R".

The function : R" — R is convex, if A(Ax + (1 — A)y) < Mha(x) + (1 — A)h(y),
forall x, y € R" and A € [0, 1]. The subdifferential of a convex function /4 at x is the
set

dh(x) == {& € R"| h(y) = h(x) + (5, y — x), Yy € R"},

and it coincides with the Clarke subdifferential for every convex function.
Let ¢ > 0 the ¢-subdifferential of a convex function % at x is defined as

9:h(x) == {6 e R" h(y) = h(x) + (§,y —x) —¢, Vy e R"}.

Each element & € 9./ (x) is called an e-subgradient of 4 at x [27].
The function #: R" — R is regular at x provided that / is locally Lipschitz at x
and admits directional derivatives h’(x; d) at x for all d, with h/(x; d) = h°(x; d).
Let S be a subset of R”. Its indicator function Ig: R" — R« is the function which
has value 0 on S and + oo elsewhere.
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The family of lower — C! functions was introduced in [35]. It constitutes a broad
class of locally Lipschitz functions that contains lower — C? functions as a subfamily.
Combining [6, Thm. 2 and Cor. 3] with [35, Prob. 2.4], when i: R"” — Rislower—C 1
then £ is semismooth and regular. But the converse is not necessarily true. Spingarn in
[35, P. 83] gives an example of a regular function in R? whose Clarke subdifferentials
is not strictly submonotone at some points and therefore the function is not lower — C'.

A point x* € R” is called a stationary point of 7: R" — R if 0 € d.h(x*). If x*
is a local minimizer of &, then x* is a stationary point of 4. Also a point x* € X is
called a stationary point of &z on X if 0 € d.h(x™) + dIx (x*). When x* € X is a local
minimizer of 4 on X, then x* is stationary for 4 on X.

Recall that x* € X satisfies the Fritz John necessary optimality conditions for
problem (1) if there exist A > 0, A7 > O with A§+A] = 1 such that 0 € A§d, f(x*) +
2708 (x*) + 0Ix (x*) and ATg(x*) = 0, g(x*) < 0. When A > 0, then x™* satisfies
the Karush—Kuhn-Tucker (KKT) conditions.

2.1 The improvement function

We introduce the improvement function 4: R” — R associated with problem (1). For
a given point x € R”, let hy(y) = h(y,x) := max{f(y) — f(x), g(y)}. We recall
some useful properties of this function. Directly by definition of the improvement
function and subdifferential calculus [3], we have

e f(y) fO) = fx) > gk
dch(y,x) € § conv{d. f(y)Ud.g(y)} f(y)— f(x)=g®») @)
9:8(y) fO)—fx) <gb),

where “conv” denotes convex hull, and equality holds when f and g are regular
functions. In addition 4 (x, x) = g™ (x) = max{g(x), 0}, for all x € R".

Let X C R” be a convex set. We have Ix (-) is a convex function, and 9 x (-) is the
normal cone to X at x, i.e.,

dlx(x) = Nx(x) := {v eR" (v,y—x) <0, Vy GX}.

First we recall the following result from [7, Lemma 2.1], which shows that the improve-
ment function is suitable to serve as an alternative of the penalty function.

Lemma 1 Suppose that f and g are locally Lipschitz functions, then the following
hold:

(A) If x* is a local minimizer of problem (1), then it is local minimizer of h(-, x*) on
X. In addition we have 0 € 0.h(x*, x*) + 0Ix(x™).
(B) If0 € d:h(x*, x*) + dlx (x*) for x* € X, then only one of the following occurs:

1) ifg(x™) > 0, then 0 € 0.g(x*) + 0Ix(x™), i.e., x* is a stationary point of g
on X.

(i) if g(x™) < O, then 0 € 9. f(x™) + dIx(x™), i.e., x* is stationary for f on X
and it is a KKT point of problem (1).
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(iii) finally g(x*) = O implies that x* satisfies the Fritz John necessary conditions
for problem (1).

3 Description of the algorithm

In this section we describe the new algorithm. The main idea of the method is as
follows. Given the last serious iterate x* (the starting point x° is regarded as the first
serious iterate). We generate candidate points by iterating with the proximal bundle
method applied to a piecewise-linear model of the augmented improvement function,
until the next serious iterate x**! is obtained. However, to decide whether a candidate
point can be the next serious iterate, we use a usual descent condition. When the new
serious iterate x**! has been found, the piecewise-linear model should be redefined,
according to x**1, for the next iteration. In the sequel of this section we will discuss
different elements of the algorithm, which itself will be presented at the end of this
section.

3.1 Model function

As usual in the bundle methods, the available information is used to define a piecewise-
linear model of (-, x¥). In our setting, we are working with possible nonconvexity
of f, g and consequently of /(-, x¥). We define the linearization errors for f and g at
xK, corresponding with y/ € R”, respectively by

= fO5) = FO) = .6 =), (3a)
¢y, = 8" —g(y)) — (€, x* — ), (3b)
where é} € a. f( yj ) and Sg € d.g( yj ). For a convex function, linearization errors
are always nonnegative. This feature is crucial to prove the convergence of the most
of the bundle methods [4,16]. However, in the nonconvex case, it may yield negative
linearization error. To overcome this drawback, we extend the approach introduced in

[13,14] for nonconvex constrained optimization problems and work with the following
augmented function

Ul
iy 65y = (x5 + =), “
where 7; is a certain parameter, that adjusted dynamically. Let [ be the current iteration

index and £; € {0, 1,...,] — 1} is the index set at the /th iteration. We generate the
convex piecewise-linear model as

Hi(y, %) i= h(x*, x) + max [=eb, + (kv = b =k + sk v = b))

8j

=" (") + max [=b, + 0ok v = b = + by =ah) L )
) T |
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where
o=k gt F bl o = el gt — g + mi (6a)
sho=E)+mdf, sk =g+ mdf, df =y — X b= Iy =1 _2xk”2, (6b)
and e ]g‘ are stated in (3a), (3b) and the bundle of information is defined as follows

B \J {(fio g &5 €L ek, bE, ab) ),
lE[:]

where f; := f(y') and g; := g(y'). Clearly Hj(-, x*) is a piecewise-linear model
for the augmented improvement function (4). We call m z (-, XKy = gt (xk) — cl}f +

(s’;j ,-—xKyand mg(-, x5y = gt (k) — cgj + (ng , -—xky as oracle planes. Any choice
of the positive parameter 77; € R that keeps c’}j and c’éﬁ/ nonnegative is acceptable. In
our setting we take '

— (e, + gt h) (e + gt b — gh)

; = max § max s ,w ¢ +w,
! jeLy vl vl
y/#x
(7

where @ > 0 is a positive constant.

Remark 1 In [13], the authors established the proximal bundle method for uncon-
strained problem when f is lower — C2. Moreover in [37] a proximal bundle method
and in [26] an infeasible proximal bundle algorithm were presented for constrained
problems where f and g are lower — C2. They can say nothing about what is obtained
if the sequence {#;} remains too small. Since they used the fact that when #; is large
enough and f, g are lower — C2, then the augmented function hy, Gy x¥) is convex.
Indeed, in our approach we do not require any lower — C2, lower — C'! or prox-regular
assumption on the functions. Therefore A, (-, xk) in (4) can be nonconvex in some
iterations and only we choose 7; such that (7) is satisfied.

Lemma 2 If n; is selected according to Eq. (7), then for every j € L;, we obtain
cl}j > 0 and cf,f,j > 0.

Proof By using (7) for all j € £; when y/ # x¥, we have
(= bk = — (e +g76h) and (- )bk = = (eh + g7 (5 — g(h),

and by (6a) we obtain c’} > wb > 0 and ck > wb > 0,forall j € £y and y/ # x*.
When y/ = x¥ we have cf = g+(xk) > O and c = gt (k) — g(x¥) > 0. Hence

forall]eﬁlwegetcf >Oandc > 0. O
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We assume the last serious iterate until now, will be one of the bundle points,
ie., x* € {»/};er,- That is, there exists /(k) € L; such that x* = y!®_ Hence
10 —xk) andm°< ) = gt (@h) — g (o) + (5,9, - —xF)

mG (x4 = gt () (g, —x
=gt@andcey =gt (") —g(h),

are the cutting planes of H;(-, x). Also c¥
therefore we have

Jiw
HiGet ) = gt () + max [~ b} = 5.

The iterates {y'} include both the serious steps x* and the null steps y' (which are
candidate points that were not serious). As we have mentioned above, for all k there
exists [ (k) such that x¥ = y/®_ Therefore we have {x¥} C {y'}.

Given i; > 0, a positive proximal parameter, the next iterate y’ is generated by
solving the following convex problem

min H(y, x*) + & ||y X2 ®)
yeX

Clearly, y* is unique. If y’ provides a significant decrease with respect to 2 (x¥, x¥), we
call it serious iterate, otherwise null iterate (we explain this case in the next subsection).
From the optimality conditions of problem (8) we have 0 € aHl(yl, x4+ 10, (yl —
x4+ 8Ix(y ). Therefore, there existé\l € aHl(yl, x*)yand v; € alx(yl) such that

Vo= k= G ) and w6 =y = G ) € dHIG 2 + Ax (.
Since the model (5) is piecewise-linear, there exist o, g/ € RIZ1 with ai., ,Bj >0
and Zlﬁll (a + /3 ) = 1 such that Sl : Zm" /Sf ﬂ ). We calledgk the
aggregate subgrad1ent The aggregate error is deﬁned by

=gt M — B b — Ef xR =y >0, ©9)

where the inequality follows from gk € 0H;(y!, xb). It is easy to verify that /57‘

8?;{ H; (x*, x*). We define the aggregate plane by mj (-, XKy = gt (b —’éf + @k, .=
x¥). To avoid overflow, when generating the new model H; (-, x¥), we may replace all
older planes corresponding to aﬁ. > 0 and ,3; > 0 by the aggregate plane. Note that

this aggregate plane can directly be defined from the aggregate couple (’éf‘, %7‘ ).

