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Abstract We analyze a combined regularization—discretization approach for a class of
linear-quadratic optimal control problems. By choosing the regularization parameter o
with respect to the mesh size 4 of the discretization we approximate the optimal bang—
bang control. Under weaker assumptions on the structure of the switching function we
generalize existing convergence results and prove error estimates of order O (h!'/*+1)
with respect to the controllability index k.
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1 Introduction
We consider the following linear-quadratic control problem:

(0S) min  f(x,u)

(x,u)eX

S.t. x(t) = A(t)x(t) + B(t)u(t) a.e.on|0,T],
x(0) =a,
u(t)ye U a.e.on [0, T],

where the cost functional f is defined by
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fu) :=3x(T)TQx(T) + ¢ x(T)

T
+ / IxOTWOx (@) +xOTSOu(t) +wt) x (@) + () Tu) dr.
0

Here, u(t) € R™ is the control, and x () € R”" is the state of the system at time ¢.
Further Q € R"*", g € R". The functions W: [0, T] — R"*" §: [0, T] — R"*™,
w:[0,T] - R, r:[0,T] > R™, A: [0, T] - R"" and B: [0, T] — R"™™ are
assumed to be Lipschitz continuous. The set U C R™ is defined by upper and lower
bounds, i.e.,

U:=uekR" | b <u<b,)

with b, b, € R™, b; < b,,.

Numerical solution methods for optimal control problems have been investigated
over the last decades. Most of the research has been dealing with shooting and direct
approximation approaches. Discretizations based on Euler’s method or more general
Runge-Kutta methods are well-studied for the case that the optimal control is at least
Lipschitz continuous (see e.g. [2,8-12,23,25,35]). First results on the error analysis
for bang—bang controls can be found in [36]. In [6,7] Euler discretizations for a class
of linear-quadratic control problems with bang—bang solutions have been investigated.
These results have been extended to a stable implicit discretization scheme in [5].

Since regularization leads to problems with smoother solutions a combined regulari-
zation-discretization approach is a good alternative to direct approximation. Therefore
the regularization of the cost functional and constraints of optimal control problems
have been studied over the last years (see e.g. [21,26-28,34]). The dependency of solu-
tions on regularization parameters combined with discretization has been investigated
in [18] for multiplier methods for optimal control problems governed by ODEs, and
in [22] for elliptic problems with state constraints. First results on bang—bang controls
of linear-quadratic problems without mixed state-control-term in the cost functional
have been presented in [4]. The authors proved error estimates of order O(+v/h), if the
regularization parameter & = /% is chosen w.r.t. the mesh size / of the discretization.
But by treating the regularization and discretization separately and combining the error
estimates via the triangle inequality the actual error has been overestimated. This is
a known issue in the analysis of combined regularization—discretization approaches
(see e.g. [18]). In [33] the error estimates from [4] have been improved to order O(h)
by combining proof techniques from [6,7] and [4].

In this paper we will extend these convergence results on the discrete regularization
of linear-quadratic problems with bang—bang controls under weaker assumptions of
order k on the structure of the switching function (see Remarks 2 and 3). In our main
result Theorem 5.1 we prove error estimates of order O ((« + 7)Y/ *+Dy w rt. the mesh
size h of the discretization and the regularization parameter « for the control, state
and adjoint state variables.

The organization of the paper is as follows. In Sect. 1 we give some preliminaries
and known auxiliary results for the linear-quadratic control problem (OS). Moreover
we generalize the second-order condition, which has been an important tool of the
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analysis in [6, Lemma 4.1, Theorem 4.2], under weaker assumptions on the structure
of the switching function to order k + 1. In Sect. 2 we present the regularization
technique and prove estimates for the regularization error of order k. The combined
regularization—discretization approach is introduced in Sect. 3. Section 4 is concerned
with error estimates for the optimal values of the discrete control problems. The
main result is then derived in Sect. 5. We present Holder-type error estimates of
order O(h'/*+D)y for control, state and adjoint state. In Sect. 6 we improve these
error estimates for linear problems. Finally the theoretical findings are illustrated by
a numerical example.

We use the following notation (cf. [4—7]): R”" is the n-dimensional Euclidean space
with the inner product denoted by (x, y) and the norm |x| := (x, x)'/2. For an m x n-
matrix B we use the spectral norm || B|| := sup ;< |Bz|. By L?(0, T; R™) we denote
the Banach space of measurable vector functions u: [0, T] — R" for 1 < p < oo,

with
T 1/p
lull = (/0 Iu(t)lpdt) - oo,

and L*°(0, T; R™) is the Banach space of essentially bounded vector functions
u: [0, T] - R™ with the norm

lulloo := max ess sup |u;(t)].
I=izm yef0,7]

A function u will be said to be of bounded variation if the total variation Vg u of u
on [0, T'] is finite. For 1 < p < oo we denote by Wll7 (0, T'; R™) the Sobolev spaces of
absolutely continuous functions x: [0, T] — R”
Wy(0,T;R") :={x € L? (0.T:R") | € L (0, T: R")}
with
o p wo\1/p

lxl,p == (IxO)” + [1%]5)
forl < p < ooand

lx1l1,00 := max {|x(0)[, [[X[loc} -

We define X = X; x Xp, X| = WJO(O, T;R"), X, := L°°(0, T;R™), and we
denote by

U =wueX)|u@)eUaeon[0,T]}={uecX>|b <u(t) <b,ae.on[0,T]}
the set of admissible controls, and by

F={x,u)eX|uel, x(t) =A@)x@) + B(t)u(t) a.e.on [0, T], x(0) = a}
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734 M. Seydenschwanz

the feasible set of (OS). The linear ODE

() = A()x(t) + B(®u(t) ae.on |0, T],
x(0) =a, (D

will be called system equation of (OS). It is well known, that for the solution x of (1)
it holds
xlloo = ctlal + callull (2

with constants c¢; and ¢ independent of a and u.

