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Abstract We study a state constrained Dirichlet optimal control problem and derive a
priori error estimates for its finite element discretization. Additional control constraints
may or may not be included in the formulation. The pointwise state constraints are
prescribed in the interior of a convex polygonal domain. We obtain a priori error
estimates for the L2(I")-norm of order A1 ~1/? for pure state constraints and R3/4-1/@p)
when additional control constraints are present. Here, p is a real number that depends
on the largest interior angle of the domain. Unlike in e.g. distributed or Neumann
control problems, the state functions associated with L>-Dirichlet control have very
low regularity, i.e. they are elements of H'/%(£2). By considering the state constraints
in the interior we make use of higher interior regularity and separate the regularity
limiting influences of the boundary on the one-hand, and the measure in the right-
hand-side of the adjoint equation associated with the state constraints on the other
hand. We note in passing that in case of control constraints, these may be interpreted
as state constraints on the boundary.

Keywords State constraints - Dirichlet control - Optimality conditions - Finite
elements - A priori error estimates

Mathematics Subject Classification 49M?25 - 49MO5 - 49K20 - 65N15

B Mariano Mateos
mmateos @uniovi.es

Ira Neitzel

neitzel @ma.tum.de

Departmento de Matemdticas, E.PI. Gijén, Universidad de Oviedo, Campus de Gijon,
33203 Gijon, Spain

Centre for the Mathematical Sciences, M 17, Technische Universitidt Miinchen,
Boltzmannstrasse 3, 85748 Garching b. Miinchen, Germany

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10589-015-9784-y&domain=pdf
http://orcid.org/0000-0003-3100-412X

826 M. Mateos, I. Neitzel

1 Introduction

PDE constrained optimal control problems with pointwise state constraints are known
to cause certain theoretical and numerical difficulties. Some progress has recently
been made regarding the numerical analysis of such problems. A priori discretization
error estimates and convergence results are available for different classes of problems,
including linear-quadratic distributed control problems [9,12,17,19,26,27], problems
with Neumann boundary control [21], problems with finitely many state constraints
[10,22,25], or problems with finitely many control parameters [24,25]. In [24] the
control parameters may influence a linear combination of nonhomogeneous Dirichlet
boundary data with high-regularity. In this work, we are concerned with a Dirichlet
boundary control problem, which admits less regularity for L?-control functions than
for instance Neumann boundary control problems. We will focus on presenting a priori
error estimates for the finite element discretization of such linear-quadratic problems
with pointwise state constraints in the interior of the domain.

We prove an error rate for the L2(I")-norm of the control of O (h'~1/7) for problems
without control constraints (cf. Theorem 3), which seems to be in accordance to the
existing results in the literature. The error rate will be limited by the effects of the
boundary term to Rh1=1/P (cf. [13,23]) and the effects of having a measure as the
Lagrange multiplier associated to the state constraints. If we include also control
constraints in our analysis, we obtain an order of convergence of O(h3/4~1/ZP)y (cf.
Theorem 4). To the authors’ knowledge, results on discretization error estimates for
state-constrained problems in the literature deal with distributed or Neumann boundary
control problems, only. The order of almost O () obtained by Deckelnick and Hinze
[17] or by Meyer [26] for distributed controls is for domains with smooth boundary.
In [26] a comment about convex polygons is made, and an order O(h'/?) is obtained.
The estimate of order O(h|logh|) obtained by Casas, Mateos and Vexler in [12] is
based on the fact that, for the problem treated in that work, an enhanced regularity
of the Lagrange multiplier can be proven under mild assumptions. The same order is
obtained in [19, Corollary 3.3] under the assumption of uniform boundedness of the
distributed controls in the L°°(£2)-norm.

In [19, Remark 3.4] it is noticed that for both distributed and Neumann boundary
state-constrained control problems (and using a variational discretization) an easy
argument can be used to show that in the presence of control constraints the same
proof made for the pure state-constrained case applies also for the control-and-state-
constrained case. This can be done due to the high regularity of both the control and
the state. Unfortunately, such argument cannot be transferred to our problem due to
the low regularity of the involved functions. Therefore, we must use two completely
different methods of proof for the two cases.

Let us present an outline of the paper. In the next section we introduce the problem
and the notation that will be used throughout the work. In Sect. 3 we collect and prove
the regularity results we are going to need. Section 4 is devoted to the derivation of
optimality conditions, as well as the regularity properties of the optimal solution that
can be derived from these. Next, in Sect. 5, we discretize the problem using finite
elements. Our main results are presented and proven in Sect. 6. After introducing a
technical assumption on the mesh and proving an approximation result for the normal
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Dirichlet control of elliptic state constrained problems 827

derivative of the adjoint state, we split the presentation and use different techniques
of proof for the no-control-constrained and the control-constrained cases. The proofs
are presented in Sects. 6.1 and 6.2, respectively, and the aforementioned orders of
convergence of O =1/P)y and O(h3/4=1/2P)y are obtained in each setting. We also
remark in Sect. 6.3 that if we use the technique of Sect. 6.1 to the control-constrained
case or the technique of Sect. 6.2 to the no-control-constrained case, we get worse
orders of convergence in both cases.

Finally, we provide a numerical example and we discuss the sharpness of the
obtained estimates as well as of existing error estimates for Dirichlet control problems.

2 The control problem

Throughout the article, we are dealing with the following linear-quadratic optimal
control problem:

. 1 2 Vo2
min J (1) = EHYM - )’d||Lz(9) + 5”””[}([‘)

—Ay, =01in £2, =uonl’
Yu Yu ®)

a(x) < y,(x) < b(x) forae. x € 2

a(x) <u(x) < Bx)onT.

Here, 2 C R? isabounded convex domain with polygonal boundary I" and 2 CC £2
is an open set. With this notation, we mean that the closure of £2; is included in £2:
2 C .

We denote by 7/3 < w < m the largest interior angle of I", and by

pe =2/Q2—n/max{w,7/2}) >2 and sp =14+7/w € (2,4]

the exponents giving the maximal elliptic regularity in W>?(£2) for p < pg (cf. [18,
Theorem 4.4.3.7]) and H*(§2) for s < s (cf. [18, Theorem 5.1.1.4]). We consider a
target state y; regular enough, i.e., we will assume y; € L?($2) N H?® —2(£2) for all
p <peandalls < sq.

Moreover, for the state constraints, we consider two functions a,b € C (le)
such that a(x) < b(x) on £2; and, for the control constraints, two functions
a, B € WI=l/pe.r2 (), such that a(x) < B(x) on I'. With an abuse of notation,
we will include in our formulation the absence of one or several constraints allowing
the cases a = —00, b = 00, ¥ = —00 or f = oo. Further assumptions on the regu-
larity of the state constraints will be made in order to obtain error estimates. Finally,
consider v > 0 a regularization parameter.

To end this section, let us introduce some short notation. As usual, (-, -) is the inner
product in L%(2), (-, -) is the inner productin L%(I"), and (-, -) is the duality product
between C (£21) and its dual M (£2), the space of regular Borel measures on £2;. To
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828 M. Mateos, I. Neitzel

handle the constraints, we will use the sets

K ={yeC(21): a(x) < y(x) < b(x) Vx € 21},
Upp = {u € L*(I): a(x) < u(x) < B(x) forae. x € I'},

and
Usa ={u € Uyp: yu € K}

We will denote by Proj, ,j(c) = min{b, max{a, c}} for any real numbers a, b, c the
projection of ¢ onto the interval [a, b]. Finally, we will denote by {x; };'.’:1 the vertices
of I'" counted counterclockwise, with x,,41 = x1, and by I'; the part of I" joining
vertices x; and x;41.