Accordingly, we have two kinds of planes in the bundle, namely: the oracle
and aggregate planes. Therefore we shall write the index set in the form £; =
£9aele | ) £7%2 and their bundles in the form B; := BPele | ] 358,

greec U {(ﬁ,gi,é}, o Choe gz’bf{’dzk)}’

ie Euracle

and ngCU{ SeaH(y x))}

iely®®

@ Springer



A new infeasible proximal bundle algorithm for nonsmooth... 451

It is worth mentioning that for any iterate y’ (serious or null), we add one element in
B;’“‘Cle that is ( 11, 81, S?, é, e];.l, e’;,, bf‘ , dlk) (and also in L‘;’r"mle). Corresponding to
any element in this bundle we have two cutting planes in the model, for f and g. Like
our method, in [19,33] for convex constrained problems one bundle for both f and g
is considered and thus the implementation of the algorithm and updating the formulas
are simple. However, unlike our method, in some bundle methods for constrained
problems two bundles for f and g independently are considered; see e.g., [25,26].
Therefore the convex piecewise-linear model is as follows

H(y, xk) — g+(xk) + max{ max {—?]J‘- + (Ej.‘, y— xk>} ,
jEEIgg

max H—cl}j + (s?j, y— xk), —cgj + (séfj, y — xk)} }

. oracle
JjeL;

(10)

3.2 Acceptance test

An iterate y' is considered good enough to become the next serious iterate when
h(y!, x*) provides a significant decrease with respect to h(xk, x*) = gt (xk). Letm €
(0, 1) be a given parameter. Define the predicted decrease §' := ’éf + ZL/L[ IIEIk + %

Note that since 'éf‘ > 0, it follows that 8 > 0. When yl satisfies the descent test

h(y', x5y < gt (%) — mé', (11)

a serious iterate is declared, i.e., xfT! := yl. Otherwise, yl is a null iterate and x*

remains unchanged. The algorithm stops when &' is small enough. In this case, both
'éf and ||§1k + v;|| are small and since Slk € 8?;(H1 (y', x*y and v; € 3Ix(y"), we deduce

x¥ is a stationary point (we will resume the discussion of convergence in Sect. 4).

Remark 2 Recalling the definition of 4 (-, xk), we conclude that if the descent test is
satisfied and a serious iterate is declared, we get

FOHD = @ < gt (68 —mst and g(MH < gt (M —msl(12)

In particular, if x* is feasible, i.e., g7 (x*) = 0, it follows from (12) that f(x**t1) <
f(x*) and g(x**1) < 0. Thus x¥*! is feasible too and { f(x;)} is strictly monotone.
Otherwise, when x* is infeasible, it is possible f(xr+1) > f(xx) due to g+(xk) =
g(x¥) > 0. Therefore outside of the feasible region, the method is not monotone with
respect to f. However outside of the feasible region we have g(x**1) < gT(x¥) =
g(x¥). This seems intuitively reasonable: while it is natural to accept the increase in
the objective function value in order to decrease infeasibility.
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3.3 Updating the model

Suppose that y is a null iterate, we will augment the piecewise-linear model H; (-, x*)
and generate Hj4 (-, x*). Note that the cutting plane respect to the last serious iterate
(i.e.,x*) should keep in the model. To make Hj41 (-, x%) better than H; (-, x¥), we should
add two more elements: the cutting plane and the aggregate plane corresponding to y'.

It is enough to make sure {(’éf gk)} c Bfigl and {(f7, g1, f;‘f,él, ]J‘CI gl,bk dk)} c

Bfffle Moreover we set E;’flcle = E}’mle U {l} and E;f_% = Edgg U {/}. Therefore,
when there is a null iterate the updating of the bundle and presenting of the model

accomplish without any problem.

Remark 3 1t is worth mentioning that the total number of the elements in 5; can be
kept as small as three, at every step of the method. It can be given by

By = {(fl gz,élf, él,elj‘c,,e;,bf,dlk) , (?f‘%k)

k) l(k)
0 e e Bl dt(k))}

(fz(k), 8l «‘Ef
Asusual in the convex proximal bundle method (see, for instance [19]) the total number
of elements in the bundle can be kept as small as two, namely: the cutting plane at
the last iterate y' and the last aggregate plane. Let us emphasize that the situation
in our setting is slightly different from methods for standard convex programming.
These differences are actually natural, having in mind that convex and nonconvex cases
require significantly different tools. Like our setting in [7] the cutting plane respect to
the last serious iterate x* is considered.

When a new serious iterate is declared, the model H;(-, x¥) has to be properly
revised and at the next iteration we start working with the new model H;(-, xk‘H).
Therefore any element in Blagg and B;’raele that is depended on k should be redefine.
On the other hand, since we did not store y/ and H i ( y/, x¥) forany j € £;, we rede-
fine the elements of B?gg and B?mde by updating formulas. Incidentally, by updating
formulas the computation of the new cutting model H; (-, x**1) is easy. We update the

linearization errors and the other items for all j € E;’mle according to the following
relations
= 4 fE = FOR = (g M 2R, (13a)
e = ,.+g(xk+1) — g(F) — (&, xF T — ), (13b)
1
b];+] =b§+§||xk+l _xk||2_<d§’xk+l _xk>, (13C)
dit =df — (M b, (13d)

The update aims at satisfying (3a), (3b) and the two last relations (6b). The aggregate
subgradients and the aggregate errors for all j € L?gg, respectively, are updated by

EH = 4ok — X, (142)

@ Springer



A new infeasible proximal bundle algorithm for nonsmooth... 453

n -~
’ék.+1 :’éﬁ +g+(xk+1) _g+(xk) + E”xk+1 _xk”Z _ (Sk,xk+l _xk)

J
+ (FEEY — Fafn T (14b)

The update aims at satisfying the key relation ’é\f € ox H) (x*, x*); see Lemma 4.
J

In the following lemma, we show the relationship between A, (-, x%) and
hy, (-, x¥*1), that these are the augmented functions in two tandem serious iterations.
We also show that the same relationship holds for their cutting plane models.

Lemma 3 Functions hy, (-, x*) and hy, (-, XK1Y satisfy the following inequality

By (v, XKDy >y (v, xF) — (PO — £ T 4 iy — Xk —
Tkt — )12, (15)

) X

forall y € R". Furthermore, the above inequality is true for Hy (-, x*) and H; (-, x**1)
by replacing hy, (-, x*) and hy, G, XK1Y respectively.

Proof First, we show that
h(y, XY > h(y, x%) — (FGTH — FGE)T, vy e R (16)

Consider y € R™. If f(y) — f(x*1) > g(y) and f(y) — f(x*) > g(»), then
h(y, X+ — h(y, x%) = fF(F) — FRHY > —(F R — F(x¥) T When £(y) —
FRY < g(y) and f(y) — f(x¥) < g(y), then A(y, x*1) — h(y, x¥) = 0 and (16)
holds. Now suppose that f(y) — f(x*T1) < g(y) and f(y) — f(x¥) > g(y), then
h(y, X —nh(y, x5 =g — FO) + F&5) > F) — FEETDH = FO)+ £ =
FOE — fERY > —(FRHY — FR) T Finally if £(y) — f(x**1) > g(y) and
F() — £&5) < g), then h(y, X1 — h(y, xK) = f(y) — FGFF) —g(y) > 0
which again implies (16). Using (4) we get

By (v, X5 >y (9, x’%%(ﬂy — =y = XK 1D) — (R = Faf) T

We know that

FUSS B 25

k2
x|l

ly —x* 12 =y —
e L R D
which implies (15).

Now we show that (15) holds for H;(-, x¥) and H;(-, x¥t1) by replacing A; (-, x)
and Ay (-, x¥*1), respectively. For all j € E;’r"‘de we have

Hl(y, xk+1) > g+(xk+1) _ C]};I»] + <s§j]’ y — xk+1>

= =i —mb (5 () =,y =
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= (b PO e, P ) (1 P
bk — (= ) ] b - AR,y
= —(h +mbh) e = FO) = T =K 5]y — o)
+ oy =Xy =X (] = xE T =R

= — (e}, +mbh) + f(xk)—f<x"“>—%||x"“ —xk2 (gl y — 2
+ oy —x y = by ot = Ky —

= —(ehy +mbh)+F ) = O =T — P (s Ly — o)
+ U[(xk _ xk+1’ y _xk+1)

=870 = sy =2 = (PO = )T

n
= I = o = ALy =, (17)
where the first inequality comes from the definition of H;(y, xk‘H) in (10), the first
equality holds by the first relation in (6a) and the first relation in (6b), the second
equality is satisfied by (13a) and (13c) and the two last equalities follow from the first
relation in (6a) and the first relation in (6b), respectively.

By the same discussion and adding —(f(x**1) — f(x*)*, for all j € Elorade we
deduce

Hy(y, ") = g7 08 —cf + (s, vy — o) = (F5TH = Fafnt

n
—;W+1 T E L e R A (18)

Since (17) and (18) hold for all j € E?m]e, we get

k+1 +ok _k koo ky _k koo ok
Hi(y, x"77) = ¢ (X)"f‘jeﬂcl?ggcle{ sy y = x5, =g, + (s, y —x0)}

ni
—(frhy — f(x">>+—3||xk“—xk||2+m (K — xKHL Ly k),

(19)
By using the definition of H;(y, x¥), (14a), (14b), for all j € L’?gg, we have
Hy(y, ¥ = gttty —2h+ 4 @y — )
— g+(xk+1)_(’é1]€_ +g+(xk+1)_g+(xk)+%”xk+l _xk”2 + (f(xk+])

S (’S‘;_c’xk—i-l _ xk>) + (gji; ok — XKLy kL
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=gt (") + (=2 + ). y—xk>)+m<xk — Xy — kT
— (fEMY — fafn T - || L xk2,

therefore

Hi(y, 2™ 2 g7 () + max, [+ @y -] - ek - et
J€ lb

ni
—Enx"“ — K12 ok = xRy — xR, (20)

Using (10), (19) and (20), we deduce

Hi(y, 241 = Hi(y, ) = (P = by T = Zt a2
(e = Xy @1)
and the proof is completed. O

Lemma 4 Suppose that the associated y' is declared as a serious iterate, i.e., x*11 =
y!. Then the following hold:

@) If for each j € £?ra°1e we update e ! and ek+] according to relations (13a),

(13b), then conditions (3a), (3b) are sansﬁed wzth k=k+1
@ii) If for each j € L’?gg we update the aggregate errors and the aggregate sub-

gradients according to relations (14a) and (14b), then ?’;H > 0 and /E\f"’l €
3215+| Hj(xk+l, xk+l).
J

