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Abstract Bang-singular controls may appear in optimal control problems where the
control enters the system linearly. We analyze a discretization of the first-order sys-
tem of necessary optimality conditions written in terms of a variational inequality
(or: inclusion) under appropriate assumptions including second-order optimality con-
ditions. For the so-called semilinear case, it is proved that the discrete control has
the same principal bang-singular-bang structure as the reference control and, in L
topology, the convergence is of order one w.r.t. the stepsize.
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1 Introduction

The numerical solution of optimal control problems where the control function is of
bang-bang or bang-singular type, often is a challenging problem. In the literature, one
can find numerous examples of successful treatment for various applications, e.g. in
[30,31,33,47,48]. More references are provided in [6, 14].

The approaches include direct discretizations as well as indirect methods like shoot-
ing approaches, partly in combination with so-called arc—parameterization methods;
cf. [6,28,34] for examples. The latter usually require an initial hypothesis on the prin-
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cipal control structure, i.e., the number and kind of subsequent bang-bang or singular
control arcs. It was this fact which has aroused re-newed interest in classical discretiza-
tion methods like Euler or Runge—Kutta schemes and their use for detecting control
structures.

For optimal control problems with continuous control regimes, convergence results
are found e.g. in [12,13,32]. In case of bang-bang control behavior, first convergence
results have been obtained for Runge—Kutta methods in [45,46]. Recently, convergence
of the Euler method has been obtained under appropriate bang-bang regularity and
second-order optimality conditions in [1-4]. An extension to bang-bang switches of
weaker regularity is addressed in [24].

Concerning the theoretical analysis of numerical methods in bang-singular control
case, important advances have been achieved in deriving optimality conditions [35,
9,20,21,37-39,44], but also in stability investigation of solutions [14,15,40]. For
the latter, the shooting method has been utilized e.g. in [47], and its convergence in
combination with an arc parameterization was proven in [6]. An example for using
Euler’s discretization can be found in [1] but the error analysis therein was mainly
taylored for bang-bang type optimal controls and remained fragmentary for the bang-
singular case. With the present paper, we make an attempt to show that a particular
Euler discretization of the first-order system of necessary optimality conditions (cf.
[15]) converges, and enables us to detect the control structure with an accuracy of
order one of mesh size. The analysis is so far restricted to scalar-valued controls, fixed
initial states, and to semilinear state systems (where the control input enters the system
linearly with constant coefficients).

1.1 Plan of the paper

After the Introduction, the problem and main assumptions are stated in Sect. 2. The
conditions include growth restrictions on problem data, a structural assumption, and
certain second-order optimality condition. Section 3 describes the discretized prob-
lem in variational inequality form including a right-hand side (rhs) perturbation, and
analyzes the existence and uniqueness of solutions. Using an appropriate topology in
the discrete function space, Robinson’s concept of strongly regular generalized equa-
tions [41-43] is applied in Sect. 4. The main Lipschitz stability result (Theorem 1) is
obtained by adapting the fixpoint iteration from [42] to the problem class. In Sect. 5,
the properties of the controls are reconsidered in case when the rhs term vanishes.
For sufficiently small stepsize parameters #, the discrete control is proved to have the
same principal bang-singular-bang structure as the exact solution of the continuous
problem. In Lo, X L1 topology, the discrete state-control pairs converge to the refer-
ence solution as O(h) (see Theorem 2). Finally, a numerical example illustrates the
applicability of the approach.

1.2 Notation

Let be given N > 1. With & = 1/N, find the set of equidistant nodes t; = ih,
i=0,...,N, on]0, 1]. A (multi-)vector v = (vg, ..., UN_1) € REN v; € R, can
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Discretization of semilinear bang-singular-bang control problems 297

be given the interpretation of a piecewise continuous function with constant values v;
on the interval w; = (¢;, t;+1) whereas y = (yp, ..., yN) € RF(N+D) corresponds, e.g.,
to a piecewise linear function with nodes y(#;) = y;. Thus, the related function spaces
denoted by vh ¢ Lo, Y h < Wgo are finite-dimensional and their elements will be
identified with the coefficient vectors v € RNy e RKNV+D  Inyh ¢ Lo, c Ly,
introduce the following norms

1/2

N—1
_ ‘ _ 2 2
Ylloo = 0rSniaSXN [yils Iyl = (IyNI +h E [yil ) . (D

i=0

Analogously, set [vlle = maxozizy—1 luil. o, = (b X5 1il7) " for v e
vh ¢ Lo C Lp,1 < p < oco. In the above definitions, | - | stands for the standard
Euclidean vector norm in R¥. If functions are restricted to a certain interval I C [0, 1],
the modified norms are written as || - [|(p,1)-

The scalar product in V" will be defined as the related L, scalar product by
(v,v) :=h lez 51 vl.T vlf with the matrix notation a” b for the standard scalar product
of two column vectors a, b € R¥, Finally, for y € RN*! define the finite difference
operators Aly € RN and A%y e RN,

(A = h N yip1 =y, (A% = B2 (yig1 — 2yi +yic1), i <N —1.

2 Statement of the problem: assumptions

Consider semilinear control problems with scalar-valued control input and prescribed
initial state,

(CP)
minimize J(x,u) = k(x(1)) )
subject to
x() = f(x@®) + Bu(t) ae.in [0, 1], 3)
x(0) = a, “)
o <u() <o aeinf0,1], (5)
x e WL(0,1;R"), ue L0, 1;R). (©6)
For sake of simplicity, we assume o = —1, o = 1. Notice that, without changing

the problem type, general control bounds transform easily to this case, and all results
will be invariant w.r.t. possible control rescaling.

Assume that the data functions satisfy
(HO) (smoothness assumption)
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The functions f, k depend smoothly on x € R": f, k € C3! and there exist
constants ¢, L independent of x such that

[f(x)] < ¢+ L|x| forall x e R".

Moreover, B € R" is constant.

Define the Pontryagin function H : R” x R x R* — R by
H(x.u,p) = p' fx) + p"Bu.

Then, for the given normal case, Pontryagin’s Maximum Principle can be expressed
in form of a variational inequality (or: inclusion)

(VD ¥— f(x)—Bu =0, x(0)—a =0, 7
PHVef@ p =0, p(l)+ Vk(x(1)) =0, (8
B'p — i+ po =0, ©9)
u—1¢€ Ny(uy), -—u—1¢€ Ny(ua) (10)

for almost every ¢ € [0, 1]. The set N stands for the normal cone to R.. Conditions
(9), (10) can be equivalently written in terms of the switching functiono (-) = BT p()
and its positive resp. negative parts [o]+: for u; = [o]4, o = [o]- and o
= [o]4+ — [o]-, the relations yield the complementarity system

[+, [0]l-=20, —l=u=1 @—-Dfoly=@@+D[o]-=0.

Assume that (x9, u%) e W;o X L is a (strong) local minimizer of (CP), i.e., there
exists an € > 0 such that

J(x,u) — J(xo,uo) >0

for all admissible pairs (x, u) satisfying ||x — 1o < €.

Then, the adjoint and multiplier functions po, u?, ug associated to (xo, uo) are
uniquely determined by (VI) and belong to W;o. Further, ¢ = BTp? ¢ (!,
and 6% = —BTH? = - BTV f(x)Tp" € WL. For 5% find

%= P4+u'R, P=BT(VfeHTH’ - H’ ), R=-BTH" B, (1)

with functions P, R belonging to Wolo.