3 Some regularity results for the related PDEs

It is well known that in a polygonal domain, for any u € L?(I") there exists a unique
yu € H'?(£2) solving the state equation in the transposition sense:

/ YuAzdx =/ udyzds Vz € HX(2) N HL(£2).
2 r

Moreover, the estimate
Iyull g2y < Cllulizzry ()

holds; see [1, Theorem 2.4] for a proof even in non-convex polygonal domains. This
defines a linear and continuous control-to-state operator

S: LX(I') — H'?().

In this section we will collect some regularity results for the state and the adjoint state
equation that will be needed in the rest of the work.

Lemma 1 The control-to-state mapping is continuous from H*3/*>(I") to H~1(£2)
forall3/2 <s < sg.

Proof If s = 3/2, then the continuity follows directly using the transposition method.
Letustakenow 3/2 < s < sp. Consideru € H*=3/2(I"): from the trace theorem [18,

Theorem 1.5.2.8] we know that there exists U € H*~!(£2) such that trace(U) = u.
Consider z = U — y,,. This function satisfies

—Az=—AUin$2, z=0on .

Since —AU € H*3(§2) and s —3 < s — 2, then [18, Theorem 5.1.1.4] implies that
z € H~1(£2) and consequently y, belongs to H*~!(£2) as well. O
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Lemma 2 For any open set 2' CC $2, the control-to-state mapping S: L*(I") —
H'2(2), Su =y, is continuous

1. from L*(I') — C(2');
2. from W'=VP-P(I"y to W2P(2') forall p < pg:
3. and from H*=3/2(I") to H*(2') for all s < sg.

Proof The proof follows the usual techniques for interior regularity results. We will
prove in detail the first statement.

1. Since Yu is a harmonic function, and hence continugus in 2, we have that
yu € C(£2') and S is well defined from L?>(I") — C(£2’). In R?, we have that
H2(£2) — L*(£2), and using (1) we can write

Iyullza2y + IVyullw-14(0) = Cllullp2ry- (2)
Consider now a cut-off function n € D(£2),0 <n <landn=1on £2’, as well

as n = 0 on £2\2”, with some subdomain 2" satisfying 2’ CC 2" CC £2.
Taking into account that Ay, = 0, we have that ny, satisfies the equation

— A(yu) = —yAn —2Vn - Vy, in 2, ny, =0on " 3)
Since 4 > 2, using the classical estimate by Stampacchia [29], we obtain

IyullLe2ry < Inyulle=2) < IyAn+ Vo - Vyullw-14.0)

and the first result follows from this inequality and (2)

2. We make use of y, € W17 (£2) (see [1, Lemma 2.3]), and hence Vy, € L?(£2).
We repeat the process from Step 1, taking into account the W7 (§2) regularity of
nyu, which follows from [18, Theorem 4.4.3.7].

3. From Lemma 1 we have y, € H*~1(£2), and therefore Vy, € H*2(£2). Since
s < sg, we can apply [18, Theorem 5.1.1.4] to (3) to obtain ny, € H*(£§2), and
hence y, € H*(£2').

O

To eventually obtain regularity results for the control via the optimality system, we
proceed by discussing regularity of adjoint equations. Foru € L>(I") and u € M(82/)
we define ¢ (1) € HO1 (£2) and ¢s(1) € Wé’t(.Q) for all # < 2 the unique solutions of

—Apr(u) =y, —yain 2, ¢:(u) =0on I,
—Aps(p) = u in 2, ¢s(u) =0on I,

where the last equation must be understood in the transposition sense:
(ps(i), —Az) = (i, z) Yz € H} (2) s.t. Az € L2(2). 4)

Notice thatif Az € L?(2), then z € H7, (£2) and hence z € C(£21), so the definition
is meaningful.
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830 M. Mateos, I. Neitzel

Lemma3 Ifu € L2(I), then
o) € WH(82), dupe(u) € WYy Vg < 4, q < pa. (5)

If, further, u € HI/Z(I"), then we also have that

or(u) € WHP(2), dupr(u) € WI=VPP(I)¥p < po, (6)
m
or(u) € H*(2), dupe(u) € [ [ H72(I)) ¥s <3, s < sq. @)
j=1
and
dper(u) € HS73/2(I') Vs < min{3, so}. ®)

Proof Suppose u € L*(I"). Then y, € H'?(£2) — L*(£2) and usual regularity
results (cf. [18, Theorem 4.4.3.7]) will give us that ¢ (u) € W2"1(Q) for g < 4,
q < pg. The trace theorem (e.g. [18, Theorem 1.6.1.5]) states then that

m
Onpe(u) € [[W'=109(r) Vg < 4,9 < po.
Jj=1

Since ¢;(u) = 0 on I', we have that 9,¢;(u)(x;) = O (see [11, Lemma A.2] and
[8, §4]) and 9, ¢: (1) € C(I"). This compatibility condition is enough (cf. [18, Theo-
rem 1.5.2.3(b)] to obtain the global regularity in I".

Ifu € H/2(I"), then y, € H'(2) C LP(£2) forall p < pg. Relations in (6) fol-
low now in the same way as we proved (5). The regularity result [18, Theorem 5.1.1.4]
gives us ¢ (1) € H*($2) for all s < 3, s < s and the trace theorem hence yields

m
Oner(u) € H H32(Ij) Vs < 3,5 < 5.
j=1

If so <5/2 (i.e., for ® > 27 /3), the already mentioned global continuity of 9, ¢,
is enough to obtain the desired global regularity on the boundary. If 5/2 < s < 3
(this is, for angles 7/2 < @ < 2m/3) this continuity condition gives us also that
9,9 (u) € H'(I'); on the other hand, the definition of the Sobolev space H s=3/ Z(F/)
for s > 5/2 gives that

m
O 0upe(u) € [ | H2(Iy).
j=1

Since s < 3, itis known (cf. [18, Theorem 1.5.2.3(a)]) that no compatibility condition
is required at the corners to have

H HY—S/Z(F]) — HS—S/Z(F). (9)
j=1
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Dirichlet control of elliptic state constrained problems 831

All together, we obtain that 9,,¢; (1) € H L(I') and its derivative satisfies 9,9, or(u) €
HS=3/2(I"). These are precisely the conditions that define the space H*~3/>(I") (for
5/2 < s < 7/2), and therefore 9, ¢ (u) € HS=3/2(IM) by definition.

For s > 3 and s = 3, (9) is no longer true in general. O

Lemma 4 For every open set 8§25 with smooth boundary I» such that $21 CC §2, CC
§2 and every u € M(821)

Ps(10) € Wy (2) N WHP(2\$22) N H' (2\§22) ¥t <2, p < pa, 5 < s,

(10)
m
sy e WYPP () N[ H () Vp < po, s < sa, (11)
j=1
and
dnps() € H 3/2(IN) Vs < min{3, so}. (12)

Proof Since ¢(1) is harmonic in £2\£21, we have that gs(1) € C2.(2\£21).
For any open set £2,> with smooth boundary I such that £21 CC £2» CC £2, ¢s(1)
is the solution of the following boundary value problem:

— Agg(p) = 01in 2\822, @s(w) = 0on I', ps(u) = g on I, (13)

where g is the trace of ¢s(it) on I'> and is a C*°(I3) function. Therefore, using [18,
Theorems 4.4.3.7 and 5.1.1.4] we obtain (10). Notice that now we do not have the
restriction s < 3, since the right hand side of (13) is zero.