Definition 1.1 A pair (x°, u%) € F is called a minimizer for the Problem (OS) if
F(x9 u% < f(x,u) forall (x, u) € F,and a strict minimizer if f(x°, u®) < f(x, u)
forall (x,u) € F, (x,u) # (x°, u0).

In view of convexity of the Problem (OS) we make the following assumption
throughout the paper:

(AC) Let the matrices Q and W (¢), t € [0, T], be symmetric and

T
2T Qz(T) + / 2O TW()z(t) +22(1) TS (1) dr > 0
0

for all (z,v) € F — F, i.e.(z,v) € X with
2(t) = A()z(t) + B(H)v(t) a.e.on[0, T],
z(0) =0,

v(t) e U—-U ae.on[0,T]

The following auxiliary results concerning linear-quadratic problems of type (OS)
are common knowledge and can be found in [6]. The feasible set F is nonempty,
closed, convex and bounded. If (AC) holds, then the cost functional is convex and
continuous on F. Therefore, a minimizer (x*, u®) € W}(0, T; R") x L?(0, T; R™)
of (OS) exists (cf. [13, Chap. II, Proposition 1.2]), and since U/ is bounded we have
@2 u% e x = Wolo(O, T;R") x L*(0, T; R™). Moreover, the cost functional is
Lipschitz continuous on F, i.e. there is a constant L s such that

If(x,u) = fz o)l = Ly (Ix = zlloo + llu—vll) VYx,u),(z,v) € F.

Animmediate consequence of the compactness of U, the Lipschitz continuity of A and
B as well as the solution formula for linear differential equations, is the existence of a
constant L, such that for any admissible control # € U/ and the associated solution x
of the system Eq. (1) we have

Ixl1,00 < Ly, 3)

where the constant L, is independent of x. This estimate shows that the feasible
trajectories are uniformly Lipschitz with Lipschitz modulus L.
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Let (x°, 4% € F be a minimizer of (OS). Then there exists an adjoint variable
20 ¢ Wgo (0, T'; R™) such that the adjoint equation

— 300 = A0 @) + Wo)x’@) + SOu’ ) + w() ae. on[0, T],
A1) = 0x%(T) + 4, )

and the minimum principle
.
[B(t)T/\O(t) + SO Tx00) + r(l)] (u — uo(t)) >0 VueU, ae.on[0,T], (5)

hold. Denoting the switching function by

a%(r) == BO)"A0(1) + S()Tx0(0) + r (o), (6)
it is well-known that for each i € {1, ..., m}, the minimum principle (5) implies
b if?(1) > 0,
ul(t) = { bu,; if o) (1) <0, (7)

undetermined, if o?(t) =0.

Remark 1 Since A satisfies the adjoint equation, the parameter functions A, W, §
and w are Lipschitz continuous, and u is bounded it follows that A is bounded, i.e.
there exists a constant L, , independent of 2.0, such that for any feasible pair (x, u) € F
and the associated solution A of the adjoint equation we have

IAll1,00 < L.

Hence A is uniformly Lipschitz continuous with Lipschitz modulus L; independent
of N, which implies that the switching function o is uniformly Lipschitz continuous,
too. Analogously to (2) for a solution 20 of (4) it holds

122000 < 11200 + 21141 + c3llwllo + calgl 8)

with constants ¢y, ¢, ¢3 and ¢4 independent of (xO, uo), w and q.

In the case of Lipschitz continuous optimal controls the convergence analysis
of discretization methods is usually based on a second-order optimality condition
(see e.g. [10,23]). For bang-bang controls such conditions are available, too (see
e.g. [1,14-17,24,29-31]). In [6] a second-order condition which has been introduced
in [14] turned out to be very useful for the analysis of Euler discretization for linear-
quadratic problems. We will extend the approach used in [6, Sect. 4] and [4] to the
class of problems (OS) with a mixed state-control term in the cost functional. Under
weaker assumptions on the structure of the switching function we derive a condition
of order k + 1, which will play an important role in the analysis of convergence for

@ Springer



736 M. Seydenschwanz

discrete regularization approaches. This condition is closely connected to the con-
trollability index in [19,32] (see Remark 3). We make the following assumption on
bang—bang regularity (cf. [1] resp. [14,15]).

(A1) There exists a solution (O, uo) € F of (OS) such that the set ¥ of zeros of the
components a](.), j =1,..., m, of the switching function o0 defined by (6) is

finiteand 0,7 ¢ X,ie. X ={s1,..., s} withO <s; <--- <55 <T.

Assumption (A1) implies bounded variation of . We denote the set of active indices
for the components of the switching function o” by

I(s)={l<j<m:0)(s) =0}

and formulate the second assumption:
(AZ)]‘ There is a natural number k € N, for which there exist constants o, T > 0,
such that forallt € {1,...,1}, j € Z(s,) and all ¢t € [s, — T, s, + T] it holds

loj (0] = 5 It — 5, F.

We define k € N as the smallest natural number that fulfills this condition.

Remark 2 The Assumption (A2)k is a weaker condition than Assumption (A2) in [4,6]
(since it holds (A2)1 = (A2)). In dependence of the parameter k € N we will derive
generalized convergence results for the discrete regularization approach for problems
of type (OS). Under the Assumptions (A1) and (A2) we will prove Holder-type error
estimates of order (’)(hl/ (k“)) for control, state and adjoint state.