Optimality conditions for (CP) in case of a bang-singular-bang control switching
structure have been derived in [5], see also [7-10,26,36,39,44]. Allover the paper, we
use the following assumptions:

(H1) (strict structural assumption)

The function u? is of strict bang-singular-bang structure, i.e., there exist points

7y, T, with 0 < 7, < 1/ < 1 and a positive constant m such that

@ Springer



Discretization of semilinear bang-singular-bang control problems 299

ul if 0<rt<1,
@) = u?(t) if <t<rt,
u? if T, <t <lI,

with constants u!, u? € {—1, 1}, and Iug(t)l < 1 — m for a.a. t on the singular arc
[ts, T{]. Moreover, o # 0 on bang arcs [0, 74) U (z;, 1].

For given B > 0, define the sets Jg = {r € [0,1] : l6%()| > B > 0} and
Ig = (0, 1)\ Jg. Then the singular arc [t;, 'L’S/] isequal to Ip = ﬂﬂ>0 Ig.
(H2) (strong second-order optimality condition)

Let £2 = £2(v, y, b) denote the quadratic form

1
2, y,b) = z(DTK z(1) + / T Q)z(t) dt (12)
0

with K = VZkxO(1), @ = V2. HG, u0 p%), and v € Ly(0,1;R),y €
W3 (0, 1;R), z € W; (0, 1; R") satisfying

t
y(©) :/o v(s)ds, y(1) =: b, 13)

2(t) = A(Dz(t) + Bu(0),z(0) = 0, A=VfQ&").

There exist constants 8 > 0, m > 0 such that
2 2
2@, y.b) = m (I3 +°)

forall v € L, withv = Oon Jg, and (y, b) € W21 x R given by (13).

(The formulation follows [15] but has been adapted to the special case of a semilinear
state equation where both VguH and V)%uH vanish.) Without loss of generality, one
can use the same constant m in both (H1), (H2) when shrinking it if necessary.

In [5,9] it was proved that, under conditions (H1), (H2), the extremal (x9% u%isa

strict Pontryagin minimum [35] for (CP). Moreover, the following relations hold:

R>m >0 on Ig, (14)
6 (ts —0)] > m*> > 0, |65z, +0)| = m>> 0. (15)

Indeed, (14) had been proved in [14, Sect. 3.1]; cf. also [37]. While 6 (z; + 0) = O,
conclude |6 (s — 0)| = |R - u®(ty + 0) — u®(zs + 0))| = m? from (11), and from
jump estimates on 1 implied by (H1). Hence (15) is obtained, too.

It follows that the control « has a singular arc of order one (cf. [29,49]) on [y, 7]
and coincides there with u? = —P/R. If B is taken sufficiently small then, in addition,
Ig is an open interval.
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3 Variational inequality discretization

Let the interval [0, 1] be divided into subintervals w; = [#;, t;+1], 0 <i < N, of equal
length h = 1/N, N > 1. Consider the following discretization of (VI):

(VE) S1i € (M%) — f(i) = Bui +10), 0=1xo—a, (16)
82i € (A'p)i + Vf(xitD)" pis1 + {0}, 8an = pn + Vk(xn),

17

83 € BT pi — i + pai + {0, (13)

0el—u+ Ni(pnii), 0 e l+u+ Ny(uai, (19)

fori =0, ..., N—1.The formulation includes a right-hand side (or: rhs) perturbation

6 = (81, 62, 83) of dimension/ = n(2N + 1) + N.
For& = (p,x,u,p) € C = RMWHD 5 RN+D 5 RV % R2ZN and given § € R,
(Vllg) can be written in abstract form as

5 € Y(&) + Nc(), (20)

where N¢ () denotes the normal cone to the set C at point &, and § is completed to
5 by zero entries §;y € R" and §4 € R?N' The dimension of the vectors & and 5
isd = 2n(N + 1) +3N. Foreachh = 1/N, N > 1, it follows from (HO) that
¥ RY — RY is at least twice continuously differentiable.

Lemma 1 ForeachN > 1, h = 1/N, and arbitrary § € R, (Vlg’)hasasolution S
C. There exists a constant ¥ > 0 independent of h and &, such that § is bounded by
e = r(1+118lloc).- Moreover, |ulloo + lIXlloo +1IPlloc = F(1+ 18112+ [I82112))
in the norms given by (1).

Proof Any prospective solution of the variational inequality (20) satisfies ||u|lco < 1.
Under Assumption (HO), fori > 0

IXiv1] < |xil + h [f(xi) + Bui + 611 = (1 4+ L)|xi| + h(c+[B| +[51:])
so that, in analogy to Gronwall’s Lemma [23] (or Lemma 14, Appendix), the estimate
il < e (lal + c+[BD + e"ll8i2 < (1 + [181]12)

follows. All constants herein are independent of 4. Further, from (17) we backwards
obtain similar bounds for p. In order to estimate p, it should be noticed that (19)
yields w1, n2 > 0and py; - up; = 0 forall i. Consequently, py; = [BTp,- — 83,~]+ ,
Wi = [BTpi - 535]_ are bounded, e.g., by 7, (1 + [|8]loc) With constant r,, indepen-
dent of &, and the desired estimate for & follows.

Using the above information, for given h,§ one can restrict (VIg‘) or (20) to
E£e€Cs=CNI{E: |Elloo < (1 + |I8]loc)} C RZ. As far as Cs is non-empty,
convex and compact, and ¥ as an operator from Cs to R? is continuous, one can apply
the existence result from Theorem 3.1 [27, Chap. 1] for variational inequalities in finite
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dimensions: for compact sets, the assertion follows directly by Brouwer’s Fixed-Point
Theorem. o

Using the solution (xo, u, po, y,o) of the continuous problem (VI), one can find
a reference solution for (VIQ‘) with appropriately chosen rhs term 8 = §". To this
aim, consider piecewise linear interpolations ", p” with node values ¥ (z;) = )Zlh
= x9(;), ﬁh (t) = pO(ti) and constant);ch, [L)h oneachinterval w;, i =0, ..., N—1.

Further, define ii" as as a piecewise continuous function with constant values ﬁf’ on

wi, i=0,...,N—1, by

il =al = h—l/ u® (1) dt. (1)
wj

wj

If we denote by k, k" indices such that #y < 7y < fx41, fyr < T, < fyr41 then IZf’ takes
constant extremal values u! (or u? resp.) fori < k—1(ori > k’+ 1), but has singular
values ﬁf’ e 0, fork<i <Kk

For S; :={k,k+ 1,k’, k' + 1}, introduce

I lloo,ry = max{] - [; = i ¢ S} (22)

h

Lemma2 Let h = 1/N be sufficiently small. Then the functions 3", i" and p"

together with [i"" given by
~h ~h ~h ~h
Ky = [Ui ]+’ Hai = [Ui ]7
with the definition

O+t —n) if t=<n,
"=0"t), o ()=10 if to<t<ty,
O+t —n) if t> 1,

solve (VIg) for some § = §h satisfying IS{'iI + Iggil + |<§§'i| = O(h), together
with Sé’N = 0. Moreover, |(A1<§§’)i| = O(h) uniformly for i < N, ||A2<§§‘||2
= OW/h) and ||A18] (0,0 + 1828 (00,2) = O(h).

The proof is given in Appendix.

Lemma 3 Under Assumptions (H1) and (H2), the discrete switching function &h

satisfies |AY6" |, + |A%6" 12 < ¢ with a constant ¢ independent of h. Further,
2~h ph ~h
(A"0™);i = P + Rju;

for some P" with the property | P" — P || (so.r) = O(h), and (P;, R;) = (P(t;), R(t;)).
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Proof By direct calculation, for A%6" obtain

(A207); if i<k—1ori>k+1,
50(1) if k+1<i<k —1,
h26%t, —h) if i=k,

h=26%l+h) if i=k.