Proof (i) Let j € £, we have

it =l + fMH = Foh) - s;i, Ak
= FO5) = FON) = (g, x5 = y0) + O = £ 5 — (], 1T — )
= fOFY) = FO7) = (g ) xR = ),
and the same argument applies for egﬁ].
(ii) Let j € Eagg Since Ek € 8AkH-(xk x¥) and H;(, x¥) is convex, it follows
J
that H; (y, x*) > H; (x*, xk)+(E y— xk)—e forall y € R". By using (14a), (14b)
and (21) we obtain
Hj(y, X"y = Hj(y, x*) = (FG5TH = FDT 4 eh = 24y =
ﬂ”xkﬂ I
> Hi(x", )+ &,y — x4 =2 — (f 6 = )t

k2
I

n
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= &,y =2 + et =T p ot =My — iR
. <Ak kL

S, X

]’
=gt — Ak“ + (k= xRy — R 4 (g'(, y —x*th
=gt + <s, + (=, y =) e (22)

By the convexity of H(-, x**1), we get Ejf“ € dy1 Hj (x*+1 xk+1) In particular,

set y := x¥*1in (22) and using this fact that H; (x**1, xk*1) = g (xk*+1) we deduce
ot >0, o

Remark 4 In the following we assume that {r;} is bounded. From (7) it is clear that
n > 2w for all /, so we suppose that there exists 77 such that 2w < n; < 7 for all
/. Since the analysis of the algorithm do not require the constant 77 to be known, this
assumption is not restrictive on implementation of the algorithm. The boundedness
of {n;} has been established in [14] for the unconstrained optimization problems with
lower — C! objective functions and in [25] for the constrained optimization problems
with lower — C!, objective and constraint functions, respectively. However, in our
convergence analysis we consider this assumption with regular functions which is
weaker than lower — C! assumption.

3.4 Upper envelope model

The argument of this paper are actually two-fold. The first line is as follows. For
nonconvex problem (1), we use the improvement function to get rid of the constraint
and use the term %Il . —x||? to deal with potentially negative linearization errors.
We do not require any lower — C2, lower — C! or prox-regular assumption therefore
the augmented function (4) can be convex or nonconvex. Then we state the convex
cutting plane model H;(-, x¥) for (4) and use the usual bundle argument for this
model. The second line of argument deals with connecting the convex cutting plane
model Hj(-, x¥) with the original nonconvex problem to analysis the convergence
of the method. For this purpose, motivated by [30], we define the upper envelope
model M1 (y, x) associated with the cutting plane for constrained problems. It is worth
mentioning that the upper envelope model in [30] was defined for the unconstrained
optimization problems. Furthermore, the method of [30] employs the “downshift”
mechanism, that is absolutely different from our mechanism for the definition of the
cutting planes.

Suppose that Bg(x) is a fixed closed ball large enough such that contains all pos-
sible trial steps yT (this assumption was considered in [7,30]). Set B(x) := {y| y €
Br(x), yis a trial point}. We define the upper envelope model M7T(-, x):R" — R,
for a given point x € R”, as

My, x) 1= g () + sup {ml o 00, mée 6on),
20<n<7, yTeB(x)

&f €def(yT), e€deg(yh)
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where 2w < n < 7 with 77 defined in Remark 4. The plane m;c Tt

plane at the serious iterate x and the trial step y™ as follows

(y, x) is the cutting

mfﬂsf),,(y,X) t=—cyr + (&5 + noyt —x),y —x)

1)

== =xI?+ & 00t -0,y —x). (23

Also m§+ £ (y, x) is the cutting plane at the serious iterate x and the trial step y* as
2S¢

g L N
my+)sg,,7(y, xX):= —Cy+ + (Sg +n(y"T —x),y —x)

= —gny+ —xP g G =Xy =2 (24)

The boundedness of Bg(x) and the definition of 1 imply that M ™ (-, x) is defined
everywhere. In the following we state some properties of the upper envelope model
M7 (-, x). These results can be found in [7, Lemma 6.1], however we state the proof
since the definition of the upper envelope model M ' (-, x), its cutting planes and details
of the proof are different from [7].

Lemma5 Suppose that f and g are regular functions, then the following hold:
({) M'(-, x) is a convex function.
(ii) Hy(-,x) < M'(, x) forall .
(i) M (x,x) =gt (x).
(iv) aM*(x, x) C dch(x, x).
Proof The proof of (i) is obvious. To prove (ii), from (6a), for all j € L;, we have
C]}j = e’}/ + gt b + nlb/]‘.. By using (7), we obtain

w
ey, + 8T + by = Slly; - 211,

therefore for all j € £; we have c’}j > 2y — xK||2. The same argument holds for g

and we again get c’g/_ > 2|y; — *K)2 k|12

. Therefore we deduce — cl}j <3y, —x
and —c]gj < —§||yj — xk2. Compare the definition of H; (-, x¥) in (5) with the
definition of M (-, x) and their cutting planes [see relations (6a), (6b), (23) and (24)].

The second term in their cutting planes is similar, i.e., s?j with £ 4+ n(y* — x) and
s{;/ with & + n(y™ — x). Therefore

o .
=y 5y =2 = =2y = P (6w =2,y =26,

and

o .
gy + 5y = 2) = =2y = P+ E =20,y =),
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Since we assume B (x) is large enough such that it contains all possible trial steps,
we get Hj(-, x) < M7 (-, x) for all / and the proof of (ii) is completed.
We have ¢+ = % |yt —x||?> = 0 and ¢, = 0, therefore we obtain (iii)

MY, x) =gt )+ sup {—c,+} =g (x).
yTeBRx)

To prove (iv). Let £ € dM T (x, x) and define m (-, x) = M (x,x) + (£, — x) =
gt (x) + (é x), the tangent plane to the graph of M T(-, x) at x associated with E
By using convexity, we have m(-, x) < M T( , x). Fix a vector d € R" and consider
the values M ' (x + td, x) for t > 0. According to the definition of M1 (-, x) for any
t > 0, there exist 2w < n; < 7, y; € Bgr(x) and é,f € d.f(y;) or & € d.g(y)
such that M1 (x + td, x) < g7 (x%) + m§ e (x+td,x)+t2or M (x +td, x) <

155t Mt
gteM) +m® . (x+1d,x) + 1%
Ve,&¢
We suppose that M1 (x + td, x) < g+ (x*) + m’ ¢/ (x +td, x) + 1%, therefore
y

15t >Nt

m(x +td, x) < g+(xk) +m! o
¥

t55; 5Nt

(x +1td,x)+ 12

=gt () —cy, + (& + 0 —x), 1d) + 12
w
=g"00) = Sl —xl* + & +mGn —x).td) + 12

When M1 (x +td, x) < g+(xk) + mi £ (x +1td, x) + 12, we again get the above
15St 1t

relation with &° € 8.g(y"). Therefore, we can say
= + @ 2 2
mx +1d, x) = g7 (x) = Zllye = X"+ (& +n: (o — x), 1d) + 17, (25)

where & = &/ or&f. Since &/ € 8. £ (1), &% € d.g(y;) and f, g are locally Lipschitz
on Bg(x), hence {&:} is bounded. Therefore {&; + n;(y; — x)} is bounded and since d
is an arbitrary fixed vector, then (&, + 1, (y; — x), td) — 0 ast — 0. Passing the limit
in (25), we get lim, o =5 [y, — x||? > 0 which implies that lim,_¢ Fly: — x|2=0
and we deduce y; — x. Consider the sequence {&,}, since f and g are regular, we have
& € d.h(yr, x). As we have mentioned above, this sequence is bounded on B R(x)
passing to a subsequence if necessary, we may assume there exists E such that & — E
Since y; — x, it follows from the upper semicontinuity of the Clarke subdifferential
thatg € d:h(x, x). From (25), we obtain (£, d) < (& + n;(y; — x),d) +t,lett — 0
which implies that (£, d) < (£, d). Thus

(E.d) < (. d) < max{(§,d), & € dh(x, 1)} = (h(-, x))°(x, d).

Since d is an arbitrary vector, we get £ € d.h(x, x) and the proof is completed. O

@ Springer



A new infeasible proximal bundle algorithm for nonsmooth... 459

3.5 Statement of the algorithm

Now we are in position to state our infeasible proximal bundle algorithm for solving
problem (1).

Algorithm 1 (Infeasible Constrained Proximal Bundle Method)

Step 1 Choose parameters m € (0, 1), w > 0,tol > 0, |L|max > 3. Choose x0 e R",
set y? := x°, and compute (fp, go, é?, éé(,)). Setk :=0,1:=0, e% =0, ego =
0, 5) = 0,dy := 0, B = {(fo, g0, 7, &0 €} , €5, b, d)}, BY*E = 9,
E?mle := {0} and L?gg = 0.

Step 2 Selectn; > 0asin(7)byreplacing £; with E;’mle. By using (10) set H(y, x5y,
Choose u; > 0 and compute y! as the solution to

. 122
min  H(y, x*) + =y — <%
yeX 2

Set & + vy == (k= ), T = gt (k) — Hi( by — Gk =0, 8 =
e + 2o I8 + il and (fi, g1, 85, 8L, b ek bf df).

Step 3 If 8! < tol, stop.

Step 4 Compute h; := h(yl, X It < g*(xk) — mé!, then yl is a serious iterate.
Otherwise, y' is a null iterate.

Step 5 If |£;’raCle U E?gg | > |£|max, then delete at least two elements from E;’raele U
£?gg except [(k), i.e., the element corresponding to x*. In addition delete their
corresponding elements from B}’mle U B?gg. Let L?ffle = E;’mle U {/}, E?i% =
L% U {1} and

BYEF = By U ((fi, &1, &), &, €y € b d),
Bagg . Blagg U {(?gc’é.‘lk)}

I+1 "=
Step 6 If y' is a serious iterate, set x**! := y/, f(FKH) 1= £, (K = g
Update the bundle elements according to (13a)—(13d) for all j € Lfofle and to

(14a)-(14b) forall j € £;%5. Setk =k + 1.

Step7 Set!/ =1+ 1 and go to Step 2.