Example 1.2 We introduce a class of linear problems depending on a parameter k € N,
which fulfills the Assumptions (A1) and (A2)K (cf. [7, Example 2.10], [19, Sect. 4]).
In the context of the labeling in [32] these problems have a controllability index k € N.
Withn =k + 1,5 € R¥and X = WL (0, 1; R") x L>®(0, 1; R) we define

B)  min_ xi(])
(x,u)eX
S.t. Xj(t) =sjxjr1(t) +ut) ae.on[0,1], j=1,...,k,
Xi+1(t) = u(t) a.e.on [0, 1],
x(0) =0y,
-1 =<u@® <1 a.e. on [0, 1].

The adjoint equation can be written as

—i() = (0, s1h1 (1), 52220, - .. sphe(®))
A(D =(1,0,...,007.

For j =1,...,k+ 1 we obtain

(— i+t i

2 = l)'Hsl (t -1/~
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and the corresponding switching function

k+1

a'(t) = ZA(}(t).
j=1

In order to guarantee that for k € N the Assumption (AZ)k is fulfilled, we choose the
parameter s such that the switching function o has a zero of order k at + = 0.5, which
means that 0 (0.5) = 0 and all derivatives up to order k — 1 vanish at ¢+ = 0.5, too.
These requirements can be written as
: i—1

(— 1)k+j -t J

=0, £=0,...,k—1
(k—1— )12k 11 Uls

k

j=1

and are fulfilled if we choose s; := —2(k — j + 1) for j = 1,..., k. The resulting
switching function is

oty = 2Kt — 0.5)%.

Therefore the solution of (B); fulfills the Assumptions (A1) and (A2)k with k € N.
With the help of (7) we can characterize the optimal control. For odd k& it holds

1 <t .
W) = , 0<tr<0.5,
-1, 05<r<1.

If k is even, the optimal control is a constant function u%(r) = —1. Because of the
weakened Assumption (A2)k this example shows, that the error estimates we will
derive in Sects. 5 and 6 hold true for an extended class of control problems in com-
parison to the results in [4].

The following result is a generalization of [6, Lemma 4.1] (cf. [14, Lemma 3.3]):

Lemma 1.3 Let (x°, u®) be a minimizer for Problem (OS) that fulfills the Assump-
tions (Al) and (A2)_k, and let the switching function o be defined by (6). Then there
are constants B, y,§ > 0 such that for any admissible control u € U,

T
| ot (o~ o) ar = p - 015
0
i llu —ullly <2y, and
T
|t (o~ ) ar = g~ 0l
0
il — Ol > 275
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738 M. Seydenschwanz

Proof For 0 < § < T we define

16):= | [s,— 8.5 +5].

1<i<i
Let j € {1, ..., m} be arbitrary and
Li={n.....g} with0O <1y < <7, < T

the set of zeros of oj. Moreover we define

L@ = {J [m-8n+8 and [.(8):=[0,T]\ I ().

Since o is Lipschitz continuous, there exist constants o ypin With

Ojmin := min |aj(t)| > 0.
’ tel ()

We choose 0 < § < T, such that

sk& < min 0; min-
I<j=<m

From the Assumption (A2)* we obtain forall 0 < § < § and jefl,...,m}
loj(] = 8% Yt el0, TI\ (). 9)

Let u € U be arbitrary. From the minimum principle (5) we know that the signs
of oj(t) and u;(t) — u(}(t) coincide a.e. on [0, T]. It follows from (9), that

T
7 =/ 0T (u(t) - uo(t)) dr > / ()T (u(t) - uO(t)) dr
0

[0.TI\I ()

m m
D ol uj @) —u§n)]dr = 85 / Juj (1) = u§ ()] dr.
0.7\ () /! I=lo. T8
(10)
Furthermore, for 1 < j < m it holds
luj(6) —u§ O] < buj—bij Viel0,T],

an with

y i=20m max (bu,j—b1.j)
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we get

m
Z/ juj (1) = u§ )] dr < ys.
oo

Together with (10) this implies
J > sk (||u — W0, — )/8) .

Now we choose § := min {S 2l||u — u0||1} If § = §,i.e.itholds ||lu —u®|; > 2y5,

we obtain _
ska
1>7I|u—u ll1- (1)

Ifs = %Hu —u|1, i.e. it holds |u — u®||; < 2y8, we have

J> %fﬁnu — WOk, (12)
With
. 5k& o
p :mm[ > 2k+1yk]
the assertion follows directly from (11) and (12). O

This Lemma implies a minorant of order k 4 1 for the optimal values of (OS) in a
sufficiently small L'-neighborhood and a linear minorant outside this neighborhood.
Moreover it directly implies the following generalization of [6, Theorem 4.2]:

Theorem 1.4 Let (x°, u®) be a minimizer for Problem (OS) that fulfills the Assump-
tions (A1) and (A2)X. Then there are constants B.y,8 > 0 such that for any feasible
pair (x,u) € F,

[, u) — f(x u ) > B llu — ul )i+t
if llu —u®lly < 2y3, and

J e, u) — f(x uo) > B llu—u®|y
if lu —u®ly > 2y8.
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740 M. Seydenschwanz

Proof Let (x°, u®) be a solution of (OS) that fulfills the Assumptions (A1) and (A2)*,
with corresponding adjoint variable A°. Further let (x,u) € F be arbitrary. We
define z := x — x°, v := u — u° and obtain