(A%"); =

Therefore, for all i ¢ {k, '}, we can write (A%0™); = %(6;) for some 6; satisfying
|6; — ;| = O(h) so that

(A% %) = P©) + RO ©).
A closer look on the possible localization of 6; yields
W@y =il =u for i <k—1, u®@)=al =u® for i =k +1,
and u°©;) = u¥(t;) = —P;/R;, k+1 < i < k' — 1. For the latter, it follows
from x°, p°, P, R € Wolo and condition (14) that |u?(t,~) — ﬁf’| = O(h). Using fur-

ther |R(6;) — R;| = O(h) and the boundedness of R, the desired representation and
estimates are obtained. O

4 Solution uniqueness and estimates for (VI(’;)
4.1 Linearized VI problem

Let the functions £”, ﬁh, i" and 6" be given as in Sect. 3, (21) ff. For & = (p, x, u, v),
the following linearized variational inequality related to (VIf;) will be considered:

5 € TE) + Nc(®) (23)
where 7 : RY — R is the linearization of (¢ — &) at (", §"),
TE) =yE"+y'EMHE - -8 (24)
and 8" € R? is the extension by zeros related to §".

Denoting z; = x; — )?lh, qi = pi — ﬁlh and v; = u; — ﬁf’, in detail the relations read
as follows

(LVI}) 81 € (A'2)i — Azi — Bui + {0}, 20 =0, (25)
8 € (A'@)i + Al 1giv1 + Qit1zir1 + {0}, 82n = qn + Kzw,

(26)

83 € BTgi + 6" — vii + voi + {0}, 27

i"Fvi—1€ Np(vp), —il —v—1 € Np(vy), (28)
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fori =0,..., N — 1. The coefficient matrices are
A= V@), Q= Vi HL), K = VkE'(D).

Notice that, for § = 0, the system (LVIg’) has the solution (¢, z, v, v) = (0,0, 0, ,&h).
In general, every solution (z, ¢) of (25), (26) can be represented as

z=S1v+z§’, q=Szv+q§1,

where (S7v, Spv) are the solutions for § = 0 written in terms of linear solution maps
S1.2, but (zg’, qg’) are related particular solutions for v = 0, and given §; € RN 5, €
RV+Dn 53 ¢ RV and gy = 8oy — K zg” - Inserting the expressions into (27) leads
to

BT g — 83 = —(C"v)i + 1] (8) (29)

with r/'(8) = BT g}, — 85 and (C"v); = —B” (Sv);.
Lemma 4 Every solution (g, z, v, v) of (LVIg‘) solves
(VD)  find ve W ((Chv)i — &l — ), v — vi) >0 Vo e Wh

1

fori=0,....,N—1lonW'={eRV: -1 <v/ +il<1,i=0,...,N—1).
If, in addition, |vi; — [/M + vy — ,&’27[-| < B /2 o0n Jg, and h is sufficiently small, then
v solves (LVI’) on W/g ={veWwh: v =0 for t; € Jg} where Jg = {t € [0, 1] :
O’O(t) > B}, and B is the constant from (H2).

The proof is a direct consequence of the complementarity relations (28).

4.2 Discrete Goh transformation

Define the vector (y, ¢) € RV x R*V+D py

ALy)i= v = ! / v(dt. yo= 0, (30)

wj

{i =zi — Byi. (31)
Inserting the expressions into (25), (26) yields

(A'0); = (Alz); — B(Aly);
= Aizi + dui
= Aigi + Blyi +8,;  with B} = A;B; (32)
(A'q)i = —Al 1giv1 — Qivizigr + 8
= _AiT+1‘H+l = Qit18i+1 — M,-Z]y,url + 82i
with M = Q;B. (33)
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The boundary conditions transform into
to=10, yy=:b, gn =—K (N + Bb) + éon. (34)

The solutions of the transformed linearized state- adJOlnt system (32), (33) for§ =0
can be expressed by ¢ = Sy, g = Sy + Wb where S, § are linear solution operators
to (32), (33). Thus, (27) turns into

—(C"y)i+ & — v+ i+ @) =0 (39)
with the abbreviation (C"y); = —B” (Sy + Wb);, and the function " given by (29).

Lemma 5 Let the Assumptions (HO)—(H2) hold. If h < h with h sufficiently small
then 2"(y) := (Chv, v) satisfies

2" = 5 (I3 + wl?) (36)

forallv e RN, y € RN*! such that (30) holds together with v; = 0 for t; € Jg.
(As far as the constant m is taken from (H2) it is independent of N resp. h.)

Proof Denote by ¥, @ the discrete fundamental solutions of (32), (33),
Wi — W = hAW;, @i — P = —hAL @iy, Wo= &y = I.

Notice that, foralli, ®] | ¥; = ¥ ®;_| = I.Then, for the discrete data ¢, g explicit
formulas can be given:

i—1
G=(Sy)i=h¥ Y o Blw.

k=0
qi = (Sy)i + Wib
N—-1
= —®Wy KN+ Bb) + h®; D Wl (Qkpilirt + M yen).
k=i

Consequently, for some positive ¢ independent of #,

£lloo + Nlglloc = ¢ (llyll2 + 16D .

In order to prove the assertion of the lemma, start with (@ h y)i = (C h V) = —Bqu-;
cf. (35). Denoting y; = h Z;{;}) Uk, i = 0,..., N, the quadratic form transforms as
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follows:
N—1 N
(Cho.0) = =n D" BTai(a'S) = ~bB gy + h Y 5i BT (Alg)i-
i=0 i=1

N
=bB"K(¢n +Bb) — h D 5:B" (Al qi + Qiti + M i)

i=1

N
=bBTK(¢y + Bb) + hZ%(Riyz' - Mg — (BHTqi).

i=1
In the last sum on the right, one can substitute the explicit representation for ¢; and

obtain

N N
—h > 5B qi =h D 5(BH &, K¢y + Bb)
i=1 i=1

N—-1N-1
—12 > 5 BH B (QksiGepr + ML i)
i=0 k=i
N-—1
=y K@+ Bb) —h D Gl (Qeritrst + M i)
k=0

N
= (N K (G + Bb) + an(y. 5) — h i (Qiti + M] y).

i=1

For y = y, the error term 7wy = ({v41 — {N)TK(QV + Bb) is bounded by

7wl < heg (IvI3+ 1b7)

with some positive constant ¢ = cg, independent of /.

The sum over the remaining expressions corresponds to a standard integral sum for the
discretization of £2(y, b) = (Cv, v) from (H2). Therefore, the estimate (36) follows
directly from this second-order condition if only 4 is taken sufficiently small. O

For our further analysis it will be useful to restrict the rhs terms § to a certain neigh-
borhood of §o = 0. To this aim, for § = (81, 82, §3) and given p > 0 define

1811 == 18115 + 18211 + 183115 + 1483113, 37)
D, ={8eR: [§5]p < p} (38)

Lemma 6 Under assumptions (HO)—(H2), there exist constants p > 0 and h' < h
such that, for each 6 € D, and h < h', the variational inequality (ILVT) restricted
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to Wg has a unique solution v® € RN. On D, the elements y® defined by (30) with
v = v° satisfy
1" = ¥l + Iyy = vyl < ¢l = 8lp. (39)

and the constants c, p are independent of h. Moreover, there exist unique multipliers
Vf,z such that 5‘3 = (z‘s, qa, v3 ) (with (z‘s, qa) defined by (25), (26) for v = v8)is
a solution of (LVI‘;,).

Proof The existence and uniqueness of v° is a consequence of the continuity and strict
monotonicity of C” together with the boundedness of the closed convex set Wg in

RV, resp. the finite-dimensional subspace vh cf. [27].