Remark 5 1t is worth mentioning that contrary to some nonconvex constrained opti-
mization algorithms that solve a quadratic programming subproblem and also use a
line search method, e.g., [5,27,28,36], our setting does not employ any line search sub-
routine and it only solves a quadratic programming subproblem, without impairing its
global convergence.

Remark 6 We require a usual rule for choosing the proximal parameter w;. The con-

ditions that y; should be satisfied, for the global convergence, are very simple and we
state these in the convergence results (see Sect. 4).
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4 Convergence analysis

In this section, we establish the global convergence of Algorithm 1. We assume from
now on that the stopping tolerance fol is set to zero. Note that, if the algorithm stops
at Step 3, then §' = 0. Indeed, 8’ = 0 implies that [|&} + v/|| = 0 and &} = 0. Since
/E\lk € HE;(Hl(xk, xk), we have

Hy(y.x") = H(H 28 + Gy = =2 = 676N + Gy =2 =7 20
forall y € R". By vy € alx(y'), we get

Ix(y) = Ix () + (v, y — )
= (o, y = y) = Ix (&%) + (v, y — x5y 4 (o, xF = yl)

Kk K 1 =~
=Ix(x") + (v, y —x )+(UI,E($1 + ), 27

for all y € R". By (26) and (27), we obtain

Hi(y, x5 4+ Ix(y) = g7 () + €y — x5 =8 4+ Ix () + (o, y — x5
1 ~
+ <vz, — G+ vl)>
22

= g (M) I ) FEF + v,y — x5 —?§‘+<vz, i@" + vz>>.
(28)

We have II’E\lk + vl = ’éf‘ = 0 by using this fact in relation (28) we deduce

Hi(y, x") + Ix(y) = g7 (%) + Ix (5 + (0, y — x5).
Due to Lemma 5 (ii) and (iii), we get
M (y, x5+ Ix(y) = MT K, xR + (60 + (0, y — x5),

and by the convexity of M (., x¥) and Ix(-), we deduce 0 € aM T (x*, x*) + aIx (x©).
Using Lemma 5 (iv) we obtain 0 € dch(x*, x¥) + 91x (x*). Hence when Algorithm 1
stops finitely, the last serious iterate x* is stationary for the improvement function
h(-, x*) on X.

From now on, we assume that Algorithm 1 does not stop and generates an
infinite sequence of iterates. As customary in the bundle method, we consider
two cases: the serious iterates sequence {x¥} is either finite or infinite. Set A :=
{l] I is a serious iteration} collects the indices of the serious iterates in the sequence
{y'}. We denote the feasible set of problem (1) by D := {x € X| g(x) < 0.
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Proposition 1 Suppose that ki is any serious iteration, then for all k > ki we get
xk e (x e R, gx) <g™ (xkl)}. Therefore, if there exists ky such that x*2 € D, then
x* e Dforallk > ko.

Proof By using Remark 2 for any k we have g(xF 1y < g (xby. O

From Proposition 1, we obtain immediately that if x© is a feasible point, then the
sequence of the serious iterates {xk} is feasible too.

Lemma 6 Suppose that f is bounded below on D, and Algorithm 1 generates an
infinite number of serious iterates. Then {8'};c A — Oand {’éf}le A — 0. Furthermore
if there exists w > O such that w; < w for alll € A, then {gk + viljes — O.

Proof By Proposition 1, we consider two cases: either x¥ ¢ D for all k or there exists
an index k3 such that x* € D for all k > k;.

(i) Ifx* ¢ Dforall k, by using (12) we have m8'* D < g(x*)—g(x**+1) forall k > 0.
Therefore {g(x*)} is decreasing and g(x*) > 0. Thus this sequence is decreasing
and bounded below which implies that, there exists g such that g;x) — g as
I(k) € Aand k — oo. Therefore Y, 48" < g()‘;’nﬂ < 00.

(i) Now suppose that, there exists k3 such that if k < k3, then x* ¢ D and for all
k > ks we have x*¥ € D. By using (12) we have m8'*®*tD < f(xk) — f(xkt1)
for all k > k3. Hence { f (xk)} is decreasing for k > k3 and since f is bounded
below on D there exists f such that f(x¥) — f as (k) € Aand k — oo. This
implies

ILEIED DI S IO R R N I
m

leA leA, I<l(k3) le A, I=1(k3)

Hence in each case we have ) ;. 4 8! < oo, which implies that {§'};c4 — 0. By
the definition of §' we have e < §' and ;Wns/‘ + y||? < &8, it immediately follows
that {?;‘}IEA — 0 and by u; < 1, we have {/S\[k + v1}jea — 0. Hence the proof is
completed. O

In what follows, we assume that Algorithm 1 generates an infinite sequence of serious
iterates and show that every accumulation point of this sequence is a stationary point
of the improvement function. Here, motivated by Lemma 1, we call x* is a stationary
point of the constraint violation if 0 € 9.g(x*) along with g(x*) > 0.

Theorem 1 Suppose that f and g are regular functions, f is bounded below on D
and {n;} is bounded above. Assume that Algorithm 1 generates an infinite sequence of
serious iterates. If there exists |t > 0 such that u; < 1, then for every accumulation
point of {x¥}, i.e., x* we have 0 € d.h(x*, x*) + dIx(x*), that is x* is a stationary
point of the improvement function on X. In particular, x* is either a stationary point
of the constraint violation or a Fritz John point or a KKT point of problem (1).
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Proof By using Lemma 6 we have
(8")iea = 0, (@ea — 0 and (E + vl — 0. (29)

Suppose that / € A, since /E\Ik + v € dH; (', x*) + 3Ix(y') and by the convexity of
H (-, x*) + Ix(-) for all y € R", we obtain

MYy, x5+ Ix(v) = Hi(y, x5 + Ix ()
> H(' x5 + IxO) + E + vy =)
=gt —ef + ELy =X+ IO + E vy =)
=gT (") = + E oy —2F) 4+ (w,xF =)
=gt —ef + Ef +uy —2f)+ <vz, i@k + v1)>,
(30)

where the first inequality comes from Lemma 5 (ii), the first equality follows from (9)
and the last equality from x* — y/ = I%I(élk + vp).

Since {x*} is in the compact set X, it has a subsequence x; —>cic x* with x* € X.
We know [ € A so that [ = [(k). Since x¥ — x* and x* — y! = l%[(“g‘lk +v) — 0,
therefore y! — x* as k € K, (k) — oo. On the other hand v; € le_(yl) and X is a
convex compact set hence there exists € such that {v;} € dIx(x*) + Bz(0). Consider
(30), (29) for all k € IC, passing to the limit and by the boundedness of {v;}, we obtain
limy o0 kerc M1 (3, 65 + Ix (3) = limy o0 kexc g7 () + (0, y — x¥) and hence

MYy, x*) + Ix(y) = gt () + (0, y — x*) = MT (%, x*) + Ix(x*) + (0, y — x*).

Using the convexity of M T (-, x*) + Ix(-), we deduce 0 € aM T (x*, x*) + dIx(x*)
and by Lemma 5 (iv) we have 0 € d:h(x™, x™) + 01x (x™).

When g(x*) > 0, then 0 € d.g(x*) + dIx(x*) and, we get x™* is a stationary point
of the constraint violation. If g(x*) = 0, then x* is a Fritz John point. Otherwise, x*
is a KKT point of problem (1). O

We conclude by considering the case when the number of serious iterates is finite, i.e.,
there exists [* := max{/| [ € A}. We denote the corresponding last serious iterate by
xend — k() — yl*. Then for all [ > [* the iterate x¢* is fixed. We show that x¢"?
is a stationary point of the improvement function on X.

Theorem 2 Assume that [ and g are regular functions and Algorithm 1 takes a finite
number of serious iterates. If {n;} is bounded above and p; < wi+1 < pwforalll > I*,
then0 € d.h(x"?, x") 49 Ix (x"?), i.e., x"? is a stationary point of the improvement
function on X. In particular, x* is either a stationary point of the constraint violation
or a Fritz John point or a KKT point of problem (1).

Proof Suppose that [ is large enough, such that [ > [*. Let y' be the optimal solution
of (8). We show that the sequence {H;(y!, x¢"?) + % ! — x°™||?} is bounded above
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and nondecreasing. Since &; Eend AH; (', x") and H;(-, x**¥) is convex, we have
H(y, x") > H(y!, x"d) + (ée"d — !y for every y € R”". By using the definition
of the aggregate plane and (9) we have m (y, xy = Hy(y!, x") + (Ef”d, y —yh).
Substituting y = x°, we get H;(y!, x"¢) = m;‘(xe"d,xe”d) — (ge”d,xe"d — yh).
Then we obtain

27
HG 2 + Y =)

2
< H(!, x) + mllyl — xe)?
< Hi(y', x4 g (yt — xmd, yl — xendy — (uy, x4 — yl)

= Hy(y', x"dy 4 (g, xerd — yl

=m] (xend’ xend) < HH_](xend’ xend) — g+(xend)’

where the first inequality is clear, and the second inequality follows from v; € 31y (y'),
the first equality holds by the definition of ée"d the second equality is satisfied by the
definition of m; (-, x¢"1) and the last inequality by the definition of Hj, 1 (-, x*"¢), hence
the sequence is bounded above. Next let us prove that this sequence is nondecreasing

I+1 d K+l 41 end 2
Hyp (" x4 + —— 5 —— Iy =
Hi+1
> m;k(yl-',-l end) 4 2 ”yl-i-l _xend||2
2
i
>m (yl+1 end)+ ” [+1 end”2

i
= Hl(y xend) + <§end +1 _ yl> + _”yl—H _xend”2

2
. 2 i
= HiO x ™)+ Gu e =y — o,y =yl S 2
i
= H (/' 2" 4 Gu =y, YT =) S xe )

2
= H(y xmdy + 2L (||y x24T = 3%

> Hy(y', x") + 7||y — xnd)2,

Where the first inequality holds by the definition of Hy 1 (-, x*¢), the second inequality
by w41 > py and the first equality by the definition m; (-, x¢") and the third inequality
follows from v; € d1x (y'). Therefore the sequence { H; (y', x"¢) + % | yf — x|} is
nondecreasing and by its boundedness, we obtain this sequence is convergent. Passing
to the limit in the above inequality we have lim;_, o % "1 — y4|I> < 0. By assump-
tion that u; < p;41 < W, we obtain p; > g+ that is {¢;} is bounded below by p;+.
This implies that y/*! — y/ — 0, therefore {y'} is bounded.

