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Abstract We propose an adaptive smoothing algorithm based on Nesterov’s smooth-
ing technique in Nesterov (Math Prog 103(1):127-152, 2005) for solving “fully”
nonsmooth composite convex optimization problems. Our method combines both
Nesterov’s accelerated proximal gradient scheme and a new homotopy strategy for
smoothness parameter. By an appropriate choice of smoothing functions, we develop
a new algorithm that has the O (%)-worst-case iteration-complexity while preserves
the same complexity-per-iteration as in Nesterov’s method and allows one to auto-
matically update the smoothness parameter at each iteration. Then, we customize our
algorithm to solve four special cases that cover various applications. We also specify
our algorithm to solve constrained convex optimization problems and show its con-
vergence guarantee on a primal sequence of iterates. We demonstrate our algorithm

through three numerical examples and compare it with other related algorithms.
Keywords Nesterov’s smoothing technique - Accelerated proximal-gradient
method - Adaptive algorithm - Composite convex minimization - Nonsmooth convex
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1 Introduction

This paper develops new smoothing optimization methods for solving the following
“fully” nonsmooth composite convex minimization problem:
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F*: nelﬁgr; {F(x) = f(x)—i—g(x)}, ()]

- X
where g : R? — R U {400} is a proper, closed and convex function, and f : R? —
R U {400} is a convex function defined by the following max-structure:

£ (x) = max {(x,Au) — o) u eu}. )

Here, ¢ : R” — R U {400} is a proper, closed and convex function, and / is a
nonempty, closed, and convex set in R”, and A € RP*" is given.

Clearly, any proper, closed and convex function f can be written as (2) using its
Fenchel conjugate f*,i.e., f(x) := sup {{x, u) — f*(u) : u € dom(f*)}. Hence, the
max-structure (2) does not restrict the applicability of the template (1). Moreover,
(1) also directly models many practical applications in signal and image processing,
machine learning, statistics and data sciences, see, e.g., [4,9,13,15,26,28,32] and the
references quoted therein.

While the first term f is nonsmooth, the second term g remains unspecified. On the
one hand, we can assume that g is smooth and its gradient is Lipschitz continuous. On
the other hand, g can be nonsmooth, but it is equipped with a “tractable” proximity
operator defined as follows: g is said to be tractably proximal if its proximal operator

prox, () := argmin {g(») + (1/2ly —x|” 1y e dom(@)} . 3

can be computed “efficiently” (e.g., by a closed form or by polynomial time algo-
rithms). In general, computing prox, requires to solve the strongly convex problem
(3), but in many cases, this operator can be obtained in a closed form or by a low-
cost polynomial algorithm. Examples of such convex functions can be found in the
literature including [3,15,28].

Solving nonsmooth convex optimization problems remains challenging, especially
when none of the two nonsmooth terms f and g is equipped with a tractable
proximity operator. Existing nonsmooth convex optimization approaches such as
subgradient-type descent algorithms, dual averaging strategies, bundle-level tech-
niques or derivative-free methods are often used to solve general nonsmooth convex

problems. However, these methods suffer a slow convergence rate (resp., O (Elz) -

worst-case iteration-complexity). In addition, they are sensitive to the algorithmic
parameters such as stepsizes [22].

In his pioneering work [24], Nesterov shown that one can solve the nonsmooth struc-
tured convex minimization problem (1) within O (%) iterations. This method combines
a proximity smoothing technique and Nesterov’s accelerated gradient scheme [21] to
achieve the optimal worst-case iteration-complexity, which is much better than the

@) (eiz)-worst-case iteration complexity in nonsmooth optimization methods.

Motivated by [24], Nesterov and many other researchers have proposed differ-
ent algorithms using such a proximity smoothing method to solve other problems,
to improve Nesterov’s original algorithm, or to customize his algorithm for spe-
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cific applications, see, e.g., [2,6,7,14,17,19,20,23,25,33]. In [5], Beck and Teboulle
generalized Nesterov’s smoothing technique to a generic framework, where they dis-
cussed the advantages and disadvantages of smoothing techniques. In addition, they
also illustrated numerical efficiency between smoothing techniques and proximal-type
methods. In [1,27], the authors studied smoothing techniques for the sum of three con-
vex functions, where one term is Lipschitz gradient, while the others are nonsmooth.

In [11], a variable smoothing method was proposed, which possesses the O (@ -

convergence rate. This convergence rate is worse than the one in [24]. However, as
a compensation, the smoothness parameter is updated at each iteration. In addition,
their method uses special quadratic proximity functions, while smooths both f and g
under a Lipschitz continuity assumption imposed on f and g.

In [23], Nesterov introduced an excessive gap technique, which requires both pri-
mal and dual schemes using two smoothness parameters. It symmetrically updates
one parameter at each iteration. Nevertheless, this method uses different assump-
tions than our method. Other primal-dual methods studied in, e.g., [12,16] use double
smoothing techniques to solve (1), but only achieve O (1 log (1))-worst-case iteration-
complexity.

Our approach in this paper is also based on Nesterov’s smoothing technique in [24].
To clarify the differences between our method and [23,24], let us first briefly present
Nesterov’s smoothing technique in [24] applying to (1).

Recall that a convex function by; : R” — R is called a proximity function of U
if it is continuous, and strongly convex with the convexity parameter u, > 0 and
U < dom(by). Given by, we define

i€ = argmin {by(u) : u € U} and Dy :=sup {by(u) : u € U} € [0, +00).
u u

Here, u¢ and Dy, are called the prox-center and prox-diameter of I/ w.r.t. by, respec-
tively. Without loss of generality, we can assume that by (z“) = 0 and up = 1.
Otherwise, we just rescale and shift it.

As shown in [24], given y > 0 and by, we can approximate f by f, as

fy () = max {(x, Au) — o) = yby(u) s u € U}, “

where y is called a smoothness parameter. Since f;, is smooth and has Lipschitz
gradient, one can apply accelerated proximal gradient methods [4,26] to minimize the
sum f), () + g(-). Using such methods, we can eventually guarantee

) )

2||A|12RG 22| Al Ro/Di;
}/>

y(k 4+ 1)2 k+1)

where {xk} is the underlying sequence generated by the accelerated proximal-gradient
method, see [24], and Ry := ||x® —x*||. To achieve an e-solution x¥ such that F (x¥) —
F*<e wesety =y* = ﬁ at its optimal value. Hence, the algorithm requires at

most kmax := LZ\/EHAHR()«/Dus’lJ iterations.
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428 Q. Tran-Dinh

Our approach The original smoothing algorithm in [24] has three computational dis-
advantages even with the optimal choice y* := ﬁ of y.

(a) It requires the prox-diameter Dy; of U to determine y*, which may be expensive
to estimate when U/ is complicated.

(b) If ¢ is small and Dy, is large, then y* is small, and hence, the strong convexity
parameter of (4)is small. Algorithms for solving (4) have slow convergence speed.