The regularity of its normal derivative is proven using the trace theory as in
Lemma 3. O

Some further interior regularity will also be useful later.

Lemma 5 For any open sets §22 and $23 such that 21 CC §2, CC §23 CC £2
¢s(1) € W2 (23\22)

and

los (w200 220y = Cllitl pmei,ys

where C depends on the distance from 21 to §23\§25.

Proof The first statement is obvious since ¢, (i) is harmonic §2\£2; and §23\$2, CC
2\£2;.

The proof of the continuity estimate is that of Lemma 2. Here we need to use a
bootstrapping argument with two open sets £2” and £2” such that £23\2, cC 2" cC
Q'CC 2\£2] CC 2 to obtain the intermediate results

||§OS(IJ«)||W2.OO(Q3\_(}2) = ||¢S(M)||W4.t(g3\_(}2) = Cl||§0s(ﬂ)||w3-f(9/’)
< Colles() lwar @y < Callos( ey < Cllitl s,

O
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832 M. Mateos, I. Neitzel

4 Optimality conditions and regularity of the solution
Define the Lagrangian of the problem, £: L>(I") x M(£21) x M(£2;) — R as
L, pt pwu™) =T+ (uh oy —b) + (™. a—y).

We have that for any u, v € L>(I") and ut, u= € M(82y), with u = p+t — = the
first derivatives are given by the expressions (see [13])

J' W)v = (=0 (u) + vu, v)
L, kb, v = (=39 () — s (1) + vu, V)

and the second derivatives are independent of u, wT, and u~ since the problem is
quadratic and the constraints are linear:

" 2 _ a2 + -2 2 2
J (M)U _auuﬁ(uvﬂ s )U —||yv||L2(_Q)+V||U||L2(p)~

Definition 1 We will say that u is a feasible point for (P) if u € U,4. We will say that
ug € Uyq is a feasible Slater point for (IP) if there exist § > 0 and & > 0 such that

a(x)+ 8 <uplx) <B(x)—4§ foraex e,

a(x) +e& < yu(x) < b(x) — e forae. x € 2.

Theorem 1 Suppose problem (P) has a feasible point. Then it has a unique solution
u € Uqq with related state'y = yz € K. If, further, (P) has a feasible Slater point,
then there exist two nonnegative measures i+, i~ € M(821) such that

—Ay=0inf2, y=ionTl (14a)
—Ap=yV—ya+pin2, p=00nT (14b)
- . |
u(x) = PrO][a(x)’ﬁ(x)] (ganq)(x)) on r (14C)
(L,y—y)<0VyeKk (14d)
and
supp it C {x € 21: y(x) = b(x)} (15a)
supp i~ C {x € £21: y(x) = a(x)} (15b)

where i = it — i~ and ¢ = ¢ (1) + g5 ().

Proof Since Problem (IP) is strictly convex and we are supposing the existence of a
feasible point, existence and uniqueness of a solution i € L*(I") is immediate.
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Dirichlet control of elliptic state constrained problems 833

Thanks to Lemma 2 and our assumption on the existence of a Slater point, from the
expression of the derivative of the Lagrangian, we obtain (see, e.g., [7]) the existence
of two nonnegative measures i+ and 2~ such that (14d) holds and

L (i, 2, 7)) (u—it) = 0Vu € Ug,g,
which in our case means
(—0n@ +vit,u —it)p = 0Vu € Uy g, (16)
that leads directly to the projection formula (14c). Relations like (15a) and (15b) are

well known in the context of state constrained problems. See e.g. [12] for a proof for
non-constant constraints. O

Remark 1 The Lagrange multiplier 2 and the adjoint state ¢ need not be unique.
Consider the following one-dimensional problem. 2 = (—1, 1), 21 = (—1/2,1/2),
yva=—-1/2,v=1,b=—1/2. Then y = —1/2, u = —1/2 is the unique solution of
the problem. But both pairs

_ 1 _
01 = 5(1 — |xI), 1 =6

and

_ [ a=jxh/2 il >1/2 -
P27 _x2/243/8 if x| < 1/2, M2 7 X

satisfy the optimality system.

Remark 2 Ttis also possible to state first order necessary optimality conditions without
the use of measures. Due to the convexity of U,y and the expression for the derivative
of J, we have that

(_an(Pr(ﬁ) +viu,u —u)>0Vu € Uyy.

This would lead to the expression
- . 1 _\ . 2
u = Projy,, ;8,,@(14) in the sense of L=(I").

This strategy is used in [27].
Corollary 1 If (P) has a feasible Slater point, then

i e WVrrary, 5 e whP(2)V¥p < po (17)

and
e H X)),y e H1(2) Vs < min{3, so). (18)
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834 M. Mateos, I. Neitzel

Proof On the one hand, using Lemma 4 we know that d,¢s(j1) € W!=1/P-P(I") for
all p < po.

To consider d,¢; on the other hand, note that Eq. (5) implies that d,¢: (1) €
wl=la.qa(r) forall ¢ < 4,9 < pg. So the projection relation (14c) gives us that
i e Wi=laa(ry ¢ H'2(I'"). We can now use a bootstrap argument using the rela-
tions (6) to obtain (17). The regularity of the state is an immediate consequence of the
trace theorem; see [1, Lemma 2.3] for details.

Relation (18) follows from (8) and (12) and the projection formula (14c). See [4,
Theorem 18]. The regularity of the state follows directly from Lemma 1. O

5 Discretization

Let {73}, be a quasi-uniform family of triangulations of §2. For the discretization of
the state and the adjoint state we use the space of linear finite elements ¥, C H'(£2),

Yy = {y € C(2): yp € PN (T)VT € Th}

As usual, we will abbreviate Y9 = Y, N HO1 (£2). For the control we use the space
U, of continuous piecewise linear functions that are the trace of some element of Y,.
We define the set of boundary nodes B, = {;j: x; € I'} for later use. Finally, for the
discrete Lagrange multiplier we use the space M;, C M(£2)) which is spanned by
Dirac measures corresponding to the nodes {x;};c7,, of the finite element mesh that
are elements of £27.

For any function y € C(£2) (resp. u € C(I")) we denote by I,y € Y, (resp.
Inu € Uy) its nodal interpolator and for any function u € L?(I"), we will denote by
ITyu € Uy, its projection onto Uy, in the L%(I') sense, i.e.,

(ITpu, vp)r = (u, vp)r Yo, € Uy.

Notice that for u, € Uy, Ty uy, = uy. It is known (see [5, Eq. (2.20)], [13, Eq. (4.1)]
or[16, Eq. (3.8)]) thatifu € H'(I"),0 <t <2

lu — Mpullp2ry < llullger) for0 <t < 2. (19)
We will also use the space
Y5 ={w e Vn:yux;) =0ifx; ¢ I'}.

We discretize the state equation without penalization, (using variational crime) (see
[2, Theorem 5.2]): for any u € LZ(F), yp(u) € Yy is the solution of

(Vyn(u), Vzp) =0Vz, € Ypo, (yn(w), vi)r = (u, vp)r Yo, € Up.