It remains to prove the Lipschitz continuity of y = y® w.r.t. §: First notice that &3
can be interpreted as a piecewise linear function belonging to W21 (0, 1; R). By the
Theorem of Morrey [11, Theorem 6.25], on intervals the embedding W21 — Lo 1S
continuous. Consequently, for 7" the estimate

[AY () — AT @) N2 + 17"(8) — " (8) oo < I8 = 8l

(with some ¢’ > 0 independent of &) follows directly from (29) and the definition of
(zg‘, qg‘). With the abbreviations v = v%, v/ = v® etc., from (LVI’) further obtain

(€ =, =) = (16 = ©), A0 - 1)

= (N (&) = O — yw)

i

N-1
—h> (Al(rh(a’) - rh(a))) L 0=
i=1

IA

cld"=8lp (lyxy —ynl + 1Y = yl2) -
Together with (36), the desired Lipschitz property (39) of y? follows. In particular,
1’12 + Iyy] < cllslip. (40)

Denote ¢ := —C"v® +6" + r(8) € RYN. Without loss of generality, one can write
¢ = ¢! — ¢2 for some ¢!, p* > 0. From (LVI’) the following relation is obtained:

@, v—1") = (¢, w—w’) - @* w—-uw’) <0 (41)

forwd =v® + " andall w € " + Wg. Using ¢1,2 as candidates for V?,z’ it follows
directly from (28) that the only possible choice is given by

R ) P ()
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Then, by (41) we have (¢!, w — w?) <0, (¢, w — w®) > O forall w € " + Wg.
Consequently, for all i with #; ¢ Jg obtain

$i=10il+>0 = wi=1 ¢=I[hl->0 = w=-1
In case t; € Jg remember
¢i = BT Sy +Wb)i + & + 1/ ).
Inserting y = y®, b = y}s\,, it follows that

i — & < cly°lla + [y3] + 117" (8) lloo) = O8I p);

cf. (40). Choosing p and A’ sufficiently small one can guarantee |¢;| > B/2 > 0
uniformly for§ € D,, h < h’and t; € J so that ¢ has the same sign as o9. Hence,
(27), (28) are fulfilled if and only if vf =[]+, vg = [¢]-. O

Lemma 7 Under Assumptions (HO)—(H2), there exist constants h', p and p’ such that,
forallh < h' and § € Dy, the following statements hold:

(i) Ontheset 8, =1{§ = (z,q,v,v): v=A~A"Y, yo=0, [yl5+ lyw|* < o},
the variational inequality (LVIg’) has a unique solution Eh (%),

(ii) the components (z"(8), ¢"(8), y"(8), v"(8)) depend Lipschitz continuously on §
in the sense

! ’ ! ’
max{[|z% — 2% 112, 11g° — ¢% Il 1Y% = ¥ lla, V8 — v¥ oo} < €118 — &I,
! !
w28 — 72| + |7mq® — 7q®| < cl8—8llp

where 7t : RMNTD 5 R2" denotes the boundary trace operator w¢ = (¢o, dn).
The constant ¢ herein does not depend on h or 8,8’ € D,

Proof Forh < h'and ||8||p < p’ with appropriately chosen o/, it follows from Lemma
6 that (LVI;SI) has a solution & = & % Due to (40), one can always take p’ small enough
to ensure & € E), for given p > 0. Thus, part (i) of the proof reduces to verifying the
solution uniqueness on the set & ,:

Assume for the moment, that (LVIz) has a second solution é 8 £ £ and consider

~

¢ = —C"5° + 6" + (5.

By (35) and standard estimates for (32), (33), obtain
1€ lloo < e (I5°Il2 + 1531) = OCp).

On the other hand, (29) yields

17 (8) oo < cli8llp = O(p").
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If now p, p’ anq h' are sufﬁgiently small then, in particular, ||¢3 —Gh loo < B/4 and
thus, for 98 = [@]4, D = [¢]— deduce

19 — @tlloo + 195 — o < B/2.

Lemma 4 therefore shows that 9° solves (LVT’) on Wg’ and hence, coincides with v°.

By construction of 2%, 4% and 7° according to (LVI;S,) it follows that éa = &9 je., for
8 € D, the solution is unique on Z,.

Part (ii): The estimates are direct consequences of (39), Lemma 6, together with
the construction

¢=Sy, z=¢+ By, q=3S8y+ Wy,
v =[Cly + r"®)1y, w2 = [CMy + (@)1,

and formula (29) for r(8). O

4.3 Strong regularity

For variational inequalities of type (20), a fundamental existence and Lipschitz stability
result was given by Robinson in [42]. The crucial characterizing property concerns
in the strong regularity which, for continuously Fréchet differentiable mappings v
from certain Banach space = to its dual space, allows to prove existence and local
uniqueness of solution, and further its Lipschitz continuous dependence on problem
parameters [42, Theorem 2.1]:

Definition 1 [42, Definition 1] Let & be a normed linear space, and let £2 be an
open subset of = containing a point £&. Let C be a closed convex set in =, and let
¥ 2 — E* (where &% is the topological dual of &) be Fréchet differentiable at

&. Suppose that
0 € ¥(@) + Nc@) (42)

has é as a solution, and define, for & € &,

Te(€) = Y& + ¥'()E =€) + Nc(®).

We say that (42) is strongly regular at & with associated Lipschitz constant A if there
exist neighborhoods U of the origin in Z*, V of & in Z such that the restriction to U
of T "Nvisa single-valued function from U to V which is Lipschitzian on U with
modulus A.

Remark 1 A closer look on the main steps of the proof in [42] shows that, without loss
of generality, the neighborhood U of rhs perturbations 8 for the linearized problem
(23) can be restricted to the subspace £° C Z* where all § components corresponding
to linear components of ¥ vanish. In the forthcoming, we will call (42) also strongly
regular (in the sense of Robinson) if the definition holds in this slightly relaxed form.
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In order to make usage of the strong regularity approach for the variational inequal-
ities (VIg‘), the space R? will be equipped with a norm reflecting the use of Goh’s
transformation in deriving (39) and the estimates in Lemma 7: Define & = R - 1D
with the norm of an element & = (p, x, u, ) given by

2 2 2 2112
gl = [1pIE + Wel, + by, + 1ei3] (43)
where
N 172 i1
laell -1y = (y%v+h2y3) Covi=h
i=1 k=0
Then & is a Banach space and its dual &* can be described as (R, I - lllx) with

1/2
el := [||¢||%2> +lolEy + IAM915 + 05 + ||w||%] (44)

for ® = (¢, p, ¥, w) € R?. Indeed, one can transform (9, u) as follows

N—1 N—1
D, u) =h Z Du; = h Z 9 (Aly);
i=0 i=0
N

=—h > yi(A")i 1 + dnyn.

i=1

and consequently, |(9, u)| < [lull—1)(IA"9 3+ [9x]?)!/2 holds true. Notice that the
last estimate is sharp whenever ¢ solves

(A" =y, i=1,....,N, Oy =yn.

Moreover, on the subspace 59 of £* with zero @-entries ¢y = O0and w = 0
corresponding to linear parts of ¥, the norm ||§]||« is equivalent to ||6]| p from (37),
and the constants in the related estimates do not depend on #.

Remark 2 1t is well known that all norms in finite-dimensional space are equivalent.
In particular, for the construction (43) the following estimates hold:

N
lellf gy = yx +h D37 < 21yl1% < 2ull3

i=1

(cf. Lemma 14, Appendix); and

N—-1 N
Il =A=' i — y0)* <4071 yE <47 |ullg ).
i=0 i=1
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Thus, for each fixed h > 0, the norm || - || is equivalent to the Euclidean norm in R¢
but the related constants are not independent of #.

Lemma 8 Under assumptions (HO)—(H2), there exists a constant h’ such that each
variational inequality (Vlg‘), h < I, is strongly regular (in the sense of Robinson)
for 8 = 8" at the solution &", and the related neighborhoods U = {5 € &° :
16 —8"p < p'}.V=1{6€&: ||E—E"| < p}and the Lipschitz modulus i can
be chosen independently of h.