(c) The Lipschitz constantof V f,, is y ~![|A||> = 2||A||> Dye~!, which is large. This
leads to a small step-size of &/(2||A||> D) in the accelerated proximal-gradient
algorithm and hence, can have a slow convergence.

Our approach is briefly presented as follows. We first choose a smooth proximity
function by, instead of a general one. We assume that Vb, is Lj-Lipschitz continuous
with the Lipschitz constant L, > u, = 1. Then, we define f) (x) as in (4), which is
a smoothed approximation to f as above.

We design a smoothing accelerated proximal-gradient algorithm that can updates y
from yy to yx41 at each iteration so that yx4+1 < yx by performing only one accelerated
proximal-gradient step [4,26] to minimize the sum Fy, | := fy,, + g for each value
vk+1 of y. We prove that the sequence of the objective residuals, {F @k —F *},
converges to zero up to the O (1 )-rate.

Our contributions Our main contributions can be summarized as follows:

(a) We propose using a smooth proximity function to smooth the max-structure objec-
tive function f in (2), and develop a new smoothing algorithm, Algorithm 1, based
on the accelerated proximal-gradient method to adaptively update the smoothness
parameter in a heuristic-free fashion.

(b) We prove up to the O (%)-worst-case iteration-complexity for our algorithm as in
[24] to achieve an e-solution, i.e., F(xX) — F* < e. Especially, with the quadratic
proximity function by (-) := (1/2)| - —i€||%, our algorithm achieve exactly the
@ (%)-Worst-case iteration-complexity as in [24].

(c) We customize our algorithm to handle four important special cases that have a
great practical impact in many applications.

(d) We specify our algorithm to solve constrained convex minimization problems,
and propose an averaging scheme to recover an approximate primal solution with
a rigorous convergence guarantee.

From a practical point of view, we believe that the proposed algorithm can overcome
three disadvantages mentioned previously in the original smoothing algorithm in [24].
However, our condition L, = 1 on the choice of proximity functions may lead to
some limitation of the proposed algorithm for exploiting further the structures of the
constraint set /. Fortunately, we can identify several important settings in Sect. 4,
where we can eliminate this disadvantage. Such classes of problems cover several
applications in image processing, compressive sensing, and monotropic programming
[3,15,28,34].

Paper organization The rest of this paper is organized as follows. Section 2 briefly
discusses our smoothing technique. Section 3 presents our main algorithm, Algorithm

@ Springer



Smoothing proximal gradient algorithms... 429

1, and proves its convergence guarantee. Section 4 handles four special but important
cases of (1). Section 5 specializes our algorithm to solve constrained convex mini-
mization problems. Preliminarily numerical examples are given in Sect. 6. For clarity
of presentation, we move the long and technical proofs to the appendix.

Notation and terminology We work on the real spaces R? and R”, equipped with
the standard inner product (-, -) and the Euclidean £;-norm || - ||. Given a proper,
closed, and convex function g, we use dom(g) and dg(x) to denote its domain and
its subdifferential at x, respectively. If g is differentiable, then Vg(x) stands for its
gradient at x.

We denote f*(s) := sup {(s, x) — f(x) : x € dom(f)}, the Fenchel conjugate of
f. For a given set X, §x(x) := 0if x € X and dy(x) := 400, otherwise, defines
the indicator function of X'. For a smooth function f, we say that f is L s-smooth if
for any x, ¥ € dom(f), we have |V f(x) — Vf(X)| < Lyllx — x|, where L(f) :=
Ly € [0, 00). We denote by F, 2’] the class of all L y-smooth and convex functions f.
We also use uy = u(f) for the strong convexity parameter of a convex function f.
Given a nonempty, closed and convex set X, dist (x, X') denotes the distance from x
to X.

2 Smoothing techniques via smooth proximity functions

Let by4 be a prox-function of the nonempty, closed and convex set &/ with the strong
convexity parameter i, = 1. In addition, by is smooth on U/, and its gradient Vb,
is Lipschitz continuous with the Lipschitz constant L, > w;, = 1. In this case, by is
said to be Lj-smooth. As a default example, by (-) := (1/2)| - —i€ || for fixed i€ € U
satisfies our assumptions with L, = up = 1. Let u© be the b-prox-center point of U,
ie., u¢ := argminy, {by/(u) : u € U}. Without loss of generality, we can assume that
by (ii€) = 0. Otherwise, we consider by (1) := by (u) — by (ii€).

Given a convex function ¢*(z) := max, {{(z,u) — ¢(u) : u € U}, we define a
smoothed approximation of ¢* as

9y (2) 1= max {(z, u) — ¢ () = ybu W)}, (©6)

where y > 0 is a smoothness parameter. We note that ¢* is not a Fenchel conjugate
of ¢ unless Y = dom(yp). We denote by u;j(x) the unique optimal solution of the
strongly concave maximization problem (6), i.e.:

uy (z) = arg max {z,u) — o) — yby(u) : u € U}. @)

We also define Dy := sup, {by/(u) : u € U Ndom(e)} the b-prox diameter of . If
U or dom(gp) is bounded, then Dy, € [0, +00).
Associated with (p;j, we consider a smoothed function for f in (2) as

fy () = g (ATx) = max {(ATx, ) — @) — yby(u) : u € u} L ®
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430 Q. Tran-Dinh

Then, the following lemma summaries the properties of the smoothed function <p;
defined by (6) and f, defined by (8), whose proof can be found in [31].

Lemma 1 The function (p;‘j defined by (6) is convex and smooth. Its gradient is given
by Vgp?j (z) := u;‘, (z) which is Lipschitz continuous with the Lipschitz constant L(p; =

vy~ L. Consequently, for any z, 7 € R", we have
4 * * =12 * * o * = 1 =112
3@~ @OF <6, =0y = (Vey@.2=D = =2 ©)
For fixed z € R", ¢7(2) is convex w.rt. y € Ry, and

G5 — (7 = Mbu(@) < ¢5@). Yy, p e Riy. (10)

As a consequence, f, defined by (8) is convex and smooth. Its gradient is given by
Vi) = Au;(ATx), which is Lipschitz continuous with the Lipschitz constant

Ly, = vy YA In addition, we also have

fyx) = f() = fy(x) +yDy, Vx € R Y

We emphasize that Lemma 1 provides key properties to analyze the complexity of our
algorithm in the next setions.

3 The adaptive smoothing algorithm and its convergence

Associated with (1), we consider its smoothed composite convex problem as
F; = min {Fy(x) = fi(x) + g(x)}. (12)
xeRP

Similar to [24], the main step of Nesterov’s accelerated proximal-gradient scheme
[4,26] applied to the smoothed problem (12) is expressed as follows:

xkH = proxg, (&F - ,BVfly()?k))

: . s oaTs 13)
= arg min {g(x) + ﬁ”x - (xk — ﬁAuV(ATxk))H2},

where £X is given, and 8 > 0 is a given step size, which will be chosen later.
The following lemma provides a descent property of the proximal-gradient step
(13), whose proof can be found in Appendix 1.