It is customary to say that y, () is the discrete harmonic extension of u. Notice that
yp(u) = ITyu on I and hence, if uy € Uy, yn(up) = up on I'.
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Dirichlet control of elliptic state constrained problems 835

The discrete objective functional is defined as

1 2 LT
J/’l(u) = E”)’h(“) - )’d”Lz(Q) + EHMHLZ(F)
We will denote by

Ug,pn = {up € Up: a(xj) <up(x;) < B(xj) Vj € By},
Ky ={yn € Yn:a(xj) < yn(xj) < b(x;) Vx; € $1},

and

Uaan = {un € Ug,g.n: yn(un) € Kp}.
Our discrete control problem then reads as

min Jy (uy)

P
up € Uga p. ()

We will discuss some properties of problem (IPj,) similar to those of problem (P).

Definition 2 We will say that uy, is a feasible point for (P) if up € Ugqg.j. We will
call upo € Uyq p afeasible Slater point for (P) if there exist §;, > 0 and g5 > 0 such
that

a(xj) +6p <upo(xj) < Bx;) =8, Vj € By,
a(x;) +ep < yuluo)(xj) < b(x;) —epVxj € 24.

Theorem 2 Suppose that (P) has a regular feasible Slater point ug € W'=1/P-P (),
for some p > 2. Then there exists hg > 0 such that for all 0 < h < hq the discrete
problem (Py) has a Slater feasible point upg = Ijuy.

Moreover, the quantities 8, and gy, can be taken independent of h for h small enough.

Remark 3 Different assumptions on the regularity of the Slater point are not rare in
the related literature on control problems with both control and state constraints. See
e.g [26, Assumption 6.2], [10, Remark 3.8] or [27, Assumption 2.1].

Proof Let ug € U,q be the feasible Slater point for problem (IP), and define uyg =
ITpup. With an inverse inequality, usual interpolation error estimates, and estimate
(19) we obtain

llwo — ITpuollLoo(ry
< lluo — Tpuoll Loy + M puo — HpuollLoo(r)
< Ch" VP \lugllwr-1ppy + Ch™ 2 Iyuo — Myuoll L2

= Chl_l/p””o”Wlfl/p,p(r)
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836 M. Mateos, I. Neitzel

+ Ch™ 2 (o — wollp2¢ry + lluo — Myuoll z2r))
< CH P ugll vy + Ch 2 (WY gl ooy ) < CHV2VP,
From this uniform convergence, and the fact that «(x) < ug < B(x) forallx € I,
we deduce the existence of some ig > 0 such that for all 0 < & < ho, a(x;) <

upo(xj) < B(x;) holds forall x; € I'.
Since upg — ug in L2(I"), Lemma 2 allows to deduce that

Hm {lyuy = Yujoll o2y = 0- (20)

On the other hand, using the interior error estimate from [28, Theorem 5.1] we have
that for some open set §£2; such that £2; CC $2, CC £2 the estimate

I Yuno — yn@no) oo (s2))
< C (Noghl|Yupy = InYupolo(25) + 1Yuno — yn@no)ll 12(e2y)

holds. The first addend in this expression converges to zero since yy,,, is harmonic in
£2, and the second one as a consequence of [2, Theorem 5.5]. So we obtain

21_1;1}) ”yuh() - yh(uh0)||L°°(Q|) =0. 21)

From the triangle inequality, (20), and (21), we conclude yj, (r0) — Yu, in L°(£21).
Since a(x) < yu(x) < b(x) forall x € 21, there exists hg > 0 such that a(xj) <
Yr(upo)(x;) < b(x;) holds forall0 < h < hpand all x; € £21. Hence, up is a Slater
point.

The independence of §;, and ¢, with respect to / is clear from the definition of the
Slater point uo and the proven uniform convergences. O

For any u € L*(I') and u € M(£21), we define @r.n(u), @sp(p) € Ypo to be the
unique solutions of

(Vorn(u), Vzp) = (yn () — ya, zn) Yzn € Yo
(Vos,n(), Vzp) = (i, 2n) Yzn € Yo

Let us now introduce the discrete variational normal derivative. For any linear operator
Tn: Yy — R, let ¢ € Ypo be the solution of

(Vzn, Vo) = Ty (zp) Yz € Yho.
Then its discrete variational normal derivative 8,},1 on € Uy is the unique solution of

O on, z)r = (Vzu, Vou) — Th(zn) Vzn € Y}
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The Lagrangian Ly, : L>(I") x M}, x Mj, — R of (P},) is defined by
L (u, sy ) = J@) + (i ya(u) — b + (g, . a — yp(w)).

We have that for any u, v € L%(I") and any u;l", w;, € My, with uj, = ;L;{ — 1y, » the
first derivatives of J;, and L, are given by the expression

Jywyv = (—Bfwr,h(u) + vu, v)r

L (u, s gy ) v = (‘@?(ﬂr,h(u) — 81 n(un) + vu, v)r,

and again the second derivatives are independent of u, ,LLZ, and u,, since the problem
is quadratic and the constraints are linear:

Ty )v® = 3,Ly (u, il 1) v = 1yn @) 720 + VIVIT2 -

Corollary 2 If (IP) has a regular feasible Slater point, then there exists hg > 0 such
that for all 0 < h < hg the discrete problem (Py) has a unique solution up € Ugq p
with related discrete state y, € Kp. Moreover, there exist nonnegative measures
/1;:_, i, € My such that

(Vyn, Vzp) = 0Vzp € Yo, (Yn, va)r = (un, vp)r Yop € Uy (22a)
(Vzn, Vo) = (Yn — ya» zn) + {iAn, 2n) YZn € Yo

(22b)

(n, yn —Yn) <0Vy, € Ky (220)

ity — 8" @n, up — i) = 0 Vuy € Uy p.p (22d)

where iy = i — [, and @p = @pp(iin) + @, n(fn)-

Proof Problem (P,) is a finite dimensional strictly convex optimization problem
whose feasible set is not empty due to Theorem 2, so it has a unique solution
up € Ugg -

The optimality system is immediately obtained from the expression for the first
derivative of the discrete Lagrangian. O

Lemma 6 Under the assumptions of Corollary 2, the discrete Lagrange multipliers
are bounded independently of h.

Proof Consider ujg the sequence of feasible Slater points for problems (P;,) found in
Theorem 2. Since upg — ug in LZ(I’ ), it is a bounded sequence, and the continuity of
the solution operator from LZ(F) to Lz(.Q), together with [2, Theorem 5.5], implies
that yj, (upo) is also bounded in L?(£2). So we may deduce the existence of C > 0
such that

_ 2 _ 2
||uh||L2(r) =< ;-’h(uh) =< ;Jh(uho) <C.
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With the same reasoning made for the discrete states related to the Slater points, we
deduce that the sequence of discrete optimal states ¥, is also bounded in L?(£2).
Since uy is a Slater point for problem (P,), there exists p > 0 such that

a(xj) < ypuno)(x;) — p < yu(uno)(x;) + p < b(x;) Vx; € £2i.

Notice that i, = [L;[ — [, € My, and hence it is a combination of Dirac deltas
centered at the nodes of the mesh. There exist 1; € R forall j such that x; € £2| such
that

n = Ajby,.

Define z, € Y}, as

p ifi;j=0
zp(xj) = 1 —p if A <_O
0 iij ¢.Ql

Clearly, yn0 + zi € Kp, and using (22¢) we have

(ins yn(uno) + zn — yn) < 0.