Proof With the definitions of Z, &* and related norms ||| - || and || - |||+ from (43),
(44), the assertion is deduced for (¥ — §) from Lemmas 6, 7 and the estimates for
16" p from Lemma 2: with the constants p, p’, ¢ from Lemma 7, sufficiently small &’
and appropriately chosen p = O(p), the Lipschitz continuity follows with a modulus
A = 0(c). O

In order to verify local uniqueness and Lipschitz behavior of solutions in (Vlg’), first
refer to [42, Theorem2.1]: indeed, assumption (HO) together with Lemma 1 guarantees
solution existence for each of the problems (VIg’). Further, for arbitrary pp > 0 and
Dy ={5 € E": |I8]lp < po}. ¥(8.&) := Y(§) — & as a mapping from Dy x &
to &* is twice continuously differentiable so that, for fixed /4, the assumptions of
Robinson’s Inverse Function Theorem are fulfilled. However, for obtaining uniform
w.r.t. h estimates of related neighborhoods and Lipschitz moduli, the fixpoint approach

used in [42] has to reconsidered.

4.4 Lipschitz stability result

The inclusion (VIg’) can be transformed to a fixpoint problem as follows: for given
(8, u) € R x RN with ||u||ls < 1, denote by (x, p) = (x(8, u), p(8, u)) the solution

of (16), (17). Further, define ju = (8. u) by 0 = BT p(8,u)—b3and pu1 = [0]. 12
= [o]—, and introduce

r,u) == TEG,u) —YEG u)+48 (45)
with T given by (24). Obviously, & = £(8, u) solves (Vlfg) if and only if
r(8,u) € T(§(,u)) + Nc(§@, u)) =: Tc(5(8, u)).

By Lemma 6, for 6 € D, the set A(8) := T ! (8) is nonempty. If A, (§) denotes the
set of u-components related to £ € A(6), and

Ps(u) 1= Au(r(8,u)), (46)

then the element £ = £(6, u) solves (VIg’) if and only if u € ®s(u) (see also [15,
Lemma 2.1]). This fixpoint characterization allows to prove

Theorem 1 Under assumptions (HO)—(H2), there e)fist constants h', p’ and € such
that, for allh < h' and§ € D' = (8 e R' : || — §"||p < p'}, problem (V1%) has
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a unique solution S(Sh on the set V. = {£¢ e R? : |ju — ﬁh||(_1) < €} and, as an
elementof E, & ;‘ depends Lipschitz continuously on § € E*. The associated Lipschitz
modulus as well as the radii €, p’ are independent of h.

Before proving the theorem, some auxiliary estimates will be provided.
First notice that, under assumption (HO), the solutions (x(u, 6), p(u, 8)) of (16),
(17) are uniformly bounded, cf. Lemma 1: if ||§]|p < po then

Ixlloo + A X2 + I plloe + 1A Pl < M (47)

for some constant M independent of u, § and k. Shrinking A’ if necessary, similar
Igounds are obtained for ()Eh, ﬁh) by definition of these functions and the estimates for
8" from Lemma 2. Therefore,

12 lloo + 1A' 12 + 19" lloo + 1A' 2 < M) (48)

holds true for z/ = x — %", ¢’ = p — p" and My := 2My. As long as h < h’ and
I8llp < po, Lemma 13 from Appendix further yields

1213 + 14" 13 < M2 (' + 1121l + 1lqll2) (49)

with a constant M» independent of u, § and h.
Lemma 9 Let p > 0 be arbitrarily given. If p’ and € are suffiently small, h < h' and
8 € D', then every solution of(VIfsl) in V, satisfies ||& — E"|| < p.

Proof If & = (p, x, u, u) is a solution of (VIg) then £ = £(8, u). By y, 3" denote
the integrated controls y; = h ch_:}) v; related to v = u or v = ii”* resp., and set
ni=x—By i =i =By Forz :=x—3i" q:=p—p" ¢ :=n—7i"and
w =y — ", under (HO) we conclude

(A'0)i = fi + By) — f(" + B + 81, — 3.,
(A"l < L'(G) + 1Bl loil) + (81 — 801,
I(A'g)il < L'(gistl + 1zisa]) + 1820 — 851,

where L' is the common Lipschitz modulus of f and H, on the set {(x, p) : [|x|loo +
IPllcc < Mp}; cf. (47). Applying Lemma 14 from Appendix to the equation for ¢
yields

IZlloo < (18 = 8"1lp + llwll2)

with some constant ¢ independent of £, § and u.

Consequently, |zll2 < (c + |B)(I8 — 8"|Ip + |lw|l2). Taking into account this
relation and applying Lemma 14 to ¢ now, an analogous estimate for ||¢ || »c is obtained.
Summing up, the inequality

Ix = 2"+ 1p = P Moo + it — i lloo < OIS — 8" lIp + llu—a"|I—1y)  (50)
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follows and hence the assertion. |

The preparation for proving Theorem 1 will be continued with an analysis of r =

~

r(8,u): bz construction, r(8, u) = (ry,r2, r3, r4) € =0 (i.e. rin, r4 vanish), and
r3 =383 — 8?. Further,
ri = fOa) — f) = Ai(xi —x0) + 81 — 8,
rai = (VO = VI @ig) pigi = VAV LGP
+ 82 — 8.
ran = Vk(xY) — Vk(xy) + Ky —x3) 4+ 6oy — 84y

0
(xir1 — X4 1)
+1

Consequently, from (48) and

0 h 0 Sh .
[ryi] < C||Z/||oo|xi —X; | + 161 _81i| < cMi|x; —X; | + 161 _81i|, i <N-—1,
0 0 <h .
Ir2il < c(l1Z'lloo + 19 llo0) - (IXit1 — X701 | + |pivt — Pyt ) + 182i — 85, i <N,

it is deduced that, for some constant ¢, independent of u, &, 8,

¢ (12l + l1g'llsc) - (x = &M@y + Ilp = "1l + 18 = 8"1Ip (51)

7l <
<cp+ 7 (52)

if h<h,8eD, |I§—E" <p,andp < po.

Finally consider ' = r(8,u") and r> = r(8,u®) for given uV¥, u® and fixed
8 € D’. Denoting by (x/), p())) the solution of (16), (17), and setting z/ = x() —
i, q/) = p¥Y) — p" for j = 1, 2, in analogy to (51) obtain

! =2l < ¢ max 1 oo+l e} (O =x @y + 10 = p @l ). (53)

For the qleme~nts 7/, qj , J =1,2,(49) can be applied so that, with a constant p such
that ||€) — E|| < p for j = 1, 2, the auxiliary result

et =2l < OWH + p) - Ik = x @) + 11pV — pP 2.

is obtained. If we repeat the arguments from the proof of (50), Lemma 9, we deduce
Ix® —x@P ) + 11pD = pP @) < ellu® — u®||_yy and thus, end up with

et =2l < VI + Py - e —u@ |y (54)

where the constant c; is indgpendent of i, 8, u and u® as long as E(l), 5(2) satisfy
max{[|D — EM|, 1P — &M} < p.
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Proof of Theorem 1 Define W, = {w € RV : |w — i (_1) < €}. According to
Lemma 9, one can choose ¢ and p’ small enough to ensure

NE@, w)—&"ll < p < p

with the constant p from Lemma 8 for all w € W, and arbitrary & < h’. Shrinking
€, h’ and p’ if necessary and taking into account (52) as well as Lemma 2, the estimate

W@, w) = 8"l < crp + 3+ I18"1p < 0

with constant p’ from Lemma 8 will hold uniformly for w € W,. Thus, for arbitrary
8 € D'and h < h’, the mapping ®@s(w) from (46) is well-defined and Lipschitz
continuous on W¢: itis sufficient to notice that the underlying map A has the Lipschitz
modulus A.