Lemma 2 Let x**1 be generated by (13). Then, for any x € RP, we have

N N ~ 2 A
FyF1) = 8500 + 0k — # x4 — 3 (3 - LAE) ek — k2, 1
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where

@) = f, G5 + (V£ 65, x — £5) + g (x)

< Fy() = 3l (ATx) — i (ATE5) 2, ()

We now adopt the accelerated proximal-gradient scheme (FISTA) in [4] to solve (12)

using an adaptive step-size fr4+1 1= |}\/I;\_+||12’ which becomes
= (1-— ‘L’k)xk + rk)E"
k+1 . sk ok
xkl = proXg,, o (RF = Brr1V S, (B5)) (16)
ik-i—l = )'C*k _ %(fk _ xk+1)’

where y41 > 0 is the smoothness parameter, and 73 € (0, 1].

By letting #; := Il—k, we can eliminate ¥ in (16) to obtain a compact version

SRl kD @(xkﬂ —xk amn

Tk+1

ka‘H i= Proxg,, o (FF = Bis1V fyy, B1)

The following lemma provides a key estimate to prove the convergence of the
scheme (16) (or (17)), whose proof can be found in Appendix 1.

Lemma 3 Let {(xk, i, o, yk)} be the sequence generated by (16). Then

AP ;
Pt 064 £ (=00 By G5+ F 0+ (17—l = 15 =0l | R,
(18)
for any x € R? and Ry, is defined by
. * T2k _ _ _ * T .k
Ry := tyir1by (uy,, (AT X5) — (1 — 5 (k — vt Dby (s, (A7 x7)) (19)
4 (1_T/<2)Vk+l ”u;k+1 (ATxk) _ u;k+1 (ATik)”Z

Moreover, the quantity Ry is bounded from below by

Ri = 51— o) [tk — Lo — virD) ) by (ATx5)). (20)

Next, we show one possibility for updating t; and y%, and provide an upper bound
for Fy, (x¥) — F*. The proof of this lemma is moved to Appendix 1.

Lemma 4 Let us choose 30 := x° € dom(F), y1 > 0, and an arbitrary constant

¢ > 1. If the parameters 1 and yy are updated by

1
T 1= and Vit = , 21

14
k+c k+c
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432 Q. Tran-Dinh

then the quantity Ry defined by (19) and the parameters {(tx, vk)} satisfy

Vk+1 ULy — Dk +0) + 1] (I = 7)) Vi1
Ry > Dy and =

2 (k+8)? i

Moreover, the following estimate holds

2 2

. T (I -1y o~ Al N

F MY — < 2 R (R (60 = FY + 11 — x| + Sk Dy |
Vi+1 5 2

(23)

where

S =@ T [ B + | = EE@s = D Untk+ D + ) + 2@ + 1),

(24)
In particular, if we choose by such that Ly, = 1, then S < ylz (c+1).

- Skl okl (k=1 okl Lk
By (21), the second line of (17) reduces to £*+! := x**+1 4 (=51 ) (6! — ).

Using this step into (17) and combining the result with the update rule (21), we can
present our algorithm for solving (1) as in Algorithm 1.

Algorithm 1 (Adaptive Smoothing Proximal-Gradient Algorithm)
Initialization:

1: Choose y; > 0,¢ > 1 and x° € RP. Set 20 := xV.

Iteration: For £ = 0 to kpax, perform:

2: Solve the following strongly concave maximization subproblem

i3, (£4) = argmax { (5, Au) — () =y by}

3: Perform the following proximal-gradient step with By = mlz :
5 1
i g (4~ i 60
4: Update £F1 = x*1 4 (’;i{;{) (ke — Xy,
5: Compute Y42 1= 7 +Z e

End for

The following theorem proves the convergence of Algorithm 1 and estimates its
worst-case iteration-complexity.
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Theorem 1 Let {x*} be the sequence generated by Algorithm 1 using ¢ = 1. Then,
fork > 1, we have

A 12 3y D L,— 1 (nk)+1)D
Fky - || 12]x0 — x| L 3n u+)/1( »— 1) (n(k) + 1) U (25
2y1k k k

If by is chosen so that Ly = 1 (e.g., by (+) = %H - —i€||?), then (25) reduces to

1AL 1x° —x*I*  3y1Dy

F(x*) — F* < . (Yk=>1). 26
(x%) < ik +— (Vk = 1) (26)
Consequently, if we set y1 := 506”7, which is independent of k, then
Ro||A|l/6D,
Fhy - g RUARER gy, @

where Ry := [|x° — x*|.
In this case, the worst-case iteration-complexity of Algorithm 1 to achieve an ¢-
solution x* to (1) such that F(x*) — F* < ¢ is kpax = O(% ‘Du).

_ k 1 _(kte=)
Proof From (21), ¢ = 1 we have e = FnGai=l? = )/lk Using this bound and

Sk—1 =< ¥y 2(L, — D [Ink) + 11+ 2)/] into (23) we get

LAl Y11 —7) 0
F,(5—F < — — _IF. —F*
v (xF) = y1k|: > X% — x*|* + 2 [Fyy(x7) ]
(y1(Lp — 1) [In(k) + 1] + 2y1) Dy
+ .
k
Since F (x*) — F,, (x*) < yxDyy due to (11), and yk = klfl = L. Substituting this
inequality into the last estimate, and using 7p = = = 1, we obtain (25)

If we choose by such that L, = 1, e.g., bu() := (1/2)|| - —it€||%, then S < 2y} as
shown in (24). Using this, it follows from (25) that F (x¥) — F* < 2";",LR2 + ,f’fl Dy.

By minimizing the right hand side of this estimate w.r.t y; > 0, we have y; i(ngi”

and hence, F(x¥) — F* < % VGD“, which is exactly (27). The last statement is a
direct consequence of (27). O

For general prox-function by, with L, > 1, Theorem 1 shows that the convergence

rate of Algorithm 1 is O (2

to 1, the last term in (25) is better than [11, Theorem 1].

Remark 1 Letby(-) := (1/2)||-—i€||>. Then, (27) shows that the number of maximum
_ LRonAnJéDuJ

), which is similar to [11]. However, when L, is close

iterations in Algorithm 1 is kpax , which is the same, kpax =

LMVJ as in (5) (with different factors, +/6 and 2+/2).
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434 Q. Tran-Dinh

4 Exploiting structures for special cases

For general smooth proximity function b;; with L, > 1, we can achieve the
@) W) convergence rate. When L, = 1, we obtain exactly the O (%) rate

as in [24]. In this section, we consider three special cases of (1) where we use the
quadratic proximity function by (-) := (1/2)|| - —i||>. Then, we specify Algorithm 1
for the L g-smooth objective function g in (1).

