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Abstract We investigate Euler discretization for a class of optimal control problems
with a nonlinear cost functional of Mayer type, a nonlinear system equation with
control appearing linearly and constraints defined by lower and upper bounds for the
controls. Under the assumption that the cost functional satisfies a growth condition
we prove for the discrete solutions Holder type error estimates w.r.t. the mesh size
of the discretization. If a stronger second-order optimality condition is satisfied the
order of convergence can be improved. Numerical experiments confirm the theoretical
findings.
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1 Introduction

Discretization methods like Euler discretization are used for the numerical solution
of optimal control problems. The accuracy of the approximate solutions obtained in
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this way are often satisfactory from a practical point of view. However, if the optimal
control has a special structure, a discretization method may help to detect this structure
and then methods based on structural assumptions can be used to determine the opti-
mal control more accurately. Especially for bang—bang controls Euler discretization
can be used to compute approximations of the switching points, and then efficient
numerical approaches, such as switching time parameterization, can be employed to
determine the switching times more accurately (see e.g. Kaya et al. [23], Maurer et
al. [29], Osmolovskii and Maurer [34] and the papers cited therein). It is well-known
that, in particular when the solution controls are of bang—bang or bang-singular type,
many difficulties are encountered in getting an approximate solution. Therefore, it
is of practical interest to have conditions implying error estimates for approximate
solutions which ensure that the approximate controls (optimal controls for the dis-
cretized problems) converge to the optimal control of the original, continuous-time
control problem. Such error estimates are closely related to estimates for solutions of
perturbed optimal control problems.

Discretization and perturbation of nonlinear optimal control problems governed by
ordinary differential equations are well studied for the case that the optimal control is
sufficiently smooth, and the results are usually based on strong second-order optimality
conditions which require coercivity of the second derivative of the Lagrangian function
with respect to the control variables (see e.g. Dontchev and Hager [10, 11], Dontchev et
al. [12], Malanowski [24-26], Malanowski et al. [27], Alt [1-3]). For control problems
with control appearing linearly such conditions are not satisfied and the optimal control
may be discontinuous. Therefore, there have been only a few papers on discretization
of such problems (see e.g. Alt and Mackenroth [5], Dhamo and Tréltzsch [9], Veliov
[41] and the papers cited therein).

New second-order optimality conditions for optimal control problems with control
appearing linearly have been developed during the last 10—15 years (see e.g. Felgen-
hauer [15-18,20], Maurer et al. [29], Osmolovskii and Maurer [32—34] and the papers
cited therein). In case of bang—bang controls these conditions have been used in Alt
et al. [4], Alt and Seydenschwanz [7], and in Seydenschwanz [40] to obtain error esti-
mates for Euler discretization of linear-quadratic optimal control problems governed
by ordinary differential equations and in Deckelnick and Hinze [8] for discretizations
of elliptic control problems. For convex control problems of Mayer type with a lin-
ear system equation and bang—bang solutions Veliov [41] has shown convergence of
order 1 for Euler discretization. These results have been extended in Haunschmied et
al. [21] under more general conditions based on a result on stability of optimal control
problems under strong bi-metric regularity of Quincampoix and Veliov [36]. Pietrus et
al. [35] investigate high order discrete approximations to Mayer type problems based
on second order Volterra-Fliess approximations. Felgenhauer [19] shows convergence
of order 1 for a class of nonlinear optimal control problems, where the linear term
in the system equation does not depend on the state variables and the solution has
bang-singular-bang structure. Alt et al. [6] prove convergence of order 1 for implicit
Euler discretization of a general class of convex, linear-quadratic control problems
with bang—bang solutions.

In the present paper we investigate a class of optimal control with a nonlinear
cost functional of Mayer type, a nonlinear system equation with control appearing
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linearly and constraints defined by lower and upper bounds for the controls. Under
the assumption that the cost functional satisfies a growth condition of order ¥ > 1
we prove for the discrete solutions Holder type error estimates of order 1/x w.r.t. the
mesh size of the discretization. If a stronger second-order condition for the derivative
of the Lagrangian w.r.t. the control and a weakened coercivity condition for the second
derivative of the Lagrangian are satisfied, the order of convergence can be improved
to 1.

We use the following notations: R” is the n-dimensional Euclidean space with the
inner product denoted by (x, y) and the norm |x| = (x, x)1/2. For an m x n-matrix
M we denote the spectral norm by M| = supj, < IMz|. Let i, 1y € R, 10 < 5.
We denote by L'(1, t 3 R™) the Banach space of integrable, measurable functions
u: [to, tr] — R™ with

||u||1—/ Du(mdr 3l < oo,
i=1

by L (t, ty; R™) the Banach space of essentially bounded functions u: [fo, tf] —
R™ with the norm

llloo = 1I<nia<)§n €SS SUP;e(g,1] lu; ()],

and C(to, ty; R™) is the Banach space of continuous functions u : [fo, tf] — R™ with
the norm

lulloo = max max |u;()].
1<i<mt€lty,15]

For p € {1, oo} we denote by W; (to, tr; R") the spaces of absolutely continuous
functions on [fo, t r] with derivative in L? (19, tr; R"), i.e.

W,(to, 17 R") = {x € LP(to, 17: R") | & € LP (10, 17; R") }
with
lxlli = 1x@) + 1%/, [1x]1,00 = max {[x e, [[¥]loo} -

Let X = X1 x X», where X| = Wll(to, trs R, Xo = L1, tr; R™). We consider
the following optimal control problem:

(0OC) min f(x(tf))

S.t.

x() = gx(@),u),t) a.e.on [fg, t 7],
x(ty) = a,

u(t) eU a.e.on [1, tr],
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where g is defined by
g u, 1) =gV, 1)+ ¢Px, nu. (1.1)

Here, u(t) € R™ isthe control, and x(¢) € R" is the state of asystemattimet € [fo, f7].
Further f: R" — R, gV R” x [1o, tr] = R", g@: R x [19, tr] = R and the
set U C R™ is defined by lower and upper bounds, i.e.,

U={ueR"|b <u<b,)

with by, b, € R™, b, < b,, where all inequalities are to be understood componentwise.

The organization of the paper is as follows. In Sect. 2 we state some basic results.
Section 3 introduces the Euler discretization for Problem (OC). In Sect. 4 Holder type
error estimates are derived assuming a growth condition for the cost functional. Under
stronger second-order conditions we prove in Sect. 5 convergence of order 1. Section 6
discusses some numerical results.

2 Basic results
We denote by
U ={uecXy|u®t)yeUV'rtelt,trl}
the set of admissible controls, and by
F={(x,u) € X | x(t) = g(x (1), u(t), 1) ae.onlt, ts], x(to) =a, u €%}
the feasible set of Problem (OC). For ¢ > 0 and (x*, u*) € X
Be(x*u)={x,u) e X | |lx —x*loo <& u—u*lly <e}.

is the open ball around (x*, u*) with radius ¢.

Definition 1 A pair (x*, u*) € % is called a local minimizer of f on .% or a local
solution of Problem (OC), if there exists ¢ > 0 such that f(x*(tf)) < f(x(tr)) for
all (x,u) € F NB(x*, u*). O

Note that we allow discontinuous optimal controls, especially bang—bang controls.
Therefore, we consider local solutions w.r.t. the L!-norm for control functions. We
suppose in the following:

(2.1) There exists € > 0 and (x*, u*) € # such that f(x*(t)) < f(x(ty)) for all
(x,u) € F N ABz(x*, u*),ie., (x*, u*) is a local solution of (OC).