By using the definition of 8/ we have
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1 ~
8’ ’élend_i__llglend_'_vl”z

2
— g—i-(xend) H (y xend) (Send’ xend _ > ”é.end + v ”2
S g+(xeﬂd) Hl(y xcnd) (Eend’ xeﬂd ) ”g_-end + Ul”2

1
— g+(xend) Hl(y xend) (g_-end end yl) + <M (Eend + U) %-end + Ul>
!
— g+(xend) _ Hl(yl,xend) _ (glend’xend _ yl) + (xend %.end + )
< g+(xend) o Hl(yl,xend) + (xena' _ yl’ Ul)
< gt — ' x),
where the first equality holds by the definition of e A"’"d in (9), the last inequality follows

from v; € 3Ix(y') and (v, "¢ — y!y < 0 and the other relations are obvious. By
considering above inequality for / + 1, we obtain

8[+1 S g+(xend) _ Hl+l(yl+11-xend)~ (31)

Since [ is a null iteration, it follows that (11) is not satisfied. We observe that either
FO) = fxd) > gT(xm) —ms or g(y) > g+ (x") — mé!.

(D Without loss of generality we suppose that f(y) — f (xedy > gt (xdy — ms!.
Therefore we get

e (s, 3 — w1y = (e g ey + D! — 2 )?)
+ (& A mO —x), = x)
= —FE) + O+ € x =) — gt e
) — Ty =2 ! — w2
= FOD = FOm) = gty + Ty — e

> g—i-(xend) _m(sl _ g+(xend) + %”yl _xm’ld”z

+ (g —x

> _mé, (32)

where the first equality is due to the first relation on (6a) and relations on (6b) and the
second equality holds by (3a). By the definition of H;4(-, x¢") in (10), we obtain

Hi1(y, x™) = g7 @) — e+ (5G9 y —x™), ¥y e R".
Substituting y := y/*!, then we get

—Hi (6 x) < =gt 4 e — sy —ah) (33)
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Thus (32) and (33) imply that —mé' — Hy1 (!, x) < —g*(xmd) 4 (s, y! —
y!*1y, and by (31) we obtain 0 < §'*t! < ms! + (s ;;wl, yl— iy,
(D) If g(y) > gt (x") — mé!, then by the same argument we again conclude that

O S 81+l S m(sl ( §7d7y yl+l).

Since {y'} is bounded, the functions f and g are locally Lipschitz and X is compact,
it follows that {& il } and {&, Iy are bounded on that set. Therefore by the boundedness of

{m}, we get se”d = Ef + i (y! — x¢) and sg’d = gé + 1 (y! — x¢) are bounded.

Since y* yl+1 — 0 and m € (0, 1), we deduce 8/ — 0. By the definition of 8/ we

also have Af”d — Oand 5~ ||§e”d + v/||*> — 0, on the other hand we have u; < 1,

therefore we get Ef”d + vl — 0. Which implies that y/ — x¢"¢. By the convexity of

Hy (-, x") and £ 4 vy € dH; (!, x") + 3Ix(y"), it follows from Lemma 5 (i)
that

M (y, x ) + Ix(y) = Hi(y, x") + Ix(y)
> Hi (', x) + Ix () + ™ 4o,y — )
=g+(xend) Aend (Eend’ end> + <%.end+vl y — yl>

_g+(xend) /élend+(%.end+vl y — end>+<vl x¢ d_yl>

— g+(xend)_?lend (Eend+vl’ y_xend> <vl, (Send + Ul)> i

where the first equality follows from (9) and the last equality by x4 — y! = L (& gend |
v;). Passing to the limit in above inequality and by the boundedness of {vl} (since there
exists  such that {v;} € d1x(x™) + Bz(0)), we obtain

M (y, x4 Ix(y) = gt () 4+ (0, y — x*")
— MT(xend7xend) + IX(xend) +(0,y— xend>.

By the convexity of M1 (-, x¢™) and Ix (-), we get 0 € dM T (x"?, x"d) 4 31y (xe")
and using Lemma 5 (iv) we deduce 0 € 3.h(x¢", x¢™) 4+ 31y (x*™). The remainder
of the proof is the same as the proof of Theorem 1. O

5 Numerical experiments

In this section, we report the results of numerical experiments for the proposed algo-
rithm. To provide a brief comparison of Algorithm 1, we used the public software
SolvOpt [34], which is one of the most efficient codes available for nonsmooth opti-
mization, and the proximal bundle method (PBM) [25], which was proposed for
constrained nonsmooth nonconvex optimization with inexact information. But in this
experiment we consider the PBM method without any noise.
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All algorithms are coded in MATLAB R2012a and run on a PC Intel Core I5 with
CPU 2.5GHz and 4 GB of RAM.

Two classes of test problems are used to measure the efficiency of the considered
algorithms. The first class is taken from [1,32] with constant number of variables and
the second class is from [10] such that these problems can be formulated with any
number of variables. Therefore we state numerical results in two experiments.

We set the algorithm parameters as follows ol := 1078, m := 0.01 0r 0.25 (for
n = 20,50 we used m = 0.25 and for the others we set m = 0.01), w := 1.2
and |L|pax = 100. As our convex compact feasible set, we use X := ElO(O).
The Quadratic programming solver is quadprog.m, which is available in the MAT-
LAB optimization toolbox. It is worth mentioning that, there is not any sensitivity
to quadprog.m and any other quadratic programming solver can replace it. For each
run, and for all of the algorithms, we give the total number of the evaluations (Note
that evaluations include function evaluations and subgradient evaluations). We did not
report the computational times, since for most of the problems (i.e., forn = 2, 3,4, 5)
the time is near zero and for others there were not a very big difference in the com-
putational times of the different solvers. To check the precision, we will report the
objective function value and the constraint function value in the last serious iteration.

We consider two stopping criteria for all algorithms: the first one is “the algorithms
stop when the optimality condition is satisfied” and the second one is “the algorithms
stop when the number of iterations exceeded 10,000”. Nevertheless, stoppage due to
the maximum number of function evaluations was never invoked in these experiments.
In addition Algorithm 1 and PBM terminated when one of the following criteria is
satisfied, if 8/ < 1073 or the value of 8’ did not decrease in 150 consecutive iterations.

In order to obtain a better comparison of the considered algorithms, we analyze the
results using the performance profile and data profile introduced in [2,9,29]. Next we
give a brief descriptions of the performance and data profiles. Given a set of solvers S
and a set of problems P. We are interested in using the number of function evaluations
as an efficiency measure. For each problem p € P and solver s € S, define

tp,s = number of function evaluations required to solve problem p by solver s.

In the performance profile, we use a ratio to compare the implementation of each
solver s on problem p with the best solver on this problem. This ratio is defined as
follow

_ Ip.s
min{r, ;| s € S}

We assume that a parameter ry; > 7, s for all p, s are chosen, and r, ; = ry if and
only if solver s does not solve problem p. The performance profile p;(7) is defined as

1
ps(t) = —size{p € P|rp s < }.
np
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Here n,, is the number of problems in P. It is clear that T € [1, r)]. The value of
ps (1) gives the percentage of test problems for which the corresponding algorithm is
the best (with respect to the number of function evaluations). Since the ratio for some
problems and solvers is large, we scale T using the natural logarithm. Therefore, in
the performance profiles, the value of ps(7) at log(r) = 0 (not at T = 1) gives the
percentage of test problems for which the corresponding algorithm is the best.

Data profile was first introduced in [29]. Data profiles try to answer the question:
what percentage of problems can be solved within the budget of k function evaluations?
The authors in [29] assume that the required number of function evaluations to satisfy
the convergence test is likely to grow as the number of variables increases. The data
profile of an optimization algorithm s is defined using

d(a)—isize s
s = p€P| +]§0l ,
np n

where 7 is the number of variables in the problem p € P and d,(«) is the percentage
of problems that can be solved with «(n + 1) function evaluations.

5.1 Experiment 1

We recall that in the convergence analysis, we assume that f and g are regular locally
Lipschitz functions which are less restrictive than the lower — C! assumption. Now
our aim is to design some examples which are not lower — C!. Spingarn in [35] gives
an example of a regular function in R? which is not lower — C', as follows:

|x2| ifx; <0
2 2
xo| —x7 ifx; >0, |x] >x
fx1,x2) = |x42_|x2 ! 120, xl=x
s} 2

22 ifx; >0, x| < xy.

We consider this function as objective function and using some lower — C! constraints
from [32], we design three problems as follows:

Problem 1: min f(xq, x2)
xeX

g(x) = max{—x} —2x7 — 1, 2x} — x3 — 2.5} < 0.

Problem 2: min f(x1, x2)
xeX

glx) = max{xl2 — x%, — 2x12 — xz} <0

Problem 3: min f(x1, x2)
xeX

g(x) = max{100x7 + x3 — 101, 80x7 — x3 — 79} < 0.

We observe that f(x1, x2) is bounded below by 0. We also have f(0,0) = 0, so
0 = min(y, x,)er? f(x1, x2). On the other hand (0, 0) is a feasible point for Problems
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Table 1 The description of test problems

Problem Problem type n Jopt References
1 Nonsmooth nonconvex 2 0

2 Nonsmooth nonconvex 2 0

3 Nonsmooth nonconvex 2 0

4 (Beale) Nonsmooth convex 3 0.1111 [1]

5 (Charalambous and Bandler) Nonsmooth nonconvex 2 1.9522 [32]

6 (Charalambous and Bandler) Nonsmooth nonconvex 2 2.25 [32]

7 (Rosen and Suzuki) Nonsmooth convex 4 —44 [1]

8 (Fiacco and McCormick) Nonsmooth nonconvex 2 2.6667 [1]

1-3. Therefore x* = (0, 0) is an optimal solution for these problems and the optimal
valueis f* = 0.