4.1 Fenchel conjugate

Let f* be the Fenchel conjugate of f. We can write f in the form of (2) as
f(x) =max {(x,u) — f*(u) : u € dom(f*)}.
u
We can smooth f by using by (1) := (1/2)||u||% as

[lx 12

L TN o Ayl
fyei=, max () = £ = G/l == =7 0,

where P is the Moreau envelope of a convex function / with a parameter 8 [3]. In
this case, uj(x) = proxy_lf*(y_lx) = y‘l(x — proxyf(x)). Hence, V f, (x) =
Yy x — prox,, ¢ (x)). The main step, Step 3, of Algorithm 1 becomes

k+1 _ ~k
X - prox),kﬂg(proxkaf(x ))'

Hence, Algorithm 1 can be applied to solve (1) using the proximal operator of f and

. . D #) R
g- The worst-case complexity bound in Theorem 1 becomes O (M), where
Dgom(f+) = max _|lu]l is the diameter of dom(f™).
’ uedom(f*)

4.2 Composite convex minimization with linear operator

We consider the following composite convex problem with a linear operator that covers
many important applications in practice, see, e.g., [1,3,15]:

F* = xnel]iRr}){F(x) = f(Ax) +g(x)}, (28)

where f and g are two proper, closed and convex functions, and A is a linear operator
from R” to R".

We first write f(Ax) := max, {(Ax, u) — f*(u) : u € dom(f*)}. Next, we choose
a quadratic smoothing proximity function by (1) = (1/2)|lu — i¢||* for fixed i¢ €
dom(f*), and define U := dom(f*). Using this smoothing prox-function, we obtain
a smoothed approximation of f(Ax) as follows:
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Smoothing proximal gradient algorithms... 435

F(Ax) = max {{Ax, u) = @) = (/2w = @2 s w € dom(f")} .

In this case, we can compute uj,(Ax) = prox,-iss (12“ + y’le) by using the
proximal operator of f*. By Fenchel-Moreau’s decomposition prox,,-1 s« (y~ ) =
y (- prox,, ¢ (yv)) as above, we can compute prox,,-1 s« using the proximal oper-
ator of f. In this case, we can specify the proximal-gradient step (13) as
up = Prox, -1 1 (L_tc + yk]_ll Ay?k)
=u‘+ Vk_+11 ARF — proxyHlf(kaﬁC + A)?k))

k+1 . ~k ThA
.= proxg, . . (*F = B ATag),

X

where Bri1 = ¥is1llAll72. Using this proximal gradient step in Algorithm 1, we

IIXO—X*HHAH«/DM)
&

still obtain the complexity as in Theorem 1, which is (’)( , where the

domain I/ := dom(f™*) of f™* is assumed to be bounded.

4.3 The decomposable structure

The function ¢ and the set I/ in (2) are said to be decomposable if they can be
represented as follows:

o) = Zgoi(u,-), and U :=Uj X - X Uy, 29)

i=1

where m > 2, u; € R" U; € R" and Z;"zl n; = n. In this case, we also say that
problem (1) is decomposable.

The structure (29) naturally arises in linear programming and monotropic program-
ming. In addition, many nondecomposable problems such as consensus optimization,
empirical risk minimization, conic programming and geometric programming can
also be reformulated into (1) with the structure (29). The decomposable structure (29)
immediately supports parallel and distributed computation. Exploiting this structure,
one can design new parallel and distributed optimization algorithms using the same
approach as in Algorithm 1 for solving (1), see, e.g., [10,13,29,30].

Under the structure (29), we choose a decomposable smoothing function by, (1) :=
> by (ui), where by, is the prox-function of ¢; fori = 1, ..., m. The smoothed
function f, for f is decomposable, and is represented as follows:

m

fy(x) = Z [f;(x) = max {(x, Ajui) — @i (ui) — Vbu,-(ui)}] . (30)

i=1
Let us denote by u;i(AiTx) the unique solution of the subproblem i in (30) for

i = 1,...,m. Then, under the decomposable structure, the evaluation of f, and
u;‘j(ATx) = [u*}jyl(A;'—x), e u;m (A;x)] can be computed in parallel.
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436 Q. Tran-Dinh

If we apply Algorithm 1 to solve (1) with the structure (29), then we have the
following guarantee on the objective residual:
_x*HZ

k x — Lalx®
F()C ) - F f 2y1k

+ LPU (34 (L, — 1) (In(k + 1) + 1)),

where Ly := > |A;lI>, Ly := max{Lp, : 1 <i <m} and Dy := D", Dy,.
Hence, the convergence rate of Algorithm 1 stated in Theorem 1 is O (@) If we
choose by, (+) == (1/2)]| - —I/_tic||2 foralli = 1,...,m, then L, = 1. Consequently,

we obtain the O (% VD“)—worst—caxse iteration-complexity.

4.4 The Lipschitz gradient structure

If g is smooth and its gradient Vg is LiPschitz continuous with the Lipschitz constant
Ly, > 0, then F}, := f, + g € .7-"1‘ , i.e., VF, is Lipschitz continuous with the
Lipschitz constant Lg, := Lg +y~ Al

We replace the proximal-gradient step (13) using in Algorithm 1 by the following
“full” gradient step

=3 B (Ve GY) + Aul (ATRY)), (31)
where u;m (AT %) is computed by (7) and Bry| = m is a given step-size.
Unlike (21), we update the parameters tx and yx as

B kyellAll*
Tkl T Lo+ IAPG+ D)
where y; 1= %”2 is fixed. We name this variant as Algorithm 1(b).
8

The following corollary summarizes the convergence properties of this variant,
whose proof can be found in Appendix 1.

Corollary 1 Assume that g € F 2’1 with the Lipschitz constant Ly > 0. Let {xk} be
the sequence generated by Algorithm 1(b). Then, for k > 1, one has

3L - 2 _ 2
FOb) = P G — o2 B (32 4 1) o+ EBAE angi) + 1) Dy

(32)
If we choose by such that L, = 1, then (32) reduces to
Py - o 2o e 1A G o
= 2% Lz e T

Consequently, the worst-case iteration-complexity of Algorithm 1(b) is O(é)
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5 Application to general constrained convex optimization

In this section, we customize Algorithm 1 to solve the following general constrained
convex optimization problem:

®* ;= min {(p(u) tAu—be—-K, ue M}, (33)
ueR”

where ¢ is a proper, closed and convex function from R” — R U {+o00}, A € RP*",
b € R?, U and K are two nonempty, closed and convex set in R” and R?, respectively.
Without loss of generality, we can assume that ¢ and U/ are decomposable as in (29)
withm > 1.