Since U is bounded, there exists a constant K, such that for all u € %

lu(@®)| < K, ae.onlt,1r]. 2.2)

@ Springer



Euler discretization for a class of nonlinear optimal... 829

Let
() =[x € X | llx — x*lloo < 5],
and let Z C R" be a convex and open set such that
P D {z € R" | z = x(¢) for some ¢ € [fo, 7] and some x € JI{;(x*)} )
For given numbers ny, no € N, n1 < np, we define
J,f’lz ={n;,m +1,...,n2}.

We suppose that the following assumptions are satisfied:

(2.3) The functions f, gV, and g® are continuously differentiable w.r.t. x on 2.
(2.4) The fynctions f, g(l), and g @ are Lipschitz continuous, i.e., there are constants
Ly, Ly and L, such that

[f(x)—f@I<Lylx—zl,
e, 1) —gW(z,9) < Lg (Ix — 2| + |7 — s]),
lg@x, 1) — @z, 9)Il < Lg (Ix — 2| + |t — s1),

forall s, t € [to,tf]land all x, z €
(2.5) The functions fy, g)(cl), and g)(cz) are Lipschitz continuous, i.e., there are con-
stants L;l) and Lg) such that

() = fe@l < L x 2,

1 1 .
@ — g @l < L (x —zl+ 1t —sD. j e I,

2 2

857 @) — gD @l <L (x =zl + 1t —sD). jeJf i,

foralls,t € [fo,tr]and all x, z € AB.

For (x, u) € X with ||x — x*|| < & it follows from (2.2) and (2.5) that

lg(x(®), u(t), D] < |g(x* (1), u* (1), O] + Ig(x (1), u®), 1) — g(x* (1), u* (1), )|
<1gG* @), u 0. 0] + gV @), 1) — gV (1), 1)
+ 18P x @), 1) = gP* @), O [u ()]
+ 18P @), O lu(t) — u* (@)
< g (1), u* (1), )| + Lg&(1 + K,,) + 2K, [Ig® (x* (1), 1) .

This implies

lg(x(@), u(), 1) < K, (2.6)
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with some constant K, independent of (x, u) € X with |[|x — x*|| < &. Moreover, for
(x,u) € F withx € Az(x*) and t, s € [19, 7] we have

i) — %) <lgP(x(@), 1) — gD (x(s), ) + 1§D x (1), 1) — gD (x(s), )| u(®)]
+ 1g® (x(s), )HIlu(t) — uls)l.

By (2.2), Assumption (2.4), and (2.6) this implies
1x(#) —xX($)] = Lg(1 + K)(Ix(2) = x (&) + |t = s]) + Kg lu@) —u(s)|. (2.7)
This further implies that with some constant L
|X(t)| < Ly V't €10, 5], (2.8)
for all (x,u) € % with x € A5(x*), which shows that the feasible trajectories
X € Az (x*) are uniformly Lipschitz with Lipschitz modulus L.

The Hamiltonian 7€ : R" x R™ x R" x [fo, ty] — R for Problem (OC) is defined
by

n m
2
A u ) =2Tgu ) =Y A, [gj»”(x, D+ Y gl (x, r)} :
i=1

j=1

We denote by

g_(iz)(x, t) = [gilz-)(x, ), ..., g,(f)(x, t)]T, i=1,...,m,
the i-th column vector of g (x, 1) and by

gﬁ-z)(x, t) = [gj-zl)(x, ..., gﬁz(x, t)] ,j=1,...,n,

the j-th row of g (x, r). Then
m
Ao, 1) = 2T g (x, 1) = AT [g}c”(x, D+ Y uighx, t)} ,
i=1
n
2
I (x,u, h, 1) = ATg(2)(x, 1) = Z)»jg;- )(X, r).
j=1
Optimality conditions for Problem (OC) are well-known. Let (x*, u*) € .% be alocal
solution of (OC). Then there exists a function A* € Wl1 (to, ty; R™) such that the adjoint

equation

— (1) = A0, uF (1), A1), DT = g (K@), wF (1), DTAF@)  (2.9)
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is satisfied for a.a. ¢ € [to, t#] with terminal condition A*(t¢) = fx (x*(tf))T, and the
local minimum principle

A (1), u (1), (1), D) (u — u* (1))
=) Tg@ (1), H(u — u* (1)) = 0 (2.10)

holds fora.a. t € [fg, ty]and allu € U.
We denote by o*: [19, t7] — R™ the switching function defined by

o (1) = A (O, wF(1), A5 (1), 0T = gP (*(0), HTA ). .11)
For a strong local solution (x*, u*) € % of Problem (OC) with associated adjoint
function A* € X1, (2.10) implies fori € {1, ..., m}
b, if o/ (¢) > 0,
ui (t) =\ by, ifo(t) <0, (2.12)

undetermined, if o (¢) = 0.

Therefore, the optimal control u* is of bang—bang type or may have singular arcs.

3 Euler Approximation

Let N € N,h = hy = (tf — t9)/N be the mesh size and t; = 19 + jh, j € Jév, the
grid points of the discretization. We approximate the space X, of controls by functions
in the subspace X, y C X7 of piecewise constant functions uy represented by their
values u(tj) = uy,; at the grid points ¢;, j € JON ~!. Further, we approximate state
and adjoint state variables by functions xj, resp. Aj, in the subspace X1 y C X of
continuous, piecewise linear functions represented by their values x,(¢;) = xj, j, resp.
An(tj) = Ap,j, at the grid points ¢;, j € Jév . Then based on Euler’s method for the
discretization of the system equation we obtain the discrete optimal control problem

(OC)n min f(xn,N)
Cen,up)€X1, N x X2 N
subject to
Xn,j+1 = Xnj +hygxn j, unj.tj), j€ Jévfl,
Xh,0 = 4,
uj €U, jedd .

By .%xn we denote the feasible set of (OC) .

Definition 2 A pair (x, uj) € .Fy is called a local minimizer of f on.%y or alocal
solution of Problem (OC), if there exists ¢ > 0 such that f (x;f N) = f(xp,n) forall
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Since .#y is nonempty and bounded, Problem (OC) 5 has a (global) solution. Opti-
mality conditions can be derived in the same way as in Ioffe and Tihomirov [22,
Section 6.4]. For any local solution (x;;, uy) € %y of Problem (OC)y there exists a
multiplier A} such that the discrete adjoint equation

AF =AY
h,j+1 hj _ * * * T_ * * T, *
e = G N )= et 1) BD)

for j € Jév ~! with terminal condition Aoy = g N)T, and the discrete minimum
principle

Hy (e oy o M ) =g ) = ) 8P G 1) —ujy ) = 0
(3.2)

for j € Jévfl and all u € U are satisfied.