In addition, we consider some problems from [1,32]. We consider two types of prob-
lems, with nonsmooth convex and nonsmooth nonconvex functions. A brief description
of each test problem is given in Table 1, where the following notations are used. We
denote n for the number of variables, f;,, for the optimal value and Ref. for the ref-
erence of each problem. For each problem we used ten randomly generated starting
points (by using rand.m and randn.m functions in MATLAB) and the starting points
are the same for all algorithms. Some of the starting points are feasible and the oth-
ers are infeasible. To better organize the numerical results, these randomly generated
starting points are not reported in the tables. The interested reader can find more details
about these points by sending email to the authors. The numerical results are listed in
Tables 2, 3,4, 5, 6,7, 8 and 9, where the following notations are used:

Xo: starting point;

F/InF: feasible/infeasible;
NE: number of evaluations;
ffina1: final objective value;
gfinal: final constraint value.

The results of Tables 2, 3, 4, 5, 6, 7, 8 and 9 show a reasonable performance of Algo-
rithm 1. One can observe that Algorithm 1 performs well and provides an optimal
solution to each example. We note that the accuracy obtained by Algorithm 1 was
similar for both feasible and infeasible starting points, that means the algorithm is not
sensitive with feasible or infeasible points. As comparing with PBM and SolvOpt,
in this part we run every algorithm 80 times, for 51 examples we observe that Algo-
rithm 1 needs the least number of function evaluations than SolvOpt and PBM. For
28 examples SolvOpt method uses the least number of evaluations than others and for
one example PBM needs the least number of function evaluations. For more details
and carefully comparison see Tables 2, 3,4, 5, 6,7, 8 and 9.

Figure 1 presents the performance profiles for Experiment 1. Algorithm 1 has
the best performance for 63% of the problems; meaning that Algorithm 1 is able to
solve 63% of the problems with the least number of function evaluations than the
other solvers. The SolvOpt and PBM solve roughly 39% and 3% of the problems
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Table 2 Comparison between Algorithm 1, PBM and SolvOpt for Problem 1

No.

F/InF

Algorithm 1
NE\ ffinal \&final

PBM
NE\ ffinal \8final

SolvOpt
NE\ ffinal \&final

O 00 N AN R W N =

—_
(=]

InF

InF

oo Bile s Bille s Ble o|

9210.0000\ — 1.0000
3610.0000\ — 1.0000
156\0.0000\ — 1.1009
344\0.0000\ — 1.0157
56\0.0000\ — 1.0001
144\0.0000\ — 1.7722
56\0.0000\ — 1.0000
6810.0000\ — 1.0000
8810.0000\ — 1.0000
7810.0000\ — 1.3068

20010.0000\ — 1.0000
96\0.0000\ — 1.0000
404\0.0000\ — 1.7476
32010.0000\ — 1.0004
31610.0000\ — 1.0000
268\0.0000\ — 1.5289
76\0.0000\ — 1.0000
124\0.0000\ — 1.0000
16810.0000\ — 1.0000
692\0.9127\ — 1.1044

2480.0000\ — 1.0370
309\0.0000\ — 1.0000
19210.0000\ — 2.6218
35210.0000\ — 1.3819
219\0.0000\ — 1.7804
198\0.0000\ — 1.0352
247\0.0000\ — 1.5200
32410.0000\ — 1.0000
17810.0000\ — 1.0000
189\0.0000\ — 1.0522

Table 3 Comparison between Algorithm 1, PBM and SolvOpt for Problem 2

No. F/InF Algorithm 1 PBM SolvOpt

NE\ ffinal \&final NE\ ffinal \&final NE\ ffinal \&final
1 F 368\0.0000\ — 0.3662 804\0.0000\ — 0.0080 222\0.0000\ — 5.6551
2 InF 68\0.0000\ — 0.0000 244\0.0000\ — 0.0000 1458\0.000010.0000
3 InF 160\0.0000\ — 2.6929 492\0.0000\ — 0.2112 213\0.0000\ — 1.1238
4 InF 596\0.0000\ — 2.3098 806\0.0000\ — 0.8563 1511\0.0000\ — 0.0146
5 F 304\0.0000\ — 0.8774 1952\0.0000\ — 0.2451 230\0.0000\ — 4.4388
6 InF 128\0.0000\ — 0.1838 808\0.0000\ — 0.0037 375\0.0000\ — 0.1428
7 F 348\0.0000\ — 0.6142 420\0.0000\ — 0.2416 203\0.0000\ — 4.7954
8 InF 128\0.0000\ — 0.9227 425\0.0000\ — 0.8067 1369\0.000010.0000
9 F 48\0.0000\ — 0.0449 484\0.0000\0.0000 33010.0000\ — 0.2070
10 InF 124\0.0000\ — 6.9328 248\0.0000\ — 0.2321 1233\0.0000\0.0000
Table 4 Comparison between Algorithm 1, PBM and SolvOpt for Problem 3
No. F/InF Algorithm 1 PBM SolvOpt

NE\ ffinal \&final NE\ ffina1 \&final NE\ ffina1 \&final
1 F 272\0.0000\ — 77.7359 404\0.0001\ — 78.9512 171\0.0000\ — 78.9827
2 InF 168\0.0000\ — 75.6739 425\0.0000\ — 78.9848 214\0.0000\ — 52.4033
3 InF 196\0.0000\ — 77.8558 803\0.0368\ — 47.3978 256\0.0000\ — 0.7503
4 InF 208\0.0000\ — 72.0699 680\0.0000\ — 78.7087 192\0.0000\ — 19.1845
5 InF 180\0.0000\ — 78.7087 502\0.1384\ — 77.2705 218\0.0000\ — 17.0941
6 InF 282\0.0000\ — 78.9753 692\0.0829\ — 20.7627 287\0.0000\ — 4.8255
7 InF 232\0.0000\ — 77.5943 520\0.0000\ — 78.9923 385\0.0000\ — 73.7245
8 F 108\0.0000\ — 78.9509 120\0.0000\ — 78.9993 171\0.0000\ — 63.9593
9 InF 312\0.0000\ — 70.0585 456\1.6416\ — 12.1302 270\0.0000\ — 52.0973
10 InF 204\0.0000\ — 64.1682 652\1.8050\0.3988 222\0.0000\ — 11.5426
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Table 5 Comparison between Algorithm 1, PBM and SolvOpt for Problem 4

Algorithm 1
NE\ ffinal \&final

PBM
NE\ ffina1 \&final

SolvOpt
NE\ ffinal \&final

No. F/InF
1 F

2 F

3 InF
4 InF
5 InF
6 InF
7 InF
8 InF
9 InF
10 InF

456\0.1112\ — 0.0000
116\0.1111\ — 0.0048
364\0.1111\ — 0.0001
136\0.1111\ — 0.0079
136\0.1111\ — 0.0011
132\0.1113\ — 0.0002
640\0.1111\ — 0.0000
188\0.1112\ — 0.0007
160\0.1112\ — 0.0024
284\0.1111\ — 0.0004

625\0.1112\ — 0.0002
741\0.1111\ — 0.0000
521\0.1809\ — 0.3021
426\0.1113\ — 0.0001
254\0.1112\ — 0.0000
348\0.1112\ — 0.0000
421\0.111110.0000

506\0.1447\ — 0.0365
532\0.1111\ — 0.0002
487\0.8481\ — 0.7561

269\0.111110.0000
366\0.111110.0001
365\0.111110.0001
417\0.111110.0000
441\0.111110.0000
478\0.111110.0000
390\0.111110.0001
258\0.111110.0000
344\0.111110.0000
1036\0.111110.0000

Table 6 Comparison between Algorithm 1, PBM and SolvOpt for Problem 5

Algorithm 1
NE\ ffinal \&final

PBM
NE\ ffinal \&final

SolvOpt
NEN\ ffinal \&final

No. F/InF
1 InF
2 InF
3 F

4 InF
5 F

6 F

7 F

8 F

9 F
10 F

300\1.9522\ — 0.4734
180\1.9522\ — 0.3159
19211.9522\ — 0.3093
288\1.9522\ — 0.3573
216\1.9522\ — 0.3540
200\1.9522\ — 0.3610
212\1.9522\ — 0.3266
240\1.9522\ — 0.4827
160\1.9522\ — 0.4016
172\1.9522\ — 0.3370

804\1.9522\ — 0.3688
524\1.9522\ — 0.3452
540\1.9524\ — 0.3678
325\1.9522\ — 0.3652
415\1.9522\ — 0.3459
684\1.9523\ — 0.3540
1284\1.9525\ — 0.3850
1204\1.9522\ — 0.3382
389\1.9523\ — 0.3525
625\1.9522\ — 0.3520

198\1.9522\ — 0.3530
260\1.9522\ — 0.3530
196\1.9522\ — 0.3530
247\1.9522\ — 0.3530
192\1.9522\ — 0.3632
241\1.9522\ — 0.3540
222\1.9522\ — 0.3540
232\1.9522\ — 0.3540
204\1.9522\ — 0.3540
211\1.9522\ — 0.3549

Table 7 Comparison between Algorithm 1, PBM and SolvOpt for Problem 6

No. F/InF Algorithm 1 PBM SolvOpt
NE\ ffina1 \&final NE\ ffina1 \&final NE\ ffinal \&final

1 InF 420\2.2500\ — 0.0000 489\2.1982\0.0341 381\2.2500\0.0000
2 InF 441\2.2500\0.0000 524\2.2502\ — 0.0001 257\2.2500\0.0000
3 InF 400\2.2500\0.0000 596\2.2500\0.0000 402\2.2500\0.0000
4 InF 528\2.2500\ — 0.0000 624\2.2500\0.0000 436\2.2500\0.0000
5 F 632\2.2500\0.0000 826\2.2500\ — 0.0000 423\2.2500\0.0000
6 InF 384\2.2500\0.0000 528\2.2500\ — 0.0000 325\2.2500\0.0000
7 InF 308\2.2500\0.0000 478\2.8353\0.0304 417\2.2500\0.0000
8 InF 444\2.2500\ — 0.0000 498\2.2500\ — 0.0000 405\2.2500\0.0000
9 F 292\2.2500\ — 0.0000 752\2.2500\ — 0.0002 314\2.2500\0.0000
10 InF 293\2.2500\ — 0.0000 631\2.0753\0.2897 367\2.2500\ — 0.0000
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Table 8 Comparison between Algorithm 1, PBM and SolvOpt for Problem 7