Fow = (2, u) = )T 0T + 521 02(T) +4T2(T)
T
+/ %Z(I)TW(I)Z(I) + Z(t)TS(t)v(t) dr
0
T T
+/ [W(t)xo(t) + SOu’ @) + w(t)] 2(1) dr
0
T
+/ [S(t)TxO(t) + r(t)]T v(r)dr.
0
With Assumption (AC) it follows
fow = f (3% 0°) = 2T Qx(T) +¢T2(D)
T T
+/ [W(t)xo(t) + Su’ (1) + w(t)] z(t) dt
0
T
+/ [S(t)TxO(t) + r(t)]T v(t) dt. (13)
0

Using partial integration we can deduce from the terminal condition of the adjoint
Eq. (4)

(T QT + ¢"=(T) = 2%(T)T=(T)

T T
= / ;)"0 dr + / 2701 dr.
0 0

Since z solves the system Eq. (1) of (OS) withu = v and 10 solves the adjoint Eq. (4)
with (x, ) = (x2, u%) we obtain

()T QUT) +4"2(T) = /0 T[A(t)z(t) + Bnwn]T 20(r) dt
— /0 Tz(t)T [A(t)TAO(t) + WD) + SOul(1) + u)(t)] dr.
Plugging this into (13) leads together with (6) to
feu) — f (xo, uo) > /OT[B(t)TAO(I) +8(0) () +r(t)]T v(r) dt

T
=/ ') () dr,
0
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and the assertion follows directly from Lemma 1.3. O

Remark 3 The results of order k 4 1 from Lemma 1.3 and Theorem 1.4 are strongly
connected to the findings in [19] and [32]. In [32] the authors derived stability results for
Mayer-type problems with the help of metric regularity and smoothness assumptions
on the problem parameters. The structure of the switching function is characterized
with the help of the “controllability index”. In the case of control constraints defined
by constant upper and lower bounds

u)yeU={ueR"|by <u<b,} ae onl0,T]

the controllability index depends on the derivatives up to order k — 1 of the switching
function (cf. [32, Remark 1]).

Using the stability results from [32] it was shown in [19] that the direct Euler
discretization for Mayer-type problems converges with order O(h'/¥) w.r.t. the con-
trollability index k and the mesh size #. Under the Assumptions (A1) and (A2)k we
will show convergence of order O(h'/**D) for a discrete regularization approach
applied to linear-quadratic problems of type (OS) with bang—bang controls. Moreover
we will improve these Holder-type error estimates for linear problems to order O (h!/¥)
without making further assumptions on the smoothness of the problem parameters.

2 Regularization

By adding the regularization term 5 |lu ||% to the cost functional of our initial prob-

lem (OS) = (0S)° we obtain the following class of linear-quadratic control problems
with o > 0:

(0S)* min fYx, u)

(x,u)eX

S.t. x(t) = A(t)x() + B(t)u(t) a.e.onl0,T],
x(0) = a,
u(t) eU a.e.on [0, T].

Hereby, the cost functional is defined as

o 1 T T oo
£ ) = (DT QT +gTx(T) + 5 3
T
41/ guoTWana)+xaﬂSoma>+woﬂk0)+r0ﬂuaxh
0

o
=ﬂLW+EM@

The feasible set of (0S)% is F. If we choose o > 0, the cost functional f* is
strictly convex, and therefore the problem (OS)* has got a uniquely defined Lipschitz
continuous solution (x%, u®) (cf. [9, Lemma 4]) and a corresponding adjoint state 1% €

@ Springer



742 M. Seydenschwanz

X1 such that the adjoint equation

—3) = A@)TAY () + W)X (1) + SOu® () + w(t),
AT = 0x*(T) +¢q

and the minimum principle

.
(@) + BOT2 0 + SO0 + 1) (1= u"®) 20 YueU, (14
hold a.e. on [0, T]. For ¢t € [0, T] the switching function o of (OS)“ is defined by
o (t) == au®(t) + B TA% (@) + S@) T x¥ (1) + r (1)

From (14) it follows that for ¢ > 0 the optimal control u® is

1
U (1) = Pry b, [ (B(t)Tx“(t) + 85O Tx(0) + r(t)):| . (15)

T
We will show that for « — 0 the solution (x¢, u®) of (OS)* converges to (x9, u%).
The order of convergence depends on the structure of the switching function of the
initial problem (OS).

Theorem 2.1 Let (x°, u®) be a solution of (OS) that fulfills the Assumptions (A1)
and (A2)*. Then the uniquely determined solution (x®, u®) of (0S)* can be estimated
by

o

1 1
u® —u®lly < eyt and [x* —x%)loo < crak.

For the corresponding adjoint variable it holds
|
12 = 2%l < ot

The constants cy, ¢y and c;, are independent of the regularization parameter «.

Proof For the solution (x*, u®) of (OS)“ it holds
o o w2 o (o o o 0 0 0o 0 @02
F ) + S = () < (60 u0) = f (x) + 013

and therefore

£ ) = (20) = 5 (103 = 113) (16)
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Since U is bounded we obtain

T
0,2 2 0 2 2
lu ||2—||u“||2=/ OO = (1) 2 de
0

= [ (1wt + o) (1o - @) a

T
0
T
< / (1)1 + 14 @)1) 160@) = u0)] de
0

0 0
< (1o + N lloe) 1u® = I

< erllu’ —u;

with a constant ¢; independent of «. With (16) it follows

f (x“,u“) - f (xo, uo) < %a”uo —u®.
From Theorem 1.4 we know that there are constants 3, y, § > 0 with

F o u) = 7 (2000) = Bl =,
if lu® — u®||; <2y8 and

f o u) = f (0a%) = Bl =,
if |u® — u®||; > 2y8. With (17) we can deduce
Sralu® —ulh = Bl — Y+,
if lu® — u®||; <2y8 and

Cl 0 0
30t||u —u®lly = Bllu® —u’,

if |u® — u®||; > 2y5. Together with
Ia® = ull = 7 (oo + 1610 )

we obtain

if lu® — u®||; <2y8 and

aT

26

(1w + Nl ) & = 1 = ul1,

17)

(18)
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if |u® — u®||; > 2y38. In both cases it follows for sufficiently small o
lu® — u®|k < 2y5.