By A; we denote the continuous, piecewise linear function defined by the values
Ap(tj) = Apj, i = 0,..., N, and by a;f(t) we denote the continuous, piecewise
constant function defined by the values

o)) =g ) A iy JEe YT (3.3)

the discrete analogue of the switching function (2.11). From (3.2) we obtain for i =
. N=1
L....om, jeldy
b]’l' if(T]Tl-(l‘j) > 0,
up i (t;) =\ by.i if o (1)) <0, (3.4)

undetermined if o, (¢;) = 0.
4 Error estimates for local minimizers
We first prove some auxiliary results. For a function z: [fo, tf] — R¥ of bounded

variation and s1, 52 € [to, fr], s1 < s2, we denote by ijz the total variation of z
on [sy, s2].

Lemma 1 Suppose that u € X» has bounded variation, and let up € Xo n be the
piecewise constant function defined by the values uy j = u(t;), j € Jév ~!. Then

e — unlly < hyVilu. (4.1)
Proof Since fors € [t},tj11]
Lj+1

u(s) —u(tj)] < |utjpr) —uls)| + lu(s) —u(tj)] < Vi u,
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we have

N=1 ;. N—1

Jj+l JHL
— — _ . J+1
lu — uplly = Z/_ lu(s) — u(t))|ds < Z/_ Vi u
j=0 i j=0 "1
.
< hNV,éu,

which proves (4.1). O

Remark 1 In many applications the optimal control u* is a piecewise Lipschitz con-
tinuous function. In this case u* has bounded variation. O

The following result is a special case of Sendov and Popov [39, Theorem 6.1].

Lemma 2 If Assumptions (2.3) and (2.4) are satisfied, (x,u) € F N Be(x*, u™), x
has bounded variation, and xj, is the solution of the discrete system equation

Xp,j+1 = Xp,j +hngn j,u(t)), tj), j € Jév_l,xh,o =a, 4.2)
then
max_|xs,; — x(1)| < c1 hyVy %, 4.3)
1=j<N

tO)Lg(l+Ku

where ¢; = e"'r~ ) is a constant independent of N.

Lemma 3 Suppose that Assumptions (2.1), (2.3), and (2.4) are satisfied, and that u*
has bounded variation. Then for (x,u) € F N Be(x*, u™) we have

Vil % < Ly(1+ K (L + D(tp —10) + 2 Vi u 4.4)

where c; is a constant independent of N.

Proof The variation of x can be estimated by the variation of the right hand side of
the system equation. For ¢, s € [fo, t] we have by (2.7)

|X(1) = x(s)| = Lg(1 + K)(Ix(2) = x(s)| + |t — s]) + Kg [u(t) — u(s)].
Hence, by (2.8) we obtain
Vil i < Le(1+ K) (L + Dty — 10) + Ko Vi u,
which proves the assertion. O
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834 W. Altet al.

For p > 0 we consider the auxiliary problem

(OO)n.p min S xn,n)

(en,up)€X1 N x X2 N
subject to

. N-1
Xnj+1 = Xp,j +hngXn j, unj,tj), J€Jy
Xp0 =4,
uj €U, jeJy

lxn = x*lloo < o, llup —u™| < p
which is Problem (OC), with the additional constraints
lxn = x*lloc < Py Nup —u™llt < p. 4.5)
For p > 0 we denote by .#y , the feasible set of Problem (OC) p» 1€

FNp ={Cnun) € Fn | xn —x*loo < o, lNup —u*l1 <p}.

Lemma 4 Suppose that Assumptions (2.1), (2.3), and (2.4) are satisfied, and that u*
has bounded variation. Further let p > 0 be arbitrary but fixed. Then for sufficiently
large N Problem (OC)y , has a solution.

Proof Let i, € X, y be defined by the values @, ; = u*(tj), j € Jév_l. Then
iy € %, and by Lemma 1 we have

A~ I
lu* —dnlly < hnVilu*.

Let xj, be the solution of the discrete system Eq. (4.2) for u = u*. By Lemmas 2 and
3 we have

A e
1I<1’1'EI<XN |Xn,; — x*(tj)l < (Lg(l + K)(Lx + D)ty —10) + 2 Vtg M*> hy.
==

This shows that (Xp,, iiy) € Fy, 0> and hence Fy , # @ for sufficiently large N. Since
the cost functional is continuous and the feasible set is closed and bounded, a solution
exists. O

The following result on the dependence of solutions of the system equation on
parameters is well-known.

Lemma 5 If Assumptions (2.1), (2.3), and (2.5) are satisfied, there exists p €10, €]
such that for each u € X, with ||u — u*||y < p, and each n € L' (1o, tr; R") with
Inll1 < p the perturbed system equation

x(1) = g(x(@), u(®), 1) + n(t) a.e. on [to, t7], x(to) = a,
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has a unique solution x = x(u, n), and for x; = x(u;, n;), i = 1, 2, we have
lx2 = x1ll1,1 < ¢s (lua —urlls + llm2 — n1ll)

where the constant cg is independent of u and .
We further need the following auxiliary result.

Lemma 6 Suppose that Assumptions (2.1), (2.3), (2.4), gnd (2.5) are satisfied, anfi
let p > 0 be given by Lemma 5. Then there is a number N € N such that for N > N
and any (xy,, up) € Fn ; there exists a function z € X such that (z, uy) € F and

lz = xnlli,1 < chy (4.6)

with a constant ¢ independent of N and (xp, up) € Fy 5.

Proof Let (xj,, up) € #y,; and N € Nbe given. Since ||x, —x*|| < p < ¢ it follows
from (2.6) that

lgCen(t)), un(tj), 1j)| = K. 4.7
By Lemma 5 the system equation of (OC) for u = uy, i.e.,
z(t) = g(z(0), up(t), 1) ae.on [0, 7], z(to) =a,
has a unique solution z, i.e. (z, up) € .%. We define the piecewise constant function

Xp: lto, tr] — R by x5(tj)) = x,(t)) for j € Jévfl. Then the discrete system
Eq. (4.2) for x;, can be written in the form

Xp(t) = g(xn (1), up(t), 1) + n(r) a.e.on [tg, trl, xu(to) = a,
where
() =gV @), 1) — g 00,0 + (2 Eh(0), ) — gP @) 0))un (@)
Since x;, solves the discrete system Eq. (4.2) we have by (4.7) fort € [¢;, tj41[,

x(tj4+1) — x(t5)
tiv1 — 1)
= [(t — )| 1gCxn(t)), un(t;), tj)| < hnKyg,

1Xn (1) = xn (D] = |(t — 1))

and by (2.2), Assumption (2.4), and (2.8) it follows that for ¢ € [, 7],
In(@)] < Lg(1 + Ki)lxp (1) — xp(1)| < Lg(1 + Ky)Kghn.
We choose N € N such that

(tr —to)Lg(1 + K )Kghy < p
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836 W. Alt et al.

for N > N. Then

Inlli = @r —10)n(O]ec < p
for N > N. By Lemma 5 this implies
lxn —zll,1 < cslinlh < csLg(1+ Ky )Kq(ty —to)hy,

which proves (4.6). O

In order to obtain error estimates for local solutions we proceed similarly to Alt
[1,2] (compare also Alt et al. [6]). In addition to (2.1) we use the following growth
condition for the cost functional:

(4.8) There exist @ > 0, k > 1 such that
fx@r) — fx™(@p) = allu —u™|f

forall (x,u) € F N Bz (x*, u*).