Associated with the primal setting (33), we consider its dual problem

F* := min {F(x) = mz}/){({(x, Au) — o)} — (b, x) —i—mz}%((x, r)}. (34)

xeRP

Clearly, (34) has the same form as (1) with f(x) := max {(x, Au) — () : u € U}
u
and g(x) := sxc(x) — (b, x), where sic is the support function of K.
We now specify Algorithm 1 to solve this dual problem. Computing u;j (x) requires
to solve the following subproblem:

y (x) = argmin {(x, Au) — ¢(u) = yby )} .

The proximal-step of g becomes prox,, (x) := prox,,. (x+b) = (x+b) —projx (x+b),
where projy-(-) is the projection onto K. Together with the dual steps, we use an
adaptive weighted averaging scheme

k k
B =00 e @D, and D=2 i, G9)
i=0 i=0

to construct an approximate primal solution % to an optimal solution u* of (33).
Clearly, we can compute ¥ recursively starting from i? := 0" as

it = (1 ="~ v, (7). where v == (Iit) 'y € 0,11 (36)
We incorporate this scheme into Algorithm 1 to solve (33). While Algorithm 1 con-
structs an approximate solution to the dual problem (34), (36) allows us to recover an
approximate solution iZ* of the primal problem (33). We name this algorithmic variant
as Algorithm 1(c).

We specify the convergence guarantee of Algorithm 1(c) in the following theorem.
The proof of this theorem is given in Appendix 1.
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Theorem 2 Assume that by is chosen such that L, = 1, and ¢ = 1 in (21). Let
{(x*, %)} be generated by Algorithm 1(c). Then {(i*y c U and

< TP 1P +2(01+2¢7) Dy

: ~k ~k
[l dist (b — Ai¥, K) < p(@t) — ¢* < s ,

(37

) - |\A||2(||x°—x*n+/ uxO—x*\|2+2\|A||*2<2y%+y1)0u)
dist (b — Au”, IC) < D .
Consequently, the worst-case iteration-complexity of Algorithm 1(c) to achieve an
e-solution it* such that |g(ii) — ¢*| < e and dist (b — Ak, K) < e is O (1).

Theorem 2 shows that Algorithm 1(c) has the O (é) worst-case iteration-complexity
on the primal objective residual and feasibility violation for (33).

6 Preliminarily numerical experiments

We demonstrate the performance of Algorithm 1 for solving the three well-known
convex optimization problems. The first example is a LASSO problem with £;-loss
[34], the second one is a square-root LASSO studied in [8], and the last example is an
image deblurring problem with a non-smooth data fidelity function (e.g., the £1-norm
or the £>-norm function).

6.1 The £1-¢;1-regularized LASSO

We consider the £1-£1-regularized LASSO problem studied in [34] as follows:
F* ::min{F(x) = ||Bx — b1 + Allx|l1 :xeRp}, (38)

where B and b are defined as in (39), and A > 0 is a regularization parameter.
The function f(x) := ||Bx — b||1 = max{(BTu, x)—(b,u) : |lulloo < 1} falls

into the decomposable case considered in Sect. 4.3. Hence, we can smooth f using
the quadratic prox-function to obtain

fy (x) := max {<x, BTu) = (b,u) — (v/2)lul)? :u € Boo}.

Clearly, we can show that u;‘,(Bx) = projg, (y‘l(Bx — b)). In this case, we also
have Dg, = %n and Y := Byo.

Now, we apply Algorithm 1 to solve problem (39). To verify the theoretical bound
in Theorem 1, we use CVX [18] to solve (39) and obtain a high accuracy approximate
solution x*. Then, we can compute Ry := [x® — x*||2, and choose y; = Yy o=
%. From Theorem 1, we have F (xk) —F* < W V6DB°C, which is the worst-

Boo
case bound of Algorithm 1, where £ is the iteration number.
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Fig. 1 The empirical performance versus the theoretical bounds of the 6 algorithmic variants (left non-
correlated data, right correlated data)

For our comparison, we also implement the smoothing algorithm in [24] using the
quadratic prox-function. As indicated in (5), we sety = y* := %. Hence, we
also obtain the theoretical upper bound F (x¥) — F* < Mz”{%@. We name this
algorithm as Non-adapt. Alg. (non-adaptive algorithm).

The test data is generated as follows: Matrix B € R"*? is generated randomly
using the standard Gaussian distribution A/(0, 1). We consider two cases. In the first
case, we use non-correlated data, while in the second case, we generate B with 50%
correlated columns as B(:, j+1) = 0.5B(:, j)+randn(:). The observed measurement
vector b is generated as b := Bx" + A(0, 0.05), where x is a given s-sparse vector
generated randomly using A (0, 1).

We test both algorithms: Algorithm 1 and Non-adapt. Alg. on two problem instances
of the size (p, n,s) = (1000, 350, 100) (with and without correlated data, respec-
tively). We sweep along the values of A to find an optimal value for A which are
A = 6.2105 for non-correlated data, and A = 5.7368 for correlated data, respec-
tively. For comparison, we first select the optimal value for y; := y;* and y := y* in
both algorithms. Then, we consider two cases: (i) y; := 10y;" and y := 10y*, and
(ii) y1 := 0.1y and y := 0.1y*.

Figure 1 plots the empirical bounds of the 6 variants versus the theoretical bounds
from 200 to 10,000 iterations. Obviously, both algorithms show their empirical rate
which is much better than their theoretical bound. But if we change the smoothness
parameters, the guarantee is no longer preserved. Algorithm 1 shows a better perfor-
mance than Non-adapt. Alg. in both cases.

6.2 Square-root LASSO

We consider the following well-known square-root LASSO problem:
min { F(x) = 1 Bx = bll2 + Al }. (39)
xeRpP
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Fig. 2 The empirical performance versus the theoretical bounds of the 6 algorithmic variants (left non-
correlated data, right 50 %-correlated columns)

As proved in [8], if matrix B is Gaussian, then we can select the regularization para-
meter A such that we can obtain exact recovery to the true solution x”.
The function f defined by f(x) := ||Bx — b||2 can be written as

fo0 = max {(BTu,x) = (b,u)  Jull2 < 1.

Let B> := {u € R" : |lu|lp < 1} be the £»-norm ball. We choose b(ut) := %||u||% as a
prox-function for ;. Then, we can smooth f using b(-) := %H . ||% as

fr @) i=max f e, BTu) = (b.w) = (r/Dul : u € B}

Clearly, % (x) := projg, (y ~1(Bx — b)) is the solution of the maximization problem,
where proj By is the projection onto 3. Moreover, we have D;; = %
Now, we apﬁ)ly Algorithm 1 to solve problem (39). We choose ¢ := 1 and set
Al Ro

Y1 =) = ===, where Ry := [x% — x*||>. We also estimate the theoretical upper

V6Dy

bound indicated in Theorem 1 for F(x¥) — F* using (25), which is 141R0v/6Du vy
implement the smoothing algorithm in [24] for our comparison by using the same
prox-function. The parameter of this algorithm is set as in the previous example.