No. F/InF Algorithml

NE\ ffinal \8final

PBM
NE\ ffinal \8final

SolvOpt
NEN\ ffinal \8final

1 F 568\ — 44\ — 0.0000 745\ — 44.0000\ — 0.0000 464\ — 44\ — 0.0001
2 InF 884\ — 43.9999\ — 0.0001 532\ — 44.0000\ — 4.1799 2242\ — 44\0.0000

3 IF 784\ — 44.0001\ — 0.0000 578\ — 41.9821\ — 5.5826 517\ — 44.0000\0.0000

4 InF 800\ — 44\ — 0.0000 792\ — 43.8921\ — 3.3509 401\ — 44.0001\ — 0.0000
5  InF 680\ — 44.0001\ — 0.0001 1256\ — 44\ — 0.0002 367\ — 44\0.0002

6 F 576\ — 44\ — 0.0000 652\ — 44\0.0005 371\ — 44\0.0004

7 F 500\ — 43.9999\ — 0.0000 745\ — 44\0.0003 365\ — 44\0.0004

8 F 300\ — 44\ — 0.0004 364\ — 44\0.0000 388\ — 4410.0000

9  InF 428\ — 44\ — 0.0000 589\ — 44\ — 0.0000 388\ — 43.9999\ — 0.0001
10 InF 820\ — 44.0001\ — 0.0003 859\ — 43.8987\0.1204 399\ — 44\ — 0.0001

Table 9 Comparison between Algorithm 1, PBM and SolvOpt for Problem 8

No. F/InF Algorithm 1 PBM SolvOpt
NE\ ffinal \&final NE\ ffinal \&final NE\ ffinal \&final

1 InF 300\2.6667\ — 0.0000 406\2.6667\ — 0.0000 283\2.6667\0.0000
2 InF 288\2.6667\0.0000 336\2.6667\ — 0.0000 323\2.6667\0.0000
3 InF 168\2.6667\ — 0.0000 384\2.6667\0.0000 306\2.6667\0.0000
4 InF 280\2.6667\ — 0.0000 542\2.6667\ — 0.0000 349\2.6667\0.0000
5 InF 228\2.6667\ — 0.0000 386\2.6668\ — 0.0001 320\2.6667\0.0000
6 F 312\2.6667\ — 0.0000 488\2.6667\0.0000 339\2.6667\0.0000
7 F 384\2.6667\ — 0.0000 566\2.6667\ — 0.0000 351\2.6667\0.0000
8 InF 376\2.6667\ — 0.0000 558\2.6667\0.0000 334\2.6667\0.0000
9 F 320\2.6667\ — 0.0000 504\2.6667\ — 0.0000 337\2.6667\0.0000
10 InF 308\2.6667\0.0000 488\2.6667\ — 0.0000 381\2.6667\0.0000

with the least number of function evaluations. If we choose being within a factor of
log(t) =~ 0.4 of the best solver as the scope of our interest, then Algorithm 1 is the
best solver for all problems while SolvOpt and PBM are the best solvers for 78% and
50% of the problems.

Figure 2 illustrates the data profiles for Experiment 1. Suppose the user has a
budget limit of 100 number of function evaluations; according to Fig. 2, with this
budget Algorithm 1 has the best performance, solving roughly 68% of the problems;
while SolvOpt and PBM solve 52% and 18% of the problems, respectively. Moreover,
if the user has a budget limit of 200 number of function evaluations, then Algorithm 1
solves 100% of the problems and it has the best performance among all the solvers.
While PBM has the worst performance among all the solvers since with this budget it
solves roughly 64% of the problems.

Moreover it is clear from Figs. 1 and 2 that Algorithm 1 and PBM can solve 100%
and 97% of the problems, while PBM solves 80% of the problems.
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Fig. 1 Performance profile for Experiment 1
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Fig. 2 Data profile for Experiment 1

5.2 Experiment 2

Algorithm 1

SolvOpt

700

In this subsection, we consider a series of polynomial functions developed in [10],
which were used in [13,14,25,37] and these problems can be formulated with any
number of variables. For eachi = 1, 2, ..., n, the function /;: R” — R is defined by
hi(x) := (i)cl.2 —2x;) + Z;’: 1 X;j. There are five classes of test functions defined by

h; in [10] as follows:

filx) :

fx):
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) =) (0] + %nxuz,

i=1

- 1
fa@) = 3 i)+ 5 Il

i=1

fs(x) =) (hi(x0))*.

i=1

It has been proved in [13] that these test functions are nonconvex and globally
lower — C! in R? and they are nonsmooth except fs. These properties carry to higher
dimensions as well. We also have 0 = minycr» f(x) and {0} € argmin g» fi (x) for
k =1,2,3,4,5. For constraint functions, we consider the pointwise maximum of a
finite collection of quadratic functions from [12], as follows

glx) = lr3z1<>§v{(x, Aix) + (bi, x) + ¢},

where A; are n x n matrices, b; € R" and ¢; € R fori = 1,2, ..., N. The terms
of A; and b; and the coefficients ¢; were chosen randomly as uniformly distributed
numbers in [—5, 5]. We consider the following test problems

fcréi;? Ji(x)
gx) <0,

where X C R" fori =1,2,3,4,5andn = 2, 3, 4,5, 10, 20, 50. We use two starting
points as follows xo = [1,1,...,1] and xo = [1,1/2, ..., 1/n] for each problem,
hence we have 70 examples.

Our results for deterministic tests are summarized in Tables 10, 11, 12, 13 and 14,
which show a reasonable performance of Algorithm 1. Where the notations are the
same as the previous subsection. We analyse the results in more details as follows:

e For the objective function f}, we tested 14 nonconvex examples. Table 10 shows
that values of fiina obtained by Algorithm 1 and SolvOpt are quite correct whereas
PBM can not calculate the correct solution for n = 10, 20, 50. Algorithm 1 needs
the least number of function evaluations for n = 2, 3, 4, whereas SolvOpt uses the
least function evaluations for n = 5, 10, 20, 50.

e For the objective function f, we tested 14 examples. Table 11 demonstrates that
ffina1 Obtained by Algorithm 1 is quite correct for all examples. Whereas, SolvOpt
can not find the correct solution for n = 5 with xo = [1,1,...,1] and PBM
can not calculate the correct solutions for n = 5, 20, 50 with xo = [1,1, ..., 1]
and for n = 50 with xo = [1, 1/2, ..., 1/n]. Which means that Algorithm 1 has
the most accuracy for the objective function f>. Moreover, Algorithm 1 needs
the least number of function evaluations for 10 examples, SolvOpt uses the least
number of function evaluations for 3 examples and PBM needs the least number
of evaluations for one example.
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e The corresponding results for the 14 examples of function f3 are reported in
Table 12. These results show that fina obtained by Algorithm 1 is quite correct
for all examples. While, PBM fails to find the correct solution for n = 20, 50 with
xo=1[1,1,...,1]and forn = 10 withxg = [1, 1/2, ..., 1/n]. Also the generated
solutions by SolvOpt are false for n = 10, 50 with xo = [1, 1, ..., 1]. Moreover
Algorithm 1 needs the least number of function evaluations for 8 examples and
SolvOpt uses the least number of function evaluations for 6 examples.

e The results for function f; are proposed in Table 13. These results show that ffnal
obtained by Algorithm 1 is quite correct for all examples except n = 20 with
xo=1[1,1,...,1]and n = 50 with xo = [1, 1/2, ..., 1/n]. Whereas, PBM can

not calculate the correct solutions forn = 3, 10, 20, 50 withxg = [1,1, ..., 1]and
for n = 10, 50 with xo = [1, 1/2, ..., 1/n] and SolvOpt fails to find the correct
solutions for n = 10, 20, 50 with xo = [1, 1, ..., 1]. Moreover Algorithm 1 uses

the least number of evaluations for 6 examples, SolvOpt needs the least number of
function evaluations for 7 examples and PBM needs the least number of function
evaluations for one example.

e The generated results for function f5 are stated in Table 14. The results illustrate
that Algorithm 1 finds the correct solutions for all examples. While, PBM fails

to find the correct solutions for n = 3,5,50 with xo = [1,1,..., 1] and for
n = 5,10,20 with xo = [1,1/2,...,1/n] and SolvOpt can not calculate the
correct solution for n = 20 with xg = [1, 1, ..., 1]. Moreover SolvOpt uses the

least number of function evaluations for 12 examples and Algorithm 1 needs the
least number of function evaluations for 2 examples. Which means that SolvOpt
uses the least number of evaluations for function f5, that these results are acceptable
since f5 is a smooth function.

Figure 3 presents the performance profiles for Experiment 2. SolvOpt and Algo-
rithm 1 have the best performance for 51% and 47% of the problems with the least
number of function evaluations. While PBM has the best performance for 5% of the
problems. The performances of Algorithm 1 and SolvOpt are more competitive than
the performance of PBM method for these problems.

Figure 4 states the data profiles for Experiment 2. Suppose that the user has a budget
limit of 100 number of function evaluations; according to Fig. 4, with this budget
SolvOpt and Algorithm 1 solves roughly 53% and 52% of the problems, respectively;
while PBM solves about 18% of the problems. Moreover, if the user has a budget limit
of 300 number of function evaluations, then Algorithm 1 and SolvOpt solve about
93% and 90% of the problems; while PBM solves 58% of the problems.

Moreover the results in Figs. 3 and 4 are shown that Algorithm 1 and PBM can
solve 97% and 94% of the problems, respectively; while PBM solves roughly 70% of
the problems.