Remark 2 The growth condition required here implies that (x*, u*) is a strict local
solution of (OC). Such conditions are closely related to second-order optimality
conditions (see e.g. loffe and Tihomirov [22, Chapter 7] or Maurer and Zowe [31,
Theorem 5.6]). In the following section we use the stronger second-order optimality
condition (5.7) implying (4.8) with k = 2 (see Theorem 3).

Theorem 1 Let Assumptions (2.1), (2.3), (2.4), (2.5), and (4.8) be satisfied and sup-
pose that u™ has bounded variation. Then for each 0 < p < p, where p > 0 is given
by Lemma 5, Problem (OC)y ,, has a global solution for sufficiently large N. Further
Sfor each such solution (x, uy) the estimates

1 1
lup —u*lly < culyy, Nxp —x* 1 < exhy (4.9)

hold with constants c,, ¢y independent of N and the solution (x;l", uj;).
Proof We choose N > N sufficiently large, where N is defined by Lemma 6. Then by
Lemma 4 Problem (OC)y , has a (global) solution. Let (x;;, u};) be any such solution.
By Lemma 6 there exists a function z* € X1, such that (z*, u}) € Z and

2" = xjlli1 < cihy (4.10)
with a constant c¢1 independent of N and (x;;, u}). Further, since (x}, u}) € Fn , we
have ||lx; —x*|lcc < p.Together with (4.10) and the factthat ||z* —x} |00 < 2" —x} 1,1
this implies

Iz = x*lloo < l12* = x4 lloo + x5 — Xl < c1hn +p
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and therefore
[2* —x*lleo <P <& 4.11)

for sufficiently large N. Since (x;;, uy) € Fn , we have (2%, u}) € .F N HBz(x*, u*).
By (4.8) we therefore have

F@ @) = fF ) = o lluy —u™|f.
Further, by (2.4) and (4.10) we have
F@ ) = fO ) + f@ @) — fOi ) < ) + Lyeihy,
and therefore
allup —u*llf < fO () — f(*(tf)) + Lpcihy (4.12)

for N sufficiently large.

Let i, € X, n be defined as in the proof of Lemma 4. Then for sufficiently
large N we have (X3, ity,) € Fn , (see proof of Lemma 4) and therefore f(X,(t7)) >
f(xj;(tr)). Further we have

max |)?h(lj) — x*(tj)| < cohy (4.13)
1<j=N

with a constant ¢; independent of N. By (4.12), (2.4) this implies
o flup, — w7 < fQu(tp)) — f™(tp)) + Lycihy < Ly(cr +c2)hy. (4.14)

In the proof of Lemma 6 we have shown that the discrete system Eq. (4.2) for x;, = x;;
can be written in the form

X () = g (1), un(t), 1) +n(t) ae.on 1o, 1], xu(to) = a,

where |7(¢)| < c3hy with a constant ¢3 independent of N. By Lemma 5 we therefore
obtain

o — x*Ml1 < ca (luy —w™l + 1nlh) < ca (lug, — u®lly + c3(tp — 10)hy)
(4.15)

where the constant ¢4 is independent of # and N. O

Remark 3 Note that Theorem 1 assumes that (x;’, u}) is a global solution of Prob-
lem (OC)y ,. For such a solution we have |[uj; —u*|l; < p and [x; —x*|l1,1 < p for
sufficiently large N, i.e. the additional constraints (4.5) are not active, and (x;f, “Z)
is a local minimizer of Problem (OC), . Similar results on the existence of approxi-
mate local minimizers for control problems obtained by Euler discretization and error
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estimates for the discrete solutions are well-known in case that the optimal control is
continuous (see e.g. Malanowski et al. [27], Dontchev and Hager [11], Dontchev et al.
[12,13]). In these papers a strong second-order sufficient optimality condition is used
which also implies local uniqueness of the discrete solutions. This can not be shown
under the weaker condition (4.8) used here. O

If (xj;, uy) is a global solution of Problem (OC)y ,, then by Remark 3 (x;, uj}) is
a local minimizer of Problem (OC) . Therefore a multiplier A} exists satisfying the
discrete adjoint Eq. (3.1). In order to derive an error estimate for this multiplier we
need some auxiliary results. Since the adjoint equation is a linear differential equation
one easily obtains the following result.

Lemma 7 Suppose that Assumptions (2.1), (2.3), (2.4), and (2.5) are satisfied. Let
p > 0 be given by Lemma 5 and 0 < p < p. Then if N is sufficiently large we have
for any solution (x};, uy) of Problem (OC)y , and the associated adjoint function A},
the estimate

2 lloo < Ka (4.16)

with a constant K, independent of N and the solution (x;f, uZ).

In the proof of Lemma 6 we have shown that the discrete state variables can be
viewed as the solution of a perturbation of the system equation of Problem (OC). In
the same way one can show that the discrete adjoint variables A} can be viewed as the
solution of a perturbation of the adjoint Eq. (2.9).

Lemma 8 Suppose that Assumptions (2.1), (2.3), (2.4), and (2.5) are satisfied. Let
p > 0 be given by Lemma 5 and 0 < p < p. Then, if N is sufficiently large, we can
write the discrete adjoint equation (3.1) in the form

— () = ge(f (), up (1), TR0 + &, (D) 4.17)
fora.a.t € [ty, ty], where the function &, : [to, tf] — R" can be estimated by
[En ()| < cehn (4.18)

fora.a.t € [ty, ty] with a constant cg independent of N and the solution (x;;, uy).
Now we can derive an error estimate for the discrete adjoint functions.

Theorem 2 Let the assumptions of Theorem 1 be satisfied and suppose that u* has
bounded variation. Then for each 0 < p < p, where p > 0 is given by Lemma 5,
Problem (OC)y , has a (global) solution for sufficiently large N. Further for each
such solution (xj;, uy) and the associated adjoint function A} the estimate

1
A, = Al < eahy (4.19)

holds with a constant c;, independent of N and the solution (x;;, uy).
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Proof We define A := A; — A*. By (2.9) and (4.17) we have
—h(t) = = Ap (1) + A5 ()

m T
= [gi”(x,t(t), D+ Y up(0ig (o), t)} M (0) + ()

i=1

m T
- [gil)(x*(t>, D+ ut0ig (o), r)] (1)

i=1

= [gi”(x;;(t), 0+ > upig @i,

i=1

m T
—g V0.0 = ur0igD (@), t)} M (0) + & (0)

i=1

m T
+ [gi”(x*(n, D+ ut0ig (o), r)] A1)

i=1

with terminal condition A(ty) = f(x; N)T — fx (x*(tf))T. Since this is a linear
differential equation it follows that

IAl,1 < et (g = x* iy + llug, — u*lli + k)

with some constant ¢, | independent of N and (x;, u})). Finally, together with (4.15)
we obtain

12 =2 l1 < en (luy, — w*ll + hy) (4.20)

with a constant c;, > independent of N and the solution (x}, u;). By Theorem 1 this
implies (4.19). O

5 Improved error estimates

We can improve the error estimates of the last section to order 1, if we replace con-
dition (4.8) by a stronger second-order sufficient optimality condition. To this end we
require in addition to Assumptions (2.1), (2.3), (2.4), and (2.5):