So we have, using the definition of the discrete normal derivative of ¢s j(ft), the
fact that ¢ ,(tp) € Yio together with the definition of discrete state, the discrete
Euler-Lagrange condition (22d) together with the boundary conditions satisfied by
the discrete states, the definition of discrete normal derivative of ¢ 5 (i), the fact that
¢rp(up) € Ypo together with the definition of discrete state and the already proved
boundedness in L2(I") of the discrete optimal controls and the discrete Slater controls
and in L2(£2) of its related states:

pllinll pezy = £ D 1Al = {fin. zn)
< {ih, Yo — Yn(upo))
= (VGn — yano)). Vosn(iin)) — @ @s.n(itn). 5n — yaWno))r
< (vitp — 3@ (if), ity — uno) r
= (vity, ip — upo)r
+ (YGh = yar0))s Vorn(in)) — Gn — Yar $n — yn(uno))

= (vip, ip —upo)r < C.

Hence the assertion is proven. O

6 Error estimates

To obtain error estimates, we will make the following technical assumption on the
triangulation, which is not difficult to fulfill in practice:
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Assumption (H) There exists some 4 > 0 and an open set £2, j, such that £2; CC
2, CC .Qz’ j CC £2 for some open set £2; with smooth boundary I'; such that for all

O<h<h

2,5 =U{T €T: st xj € 2, Vx; vertex of T} .

Notice that for every T € 7p, either int T € 2, j orint T € [2\[_22’5 and {7}, _j;
induces a quasi-uniform family of triangulations {73 1}, _; on .(2\[_22’ i - We define

7o ={wec@2,p: me PDVT € T
and
l?h,o = Yh N HOI (.Q\S_Zz,‘l) .

We will denote by (-, -) 5\, . the inner product in L2(.Q\S_22’ 7). We will also use the

space Uy, of the traces of the elements of ¥, on I’y j, the boundary of £2, ;.
We can also define a variational discrete normal derivative on I, . Forany e, € Up,

and T}, : Y, » — R linear, let ¢y, € Y, 1 be the unique solution of

(Von, Vi) g\a, . = Tn(za) forall zj, € Yho, ¢n =epon T, ¢ =0 on I

Then it can be shown as in [13] that there exists a unique 82’4);, € Uh such that

(3:@1, Zh)r

2.h

= (Yén. Vang\a,, — Tu(an) Van € V. (23)

We have the following relation between the boundary data on I and the discrete
normal derivative on I j.

Lemma 7 Suppose that Assumption (H) is satisfied, consider ey, € Uy and let ¢y, € Yy,
be the unique solution of

Vo, Vi) gng, . =0V € Yio. dn=enonT, ¢pp =0 on Ty

Then, there exist hg > 0 and C > 0 such that for all 0 < h < hy

h C
19, &n ”LZ(Fz,;;) = W llenllz2cr)

is satisfied.

Proof Take any v, € 0;, and let n;, € ?h be the unique solution of

(Viin, Vzn)g\a,, = 0 Van € Yho. nn =0o0n I, n; = vy on I
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Then, with (23) and using the appropriate inverse inequality (cf. [6, Theorem (4.5.11)],
we obtain

Gt vy, = (Vo Vi s, . < IVenll 2o\, oIV 12208,

= C||€h||H1/2(r)||vh||H1/2(1"2ﬁ)
1 1
< Cm||€h||L2(r)m||Uh||L2(r2_,;)

and the result follows. O

Lemma 8 For any u € W'=V/P-P(I") there exists some hy > 0 and some C > 0
independent of u such that for all 0 < h < hy the following estimate holds

18w @) = 3t @en @l 2y < CH'VP Nullyi-vimpry ¥ < p2. (24)
Suppose further that assumption (H) is satisfied. Then, for any n € M(821), there

exist some hy > 0 and C > 0 independent of u such that for all 0 < h < hy the
following estimate holds

19ns () = s n (Wl 2y < CR' VPl pqgs,) ¥P < a2 (25)
Proof The proof of the estimates for both the regular part and the singular part is

similar. We will write the details for the singular part, since it requires some more
tricks. We will drop the dependence on p in the following lines. First we write

19005 — 0 05,172y = 19005 = Tndusll7 2y + 1005 — 3051172 -
From Lemma 4 and estimate (19) it follows that
10n¢s — Thonsll 2y < CR* Il pq(,) Y5 < min{3/2, 5o — 3/2}.

For the second addend, denote by e, = I1,0,¢5 — 8,}[<ps, » and define ¢y, € Yh as the
unique solution of

(Vén, Va)g\g, . = O0forallzy € Yo, ¢n = epon I, ¢ =0 on I j.
We use the definition of I7;, and the value of ¢, on I to write

lenlGa gy = 11Thdn s = 9 @snll72 vy
= (Mdags = 00, Mndagps = O ) |
= (Ones = s, Thdups — i psn) |

= @ngs. o) — (30 1) - (26)
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Since ¢, = 0 on I, j, the extension of ¢, to §2, ; by 0 is an element of Y;,. With
an abuse of notation we well also refer to this extension as ¢;. Now we can use that
¢n € H'(2) and apply Green’s formula to obtain

Ongs, ¢n)r = —(fn, 1) + (Véu, Vos) = (V. Vo) = (Von, Vo) g\, 1o (27)

where we have used that supp i C 21 C £22 CC £2,; and ¢, = 0in £, j. In the
same way we use that ¢, € Yj, and the definition of the discrete normal derivative to
obtain

@0 1, ) = —(bn, ) + (Y, Vs 1)
= (Von. Vosn) = (Vo Vo) g\g, ;- (28)

Now we use (26)—(28) and insert the zero &=(Vy,, VI,¢) 2\G,; © write
”ehHiZ(r) = (Vén, Vs — Vlhws)g\(zzjl + (Von, VIpnps — V<Ps,h)9\_(22ﬁ- (29)

Let us discuss the second term of (29). For any z, € f’h such that z;, = O on I, using
the definition of discrete normal derivative, we have

Von, Vg, = (3,}1'¢h, Zh)

g

and therefore

(Von, Vipps — Vsos,h)g\_@” = (3,’,105}1, Inps — ‘Ps,h)F

2,h

= (32'% Thos — 905)1_ + (8,':@1, @5 — ws,h)

2,h 1By

From Lemma 5, we know that ¢y is regular in .(23\[_22 for some £23 CC 2 such that
1“2, i C .(23\[_22, so we use interpolation error estimates (see e.g. [15, Theorem 17.2])
and Lemma 7 for the first term. For the second one we also use Lemma 7 and the
uniform estimate for Green functions [28, Theorem 6.1(i)]. This result is proved for
Dirac measures, but the proof is the same (with the obvious changes) for any measure
with compact support. We obtain

(Ve VIngs = Vos g, ; < Chlloghlllenll 2l s
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For the first term in (29)

Vo, Vos = Vi ova, ; = 10nllwir g, plles = Iipslwirna, )
= Cllenllyi-vp.p (ryhlleslwar 2\, ;)
= Cllenll v (ryP el a2y
< cp'/r-! lenll 2cry el aqgzyy
= Chl_l/”IIEhlle(r) el pmecy: (30)

Collecting all the estimates the proof is complete. For the regular part, it is easier,
since we can define ¢, € Y; and we avoid the second term in (29). O

To obtain error estimates, we will follow two different methods of proof for problems
with pure state constraints and problems with additional control constraints. We discuss
the main differences of these methods along with the advantages and disadvantages
of each of them at the end of the paper.

6.1 No control constraints

The main result of this part is the error estimate proved in Theorem 3. A technical
lemma necessary for the proof is provided first.

Lemma9 Suppose that (P) has a regular feasible Slater point,
a,b e Wz'p([Z])for all p < po and a(x) < u(x) < Bx) forall x € I'. Let
u and uy be the solutions of problems (P) and (Py), respectively, and i and iy,
Lagrange multipliers associated to these solutions. Then

(20 sn ) = 3fun Gun) i = i) = CHO71P Vp < pg.