From (18) we obtain the desired estimate for the control
lu = u®lly < oot

with a constant ¢, independent of «. Since z := x® — x? solves

2(t) = A(Dz(1) + B() (ua(t) - uo(t)) ae. on [0, T],
2(0)=0

we get from (2)

0 - 0 1
X% = x7lloo = llzlloo < Cillu® —u’lly < cxak

with a constant ¢, independent of . Moreover 1 := A% — A0 solves
(1) = AT+ W (@) (xo‘(t)—xo(t))—i-S(t) (u“(t) - uo(t)) ae. on [0, T],
() = 0 (x*(1) = x°(1)).
From (8) we can deduce the estimate
1% = 200 = ltlloo < E112® = 200 + E2llu® — 1y < crert

with a constant ¢, independent of «. O

Now we illustrate the theoretical findings of Theorem 2.1 with the help of Prob-
lem (B); from Example 1.2.

Example 2.2 The L*-regularization of (B); leads to:

(B)} min - xi(1) + §ul3
(x,u)eX
s.t. Xj(t) =sjxj11(t) +u(t) ae.on[0,1], j=1,...,k,
Xi+1() = u(t) a.e.on [0, 1],
x(0) = 0y,
—1<u(t)<l1 a.e.on [0, 1].

We have already seen that with s; = —2(k — j + 1) for j = 1, ..., k the switching
function of (B)g is given by

o) = 2Kt — 0.5)% ae.on |0, 1].
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Using the projection formula (15) the optimal control u® of the regularized prob-
lem (B)g with @ > 0 can be written as

o 1 0
u“(t) =Pr—1,1y|——0 ()| ae.onl0,]1].
o
We define

1 1
1/k d == - /K
o an ) > + Za s

| =
| =

1 =

and for sufficiently small o, we obtain [¢1,#] C [0, 1]. From the projection for-
mula (15) it follows for odd k € N

1, 0<r=m,
u()=1-2(—055 1 <t<n,
and foreven k € N
-1, 0<t=<n,
W) =1 =21 —055 1 <i<n,
-1, Hh<t<l.

From this we can conclude, that for arbitrary k € N and sufficiently small « > 0 the
optimal control ul of (B)g and the optimal control u® of (B)i‘ coincideon [0, 1]\[#1, f2].
Since it holds

1 1
1 zak ok 1
u® —u®|; =2 —at —/ Zkar ) =(1- a%,
2 0 o k+1

this example illustrates the theoretical results of Theorem 2.1.

3 The regularization—discretization approach

We choose a natural number N and define the mesh size h := T /N. The space X»
of controls is approximated by functions in the subspace X2 y C X7 of piecewise
constant functions represented by their values up ; := u(#;) at the grid points #; =
ih,i = 0,1,..., N — 1. Further, we approximate state and adjoint state variables
by functions in the subspace X y C X; of continuous, piecewise linear functions
represented by their values xj; := x(t;), Ap; = A(t;) at the grid points #;, i =
0,1,...,N. We define Uy := U N Xy y and Xy := X1,y X Uy. In order to get a
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discrete system equation we use Euler’s method:

Xnit1 = Xni +h[A@)xn; + Btupi|, i=0,1,....,N—1,
Xp,0 = a. (19)

Discretizing the cost functional of (OS) with respect to the discretization method for
the system equation and adding a discrete regularization term leads to the following
class of discrete control problems depending on the regularization parameter o:

09y <xh,Iﬁi>léxN SN Cens up)
s.t. Xhitl = Xni +h[AG)xpi + Btupi], i=0,1,....,N—1,
Xpo0 =4a,
upi €U, i=0,1,....,N—1.

where the cost functional fy is defined by

N—1
1 o 1
e, u) :=§xI,QxN +q"xn+h z 5 u;rui + EX,TW(G)XI' + x,TS(ti)ui
i=0
N—1
+h Z w(t) T xi + () Tu;.
i=0

The feasible set of (OS); is independent of the regularization parameter . We denote
it by Fn. Analogously to (2) it holds for the solution xj, of (19)

Xk lloo < ctlal + callunlly (20)

with constants ¢1 and ¢, independent of a and uy.

Remark 4 Since we added the regularization term £ Z,N= 61 3 u;ru i to the cost func-

tional, the problem (OS); fulfills a common sufficient condition for the convergence
of finite-dimensional optimization methods. Therefore the combined regularization—
discretization approach is numerically more stable and has advantages over direct
approximation methods as presented for example in [6].

The following auxiliary results are similar to the ones concerning Euler discretiza-
tion (cf. [6]).

Definition 3.1 A pair (x}/, uj) € Fy is called a minimizer for Problem (OS)%; if
frGg up) < fxGen, up) for all (xp, up) € Fy, and a strict minimizer for Prob-
lem (OS)Y, if fy(xp, uy) < fx(xn, up) forall (xp, up) € Fn, (xp, up) # (xp, uyy).