Let w!, w? be any two points from W,. Using once more Lemma 8 we have

|23 = @3 < WACEwh) — ACE Wl

< AlIr @, why —r @, w?)
< ae, (W + D) - llw' — w?[| -1y

and p = O(e + p'); see (53), (50) and Lemma 13. Shrinking /', € and p’ if necessary,
one can make the last term satisfy

[eswh —@swn| < e —wliey (55)

with a constant k < 1. Hence @; is strictly contractive.
Next we will show that @; is a self-map of W,:
First, consider w® = ®", 89 = §": obviously, wd = @50(w0) and

@3’ —w®] <A@ ) - Ao uOI

< Allr s, w®) — o, wll
<Al8=8ollp < A

follows by the definition of , and from (50), Lemma 9. Further, for arbitrary w € W,
from the contractivity of @5 conclude

s =] _, = @ - ast] -+ sty -]

(-1 (=D

<ke+rp.
The latter can be made smaller than € : indeed, the above construction shows x =

O(h 4 /€ + /') sothat 175" can be made smaller than (1 — «)e by shrinking p’
if necessary.
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The properties of @5 : W, — W, guarantee the existence of a fixpoint w = ug‘ in

We corresponding to the unique solution E;’ =£(6, ufs’) of (VIg’) in V. The Lipschitz
continuity of ué’ w.r.t. § is obtained similarly to the proof in [42, Theorem 2.1] with
Lipschitz modulus 2’ = A (1 — «)~!. Together with condition (50), this fact yields
the Lipschitz continuous dependence of & (Sh on § with a modulus independent of # and
thus, completes the proof. O

5 Control properties

In this section, consider (Vl’g) in the special case that § = 0. As it was shown in the
previous section, there exists a unique solution 55’ =& = (p, %, i, u) of the problem

close to &”" provided £ is sufficiently small. Due to (18), (19), & := BT p is the
discrete switching function for &: with ji; = [6]4+, i = [6]— we have

—l=<a; <1, (@@ — D61y =@ + Dl6;]- =0

fori =0,...,N — 1.
In [14], for continuous problems of type (VI) depending on a real parameter it was
shown that (H1) together with the assumptions

R=—p"[B,[f° Bl] =—BTH’.B > m >0 onlg,
min{|5°(z; — 0|, [5%(z + )} = m > 0

(see [14, Assumptions 2.2-3]), ensures the bang-singular-bang control structure to
be stable under parameter perturbation. Similar results will be proved now for the
discretized problems (VIh) for sufficiently small step size parameter h. To this aim,
the discrete solution (&, 6) will be compared to the reference data O, UO) from (VI).
For simplicity, the discrete functions (if, 5) € R xR" defined by it; = u°(1; +-0), &;
= o%(#;) will again be denoted by (u°, ¢0).

Lemma 10 For the switching function &, the following estimate holds:
16— 0 llos + 1A' (S = 0)ll2 = O(h).
Moreover, 6; = P; + R;li; where P, R satisfy

IP — Plla+ IR — Rll2 = O(h),
1A' G — 0)loo + 1P = Plloc + IR = Rllso = O(I% — xloc + 1)

(The proof is given in Appendix.) )
The last lemma in particular yields the following property: there existeg > 0, 7 > 0
and a constant 72 > 0 independent of / such that

A

f’,‘ — R < —m, 131' + 1%,' > m for t; € Ig (56)

whenever < h and ||£ — x9|le < €0 ; cf. (14), (15).
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Lemma 11 Under assumptions (HO)—(H2), there exist indices IE, k' such that, with
the constant values u', u? from Assumption (H1),

Gi=u', i=0,...k, d;=u® i=k,...,N—1,
and |t; — 75| + |t; — 7] = O(h'/?).

Proof Without loss of generality, consider the case u' = —1 only:
At the bang-singular junction point ty, both the function ¢° and its time derivative
vanish. Thus, for all j such that ¢; < zg, it follows from (15) that

2

o’(t)) :/Ts(e —1)5%0)do < —mT(rS — 1)
1

Consider 6: if 6; < 0 for all ¢ j < T5 then we can choose k=k (see Lemma 2 and
related notation). Otherwise, let k& be the first index such that 6,; >0, I <15t from
the previous lemma conclude

2
m
= ch— (=)’
and thus, the desired estimate for the left bang arc follows.
Analogously, the right bang arc is confirmed and estimated. O

In the next step of analyzing the control structure it will be shown that, in a certain
neighborhood of the state trajectory, the discrete controls i consist of two bang arcs
at right and left ends of the interval, and a singular arc located in the interior of
Ig. Following the ideas from [14], the proof will make use of auxiliary state-adjoint
functlons %%, p* which are obtained from solving (16), (17) with § = 0, constant
u=ut=1 (or u = u~ = —1 respectively) and initial value (%;, p;) at given t = t,
Similarly, x*, pT solve (7), (8) with constant u € {—1, 1} and initial value (xl ) D; 0y
at t = ¢;. Notice that, for sufficiently small %, the assumptions on the input functions
guarantee the existence of solutions at least for [f; — ;| < Ag (or |t — #;| < Ag for
the continuous version) for some A > 0 independent of 4.

Lemma 12 Leth > 0, ¢y > Obe the constants usedfor (56). Further, for givenh < h,
denote by Sél = S;A‘ = (p, X, i, L) the solution of (VI ) from Theorem 1. Then there
exists a positive €] < € wzth the following property: Whenever the state component
% satisfies ||x — x0o0 < €1, the control i has bang-singular-bang structure. More
precisely, there exist indices k and k' such that

L if 0<i<k,
di =iy if k<i<Uk, (57)
ur if K <i<N-1
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In addition, |t; —t5|+ |17 — 7|+ s — u(S)H(oo,[ﬁ) = O(e1 +h). The singular values
are given by lis; = —[—A’i/lé,- and belong to [mg — 1,1 —mg] C (—1,1) if ey and h
are taken sufficiently small. The constant my is independent of h.

Proof The proof is similar to that of [14, Theorem 3.1]; see Sect. 4 therein. For clarity
reasons, the main arguments are repeated in the needed discrete formulation assuming
(without loss of generality) that u' = —1.

Lemma 11 says that i has a bang arc in the left part of the interval [0, 1] where
i = —1 and thus, 6 = 6~ (continued from 7y = 0, e.g.) as longas 6~ < 0. If i is
sufficiently small, the right end of the arc lies inside /g.
Now, from Lemma 10 we have

IAYG™ — 07 )lloo = O(er + h).

and A6~ (as well as the finite difference approximation of the time derivative of o ™)
changes its sign, i.e., (A‘&’),- < Ofori > j and some node ¢; near 7,: Due to (15)
and (56), A26~ < —i < 0 so that |t; — 5| =O(e1 + h) follows.

Let j be the first index where (A167); < 0. We will distinguish between the
following cases:
Case 1 &j_ < 0.
In this case, #; = —1, (A26).,~ < —m < 0 and 6~ is concavely decreasing for
t; > t;. Therefore, 6; = 6, remains to be valid at least for all i with #; —1; < A,.
We obtain:

(A'6)j1y < =it - vh,
v—1 "
~ 1~ 212
Gjv < h};m &)jrk = =5 (v = DK%,

If#; is the last node on the interval [¢;, tj + Ao then 6; < —m1 (Ag— 2h)? /2 contradict-
ing the conditions o*(¢) = Ofort > 1y, |tj—15| = O(e1+h), and |6 —00 oo = O(h)
from Lemma 10.