Proof Using the definition of the L?(I") projection, the definition of the discrete
normal derivative, the equalities y,(u) = Iyu, y, = uy on I, the fact that both
©s.n(n), ¢s.n (1) € Ypo and the discrete state equation, we obtain

(s @ = O ) @ —iin) = (9 psn (2 = O g (), it — itp)
= (V (@5 (V) — @o (1)) » V (v @) — 7))
= — fn, yn (@) — yn)
= (th — iy (@) — )
— (@t T — o @) — (& Fn— wn (@)
GRSy @) — 30 — (g v @) — ).
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For the first two addends we use that y = b on suppu™, y = a on suppu™, Ira <
yn < I5b and the estimates for the interpolation error to obtain

(™, v — yn()) —

(m=, yn — yn(i))
< {(a".b—yn@) + (1 +Ihb b) + (=, —a+yn()) + (", a — Ipa)
= (n" b—y> (R .a—3)+(p" ==,y — @)
+ (@t Inb — b)Y+ (i, a — Ia)

= (ji, 5 — wu (@) + (@, Iub — b) + (i, a — Iya)
< 1l gy (15 = @l
+ C* P (lallwz gy + 1BIlwerco) ¥P < Pa-

To finish, we use that y, = b on supp /l;f, y—>b <0, y, = aonsuppj,,and
y —a > 0 to obtain

(s yn (@) — ) — (i, » yn (@) — )
= (@}, yn (@) — b) — (i}, . yn(it) — a)
= (@ yn(@) = 3) + (i ¥ — b) — (i, yn(@) — ) — (1, ¥ — a)
< (in, yn(it) — 3)
< anll ppeap Iy — ya@ Lo (2y)-

All together we arrive at

(@@ n () — 8 @5 n(fin), it — iin) r
< (lellmeen + lrnllam@o) 1y — yr@) Lo 2y
+ Ch* P (lally2p () + 1blw2ro)) VP < Peo.

Thanks to the boundedness of fi; proved in Lemma 6, it only remains to esti-
mate ||y — yn(u)llL~(2,). We use the interior error estimates [28, Theorem 5.1],
interpolation error estimates, finite element error for non-regular problems (cf. [6, The-
orem (12.3.5)], the interior regularity results of Lemmas 1, 2 and the regularity of the
optimal control state of Corollary 1. For any open set £2; such that 21 CC £2, CC $2,
all p < pe and s < min{3, s} we obtain

17 = ya@ ooy < C(Hoghllly — Inlle(2y + 17 — ya @l 2(0,))
< C(1loghlh* /I3 llw2p(ay) + 1~ 5l s-1(2))
< C(|log hlW* P itllyr-1/pp(py + 0 Nl gs-32(py) . (3B1)

Choosing s = 3 — 2/ p (which is smaller than 3 and sg,), the proof is complete. Since
the result is valid for all p < pg, the | log k| term can be neglected. O

@ Springer



844 M. Mateos, I. Neitzel

Theorem 3 Let u and uy, be the solutions of problems (P) and (Py,), respectively,
and suppose that (P) has a regular feasible Slater point, Assumption (H) is satisfied,
a,b e Wz'p(.Ql)for all p < po and a(x) < u(x) < B(x) forall x € I". Then there
exists some ho > 0 and C > 0 such that for all 0 < h < hg

lit — iinll 2y < CR' VP ¥p < po.
Proof Since J is quadratic, we can write
Vi -2 % - -2 FaN s - Ji= Ng= =
Sl = inllpa gy = Ty (ue) @ — i)™ = Jy (@) (@t = ) = Jp (p) @t = i)
= (=3, e, (@) + vil, & — @) — (=3} e () + Vi, it — itn)r
with some ug = uj; + & — uy), 0 < & < 1. Inserting the term =£0,,¢; (1) and taking

into account that in the absence of control constraints first order optimality conditions
read like

Vil — 3p0r(it) — 3y s (1) =0 (32)
vitg — e iin) — 3 g5 n(in) = 0, (33)
we get to
vl = @nll7a < Ongs(R) = 8y @5, (n), it — @)
+ Bnpr (i) — 8"y p (i), it — i)
= (s () — s n (), it — i)
+ @ s 0 (1) — 3@ (i), it — itn)
+ Buepe(@t) — 3 ey (i), it — i) - (34)
The result then follows from (34) and Lemmas 8 and 9. O

6.2 Control constrained case

We provide hence a different proof from the one done for the no-control-constrained
case, where we use a technique similar to that followed by Meyer in [26] or Rosch
and Steinig [27], where we show an order of convergence of O(h3/4=1/@P)y Before
stating and proving the main result of this section, we will collect some auxiliary
results. We begin with the error estimates for the L(I") projections.

Lemma 10 The L2-projection ITy, fulfills the projection error estimates

lu — Myl 2y < Ch VP lullyi-1p ) (35)

as well as
lu — Myl g-12¢0y < CR2 VP ullyiz1m (36)

forallu e W'=VP-P(I'y and all p < +o0.
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Proof Estimate (35) follows from [14, Theorem 2.1] and usual interpolation error
estimates. The proof of estimate (36) is a bit more delicate. It involves a duality
argument that relies on the approximation property (19).

To shorten notation let us define F = {v € HY2(I'): vl g1/2¢ry = 1}. Using the
definition of I7j and of the dual norm we may write

||M — HhI/IHH—l/Z(F) = sup (M — th/l, U)H—I/Z([‘))Hlﬂ(r')

veF
= sup(u — IThu, v)
veF
= sup(u — ITyu, v — I1yv)
veF
< sup llu — Myull2ryllv — Myl 2y
veF
< sup ch" VP |ully1-1p (ryh P00 12y

veF
3/2-1
= ch’/ /p”u”Wl*l/ﬂ,p(p),

and the proof is complete. O

The reader may compare (36) with [26, Eq. (4.2)] or [27, Eq. (3.4)] and wonder why
we have not used the norm of W!=1/7-P(I")* instead of the norm in H~'/2(I"), which
would have lead to an estimate of order #2~2/P. The reason is that we will need the
continuity of the solution operator into L?(£2) in (43), and this is not possible for data
in wi=Vp-p(ry*,

Le us now state properly the meaning of the state equation for datau € H~'/2(I").
We will say that y = Su if

/ yAzdx = (u, anZ)H—'/z(F),H]/Z(F) Vz € Hz(.Q) N H(} (r).
2

Since 7 = 0 on I', 9,z € H'Y2(I") and the definition makes sense (see [11,
Lemma A.2]).

Lemma 11 The control-to-state-mapping Su = vy, is well defined and continuous
from H=V2(I) Y L%(82). For any open set 2’ CC $2, it is also continuous from
HY2(I") to C(£2).

Proof The proof of the first part follows the usual duality argument. To shorten nota-
tion, let us denote F = {f € L2(22): || fll;2() = 1} and forevery f € L*(£2), let
z be the unique element in H>(£2) N H& (£2) such that —Az = f in £2. Then

”y”Lz(.Q) = sup/ yfdx = sup —<M, anZ)Hfl/Z([‘)’Hl/Z(F)
feFJ2 feF

IA

sup [lull g-12(ry 10zl 172y
feF

< sup Cllullg-12cr) 1 f 22y = Cllull g-1721)-
feF
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The interior regularity can be proven using a similar discussion to that of Lemma 3
and a bootstrap argument like in Lemma 5 O

Lemma 12 Suppose that (P) has a regular feasible Slater point and that Assumption
(H) is satisfied. Then the sequence of discrete optimal controls uy of Problem (Py,) is
bounded in the W'=1/P-P(I")-norm independently of h for all p < pg.