5.3 The behaviour of parameter 1,

At the end, we are interested in exploring the assumption that the parameter 7; remains
bounded. In [14] the authors report that n; was less than 2n 42 when solving 73 of the
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Table 10 Comparison between Algorithm 1, PBM and SolvOpt for f|

Algorithm 1
NE\ ffinal \&final

PBM
NEN\ ffinal \8final

SolvOpt
NE\ ffinal \&final

1
228\0.0000\ — 13.1440
63410.0000\ — 8.0001

556\0.0000\ — 5.0032

342810.0000\ — 1.0002
6160\0.0000\ — 4.0575
5556\0.0000\ — 7.9350
4884\0.0000\ — 4.7010

xo=1[1,1/2,...,1/n]

2
3
4
5
10

20
50

100\0.0000\ — 13.0021
15210.0000\ — 8.0059
132810.0000\ — 5.0008
1552\0.0000\ — 4.1016
94410.0000\ — 41.0000
262410.0000\ — 7.1000
250010.0000\ — 50.9987

440\0.0000\ — 13.0022
740\0.0000\ — 8.0000

61210.0000\ — 5.0035

248410.0000\ — 0.0000
4884\0.0052\ — 5.7132
4140\0.0061\ — 8.5914
5188\0.0068\ — 4.7139

404\0.0000\ — 13.0029
1008\0.0000\ — 8.0031
492\0.0000\ — 5.0011
1580\0.0000\ — 4.1041
920\0.0032\ — 35.6420
2328\0.0015\ — 6.5421
288410.0041\ — 40.5231

3940.0000\ — 13.0000
69310.0000\ — 8.0000
80910.0000\ — 5.0000
585\0.0000\ — 0.0000
700\0.0000\ — 5.0515
88510.0000\ — 0.3540
1315\0.0000\ — 3.6234

449\0.0000\ — 13.0145
71810.0000\ — 8.0239
575\0.0000\ — 5.0011
61110.0000\ — 4.1012
5840.0000\ — 41.0000
593,0.0000\ — 7.1000
1719\0.0000\ — 51.5825

Table 11 Comparison between Algorithm 1, PBM and SolvOpt for f,

Algorithm 1
NE\ ffinal \&final

PBM
NE\ ffinal \&final

SolvOpt
NE\ ffinal \8final

1
120\0.0000\ — 5.1203
78410.0000\ — 8.0031
556\0.0000\ — 5.0029
1708\0.0000\ — 4.1002
1344\0.0000\ — 41.0071
2952\0.0000\ — 11.1556
536410.0000\ — 4.9401

xo=1[1,1/2,...,1/n]

2
3
4
5
10

20
50

19210.0000\ — 7.99811
26810.0000\ — 8.0131
596\0.0000\ — 5.0000
224\0.0000\ — 4.0998
52010.0000\ — 41.0001
6080\0.0000\ — 7.1578
728410.0000\ — 47.8721

5001,0.000010.0000
740\0.0000\ — 8.0129
61210.0000\ — 5.0035
1436\0.0031\ — 3.0035
200410.0000\ — 41.0089
3164\0.0049\ — 5.1549
804410.0068\ — 50.0729

60\0.0000\ — 13.0278
1004\0.0000\ — 7.9985
631\0.0000\ — 5.0000
659\0.0000\ — 4.0085
1208\0.0000\ — 41.0005
6448\0.0000\ — 6.5565
8244\0.0069\ — 46.7210

25110.00001,0.0000
69310.0000\ — 8.0015
8090.0000\ — 5.0181
503\0.1640\ — 3.1258
1441\0.0000\ — 36.0887
328310.0000\ — 6.1300
7270\0.0000\ — 55.0339

286\0.0000\ — 13.0000
677\0.0000\ — 8.4212
692\0.0000\ — 5.0000
707\0.0000\ — 4.1000
952\0.0000\ — 41.0000
4204\0.0000\ — 6.5589
8277\0.0000\ — 48.8494
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Table 12 Comparison between Algorithm 1, PBM and SolvOpt for f3

n

Algorithm 1
NE\ ffinal \&final

PBM
NEN\ ffinal \8final

SolvOpt
NE\ ffinal \&final

.1

152\0.0000\ — 14.8587
484\0.0000\ — 14.9983
588\0.0000\ — 10.9995
332\0.0000\ — 5.0000

1092\0.0000\ — 3.0002
3140\0.0000\ — 2.0999
1684\0.0000\ — 2.1621

xo=1[1,1/2,...,1/n]

2
3
4
5
10

20
50

164\0.0000\ — 15.8553
156\0.0000\ — 15.0000
80010.0000\ — 11.0000
35210.0000\ — 5.0000
448\0.0000\ — 3.0000
2724\0.0000\ — 2.1000
1516\0.0000\ — 2.1721

248\0.0000\ — 15.0863
89610.0000\ — 15.0001

103210.0000\ — 10.9998
780\0.0000\ — 5.0000

1404\0.0000\ — 3.0000
2676\0.0314\ — 2.1000
3412\0.1079\ — 3.1312

636\0.0000\ — 14.9981
756\0.0000\ — 15.0005
81210.0000\ — 11.0000
756\0.0000\ — 5.0003

636\0.0123\ — 3.0121

183610.0000\ — 2.0999
289210.0000\ — 2.1617

25010.0000\ — 15.0000
5460.0000\ — 15.0000
60110.0000\ — 11.0000
59310.0000\ — 5.0000

535\0.0915\ — 12.5151
1064\0.0000\ — 2.1000
1343\0.0514\ — 6.1794

30810.0000\ — 15.0000
656\0.0000\ — 15.0000
57310.0000\ — 11.0000
5501,0.0000\ — 5.0000
577\0.0000\ — 3.1000
53210.0000\ — 2.1000
61210.0000\ — 2.1512

Table 13 Comparison between Algorithm 1, PBM and SolvOpt for f4

n

Algorithm 1
NE\ ffinal \&final

PBM
NE\ ffinal \8final

SolvOpt
NEN\ ffinal \8final

1
272\0.0000\ — 15.0041
940\0.0000\ — 14.9950
296\0.0000\ — 11.0000
38410.0000\ — 4.9998
1140\0.0000\ — 2.9999
2824\0.0241\ — 3.1519
1556\0.0000\ — 2.1515

xo=1[1,1/2,...,1/n]

2
3
4
5
10

20
50

33210.0000\ — 15.0036
144\0.0000\ — 14.9979
404\0.0000\ — 10.9994
38810.0000\ — 5.0000
716\0.0000\ — 3.0000
1248\0.0000\ — 2.1000
84410.0204\ — 2.1701

380\0.0000\ — 15.0003
1132\0.0012\ — 17.9989
452\0.0000\ — 11.0000
115610.0000\ — 5.0002
1488\0.0409\ — 4.9955
4084\0.3151\ — 4.1981
2956\0.0721\ — 8.2014

176\0.0000\ — 15.0000
1208\0.0000\ — 14.9851
596\0.0000\ — 10.9885
1084\0.0000\ — 4.9985
1176\0.1317\ — 4.1321
2056\0.0000\ — 2.1000
3316\0.1251\ — 2.1712

38910.0000\ — 15.0000
509\0.0000\ — 15.0000
537\0.0000\ — 11.0000
557\0.0000\ — 5.0000
587\0.2139\ — 12.5151
688\0.1016\ — 2.3618
987\0.1685\ — 4.3566

423\0.0000\ — 15.0000
385\0.0000\ — 15.0000
477\0.0000\ — 11.0000
580\0.0000\ — 5.0000
61310.0000\ — 3.0000
113810.0000\ — 2.1000
71210.0000\ — 2.1510
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Table 14 Comparison between Algorithm 1, PBM and SolvOpt for f5

n

Algorithm 1
NE\ ffinal \&final

PBM
NE\ ffinal \8final

SolvOpt
NEN\ ffinal \8final

1
172\0.0000\ — 16.8166
348\0.0000\ — 14.8979
72010.0000\ — 10.9980
1092\0.0000\ — 4.9244
4348\0.0000\ — 2.9973
240410.0000\ — 6.7112
1612\0.0000\ — 2.8131

xo=101,1/2,...,1/n]

2
3
4
5
10

20
50

104,0.0000\ — 15.0004
240\0.0000\ — 14.9981
468\0.0000\ — 11.0734
744\0.0000\ — 4.9998

292010.0000\ — 3.0000
131610.0000\ — 2.1008
127610.0000\ — 2.1590

38810.0000\ — 17.1210
148\0.0012\ — 14.8951
80410.0000\ — 10.9989
1752\0.0235\ — 17.9985
480410.0000\ — 2.9959
300410.0000\ — 4.1312
2052\0.1091\ — 2.1510

22010.0000\ — 15.0010
300\0.0000\ — 14.8999
996\0.0000\ — 11.0000
102210.0045\ — 10.9597
3284\0.1317\ — 3.0000
1924\0.1561\ — 2.1010
1724\0.0000\ — .2.2131

173\0.0000\ — 15.0117
206\0.0000\ — 15.0000
244\0.0000\ — 11.0000
264\0.0000\ — 5.0000
332\0.0000\ — 3.0000
448\0.1016\ — 2.9628
698\0.0000\ — 2.1392

17210.0000\ — 15.0071
21310.0000\ — 15.0000
23310.0000\ — 11.0000
230\0.0000\ — 5.0000
31210.0000\ — 3.0000
491\0.0000\ — 2.4112
560\,0.0000\ — 2.1731

1.2

Fig.3 Performance profile for Experiment 2

0.2 0.4

0.8 1 1.2

log(T)

Algorithm 1

SolvOpt

1.4

75 exact unconstrained optimization problems; for one test problem 7; was between

2n + 2 and 25n and for the remaining one 7; exceeded 25n.
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Fig.4 Data profile for Experiment 2
In our results, to select 7; (in Step 2) we use (7) with equality, i.e.,
k k k k k
— (e + gt h) (e + et b — glah)
7 = max | max Y ) T ,w ¢ +ow.
i c Loracle bX b~
J&~ j J
v sk

For solving the 80 problems of Experiment 1 described in Sect. 5.1, n; = 2w in 60
problems, 7; is bounded by 2x in 16 problems and it is between 2n and 25n for 4 test
problems. On the other hand, for solving the 70 problems of Experiment 2 considered
in Sect. 5.1, 7 = 2w in 25 problems, 7; is bounded by 27n in 39 problems and it is
between 2n and 25n for 6 test problems. Overall, the experiments support that the
assumption on the sequence {7;} is quite reasonable and this sequence is bounded.

6 Conclusions

We have presented an infeasible proximal bundle method using the improvement
function and the aggregate technique which is adapted for nonsmooth nonconvex
constrained optimization problems with regular functions. The global convergence
of the proposed algorithm was proved in the sense that every accumulation point of
the sequence of serious iterates is stationary for the improvement function, with an
arbitrary starting point. We present results of numerical experiments using some test
problems. Our limited computational experiments suggest the good performance of the
proposed method and we can say that our new solver is comparable with the existing
solvers for nonsmooth nonconvex optimization problems.
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