The data test is generated as in Sect. 6.1. We also perform the test on two problem
instances of size (p,n,s) = (1000, 350, 100): non-correlated data and correlated
data. We choose the regularization parameter A as suggested in [8]. We use the same
setting for the smoothness parameter y in both algorithms as in Sect. 6.1. In this case,
the theoretical upper bound of Algorithm 1 depends on the log term which is scaled
by the condition number of BB, and is worse than in Non-adapt. Alg. variant.

Figure 2 plots the empirical bounds of the 6 variants versus the theoretical bounds
from 200 to 10, 000 iterations. Obviously, both algorithms show their empirical rate
which is much better than their theoretical bound. Algorithm 1 gives a better per-
formance than the nonadaptive method in this example. We note that the theoretical
bound in Algorithm 1 remains non-optimal, while it is optimal in the nonadaptive one.
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Fig. 3 Comparison of Algorithm 1 and Bot&Hendrich Alg. (left the objective values versus the
number of sweeping points, right convergence of the relative objective residual)

Finally, we compare Algorithm 1 with the variable smoothing algorithm in [11]
(Bot&Hendrich Alg.). Whlile the first term f(x) := ||Ax — b||» is smoothened
as in Algorithm 1, we smooth the second term g(x) := A||x||; as

gp(0) := max { (x, v) = B/ vl < 1.

Then, we update y; and By as yx = m and By = m, respectively as suggested

in [11], where ¢, and ¢}, are two appropriate constants.

We compare Algorithm 1 and Bot&Hendrich Alg. on a problem instance of
size (p, n, s) = (1000, 350, 100), where the data is generated as in the previous tests.
To find an appropriate value of ¢, and cp, we sweep ¢, € [10, 5000] simultaneously
with ¢;, € [0.001, 500]. We obtain ¢, = 51 and ¢; = 49. For Algorithm 1, we consider
two cases. In the first case, we set y; = y;* = 129.5505 computed from the worst-case
bound, while in the second case, we also sweep y; € [10, 1000] to find an appropriate
value y; = 51. The results of both algorithms are plotted in Fig. 3 for 5000 iterations.

Figure 3 (left) shows that the objective value produced by Algorithm 1 does not
vary much when y; € [10, 1000], while, in Bot&Hendrich Alg., the objective
value changes rapidly when we sweep on ¢, and ¢} simultaneously. Hence, it is unclear
how to choose an appropriate value for ¢, and c;, without sweeping. Figure 3 (right)
shows the convergence behavior of both algorithms. Without sweeping, Algorithm 1
has a good empirical convergence rate in the early iterations. With sweeping, both
algorithms perform better in the later iterations. Algorithm 1 has a better performance
than Bot&Hendrich Alg.

6.3 Image deblurring with the £; or £;-data fidelity function

We consider an image deblurring problem using the ¢,-norm fidelity term as

min {F(X) := | AX) = bllo + AIW X[l : X € "}, (40)
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Table 1 The PSNR values reported by the 8 algorithmic variants on the 5 test images

Images Cameraman Barbara Lena Boat House

PSNR of 4 algorithms after 300 iterations

Alg. 1 (L1, y1 =62) 26.2140 26.8253 27.1793 26.4951 30.9848
Alg. 1 (£, y1-sweeping) 26.2693 27.0682 27.5440 26.5519 31.6877
Alg. 1 (L, y1 =62) 26.2128 26.8232 27.1782 26.4923 30.4126
Alg. 1 (L3, y1-sweeping) 26.2128 26.8232 27.1782 26.4923 30.4126
Nes. Alg. (£1, y-sweeping) 25.0601 26.1376 26.3776 25.2301 30.2982
Nes. Alg. (£, y-sweeping) 25.0908 26.1361 26.3901 25.2364 30.4081
BH Alg. ({1, cq-sweeping) 25.5784 26.3421 26.5916 25.6025 31.1606
BH Alg. (£3, cq-sweeping) 25.4784 26.4421 26.5916 25.6025 31.1606
PSNR of 4 algorithms after 500 iterations
Alg. 1 (L1, y1 =62) 27.0371 27.6286 28.1471 27.3116 32.1771
Alg. 1 (¢, y-sweeping) 27.1666 27.8449 28.2086 27.4410 32.8647
Alg. 1 (Lp,y1 =62) 27.0363 27.6279 28.1486 27.3111 32.1710
Alg. 1 (L3, y1-sweeping) 27.0363 27.6279 28.1486 27.3111 32.1710
Nes. Alg. (£1, y-sweeping) 25.0857 26.1686 26.4590 26.1321 30.4720
Nes. Alg. (£, y-sweeping) 25.0845 26.1686 26.4582 25.2265 30.4718
BH Alg. ({1, cq-sweeping) 26.5030 27.1588 27.1630 27.0277 31.8824
BH Alg. ({2, cq-sweeping) 26.5030 27.1588 27.1630 27.0277 31.8824
PSNR of 4 algorithms after 1000 iterations
Alg. 1 (L1, y1 =62) 27.4774 27.8353 28.4224 27.6596 32.9985
Alg. 1 (¢, y-sweeping) 27.3291 27.8659 28.4040 27.9482 33.2038
Alg. 1 (L, y1 =62) 27.2524 27.8070 28.4774 27.5268 33.1879
Alg. 1 (£, y1-sweeping) 27.2524 27.8070 28.4774 27.5268 33.1879
Nes. Alg. (£1, y-sweeping) 25.0870 26.1691 26.4602 26.1371 30.4698
Nes. Alg. (£, y-sweeping) 25.0867 26.1690 26.4600 25.2267 30.4700
BH Alg. ({1, cq-sweeping) 27.1128 27.8391 27.9327 27.3487 32.6715
BH Alg. (£3, cq-sweeping) 27.1723 27.8205 27.9327 27.3143 32.6715

where @ € {1,2}, A: R” — R? (p = m x q) is a blurring kernel, b is an observed
noisy image, W : R? — RP is the orthogonal Haar wavelet transform with four levels,
A > 0 is the regularizer parameter.

We now apply Algorithm 1 (A1g. 1) to solve problem (40) and compare it with the
nonadaptive variant (Nes. Alg.) and Bot & Hendrich’s algorithm (BH Alg.) in
[11]. Since A is orthogonal, we can use the quadratic smoothing function as by (X) :=
a/)1x ||%. With this choice, we can compute the gradient of u},(X) defined by (7)
as u;j(X ) = proj B: (y " Y"(A(X) — b)), where projp, is the projection onto the dual
norm ball B}, of the £,-norm.

We test three algorithms on the five images: cameraman, barbara, lena,boat
and house widely used in the literature. The noisy images are generated as in [4].
Although we use the non-smooth £,-norm function with « = 1 or @ = 2, the regu-
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larization parameter A is set to A := 10™* as suggested in [4], but it still provides the
best recovery compared to other values in all 5 images.