(5.1) The functions £, g1, and g® are twice continuously differentiable w.r.t. x
on A.
(5.2) The functions fyy, g)gc), and gg) are Lipschitz continuous, i.e., there are con-

stants L;z) and Lg,l) such that for all s, ¢ € [, trland all x, z € B

@ Springer



840 W. Alt et al.

| fex @) = frr@] = LP 1x — 21,

(1
185 o =gt @l < LP (x =zl + e —s)). jeJt,

(2)
|gjox

@) =g @ <L (Ix —z| +1t —sD). jeJf, iel
Remark 4 Assumptions (5.1), (5.2) imply Assumptions (2.3), (2.4), and (2.5). O

Asin Alt [2, Section 6] we can formulate Problem (OC) as an abstract optimization
problem of type

min F(z) st zeC, G() €Kk,
zeX

where z = (x, u) € X, F: X — R s defined by

F(z) = F(x,u) = f(x(ty)),

G: X — Y :=L'(ty, ty; R") x R" is defined by

G)(1) = Glx, u)(r) = (ig)()t) u(t), ) —x(t)>

and C = X| x %, K = {Oy}. As shown in Alt [2] it then follows by results of
Robinson [37,38] that the set

T(x* u®) ={(x,u) € C|GUx* u") + G (x* u*) ((x,u) — (x*,u")) € K}
={(x,u) | (x,u) e X,u € %, x(ty) = a,
X = X" =g (), u (), ) = xF) + gu (T (), ut (), ) —u™)}

approximates the feasible set of Problem (OC) in the sense of Maurer and Zowe [31,
Definition 4.1]. From Alt [2, Lemma 2.1] and Lemma 5 we therefore get the following
result:

Lemma 9 Letr Assumptions (2.1), (2.3), (2.4), and (2.5) be satisfied. Then for each
y > 0 there exists p(y) > 0 such that for each (x,u) € F with |lu — u*||; < p(y)
there exists (x, i) € T (x*, u™®) with

lx = Xln+ lu—all <y (I —x 0+ lu—u*).

For A € L*(ty, ty; R") we define the Lagrange function by
tr
Len) = fxe )+ [ 20T g0, u0.0) — 0] dr.

4]
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It follows from the adjoint Eq. (2.9) that

Le(x* u*, X)) = fo (xF@p) x(ty)

Ly
+/ T [gx (1), (@), Dx () — #(O)] dt =0 (5.3)
1o

for all x € X with x(79) = 0, and by the local minimum principle (2.10) we have

t
L u ) (w—u”) = / ! AT g (1), u* (1), 1) (ut) — u* (1)) dt
0]
; (5.4)
f
=f o () (u(t) —u*(0)) dt = 0
0]

for all u € %, where o* is the switching function defined by (2.11).
By .Z"” we denote the second derivate of . w.r.t. (x, u). Since the control u appears
only linearly in Problem (OC), we have

Hu(x,u, A, ) =0 forall (x,u, A, 1) € R" x R" x R" x [tg, 17],  (5.5)
and therefore

LE i1, 1) (31, un), (2, u2)) = x1 (1) fox (X)) x2(t7)

t
+/le(t)T%’}x(i(t),ft(t),?_»(t),t)m(t)dt
I

0

t
+ / O A G0, ), 30), Dua (1) dt
1

0

)
+ / " O A G0, 10, 5(0), Dxa(0) dt
1

0

for all (x, i, A), (x,u, 1) € X x X|.
If (5.1) is satisfied, then there exists a constant C¢ such that

|27 (%, i, 1) (1, u1), (x2, u2)) |

5.6

= Cog (Ixtlloollx2lloe + llx1lloo llu2llt + lx2lloo lle11l1) ©0

for all (x,ii, A) € X x X1 with |X — x*[|oc < 2, |A — A*|loe < P, it € %, and all
(x1, u1), (x2, u2) € X.

In case of a continuous optimal control convergence of order 1 can be shown for
Euler approximation if a strong second-order optimality condition is satisfied which
especially requires that the bilinear form 2" (x*, u*, A*) is positive definite w.r.t. to
the control function (compare e.g. Dontchev et al. [13]). By (5.5) this condition cannot
be satisfied for the class of control problems considered here. We use instead a second-
order condition for the switching function o* defined by (2.11). This condition has
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been introduced by Felgenhauer [15] (see also Maurer and Osmolovskii [30], Maurer
etal. [29]) and has been used e.g. in Alt et al. [6], Alt and Seydenschwanz [7], Seyden-
schwanz [40] to investigate Euler discretization of linear quadratic control problems:

(5.7) There exists @ > 0 such that

i
f f ot (O (u(t) — u* (1) dt = L, (" u* W) (u — u*) = & [|lu — ™|,
1

0
forallu € %.

Remark 5 One should note that Assumption (5.7) excludes singular arcs of the optimal
control, i.e., the optimal control #* must be of bang—bang type. As shown in Alt et
al. [6, Lemma 4] the assumption is satisfied if the optimal control is of bang—bang
type with finitely many boundary arcs and if an additional growth condition for the
switching function around its zeros holds. O

In Alt and Seydenschwanz [7] and Alt et al. [6] we used an additional assumption
ensuring convexity of the linear-quadratic control problems considered there. Here we
use the somewhat weaker assumption:

(5.8) There exists B > O such that o :=a — 8 > 0 and

t

f
2 )T frr (FF(0)) 2(tf) + / 2O A (x* (1), u* (1), A* (1), 1) 2(1) dr

tr K
+2/ 20T Ao (x* (1), w* (1), A¥ (1), 1) v(1) dt
0]
= 2" (x* u*, %) (2, v), (2. v) = =B vl
forall (z, v) = (x, u) — (x*, u™) with (x, u) € T (x*, u™).

Remark 6 The condition (z, v) = (x, u) — (x*, u™) with (x, u) € T (x*, u™) is equiv-
alenttou € %, z(ty) = 0 and

(1) = g (x* (1), u™ (1), )z(t) + gu (x™ (1), u™ (1), HV(t)

for a.a. t € [tg, t7]. Therefore, ||z|[1,1 < c|lv|l1 with a constant ¢ independent of v.

O

Example 1 Tt can easily be seen that Assumption (6) used in Alt et al. [6] for a class
of linear quadratic control problems is equivalent to (5.8).
If the system equation is linear then the coercivity condition in (5.8) reads

2p)T fox (K5 ) 2(1p) = —B )13

forall (z,v) = (x,u) — (x*, u™) with (x, u) € T(x*, u™). %
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We now show, that Assumptions (5.7) and (5.8) imply the growth condition (4.8)
with k = 2. The proof is based on a result of Ioffe and Tihomirov [22, Chapter 7]
concerning a general second-order sufficient optimality condition for equality con-
strained optimization problems. More general results can be found in Maurer [28],
and Maurer and Zowe [31] (see also Alt [2]). A general result on sufficient optimality
conditions for optimal control problems can be found in Felgenhauer [15]. We need
some auxiliary results which are modifications of corresponding results in Sect. 3 of
Alt [2].