Again, since U is compact there exists a constant L, independent of N such that for
any admissible control u;, € U and the associated solution x, € X y of the discrete
system Eq. (19) we have

|Xp(t)| < Ly ae.onl0,T],
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which shows that the discrete feasible trajectories are uniformly Lipschitz with Lip-
schitz modulus Ly independent of N, where w.l.o.g. L, is the same constant as in (3).

Compactness of U further implies that Problem (OS)% has a solution (x}’, u}) €
Xy, and for any solution there exists a continuous, piecewise linear multiplier A} €

X1 nsuchthat fori =0,..., N — 1 the discrete adjoint equation
hoitl — Mhi
- ’*T = AW TAL oy + WEx, + Sl ; +w(t),
My = Oxjy + 4., 1)

and the discrete minimum principle

.
[a W+ BT + S X + r(t[)] (—u)>0 YuelU (22)

are satisfied (cf. [6]). By o;7: [0,zy—1] — R™ we denote the discrete switching
function, which is the continuous and piecewise linear function defined by the values

o) = auf ; + BU) A o+ SE) X +r(t), i=0,...,N— 1L
If « =0, from (22) we obtainfor j = 1,...,m,i =0,...,N — 1,

b ;, ifo,g{j(ti) >0,
uf) (1) = { buj» ifo)) (1) <0,
undetermined, if 0}? j(t,~) =0.

Otherwise if « > 0, the following projection formula holds

1 .
W, = Prip [_E (B T2 i+ S@) g, + r(ti)):| L i=0.....N—1.

(23)
Analogously to (8), for the solution A7 of (21) we have

A% loo < ctllxy lloo + c2lluy It + c3llwlloo + c4lq] (24)
with constants c¢1, ¢z, ¢3 and ¢4 independent of (x;,u}), w and g. For the

following proofs of convergence results we need some auxiliary results (cf. [6,
Lemma 3.1,Lemma 3.2], [33, Satz 3.2.1, Lemma 3.2.2, Satz 3.2.3]):

Lemma 3.2 Let (x, u) € F be arbitrary with u having bounded variation, and let i €
Un be the piecewise constant approximation of u in the grid points. Then there exists
a uniquely defined X € X1 y, such that (X, 1) € Fy, and it holds

I —dlly < hVIu and ||x — #lloo < c1hVEi < (cz +C3vgu) h,
where c1, ¢y and c3 are constants independent of (x, u) and N.
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Lemma 3.3 Let (xp, up) € Fn. Then there exists a unique state x € X1, such that
(x,up) € Fand

llx — xnlloo < ch,

with a constant c independent of (xj,, up) and N.

Lemma 3.4 Let (x,u) € F be arbitrary with u having bounded variation, and let A
be the corresponding adjoint variable. Moreover let i € Uy be the piecewise constant
approximation of u in the grid points, X € X y the solution of the discrete system
Eq. (19) with u = 0 and A e X1~ the solution of the discrete adjoint Eq. (21)
with (x, u) = (J?, 12) Then it holds

12 = Moo < c1h+ c2hViu

with constants c1 and c; independent of (x, u) and N.

Remark 5 In order to derive convergence results we introduce the following notations.

Let 1% € Uy be the piecewise constant approximation of «° in the grid points and £° €

X1 n the uniquely defined solution of the discrete system Eq. (19) with u = .

Moreover let 20 € X 1N Tesp. zj; € X1,y be the uniquely defined solutions of the
system Eq. (1) with u = 2 resp. u = uj;. For arbitrary & > 0 it holds

(:%.u0) e 7, (20.00) e 7o (cfouf) e 7o (xfuf) € Fu (2.0°) € F.
(25)
4 Convergence of optimal values

To show convergence of the optimal values we have to prove the following auxiliary
result:

Lemma 4.1 For (xp, uy) € Fy it holds
| fny un) — [ G, up)| < E1th + e

with constants ¢1 and ¢, independent of (xj, up), @ and N.

Proof 1Tt follows from the Lipschitz continuity of x5, W, S, w and r, that for (xj, up) €
JFy it holds (cf. [6, Lemma 3.3])

[ Consn) = S Cen, )| = @ 6)

with a constant ¢; independent of (xj, up), @ and N. Since U is bounded, we obtain

N—1 o
-
h % E“h,iuh,i
1=

< —uplPoa = &0, (27)

N

I G, up) — fﬁ(xh,uh)‘ -
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with a constant ¢, independent of (xj, up), « and N. With the help of the triangle
inequality we obtain the assertion from (26) and (27). O

Now we are ready to formulate the following theorem:

Theorem 4.2 Let (x°, u®) € F be a solution of (0OS), with u® having bounded vari-
ation. Then, for every solution (xj/, uy) € Fy of (OS)Y; it holds

‘f (x(), uo) — (e, u;;)( <&h+ 6
with constants ¢| and ¢ independent of (xj, u3,), o and N.
Proof Since (x}, u},) is a solution of (OS)}; we obtain with (25)
0<fx ()?0, ﬁo) —fy (xf,‘, uz) < fx ()?0, ﬁo) - f (xo, uo) +f (xo, uo)
—fv (i 1)
Therefore it holds
i (xfl‘, uf‘,) - f (xo, uo) < fx ()?0, ﬁo) - f (xo, uo)
= gy (£000) = 7 (£00) 7 (50.) = 7 (=0 00).
With Lemmas 3.2, 4.1 and the Lipschitz continuity of f we obtain

i (x,‘f, u‘;l‘) - f (xo, uo) <cih + (28)

with constants ¢y and ¢, independent of (x;, u}’), « and N. Since (x9, u%) solves (OS)
it holds