While we fix y; = 62 in Algorithm 1 which is roughly computed from the worst-
case bound, we sweep y and ¢, (see Sect. 6.2) in [0.0001, 1000] to choose the best
possible value for Nes. Alg. and BH Alg. in each image (with 300 iterations).
We also set ¢, = ¢, as suggested in [11]. For Nes. Alg., we have y = 1 in the
boat image, while in the other 4 images, y = 2.5 is the best value. For BH Alg.,we
have ¢, = 0.005 in the cameraman, barbara and boat images, and ¢, = 0.0025
in the 1ena and house images. The PSNR (Peak Signal to Noise Ratio [4]) of the 8
algorithms are reported in Table 1.

It shows that the nonsmooth £1-norm objective produces slightly better recovery
images in terms of PSNR than the £>-norm objective in many cases for Algorithm 1, but
itisnotthe caseinNes. Alg. and BH Alg. Inaddition, Algorithm 1 is superior
toNes. Alg. inall cases, and is also better than BH Alg. in the majority of the
test. We note that the complexity-per-iteration of the four algorithms are essentially the
same, while our new adaptive strategy produces better solutions in terms of PSNR than
the other two methods. In addition, our algorithm significantly improves the PSNR if
we run it further, while the nonadaptive variant does not make any clear progress on
the PSNR value if we continue running it. If we sweep the values of y; in Algorithm 1
(y1-sweeping), we can also improve the results of this algorithm.

Acknowledgements This research was partially supported by NSF, Grant No. 161-9884, and NAFOSTED,
Grant No. 101.01-2014-24.

Appendix: the proof of technical results

This appendix provides the full proof of the technical results presented in the main
text.

The proof of Lemma 2: descent property of the proximal gradient step

By using (9) with f,, (x) := ¢} (ATx), V £, (¥) = AV@}(AT%),2:= ATx,7:= ATK,
and |[AT (x — X)|| < ||A|lllx — X|| we can show that

A 2
%nu;(ﬂx) — 1wy (ATOI? < f,(0) = f, @) = (Vfy (), x — %) < %nx — 2.

Using this estimate, we can show that the proof of (14) can be done similarly as in
[31]. O

The proof of Lemma 3: key estimate

We first substitute f =

\)I/ ﬂ‘z into (14) and using (15) to obtain

Vi+1 N
Fyop 01 = Fy 65 = =1, (AT = (4T3
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All? R i} Al
T Al <xk+1 gk x o xk> _ 1Al 185 — Xk 12,
Vi1 2Yk+1

Multiplying this inequality by (1 — t) and (14) by %, and summing up the results we
obtain

Fyo & < (1 = m) Fyyy 65 + el ()

(I = 7)Y+ .
g (AT — g aTEY?
Al? Al?
P DA kbt b1 gt = ) - TR e
Vi+1 2Yk+1

where 2% (x) := f, &%) + (V £, (35), x — %) + g(x).
From (16), we have 7. 3% = 2% — (1 — 1;)x*, we can write this inequality as

Fy @ < - rk)FVk+l(x )+ Tkﬁ)/kJrl( X)

(I — ) v+t

- ol (AT — g (AT
14122y, G 1
e L B A S O D B ] NG
+

Using (10) with y := y41, 9 = yx and z := AT x¥, we get

Frea &) = fr 0 + i = v Dby e, (ATxY)),

which leads to (¢f: F), = f, + g):
Fyoy %) < Fp N + i = yis Dby, (ATx5). (42)

Next, we estimate é’}‘,kﬂ . Using the definition of f;, and V f,,, we can deduce

B 0 = L G+ (T f B9 x = £ 4 g0
= (#*, ATu %1 (ATR) = s, (AT — yepiby i, (ATE9)
+(x — 25, Au, (ATED)+ g0
= (x. Au (ATEH) — 0@, (ATRN) — mepibyul,, (ATEY) + g(x)
max {(v, Au) — () s u € U} = yier1by (s, (ATE5) 4+ g(x)

= F(x) = yenby il (ATEY). (43)

IA
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Substituting ¥ 1= ¥ — %(i" — xk*1) from the third line of (16) together with

(42), and (43) into (41), we can derive

Fye "D < (1 = ) F 6% + 5 F (x)
AP T, -
b (1 = 2 = 1 = xR
2¥k+1
which is indeed (18), where R is given by (19).
Finally, we prove (20). Indeed, using the strong convexity and the Lj;-smoothness
of by, we can lower bound
T . 1—1
k Vk+1 IR + ( 1) Vk+1

Ry > (AT3F) — Sl (AT — g (AT

(Lo Vst

Ly .
=5 (= 10 = gDl (AT — a2,

Tk T, ky _ =c .
Letting vy := uka(A x*) —ucand vy := uka (A" x") —u®, we write Ry as

v

el Bell* + (1= ) l1D — vell® = (1 — T (v vk — D Lollvell
19k 1* = 2(1 = 7) (D, ve) + (= w)[1 = (v ve — DL llvell?
= 16k = (1 = 7wl + (= 70 [ 7 = 3 = DL ] el

-1
271 R

> (1= ) [m = e = DL | el

which obviously implies (20). O

The proof of Lemma 4: the choice of parameters

First, using the update rules of 7z and y in (21), we can express the quantity my as

Vi1 (1= ) [vke1tk — Lo (v — v | o v I(Ly — Dk +0) + 1]

mj = =
g 72 k +¢)2

Moreover, it follows from the properties of by, that

—||u (AT — @) < by?, (ATxY) < Dy.

Yk+1 Vik+1

Multiplying the lower bound (20) by 3‘ and combining the result with the last

inequality and the estimate of my, we obtam the first lower bound in (22).
A=t)yes1 _ (kte=D(k+0)*yiC
2 (k+0)(k+<)

Next, using the update rules (21) of 74 and yx, we have .
k

Sk 102
= % = r’z/—k, which is the second equality in (22).
k—1
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Using (18) with the lower bound of R} from (22), we have

2 2
e+-1 All7 (1 = 7) Vit 1 All7
Pl A+ A et e < L0Vt g WA e o2y,
Tk 2 T 2

(44)
oy _
Vel DEAO+] Using this inequality and

where AFj 1= Fy, (xk) — F*and s := (k+0)2

the relation % = TJZ/—‘ in (22), we can easily show that
k k—1
2 2
e+ 1 All© k All©
T R - GO LN
T 2 Tie—1 2

By induction, we obtain from the last inequality that

Vit 1AJ% - (1 = 1)y IAIZ,
T AF o |F =P = AR+ TR -

k )

x* |12+ Sk Dy,
(45)

which implies (23), where Sy := > 51 = y2& 35, %

Finally, to prove (24) we use two elementary 1nequahtles Zk e Il < I+In(k+c)
and 37, (i+6)2 <z+ > enes <=t =