Case 2 6j_ > 0.

In this case, & > 0 has appeared first for some node ¢ < tjrif &j, > 0, the function
coincides with the convexly increasing function 6 * for 7 < ; < 1+ A. Estimating
G 4, in analogy to Case 1, we end up with a contradiction. If 6}7 = 0 then proceed
as in Case 3 below.

Case3 6, = 0.

It is sufficient to consider (Al&)j = 0 since (A18)j # 0 yields 6,41 # 0 and thus,
a situation as in Case 1 or Case 2. (Similarly, one can exclude (Alé)j_H # 0 by
contradiction).

For (Alﬁ)j = (Alﬁ)j_;,_l = 0, obviously (AZ(AT)]'_H = 0 so that ﬁj.;,.] = ﬁs,j—&-lo
Whenever #; < 0.5(z, + 7)) + h, a change to positive resp. negative values of &
at #; can be excluded by repeating the arguments above. Thus, the left bang arc is
concatenated to a central singular arc.
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The analysis can be carried out similarly from the right end, and the statement on
the control structure together with

|l‘j — T + |lj/ —‘L';| = O(e1 + h)

follows. Finally, by use of Lemma 10, the estimate for i, is obtained. O

The structural information allows to strengthen the general result from Theorem 1 and
formulate a convergence result for the solutions of (Vlg) w.r.t. (discrete) Lo X Loo X
L1 x Lo topology:

Theorem 2 Let the assumptions (H0)—(H2) hold for the solution €° = (p°, x°, u®, u%)
of (VI). Further, suppose h', €, p' and the set Ve be given as in Theorem 1. If h < I’
is small enough to ensure ||8"||p < p’ then the following statements are true:

A A

(i) On Ve, the discrete problem (VIg) has a unique solution ES’ = é = (p,x,u, 1)
estimated by

12 = x4+ 15 = PPllcs + 2 — 10loo = O(R),

and ||% — x| s =O(h'/?).

(i1) There exists a constant h1 < h’ such that, for each h < hy, the control ii has
bang-singular-bang structure in the sense of (57). The state-control pair and
associated bang-singular junction points T, T’ satisfy

12 = XNl + I8 — uOlly + 1 — &l + |2/ — /| = Oh).

Proof The first estimates from part (i) are a direct consequence of Theorem 1 applied
to the choice § = 0, and of Lemma 10 (see also the proof of the latter in Appendix). In
order to obtain the estimate for ||£ — x°||o, We observe that, under assumption (HO)
on the data, there exists a constant M independent of / such that

1% = 2900 + 1ATG = xO) 2 < M.

Applying Lemma 13 from Appendix, the desired estimate follows.
For proving part (ii), the technique from [15, Lemma 4.1] will be adapted. To this
aim, define

i—1 i—1

yW = hzuo(rj +0), $i= hzu,

j=0 j=0
Notice that y? slightly differs from 7" defined via Goh transformation with the input ",

(21). Assumptions (H1) and (H2), however, guarantee that the pointwise differences
do not exceed O(h). By Theorem 1 and Lemma 2, we therefore have

19 =01 < 19 = "2 4 115" = %o = OCh). (58)
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Similarly obtain [y — y%| = O(h).

In part (i) it was particularly proved that || £ — x°||cc — 0as # — 0. Hence, there
exists a positive 41 < h such that || — x°|o < €] holds with the constant €] from
Lemma 12 for i < hy, and u has the structure (57). Therefore, the y—differences given
at nodes #; by

i—1 N-—1
Si—y=hD @ —uh) = Oy —y}) — h D@ —uf
j=0

j=i

can be estimated, in particular, for points #; from the intersection (zy, 7,) N (7, T’) as
follows: in case 7y < T the above formula yields

95— =h Z (u' - “8,]') + z (s,j — ”2,1')

JiTs<tj<t JiT<tj<t;

> min{m, m} |t — 7| — g — ulll1,15) (59)

(and the same relation results in case 7y > T, too). Analogously obtain

A

19 — I = min{m, @} |2 — )| = llis —ulllqaz, — 19v — YW (60)

For h < hy, the singular control i restricted to nodes #; € Ig is well defined. Further,
from (14), (56) obtain R; > m > 0, R; > i > 0, #; € I, so that

lis —ull.g < =P = Pl + (i) | Plloc| R — RIly = O(h)

follows from (HO) and Lemma 10.
Combining the estimates (59), (60), we come to the following conclusion: there
exists a constant ¢ > 0 independent of % such that

t =l + 18 =gl = (15 =301 + g =l + By = Y1) = Oh).

Finally, by 0 < @i;,u < 1fori =0,...,N — 1,

I —u®lly < Nlds — udllqay + 12 = 7l + 18 = 7/l = O(h)
follows. Remembering (16), for § = 0 this last estimate also yields
[ — x°)|oc =O(h) and hence, the theorem. O
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6 Numerical test

The discretization approach will be illustrated by approximating the solution of the
following problem,

(Ps) min J'(x, u) = 0.5 (xlz(T) +x§(T))

W.I.t. X1 =cosxz —du, x1(0) =a,
Xy = sin x3, x2(0) =0,
X3 =u, x3(0) = /2, (61)
lul <1, (T >0,a >2, 0<6<1).

As it was shown in [14], for small § the solution is of bang-singular-bang structure, and
the control vanishes along the singular arc. Fordata$ = 0.15, a = 3, the optimal termi-
nation time for (61) is found from a synthesis approach as 7* = 3.5117. The terminal
time T for (Ps)ischosenas T = 3.2 < T*. Assuming the same principal control struc-
ture as in time-optimal termination case, one can find piecewise analytic expressions
for x, p and determine the bang-singular junction points 7, = 2.1482, 7, = 2.6932
for (Ps): this defines the reference solution u°.

In the numerical tests, we replace (VIS) by an equivalent system of equations: for
i =1,..., N, the complementarity relations (18), (19) are expressed by

dy(utis L —u;) =0, ¢y (uai, 1 +u;) =0,

where ¢, (w,v) = w4+ v — /w? 4+ v2 4y with y = 0 stands for the Fischer—
Burmeister function [16,17]. Notice that the original function ¢ is non-differentiable
at the origin. In order to ensure robustness of the iterative solution when smooth solvers
like the MATLAB! routine £solve are used, the additional regularization parameter
y > 0 was introduced (cf. [25] and the survey [18]). Further, the system (VIS) was
reduced to a problem of finding (u, w1, 12). To this aim, the system (16), (17) is solved
explicitely and the resulting vector p = p(u) is inserted into (18). The final problem
consists in solving FY (u, i, u2) = 0 where

Fli= BT piu) — i + poi, FY = ¢y (uiis 1 —ui),  Fi= ¢y (i, 1+ uy).

For the initial values used in £solve, for given u find (x, p) = (x(u), p(a)) from
the canonical system (16), (17), and ft12 = p1,2(u) as positive resp. negative parts
ofc = BT p(u). Afterwards, the vector (u, i1, f12) is projected onto the closed set
{[-1+y,1— y]N x [y, oo)ZN}: this change turns i and (11 7 into strictly inner points
of their respective domain of definition and again, improves the robustness of the
solution process.