Lemma 10 Let Assumptions (2.1),(5.1),(5.2),(5.7), and (5.8) be satisfied. Then there
exists 0 < 81 < p such that

LE 3 (@) ) = = (B+ 7)1

forall (z,v) = (x,u) — (x*, u*) with (x,u) € T(x*, u*) and all (X, u, 2 e X xX;
with | X — x*[leo + [l — u*[l1 + A = 2 [0 < 81

Proof Let (z,v) = (x,u) — (x*, u*) with (x, u) € T (x*, u*) and (%, , 2 e X xX;
with ||[X — x*|oo + 12 — u*||1 + |X — A*|lec < &. By Assumption (5.8) we have

L (F, 1,2 (2, 0), (2, 0) = L7 (5w, 1) (2, 0), (2, 0))
+ L7 (&%, i1, M) ((z,v), (z,v) — 27, u*, 0% (2, ), (2, v))
Z _IB ”U”% + f”()f, 127 X) ((Zv U)v (Zv U)) - Z//(X*v M*, )\'*) ((Z’ U)’ (Z’ U)) )

ie.,

tr _
+ | zOT [Ha @), (1), k1), 1) — A (X (0), ¥ (1), (1), )] 2(0) dt(5 9)
1o :

t
+2 f T [ A G, (1), A1), 1) — (X (0), u* (1), A1), )] v(2) dr.
0]

By (5.2) the absolute value of the first term on the right hand side of this inequality
can be estimated by

cllx — x*loollzllZ (5.10)
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with some constant ¢ independent of z, v, x, u, and x. Using
Ao (G(0), (1), M), 1) = A (1), u™ (), 1¥(1), 1)
=Y k0 [ @00 = gl "), )]

j=1

+ 3 [h0; =2 0;] g @ @) 1)
j=1

+ A0, Y a0 87 0.0 — g 0.1
j=1 i=1

+ Y A0 Y [aw: — ut @] 857, @) 1)
j=I i=1

+ 3[R0 =2 0;] > w08l ). ).

j=1 i=1

the absolute value of the second term on the right hand side of (5.9) can be estimated
by

2 (1% = x*lloo + 1 — u*[l1 + A — 2¥[lo0) 12113 (5.11)
with some constant ¢, independent of z, v, X, &, and X. In the same way it can be
shown that the absolute value of the third term on the right hand side of (5.9) can be
estimated by

3 (1% = x*lloo + 1A = A*lloo) lzllocll0ll1 (5.12)

with some constant ¢3 independent of z, v, X, u, and X. Since z satisfies the linear
differential equation

2(1) = g (x* (1), u* (1), )z(t) + gu(x* (1), u* (1), 1) (u(t) — u* (1)) ae.on 19, 7]
with initial condition z(fy) = 0 we have
lzlloo = X = x*lloo < llx —x™[l1,1 < callu —u™[ly (5.13)

with a constant ¢4 independent of x and u. Now combining (5.10)—(5.13) the absolute
value of the right hand side of (5.9) can be estimated by

cs (I1¥ = x* oo + [l — u* 1 + 1A — 2*[loo) IV]I7-

The assertion then follows if we choose §; > 0 small enough. O
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Lemma 11 Let Assumptions (2.1),(5.1),(5.2),(5.7), and (5.8) be satisfied. Then there
exists 0 < 8o < 81 such that

LG iR (= X u— ), (x — x* u—u)) > — (;3 n %) i — u*|?

forall (x,u) € F with |lu—u*|l; <& andall (x,u, 1) € X x X1 with ||X — x*||eo +
la —u*lly + 1A — A*[loo < 2.

Proof We choose y > 0 such that

(B+3) A4y +e)? +Coy+c) 1+ (1 +2)1 +¢)

(5.14)
+3Czy 1+ = (B+3).

where Cg is defined by (5.6) and c; is the constant defined by Lemma 5. Let p(y) be
defined by Lemma 9. We choose 0 < 8, < 81 such that

(1 4+ ¢5)d2 < max{p, p(y)}.
Then for (x, u) € .F with |lu — u*||; < &, we have by Lemma 5
e —x* 0+ llw — ¥l < esllu —u®lly + llu — ulli < max{p, p(y)}.(5.15)
Hence by Lemma 9 there exists (z, v) € T (x*, u*) with
I = Zla + llw =0l < v (Il = x g+ e —u*)1).
Together with (5.15) this implies
lx =zl + llu =0l < y (4 +ceo)llu —u* (5.16)
and therefore

(I =y +e)llu—ulli < 1o —ully < T+ y A +c))llu—u*ly,

_ (5.17)
Iz ="l < A+ ) +ceo)llu —u®|;.

Further using (x — x*, u —u*) = (Z —x*4+x —z,v — u™ + u — v) we obtain

L(x, i, N ((x —x u—u"), (x —x*,u— u*))
= LG 2 (G =X B —u), G- xt b — "))
+2.2" (%, 1, ) (G —x* 0 —u®), (x = Z,u — D))
+ L"E iR (= Z,u— D), (x —Z,u — D))

(5.18)
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Next we estimate the terms on the ride hand side of (5.18). By Lemma 10 and (5.17)
we have

f//()zv I'_ts )_”) ((Z - -X*v v— M*)y (Z - x*, v — I/t*))

5.19
= (B4 ) - = - (B4 2) v e -t i)

By (5.6), (5.16) we obtain

|2 (%, i, ) (G —x* 0 —u®), (x —Z,u— )|
< Co (12 = x*lloollx = Zlloo + 12 = x*loclle = Dl + [1x = ZllcollD — u*[I1)
<Co (IZ=x* Nl = Zlha + 12 = x*alle = 0l + llx = 2l o — u*)
< Coey(I4co) (12 = x 1+ 10— u™ll1) llu — w1

By (5.17) this implies

1L (X, a, M) (E—x" 0 —u"), (x —Z,u—0))|

- (5.20)
SCopy(l+c) (1 + A +2y)(A + ) lu —u™|7.
Again by (5.6) and (5.16) we obtain
|.L" (%, i, k) (x —Z,u — 0), (x —Z, u — 1))
< Cy (I = 2% + 2x = Zlloollu — 5111
(5.21)

-2 - -
< C (Ix = 213, +2lx = 2w lu — 511 )

< 3Cey*(1 +¢)*llu — u*|l}.

Now inserting the estmates (5.19), (5.20), (5.21) into (5.18) the assertion follows
from (5.14). O

We can now show, that Assumptions (5.7) and (5.8) imply the growth condition (4.8)
with x = 2.

Theorem 3 Let Assumptions (2.1), (5.1), (5.2), (5.7), and (5.8) be satisfied. Then

3
ﬂﬂq»—f@%w»zzaw—uw%

forall (x,u) € F with |lu —u*||; < 8, where 8, is defined by Lemma 11. Moreover,
condition (4.8) is satisfied with k = 2.