Proof For the proof we refer to [13, Theorem 6.2]. This proof is based on the stability
of the L?(I")-projections in W!=1/P-P(I") stated in [14] and can be adapted with the
obvious changes starting with our Lemma 8. O

Remark 4 The reader may have noticed so far that we are using in this subsection
the W!=1/P-P(I")-regularity of the optimal control proved in (17) instead of the
H*~3/2(I")-regularity proved in (18). The reason is that we are not able to prove uni-
form boundness of the discrete optimal controls in H*~3/2(I"). To repeat the sketch of
the proof of [13, Theorem 6.2] for such norm, we would need an exponent s — 3/2 in
(30), instead of 1 — 1/p, which we have not. In this case, we would eventually obtain
an order of convergence of h'=1/P in Theorem 4, instead of h3/4~1/2P) and there
would be no need to write a separate proof in Sect. 6.1 for the no-control-constraints
case.

Lemma 13 Suppose that (P) has a regular feasible Slater point. Let uj, be the optimal
control of (Py,). There exists a sequence u* = u*(h) of controls, uniformly bounded
in W'=YPP(I) for all p < po, that are feasible for (P), and a constant C > 0
independent of h such that

litn — w* (W)l -1y < CH*7VP¥p < pg. 37)

Proof For h > 0 consider upg = I1nuq the discrete Slater point introduced in Theo-
rem 2. For k = «x(h) to be determined define the auxiliary control

u* =iy +«(upo — p).
The boundedness of the sequences u* follows directly from Lemma 12 and the sta-
bility of ITy stated in [14, Theorem 2.3]. Then, clearly the error [|up — u™|| 172y is
determinded by « (/). Notice, for instance,
w* =1 —)up +rupg < (1 —k)B+x(B—381) =B —«d, <8,
where §;, is introduced in Definition 2. Repeating these calculations for the lower

bound results in feasibility of u* with respect to the control constraints. To check
feasibility regarding the state constraints, observe that in £2; we have

Yur = Y (%) + yur — yn (u*)
< (L= i)yn + kynno) + yur — yu (%) lloo2y)-
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Similar to (31), we obtain with [13, Theorem 5.4]

Iy = yn (") o)
= C(| log hlllyus — InyurllLoo(2,) + 1Yur — Y (u*) ||L2(Q))
< C(|1og h|* P |y lwn(yy + B2 VP lyi-1/m )
< C(Iog hl* Pl llyr-1mpry + W22 N lyi-vmn )

< CRF VP 1w lyicimo .- (38)
Taking into account that u* (k) is bounded in W1=1/p.P(I), all the estimates yield

Y =y (") + yur — yi ()
< (L= )b+k(b—ep)+CH*P
<b—«kep+ CH¥?1P,

Noting that for & small enough, ¢, > 0 is independent of & (cf. Theorem 2), we
obtain for k = Ch3/>~1/? /g, feasibility with respect to the upper bound. Analogous
calculations for the lower bound and the definition of k = « (k) yields the assertion
including the required error estimate. O

Lemma 14 Suppose that (P) has a regular feasible Slater point. Let u be the opti-
mal control of (IP). There exists a sequence uj, of controls, uniformly bounded in
WI=/pP(Iy for all p < pg, that are feasible for (P,) and a constant C > 0
independent of h such that

& —ujll 2y < CH'YP Vp < pa, (39)
& = upll 12y < CHYP7VPVp < pg. (40)

Proof The proof is similar to the one of Lemma 13. Define
uy, = Myit + i (upo — Myin),

and note that uyo = IT,uo. The boundedness of the sequence uj, follows again directly
from the stability of 7}, stated in [ 14, Theorem 2.3]. Obviously, for « sufficiently small,
uy € Uy p,p is instantly verified. To discuss the state constraints in the interior of £2,
by means of the projection error estimate from Lemma 10 together with the interior
regularity result in Lemma 11 and estimate (36), and the interior L*°-error estimate
for the state which is obtained as in the proof of the previous lemma, see (38), we
obtain
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yu(uy) = Yur + ya () — yur
= =k)y+ryu + A = ©)yumia—i
+ KV yuo—ue) + YnUp) = Yur
<A =)b+kb—e)+C— )R> VPl yi-1pp
+Cieh®2 VP o | wicmp ry + CH2 P uf w1y
<b—xe+ChPVP, (41)

and thus we may choose k = Ch3/>71/P /g To obtain the estimates (39) and (40), we
use that k < Ch3/2~1/P and (35) and (36), respectively.

luf — il 2y < Wit — il 2y + CRY2 VP upg — Myitl| 2y < CR'YP
as well as

Iy — il g2y < Wit = il -1y + CH2 VP lupg — Myt g-12r)
<R32V,

Lemma 15 There exists C > 0 such that the following estimate holds:

ya, = Fullr2eo)y + s = yu@illzzey < CHPVPNp < po. (42)

Proof The assertion follows from the error estimate for semilinear equations in [13,
Theorem 5.4] and the uniform bounds stated in Lemmas 12 and 14.

|y, — ¥nllr2(2) + ||yu;j - yh(MZ)”LZ(_Q)

=< Ch3/2_l/p (||12h||wlfl/p,p(r) + ||MZ||W171/1J,1>(1*))
S Ch3/2—1/p

O

With the preceding results, we are now in the position to prove our error estimates in
the control-constrained case.

Theorem 4 Let u and uy, be the solutions of problems (P) and (Py,), respectively, and

suppose that (P) has a regular feasible Slater point and Assumption (H) is satisfied.
Then there exists some hg > 0 and C > 0 such that for all 0 < h < hyg

3_ 1
i —unll2ry < Ch* 2 Vp < pe.

Proof We follow closely the technique of proof in [26], Lemma 7 and Theorem 3.
We use the auxiliary controls u* and “Z from Lemmas 13 and 14, that are feasible
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for Problems (IP) and (IPy,), respectively, to test the variational inequalities for () and
(Py). This leads to

0 < it — ¢ u* —i)p =v@,u* —i)r+ (= Y, i)

0 < ity — 8"@n, uf — i) r = viin, u} —iin)r + Gn — ya» ya @ — iin)),

where the Lagrange multiplier terms disappear because of feasibility of u™ and u} with
respect to the state constraints. Then, adding both inequalities and straight forward
computations lead to

0 < —vlit = inll oy + v (G, u* = i) r + G, uf — @) r + Gy — i, uf, — D))
—15n = Fl 7200y + Gn = s Yo} = Yz + yuz — )
+ = Ya, Yur = Yy + Yup =V + Vi, — In + yaup) = yup)-

Rearranging terms and estimating the right-hand-side of the last inequality further, we
arrive at

Vo _ 5 L _ _ 5
5”“ - uh”LZ([‘) + E”y — Yh ”L2(9)
= U||12||H1/2(1“) (||14>k - L_lh”H*l/Z(r) + ||M; - 171”1171/2(1*))
o — @2 A IR = Y P + 13ur — FI12
2 h L2(I) h up WL2(£2) up, L2(£2)
+ 1y = yallz22) (||yu* — Yy llL2(@2) + 1yu; — y”LZ(Q))
15 = a2y (W = Full ey + 1@ = vl 2@
V _ _
= Sl = @Gy + Cllul = gy + 13 = 9@ 170