I MATLAB is a registered trademark of TheMathWorks, Inc. (see www.mathworks.com).
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Table 1 Approximation errors for control function u and junction times 7, '

y (N =50) (N = 100) (N = 200)

llu — uOly AT llu — Oy At llu —uOlly AT
5% 1073 0.0528 0.1868 0.0399 0.2188 0.0402 0.2028
2% 1073 0.0434 0.1332 0.0265 0.1642 0.0252 0.1708
[ x 1073 0.0398 0.1228 0.0203 0.1548 0.0176 0.1388
5% 1076 0.0378 0.1228 0.0166 0.1228 0.0123 0.1228
0 0.0358 0.0918 0.0120 0.0372 0.0012 0.0212

Table 1 summarizes selected results. The initial control data are u = 1. (It should be
mentioned that tests with # = 0.5 as well as for some prescribed bang-singular-bang
regimes, showed essentially the same behavior.) One can see that the solution process
gives fairly good approximations of the reference control. Let us mention that, in all
reported cases, the discrete controls have clearly visible bang arcs at left and right ends
of the time interval and an inner singular arc with # = 0 (up to marginal rounding
errors perhaps). Due to the regularization by y > 0, but also by rounding effects, the
bang-singular junction appears as an intermediate monotonicity interval rather then a
“sharp” jump but is restricted to few nodes: with m, = 0.1 |u — u®||1, we determined
two intervals Iy, I] where 1—m¢ > u; > m,. The approximation error At for ty, 7,
is defined as the maximum of distances from t; to interval ends of I, and from z; to
interval ends of 1.

Finally notice that, in the given example, the solution could be also found for y = 0:
in all tests the junction points are approximated with accuracy At < 1.5h, i.e., the
“1-0-1 switching structure of the discrete control becomes evident. For N = 200,
the control is approximated with a remaining tolerance bound of ||u —u°||; = 0.0012.

Acknowledgments The author is grateful to the anonymous referees for their instructive comments which,
in particular, helped to close a gap in one of the main proofs.

Appendix

In this section, we first derive several norm estimates for functions from W21 resp. their
discrete analoga from Y”. Afterwards, the proofs of Lemmas 2 and 10 are given.

Lemma 13 Ler w € REVTD wirh Alyw € RN pe such that
lwlloo + 1AM W[ < My < oo.

Then, ||w||C2>o < M (h + llwll) for some M > 0 independent of h, w.
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Proof Let j be anindex where [w ;| = [|w||, and ¢ a constant greater than M. Using
k—1
1
wisk = wj+ > h(A'w)jy
1=0

and analogous formulas for w; _y, it follows from the assumptions on w that

1
wil > |wi| —cvhli—j| = |lwilll——
|wi| > |wjl V| ]|_|j|( ﬁ)

for all i such that i — j| < m = [|lw;|*>- N/(2¢*)] and #; € [0, 1]. Taking into
account |w j|2 -N/Qc?) < Mg N/(2c?) < N/2, itis easy to see that the conditions
are fulfilled at least for j < i < j+mincaset; < 1/2 (or j—m < i < j
for t; > 1/2), i.e. on some index set /(w) containing at least m knots on [0, 1].
Consequently,

mh
lwlify =0 D7 Iwil? = === V27wl
iel(w)

wj* - N
(G =2V Jwl (’27 = 1) = 2miwi (vl - 2c%)

=

S

(with M1 = (3 —2+/2)/(8¢?)) duetoh-N = 1.
If now [w|%, > 4hc? then ||w||(22) > Mi|w|%,. Otherwise, [|w]%, < 4hc? and
hence the lemma. O

Remark For continuous functions w € W21 (0, I; R*) with wlleo + lWl2 < Mo,
similarly get ||[w|eo < M ||w||é/2 where M depends only on M.

The next lemma is a special case of the discrete analogon of Gronwall’s Lemma [22].
In order to emphasize the independence of related constants of the step size 4, a short
direct proof is provided.

Lemma 14 (Discrete Gronwall Lemma) Suppose there are given an arbitrary ¢ €
R*N and some constant L > 0.

Q) If n € RFNED sarisfies |(A'n)i| < L |ni| + |¢i| fori = 0,...,N — 1, then
Inlleo < € (nol + lI#2).

(i) If n € REKVHD sarisfies |(A'n)i| < L |niz1] + |¢il fori =0,...,N — 1, then
Inllee < e=(nnl + ll¢ll2).

Proof The proof starts with the observation
[nistl = Imil | < A 1A L.
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For part (i) we thus obtain by induction

1
i1l < (L+Lhylnil + kgl < (1+Lh) ™ nol + =D (1 + Lhy~|g;]

j=0
N—1
< +L)Y (ol + B D 11| < eX(nol + ligl) .
j=0
Similarly, part (ii) follows from [n;| < (1 + Lh)|ni+1| + hloil, i < N — 1. m]
Proof of Lemma 2 Consider first x; = )?ih, i=0,...,N,and u; = ﬁlh

Mool —xi = / L@y di = / [re0@) + Buw)] i

=/ [f(xo(t)) - f(xo(ti))] dt + h[f(x;)+ Bu;]

wj

due to the construction of i#". Therefore,

- ti+h
B =" / [760@) = r6@n | dr = o).
t

Analogous estimates show that S’z’i = O(h) uniformly fori =0,..., N — 1.
The construction of /lf' ensures (19) to be valid for eachi < N — 1 if only £ is
sufficiently small. In order to find Sél, insert )El.h, ﬁf’ and /1[’.’ into (18): fori =0, ..., k,

~h 0 T o
T 0, _ JOi + (0 @) —o" () if i<k,
Bpl_a(t’)_[r?!’ it 0>k
where o7 abbreviates 0¥ (t) = o (t + 1y — t;). Consequently,
‘Sgli‘ =10%(t;) — o (1) = O(h)  fori <k,

and Séll. =0incasei > k. For Algé‘, Azgg we have

(AleY); — (AloT); if i <k-—1,

(A1) = 1 = 16%x) if i=k,
0 if i>k,
(AZ6%); — (A%67); if i<k-—1,
(A25h); = h=20 (k1) — 0" (tx—1) — 20 (@) if i =k,
h260(1) if i=k+1,
0 if i>k42.
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Fort < 1,
t s
a'(t) :/ / 5%0)dods = O((r; — 1)?)

so that |0%(r)| 4+ |09 (t_1)| = O(h?). Analogously obtain |o % (t,_1)| = O(h?), too.
Together with the estimates

[(Alo™); — (Alo)i| + (A% ) — (A% )| = O(h),
the desired results for Sé’ and its finite differences directly follow. O

Proof of Lemma 10 By definition, 6 = BT p where p solves the backward initial
value problem for the finite difference equation

(A'p)i = =ViGir) Pt Py = —VkEw).
Thus,
a0 A0 0 . ., h
A= PO+ A1 (p— POt = [ VFGL) = VI G| is = B,
PN = Pl = VKGR = VEGN).
Taking into account assumption (HO), from Theorem 1 and Lemma 2 conclude
1£ = x°ll2 + 115 = p°ll2 = OCI§" 1p) = Oh).

In analogy to Lemma 7, the boundary terms are equally estimated by O(h4). Using
Lemma 14 we see that
15 = Pl = O(h) (62)

and the estimate for |6 — 00|« directly follows.
Consider next A'(6 — ¢9):

(A6 — %) = BT(AY(p — p));
= =BT [V fir0)T bt = (V£ DT s + 8]

= O(I%i41 = X+ 1Dist — pilegl + 183D
so that [|[AY (& — o9)||2 = O(h) follows from Theorem 1 and Lemma 2.
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It remains to find a representation and estimates for A2 —a0):

(A%); = h7' BT ((a'p) — (' p)in1)

—B" (A" /D] i + VAT (A p)

BTV TV T pior — BTh! / V25T, flil) dr - (A1),
w;

: 13,' + 1%,'12,'.

where f [t] = f(X(#)), and x(¢) stands for the linear interpolation to X;, X;4+1 on w;.
Therefore, the formula

A

Ri= R= =BTh [ (TG Fi) = VGO 1) dr - B

leads to the desired estimates for the (discrete) L, and Lo, norms. Similarly, || P—p Il
can be estimated for r € {2, co}. O
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