Proof For arbitrary (x, u) € % with |lu — u*|; < 8, we have
f (x(tf)) - f (x*(tf)) = ZL(x,u, \*) = Lx*, u*, 1.
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Using x(fg) — x*(tg) = 0 and (5.3) we get by Taylor expansion

Fx@p) = f(x"@p) = L™ u*, 25w — u®)
+ %ﬁ”(z, v, A (e = u—u®), (x —x* u —u®),

where (z,v) = (1 — t)(x*, u™*) + 7 (x, u) with T €]0, 1[. By (5.7) and Lemma 11 this
implies

1
F ) = £ (5ep) z @l =l = 5 (B4 5 ) Iu— I}

3 3
= (Z& - g) lu —u*|? > i u* |13,

which proves the first part of the assertion. For arbitrary (x, u) € %5, we have (x, u) €
Z and |lu — u*||; < 8 which implies that condition (4.8) is satisfied with k = 2, «
replaced by %oe, and ¢ replaced by §5. O

Remark 7 Note that for the proof of Theorem 3 we only need the fact, that (x*, u*) is
feasible and satisfies together with the unique solution A* of the adjoint equation the
minimum principle and Assumptions (2.3), (2.4), (2.5), (5.1), (5.2), (5.7), and (5.8).
Theorem 3 then shows, that (x*, u*) is a strict local solution, i.e., Assumptions (5.8),
(5.7) can be viewed as sufficient optimality condition. In case of linear-quadratic con-
trol problems as considered in Alt et al. [6] the second derivatives of the Hamiltonian
and the Lagrange function do not depend on (x, u). This allows to use a more general
version of condition (5.7). O

For the derivation of error estimates of order 1 for the discrete solutions we proceed
similarly to Dontchev and Veliov [14], Haunschmied et al. [21] and use the fact that
the discrete solutions can be interpreted as solution of a perturbation of Problem (OC).
This approach has also been used in Alt et al. [6] for linear-quadratic control problems.
For the more general class of nonlinear control problems considered here we adapt
results of Alt [2, Section 3], where Lipschitz continuity of perturbed solutions of
nonlinear optimization problems has been studied.

Lemma 12 Let Assumptions (2.1), (5.1), (5.2), (5.7), and (5.8) be satisfied. Further
let 0 < p < p, where p > 0 is given by Lemma 5, and let (x},u}) be a (global)
solution of Problem (OC)y ,. Then there is a function &y : [to, tf] — R™ satisfying

1Sn ()] = Kx(Lg(Lx +1) +ca)hn (5.22)

such that

tf
/ [,\;(r)Tg@)(x;;(t), 0+ (t)T] (u* (1) — uj (1)) dt > 0. (5.23)
to
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Proof By the discrete minimum principle (3.2) we have
M) T ePrap ) —uf) =0 YueU, jedl . (524

We Qeﬁne piecewise constant functions X : [fo, tr] — R", By: [to, tf] — R"™™,
and A : [fo, tf] — R" by

In(t) = x5 (1), Ba(t) = g @ (xf(t)). 1), An(t) = A (tj41),

fort e [tj,tjy1l, j € Jév ~!. Then we can write the discrete switching function o;l“
defined by (3.3) in the form

oi (1) = By Ay (1) = g (i (1), DA (1) + ¢4(1) foraa. 1 € [10, 1],
where ¢, is defined by
oh(0) = Ba(®) (D)7 = 8@ (i (0. T} (o).
Further we can write the discrete minimum principle (5.24) in the form
ko N T * (2) % Ty T *
o0 = uj0) = [sP 0, 07250 + 50 | = w0
>0 YueU (5.25)

for a.a. t € [to, tr], From (5.25) we further obtain (5.23). In order to estimate | (7)]
we use (2.4). Fort € [tj,tj41[, j € Jév_l, we have

1L ()] < 1A (O] 1Ba (1) — &P (1), D)1 + 1lg P (i (1), DI [An () — A5 (1)
< KiLg (Ix5(t)) = xj O] 4 1tj — t]) + cglaf tj41) — 25 )]

with some constant ¢, independent of (x;, u;) € Fy ,. By (2.8) we have
Ixy (tj) — x, ()] < Lyxhy,
and from the discrete adjoint equation we obtain
g (t741) = M5O < R I ARG RS 1] < caKahy,

which implies (5.22). O

Theorem 4 Let Assumptions (2.1), (5.1), (5.2), (5.7), and (5.8) be satisfied and sup-
pose that u* has bounded variation. Then for each 0 < p < &, Problem (OC)y , has
a (global) solution for sufficiently large N. Further for each such solution (xj;, uj)
and the associated adjoint function Ay, the estimates

lup —u*llt < cuhn, llxjf —x* i1 < cehn, A — A% < cahy (5.26)
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hold with constants c,, cx, and c) independent of N and the solution (x;:, uZ).
Proof Let0 < p < 82 be given. By Theorem 3 condition (4.8) is satisfied. Therefore,
by Theorem 1 Problem (OC)yy , has a (global) solution for sufficiently large N. Further

for each such solution (x}, uy) the estimates

1 1
lu, —u*lln < culy, llxy —x"h < exhy

hold with constants ¢,, ¢, independent of N, and by (4.19) we have

1
Ay — A" l1 < cazhy

with some constant ¢;, > independent of N and x;, x*, u};, and u*. For suffiently large N
we therefore have

lx — x*llo + llufy — u*[ls 4+ 1A — A" [l
<l = x* 11+ g — w4+ A5 — A%l < 82,

and (x;,uyp) € Fn 5. By Lemma 6 there exists a function zj € Xj, such that
(zj,uy) € .F and

Iz — xjlli1 < czhy (5.27)
with a constant ¢, independent of N, which implies
lzh —x"lloc < 82 (5.28)

for sufficiently large N. As in the proof of Theorem 3, using z} (t) — x*(to) = 0
and (5.3), we get by Taylor expansion around (x*, u*)

FEpap) = f(x*ap) =L up, M) — L™ u*, 1"
= L (x* w7 (), — u™)

+ %Z”(z, v, ) (@ = x*uf, —u®), (2 — x* up —u™)),

where (z,v) = (1 — ©)(x*, u*) + (g}, uy) with = €]0, 1[. By (5.7), (5.8), and
Lemma 11 this implies

- * * 1 * *
F @) = £ () = @l =1 = 5 (B+5) Iuf =1}

(5.29)
3 B
= (Zoz + 5) g — u* 3.
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Similarly we obtain by Taylor expansion around (z}, u})

F(*ap) = fzh@p) = L&* u* ay) — L), ufy, )
=Lz, up, A (" —z2p) + Lz, up, Ap)(W* — uj)

+ %.i””(z, v, ) (0 =z u* —up), F =z u* —up)),
where (z, v) = (1 1) (g}, uy)+7(x*, u*) witht €0, 1[. By Lemma 11 this implies
F (@) = F () = Lagyugy, i)™ — 2) + Luzgy ugy, A (' — uj)
— (B4 5) 1w~
Combining this estimate with (5.29) we obtain
% I — u*()? < =Ll ul, A — 28 — Lzl ul, A — ). (5.30)

We define z = x* — zj. Using integration by parts we obtain for the first term on the
right hand side of (5.30)

t

f
—L(zp up, M) (@) = — fe (2h(tp)) 2(tp) —f M) g (Zh (), u(0), Hz(r) dr

1o
lf

+ / ML) 2(r) dt

1o

t

f
=— fi (25 @p) 2(ty) —/ AT g (2 (1), ul (1), Dz(1) dr

fo
t

f T
+k;j(tf)z(tf)—/ @) ' z(t)de

fo

By Lemma 8 we can write the discrete adjoint Eq. (3.1) in the form (4.17). Using this
and the terminal condition Ay (t7) = fx(x; (¢ f))T we further obtain

t

f
— L@ up A (@) = — fi (zZ(tf))z(tf)—/ M0 g (2 (), wi(0), Dz (1) dr

)

+ felxp tp)z(ty)

ty
+ [ T et o000 + 50" 00
0]

By (2.4), (4.16), (4.18), and (5.27) this implies

=L@y gy, M) (X" —z3y) < Lglzp(ty) — x5 (o) X () — 2 (27)]
+ (ty — t0) (KaLgllz) — x)lloo + ll€nlloc) x™ = 2jlloo
< [Lye;+ (ty —to) (KaLge; +cg) | hnlIx™ = zj lloo-

@ Springer



Euler discretization for a class of nonlinear optimal... 851

It follows from Lemma 5 that
lizh — x"lloo < llzp —x" 1 < esllug, — w1, (5.31)

and

(5.32)
< [Lye:+ (ty —t0) (KaLgc: + c&)] cshnlluy — u™|l1.