+ (WlliEll g2y + ClIF = Yallz2 )

(||u* - lzh”H*l/Z(F) + ||MZ - ’Z”Hfl/Z(r))

+ 1Y = yallr2 o) (||)’12h = Ynll 20y + llyn(up) — Yu ||L2(_Q)) ,

where we applied in particular Young’s inequality, the Cauchy—Schwarz inequality,
as well as the estimate

1V = Vli22) = Clluy, — il g-112(r)- (43)

which follows from Lemma 11.
We now use estimates (37), (39), (40) and (42). Collecting all estimates yields the
assertion after taking the square root. O

@ Springer



850 M. Mateos, I. Neitzel

6.3 Comparison between the two methods of proof

Let us end this manuscript with a short comment on the different methods of proof
in Sects. 6.1 and 6.2. If we try to write the proof of Sect. 6.2 for the non-control-
constrained case, and we want to get an order O(h 1-1/ P) as we obtained in Sect. 6.1,
somehow we should use the norm in H*~3/2(I") (s < 3, s < sg) instead of the norm
in W!=1/P-P(I"). Indeed, the optimal control has that regularity, which would improve
the error for the Lz-projection, estimate (36). But to improve the FEM estimates (38),
(41), and (42), using the same technique as in (31), we would need the norm in
Hs—3/ 2(1“) of the discrete optimal controls to be bounded, as we state in Lemma 12
for the norm in W'=1/7-P(I"). To have that bound, we would have to prove stability
of ITj, in H*73/2(I"), (this is not proved in [14] but it can be proven with the same
technique used therein) and an error estimate for the approximation of the adjoint state
analogous to that of Lemma 8. The key point, as we already mentioned in Remark 4,
is that we are not able to improve the order of convergence Oh'=1/PY in (30), so the
subsequent argument in the proof of Theorem 6.2 in [13], which eventually uses an
inverse estimate, would not lead to the desired result.

On the other hand, to adapt the method of Sect. 6.1 to the control constrained case,
we have to use the inequality form of the first order necessary conditions (16) and
(22d) instead of (32) and (33). One idea to compare both inequalities is to use the
interpolate introduced by Casas and Raymond cf. [13, Equation (7.9)] as test function,
but this only leads to an order of @ (h!/2~1/2P)) The main reason for this is that in
the analogous of Lemma 9, we would find the term ||y — yh(u%R)H L (2,)» Where
ufR is the afore-mentioned interpolate, which will be bounded by the finite element
error estimate plus the interpolation error |u — u%RH x in some appropriate norm.
The finite element error is of order O(h3/2~1/P) [in contrast to the unconstrained
case, where it is O(h*>~2/P) due to the higher regularity of the control as shown in
(31)], but the interpolation error |ju — u%RHLz(Q) is of order O(h'=1/P) (cf. [13,
Lemma 7.5]). To obtain a final order of O(h3/4=1/2P)) it would be enough to prove
that |l — M}ClR”H—l/Z(F) < Ch3/>=V/P_but we have not been able to prove such an
estimate. The key difference is that with the technique used in Sect. 6.2 we are able
to use the L2-projection instead of the Casas and Raymond interpolate, and we obtain
an interpolation error in H~'/2(I") of order O(h3/>~1/P) [see Eq. (36)]. Notice also
that we do not need to assume a, b € WP (£21) to obtain the final error estimate in
Theorem 4.

7 Numerical experiments

In contrast to the previous works [13,23], where the authors only assumed L7 (S2)
regularity of the data yp to obtain an error estimate for the optimal control of order
O(hl’l/ ?) in the control-constrained and the unconstrained cases, respectively, we
have also supposed yo € H* 2(£2) to achieve the same O(h!~!/P) error estimate
(or even the worse O (h3/4~1/2P)y error estimate for the control-and-state constrained
case) in the present work. This assumption leads to a higher regularity of the solution
i€ HS3/2(I), cf. Eq. (18), in the four possible cases: (1) unconstrained, (2) control-
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Table 1 Mesh data

j FE triangles dim Y, dim M}, dim Uy,
0 304 163 62 20
1 1216 629 220 40
2 4864 2473 823 80
3 19,546 9809 3174 160
4 77,824 39,073 12,847 320
5 311,296 155,969 49,560 640
6 1,254,184 623,233 197,416 1280

constrained, (3) state-constrained and (4) control-and-state constrained. This higher
regularity, the existing numerical experiments in the literature, and our own numer-
ical experiment presented below seem to indicate that our estimates are not sharp.
Instead, we suppose that the sharp error estimate for regular enough data should be
O (hmintl-s=3/2} for all s < sg.

Consider £2 the interior of the convex hull of the points (—0.5, —0.5), (0.5, —0.5),
(0.5,0), (0,0.5), (—0.5,0.5) and £2; the open ball centered at (—0.1, —0.1) with
radius 0.2. Set 8 = 0.16 and b = 0.15, define y; = 1 and consider the regularization
parameter v = 1. We are going to solve the four problems

(PYmin J(u), (P*)minJ ), (P¥)minJ(w), (P*) min J(u).
usp y=<b y<b
u<p

For this domain w = 37/4,so we have | — 1/po ~ 0.67 and s, — 3/2 ~ 0.83.

We have solved all four problems starting with a mesh of size h satisfying Assump-
tion (H) and obtaining subsequent meshes of size h; = h;_1/2 by regular diadic
refinement. We collect the mesh data in Table 1.

To solve the control constrained problems, we have followed a primal dual active set
strategy as described in [3]. For the state constrained problems, we use a penalization
strategy similar to the one described in [20]. The unconstrained problems arising
in the optimization procedures have been solved using the preconditioned conjugate
gradient method. All the code has been made by the authors using MATLAB R2015a
and has been run on a PC with Windows 7SP1 64bits with 16GB RAM on an Intel(R)
Core(TM) i7 CP 870@2.93Ghz.

We name u’l the approximate solution of problem (P’) in the mesh of size h ;. For
reference and possible double-check, we quote

Jn(ul) = 0.347116, Jy(u2) = 0.353813, Jj,(u3) = 0.355277 Ju(ug) = 0.355292

Since we do not know the analytic solution u’ of problem (P'), we measure the
error and the experimental order of convergence as

i _ i i i _ i i
e]—”l/l]_u]_l”LZ([‘) and(’)j—logzej logzej_l.

We obtain the results summarized in Table 2.
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Table 2 LZ(F ) errors and experimental orders of convergence for all the example problems

Jj e} O‘} e% O? e; O; e‘} O.‘}
1 2.8E-2 — 3.2E-2 — 2.6E-2 — 2.7E-2 —

2 1.5E-2 0.93 1.3E-2 1.32 1.3E-2 1.03 1.3E-2 1.11
3 8.0E-3 0.89 8.9E-3 0.50 6.7E-3 0.94 6.8E-3 0.89
4 4.4E-3 0.87 4.4E-3 1.02 3.6E-3 0.89 3.7E-3 0.89
5 2.4E-3 0.85 2.6E-3 0.75 2.0E-3 0.86 2.0E-3 0.86
6 1.4E-3 0.84 1.4E-3 0.86 1.1E-3 0.84 1.1E-3 0.85

We think it is remarkable that in all cases, the final experimental order of conver-
gence (in boldface in the table) is closer to so — 3/2 =~ 0.83 than to the existing
theoretical predictions 1 — 1/po &~ 0.670or3/4 —1/(2pgo) ~ 0.58.
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Competitividad under project MTM2011-22711.
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