0< f u)—f (xo, uO) = FE ) — F( ul) A+ f (x ul) — f (xo, uo)
and therefore
£ (¥ ) = £ () = £ ) — 5 (af u)
< P ) — F () (o) — £ ()
With Lemmas 3.3, 4.1 and the Lipschitz continuity of f we obtain
f (xo, uo) — [ (x¥, uf) < csh + caa

with constants c¢3 and ¢4 independent of (xg, u‘;l‘), o and N. Together with (28) this
leads to the desired assertion. m|
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5 Holder-type error estimates

With the help of Theorem 4.2 we can now prove the following convergence result for
the discrete regularization:

Theorem 5.1 Let (x°, u®) € F beasolution of (OS) that fulfills the Assumptions (A1)
and (A2)*. Then, for sufficiently small h every solution (xj, u3) € Fn of (OS)}; can
be estimated by

1 1
luy = u’lly < culh+ )BT and |xjf = 2°lloo < cx(h + ).
For the corresponding adjoint variables we get
1
125 = 20 < cx(h + ).

The constants cy, cx and c;, are independent of (xy, u3), o and N.

Proof From Theorem 1.4 we know that there exist constants 3, y, § > 0, such that
with (25) we have

feguy = £ (20u%) = Bl — a1, 29)
if lu¥ —u; <2y and
Feuy = £ (20 u%) = Bllug =, (30)

if fJluj — u®||l; = 2y5. With Lemmas 3.3, 4.1, Theorem 4.2 and the Lipschitz continuity
of f we further obtain

Py — £ (00) = ) = F (ol )|+ 17 () = 75 )
135 (o) = f (+°,u0)|

<ciLyllzy — xp oo + c2h + c3

<ch+a)

+

with a constant ¢ independent of (x;, u), @ and N. Together with (29) and (30) it
follows

k+1

1
luf — u®lly < max [Eﬂ_l(h +a), (Eﬂ‘l(h + a)) ] )

For sufficiently small /2 and « it holds |luj — u®||l; < 2y34, and from (29) we obtain
lug =l < cuh + )BT (31)
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with a constant ¢, independent of (x}', u}), & and N. From Assumption (A1) we know
that u° has bounded variation, and together with (20), (31) and Lemma 3.2 it follows
for the state variables

0 ~0 ~0 0
I — x%lloo = llxf — 20+ 2% — x0l0o
~0 ~0 0
< xf = 200 + 12° = %00
< calluf — %y + cah
a 0 0 ~0
<ocslluy, —u” +u’ — ||y +cah
1
< c;(h + o)1 32)

with a constant c; independent of (x;, u}’) and N. For the corresponding adjoint states
we obtain from (24), (31), (32), Lemmas 3.2 and 3.4

125 = 2o = 125 =A%+ 2% = 2%l00
< I = Ao + 1A% = 2010
< esllxy — 20lloo + collufy — @l + crh
1

<ca(h+a)t

with a constant ¢;, independent of (x}’, u}) and N. O
By choosing the regularization parameter o with respect to the mesh size & of the

discretization as « := cyh with a constant ¢, > 0 independent of N, it follows directly
from Theorem 5.1:
Corollary 5.2 Let (x°, u®) € F be a solution (OS) that fulfills the Assumptions (A1)
and (A2)k. Moreover we choose a := cqh with a constant ¢, > 0 independent of N.

Then, for sufficiently small h every solution (x), uy) € Fy of (OS)} can be estimated
by

1 1
luy —ully < cuh™T and |lxfy — x°lloc < cxh ™.
For the corresponding adjoint variables we get
o 0 1
A — 270 < cARHT.

The constants cy, cx and c;, are independent of (xj/, u},) and N.

Remark 6 For o = 0, Corollary 5.2 directly gives Holder-type error estimates for the
direct Euler discretization of (OS), under the Assumptions (A1) and (A2)¥. Therefore
the results of this paper extend the findings of [7] and [6], too. Equivalent convergence
results for an implicit discretization scheme can be found in [33].
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6 Improved error estimates for linear problems

The error estimates of Theorem 5.1 and Corollary 5.2 can be improved for the following
class of linear problems:

OL)*  min fu)=q x(T) + %llul3

S.t. x(t) = A(t)x(t) + B(t)u(t) a.e.onl0,T],
x(0) =a,
u(t) e U a.e.on [0, T1.

For arbitrary o > 0 the adjoint equation of (OL)“

—3%(t) = A@t)TA%(t) ae.on]0, T],
A¥(T)=gq

isindependent of (x, u) and . Therefore it can be solved directly, and it holds A0 =,
For t € [0, T] the corresponding switching function is defined by

a®(1) := B(1) ' A%(t) + au®(1) = B(1)T20(t) + au (1) = o°(t) + au®(1).
The discrete adjoint equation for the finite-dimensional Problem (OL)%, is given by

AL X
’”%_A(z,)%hl“, i=0,....N—1

/\EZ,N =4q.
Again, it holds AO = A%. The corresponding discrete switching function 0} € X n

is a continuous, piecewise linear function o}’ : [0, ty_1] — R™, which is uniquely
defined by

o . ATha a _ 0 o -
oy = B(t;) )‘h,i+1 touy; =0y Fouy, 0= 0,...,.N—1.