By Lemma 12 there is a function ¢ : [fo, tf] — R satisfying (5.22) such that the
discrete minimum principle can be written in the form (5.23). Therefore, defining

&0 =10 [¢? 0.0 = gX @0, ] + o)

we obtain for the second term on the right hand side of (5.30)

i
— L@ Ul AW —uf) = — / MO g P, ) (u* () — uj()) dt

19
l‘f
= [ TP w00 + a0 | 6o - o) @
)
ty _
+ | @ (w0 —uj(n) dr
I

o
< [Ta0T 6w - o) ar
0]
Further by (2.4), (4.16), (5.22), and (5.27) we have
20 ()] < KxLglxy (1) — 25 (D] + [Eh ()] < Ki (Lg(cz + Ly + 1) + ca) hn,
which implies

— Lz, ugy, M) (U™ — up)
< (ty —10)Ky (Lg(c: + Ly + 1) +ca) hnlluj — u*|l. (5.33)

Finally (5.30) and the estimates (5.32) and (5.33) show that with some constant ¢,
independent of N and the solution (x;, u}),

o 2 ~
5 llup — w*lly < Cuhnlluy —u*|h,

which immediately implies the estimate for ||uj — u*||; in (5.26). The estimate for

lx;; — x*|I1,1 then follows from (5.27) and (5.31), and the estimate for A} — A*[|1
follows from (4.20). O
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Remark 8 (compare Remark 3) Theorem 4 also assumes that (x;f, uZ) is a global solu-
tion of Problem (OC)y , and we have not shown uniqueness of the discrete solutions.
The reason is that for the class of control problems considered here condition (5.7)
does in general not hold for the discrete control problems. The linear-quadratic control
problems considered in Alt et al. [6] are convex optimization problems. Therefore, the
solutions of the discrete problems are global solutions. In this case Theorem 4 implies
Alt et al. [6, Theorem 14] for x = 1. O

6 Numerical results

Example 2 We consider the following modification of the rocket car problem dis-
cussed in Alt et al. [4, Example 6.1] with a nonlinear and non convex cost functional
and a nonlinear state equation:

(OCB) min %(xl (5)° + x2(5%)
S.t.
X1(t) = x2(2), X2(t) = (1 4+ex2(t))u(t) a.e.onl0,5],
x1(0) =6, x2(0) =1,
—1<u() <1 a.e.on [0, 5].

Here the function g is defined by

g(xl,xz,u)z( 2 )
(1 +ex2)u

and

01 0
gx(xlvx2v Ll) = O cu ’ gu(xlyxb M) - 1+8x2 .

The Hamiltonian is defined by
H(xy, x2, u, A1, A2) = Axa + Ao (1 + exo)u,
and we have
Hy(xr, x2,u, A1, 22) = (0, Ay +erau),  Hy(xi, x2,u, ki, 22) = 22(1 + €x2),

and

00
Hux(x]’ X2, U, A‘lv )"2) = (05 8A‘2) ’ Hxx(xla X2, U, )\'1’ )"2) = (O 0) .
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Table 1 Discretization error

N 100 200 500 1000 5000

luf —u*lly  3.795x 1072 2567 x 1072 1.603 x 1072 6.900 x 1073 9.002 x 10~4

Nl —u* 1y

7 0.759 1.027 1.603 1.380 0.9002

Therefore, the condition for the quadratic form in Assumption (5.8) is here equivalent
to

5
3x5(5)21(5)% + 22(5)% + 28/ 22(OM () dr = =B |v]?
0

for all (z, v) = (x, u) — (x*, u™) withu € %, z(tp) = 0 and

21(t) = 22(1),
() = su*(Dz2(t) + (1 + ex3 (1)) v(t)

fora.a.t € [0, 5]. From the numerical results we have x{ (5) & 1.5475 > 0. Therefore,
this condition is satisfied for arbitrarily small § if ¢ is sufficiently small.

For e = % the optimal control is of bang—bang type with one switching point s; &
4.49848. The discretization errors depicted in Table 1 indicate convergence of order 1
w.r.t. the mesh size & as expected by Theorem 4. Figure 1 shows the computed optimal
control and states, and the switching function for N = 100. O

7 Conclusions

In this paper we derived error estimates for Euler approximation of a class of nonlinear
optimal control problems of Mayer type with control appearing linearly. Such esti-
mates were previously known only in case of continuous controls, for linear-quadratic
problems affine w.r.t. the control, and for some special classes of control problems
with a nonlinear cost functional but a linear or semilinear state equation. The results
were obtained under the growth condition (4.8) for the cost functional or under the
stronger second-order sufficient optimality condition (5.7) excluding singular arcs of
the optimal control (see Remark 5). Felgenhauer [18] shows for scalar bang—bang
controls that a second-order optimality condition for the so-called “induced finite-
dimensional problem” of optimizing the switching times implies (4.8) with k = 2. It
is an open question whether (4.8) can be satisfied if the optimal control has singular
arcs. But it should be noted that in this case other second-order conditions may be
useful (see e.g. Felgenhauer [19], where a second-order condition in connection with
the Goh transformation has been used).

A nonlinear control problem may have many local solutions and Example 2 shows
that the analytical verification of conditions (4.8) and (5.7) may be difficult. Therefore,
another important topic, not treated in this paper, is the numerical verification of such
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) ‘ ‘ ‘ ‘ } i

0 1 2 3 4 s 5
t
Optimal control u(r) (blue) and switching function & (¢) (black).

; i ; ; T e
Optimal states x; (¢) (thin red line) and x,(#) (thick blue line).

Fig. 1 Optimal solution for N = 100 (Color figure online)

conditions. For the numerical verification of (4.8) in case of bang—bang controls one
can use known results. First the control problem is solved by Euler discretization
in order to obtain a good approximation for the switching times. If this works, in a
second step the induced finite-dimensional problem mentioned above can be solved in
order to compute the switching times more accurately. Then the test for the numerical
verification of a second-order sufficient optimality condition for the induced finite-
dimensional problem discussed in Maurer et al. [29] can be applied. If the test is
successful, then the results of Felgenhauer [18] show that (4.8) holds with k = 2.
While the results of Maurer et al. [29] are stated for general nonlinear control problems,
the results of Felgenhauer [18] so far are restricted to scalar control problems. As an
alternative, tests based on Riccati differential equations can be used (see Felgenhauer
[18, Section 4], Osmolovskii and Maurer [34] and the papers cited therein).
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