The proof of Corollary 1: the smooth accelerated gradient method

First, it is similar to the proof of (44), we can derive

Vi1 )2
AFps1 + —||x — x|
(Lgvisr + 141772
-1, !
(1 — %) Vi1 + = I5% = x*1? + S Dy

= k
(Leyis1 + 1A12)T? 2

¢ (l_tk)[Lh(Vk_Vk+l)_Vk+]tk]
where AFy := F), (x) — F*, and §; := %! _
‘ n) ¢ 2 (Levir1+1AIP)

(A=%)yi+1 — Yk
T (Lgvir1+A]%) T (Lgvi+l A1)
_ kwdAPR
Lgvi+IAlI? (k+1)
" 1 (k+1\ 1 L, k+1Y 1 .
< L = (kL) L > (k1) L
show that y < 7. Indeed, we have -~ (5 T A||2k > (& ) , which

implies that y1 < kk?yk. By induction, we get yry1 < m On the other hand,

1 _ (k) L L, 1

assume that Verl ( k ) yk + TAI%K = 7 (k 1) for k > 2. This condition leads
2

i A

to Vk < L”(k” E USlng Yk S % f— H ”

|

2
Yk < L”(k‘ - Hence, with the choice y; := ” L, , the estimate —1 < Vlk (kkl) and

Next, we impose condition and choose 1; =

o +1 Then, we can show from the last condition that 441 = . Now, we

due to the choice of y;, we can show that

the update rule of y, eventually imply
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nllAl? )

Y1
< ——, Vk>1.
Loy +2ADK k1 =g F

2 2
T (LgvktIAl%) rk 1 2 3L, (k—1)
T lg 1 4 =1 ” || + gk—z =

2
—* . Using the estimates of t; and yx, we can easﬂy show that S < LLZ’;J(‘]‘?_EZ)
I

This condition leads to

LbnAn2 +<Lb71>uAnk
L§(k+1)(k+2) Lo(k+D)(k+2)"

Hence, we can prove that

k k

. . 2LpIIAI* (L, — DIAJ? 1
Sy = ;
k ;S =Tz T Z(; i+1

_ 2Ly AI* | (Ly — DIIA]?
- 2 2
Lg Lg

(In(k) + 1).

Using this estimate, we can show that

3Lg Lo 2LpllA|?
=" D
T 0 P + Lgk U
(Lp — D A|?
2
L2k

F, (5 — F* <
+ (In(k) + 1) Dyy.

Finally, using the bound (11) and y; < L! (ﬂ:) < |LA‘L , we obtain (32). O

The proof of Theorem 2: primal solution recovery

Let AFy := Fy, (xKy — F*. Then, by (11), we have AF > F(x*y — F* — y Dy >
—yx Dyy. Similar to the proof of Lemma 4, we can prove that

V1+1AF1+1< Yi AF_I_]/t+1
T

i ‘Cl 1
A% /o
P (e 1 ) s, )

AZVH—I (x)

[(Lp=D)(+3)+1]
(i+0)?

(x, Au;k+l (ik» - (p(.u;kJrl ()ek.)) .—i—g(x) N F* = (x, Aqu+l (&)= )_ (.p(qu+1 (#9) +

sic(x) — F*. Summing up this inequality from i = 1 to i = k and using 7o = 1 and

79 = x9, we obtain

where s; = as in the proof of Lemma 4, and Aﬂyk () =

k 2
Vik+1 Vitl lA] .
P AP = D0 P AL (0 + 25 (IR = )P = 7 = x)?)
Tk i=1 Ti 2
+y1AF 4+ Sk Dy, a7
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where Sy 1= Zile s;. Now, using again (46) withk = 1, xX=%and ) =1, we get

VMAF; < yitoAly, (x) + @ (I1x® = x*||? — [I¥! — x*||?). Using this into (47), one
yields

e Z L (e, A, G = B) = g, G + s @) = F*)
k i=0 b
lal?

+T||x0—x||2+SkDu. (48)

Combining it* defined by (35) with w; := V , and the convexity of ¢, we have

k
S (x A, G = b)— o, (;2"))) < ((x, Aitk — b) — ¢(ﬁk)) .
—
i=0
Substituting this into (48) and then using A Fy41 > —yk+1Dyy we get
]

A
Nl < ((x, Ait* = b) — p@@*) + s (x) — F*) + 51 — X2+ SeDu,

Vk+ 1
Tk

which implies

2
- D Y,
F* = o, At = b) = (@) + 50 (¥) + - ” ” S - ||2+—F“( = +Sk)
k ‘L’k

By arranging this inequality, we get

inf (x, b— Ai* —r)+ (") <—F*+w||x0—x||2+D— V"*‘ + S ), (49)
rek - 21 Iy k

where we use the relation —sxc(x) = —sup,cjc(x, r) = inf,¢xc (x, —r). On the other
hand, by the saddle point theory for the primal and dual problems (33) and (34), for
any optimal solution x*, we can show that

—F*=¢* <o) — (x*, Au—b+r), Yuel, r eKk.

Since this inequality holds for any r € K and u € U, by using u = i, it leads to

inf (x*, Ail* —b+r)— @@*) < F*. (50)

rekC

Combining (49) and (50) yields

. _ IAI2 o 21 _ Du (Vi
*—x, Ak —p) - —— — }<— =+ 5], Vx eR”.
%IIICI {(x X, r + Au ) T lx” — x| + Sk X
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Taking x := x° — ||A|| 2Tk (Ait* — b + r) for any r € K, we obtain from (51) that

2
- 2Dy [ Vi

= 2
I T

I
min[ k ||Aﬁk+r—b||2+2<Aﬁk—b—i—r,x*—xo)] + S8 ),

rek | TA]2
which implies (by the Cauchy—Schwarz inequality)
min {riA@ b+ ri? = 20412075 — b+ i = <1}
re

201 A12Dy [ VP
< | All“Dyy Vszrl 45
T T
By elementary calculations and dist (b — Ait*, ) = inf {|Ad* —b+r| : r € K},
we can show from the last inequality that

Al? 2 2
dist (b—Azzk,/c) < 1Al [||x0—x*||+\/||x0—x*||2 |—(Sk+y"—§1)Du].
T,
k

Tk |A|2
(52)

To prove the first estimate of (37), we use (49) with x = 0” and F* = —¢* to get

L LrlAl Vi
0@ -9 = 2[00 + (B3 4 50 u | (53)
k

Since we apply Algorithm 1(c) to solve the dual problem (34) using by such that
L, = 1, we have S¥ < 2y2. Then, by using y+1 = %, and 7} = ﬁ, we can

2
show that % = 1. Moreover, we also have I} := >¥

i—o & = yictk + 1),

k 1
Using these estimates, and S < 27/12 from (4) into (52) and (53) we obtain (37).
For the left-hand side inequality in the first estimate of (37), we use a simple bound
—[lx*||dist (b — Au, K) < @(u) — ¢* for u = i* € U from the saddle point theory as
in (50). O
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