From (23) we know for « > 0, that we can characterize the optimal control u}
of (OL)%; by

1 .
Ul ; = Prip,.p,1 [—;a;?,i] i=0,...,N—1. (33)

Since for our linear problems (OL) resp. (OL)%, the corresponding adjoint variables 20

resp. A9to 0, u% resp. (%9, 49 (comp. (25)) are independent of (x, u) and «. There-
fore it holds A% = A% and 1§ = 29, From Lemma 3.4 we obtain

128 = 2%0l0e = 1A% = A0 < cih (34)
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with a constant ¢;, independent of (x}’, u}), @ and N. For arbitrary i =0, ..., N —1
it further holds

o) (1) — o(1;)

= |B@&) M) — B A ()

< 1Bl [1 1) = %)

1Bl [45, 1) = 1)
< 1Blloollth = 2lloc + | Blloo Ly

= 1BllsoliAy = A%lloc + IBllsoL;0h

<ch

with a constant ¢ independent of (xj, u};), o and N. With the Lipschitz continuity
of 0¥ and 0;? it follows fori =0,..., N —2and r € [t;, ti+1)

op(0) = ()] = |0 0) = o 1) + o)1) — (1) + 0°(1) — (1)

< |00 — 0% | + |of ) — o) | + ") — (1)
< ch+ (Lyp+ Loo)
< coh (35)

with a constant ¢, independent of (x’, u}), @ and N. From (34) and (35) we obtain

12 =200 <cih and  max oL (t) — o’(t)] < coh (36)
tel0,ty-1]

with constants ¢, and ¢, independent of (x;, uj), « and N. Using (36) we are now
able to prove the following improved error estimates:

Theorem 6.1 Let (x°, u®) € F be asolution of (OL) that fulfills the Assumptions (A1)
and (A2)*. Then, for sufficiently small h and « every solution (x5, uy) € Fy of (OL)},
can be estimated by

! |
llujy — W0l < culh + o)k and llxj; — X% o0 < cx(h + a)F.

For the corresponding adjoint variable it holds

A8 = 2llos < cah.

_ 1
Moreover uj and u coincide, except on a set M of measure u(M) < k(h+«a)*. The
constants ¢y, cx, ¢, and i are independent of (x;, uj), o« and N.

Proof Let

X ::{rl,...,nj} with0<r1<--~<t1j <T
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be the set of zeros of ojo. Moreover we define

1_(6) := U [t. =68, 7,+68] and 1,.(5):=[0,TI\U-()VU[ty-1,T]).

Since the switching function o is Lipschitz continuous it follows from the Assump-
tions (A1) and (A2)*

0 . 0
o; . = min |o;(t)| > 0.
j,min tely(7) | j ( )|
From (36) we obtain
lop (O] = [00(0)] = coh = 00 iy — coh Vi € I (7).

For sufficiently small 4 this implies

o) = min |00 (1) > 100 >0
h,j,min = tely (7) h,j ) Jj,min .
For arbitrary ¢ € 1, ..., [; we obtain from (A2)* and (36) fort € [t, — 7, 7, + T]

0 0 — k
o2 ;0] = 0%)] = cah = 51t — 7 = coh

and therefore

L h o X h
Z_|Gj(t)|_ca_2_|t_ft| —Co—-
o o o (07

1 0
We define

yj ==max {—byj, by}

and

1

1
dj(h,a) = (g (coh + J/jOé))

It holds )(lxo,?j(t)’ > y; and therefore qu = u(])., if [t — 7| > dj(h,a). Now we
choose theindexi € {0, ..., N—1},suchthatt, € [t;, t;41). Let £ € Nbe the smallest
number for which it holds

¢>dj(h,a)h™".
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Then we obtain

tiver1 — T > tiver1 — tiy1 =Lh > dj(h, a)

and

T —ticg>ti—ticg=Lth>djh, a)
and

dj(h,a)h™' <€ <dj(h,a)h™' 4 1.
By setting

¢fi=i+0+1 and £ :=i—¢
we get for sufficiently small &
L — - = 2+ Dh < (Zdj(h,oz)h_l n 3) h < kdj(h, )

with a constant « independent of (x}’, u}), @ and N. For sufficiently small / and o it
follows directly

[ty tpr] Clu -7, 0+ 7).

By defining
L= | 1) Ultn-1, 71
=1,..., lj
we obtain .
‘—a,?j(z) >y, Vielo, TI\Ij . (37)
o
Now we set

1

1 3
y = 11511Ja<xm vj, dh,a):= (g (coh + ya)) and M = U I _.

j=1,.., m

From (37), together with the projection formula (33) and the estimate (36), we can
deduce that x° and ujy coincide on [0, ]\ M. The measure (M) can be estimated
by

m m
W) < D" Ldj @) <k > Ld(h,@) < B(h+a)F (38)
j=1 j=l1
with a constant i independent of (x}/, u}), & and N. In order to estimate [u}; — uOll

we define p := 1m‘ax (by,j — by, j) and it holds
<j=m
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T
g — uO]) =/0 (1) — ()]
= / |u (t) — u®(r)| dr
M
< pu(M) < pic(h + @)t = cu(h + a)t (39)

with a constant ¢, independent of (xfl‘, uZ), o and N. For the state variables we obtain
analogously to the proof of Theorem 5.1 from (39)

¢ — x0loo < co(h + a)F (40)

with a constant ¢, independent of (xj, u7), « and N. We get the desired assertion
from the estimates (36), (38), (39) and (40). O

Again, by coupling @ with 4 we obtain the following convergence result directly
from Theorem 6.1:

Corollary 6.2 Let (x°,u®) € F be a solution of (OL) that fulfills the Assump-
tions (Al) and (A2)k. Moreover we choose o = cyh, with a constant ¢, > 0 inde-

pendent of N. Then, for sufficiently small h, every solution (xj/, uj) € Fn of (OL)},
can be estimated by

1 1
luf —u®lly < cuh® and |xf — x|l < cxhF.
For the corresponding adjoint variable it holds

18 — 2000 < cahr.

-, 1
Moreover uj, and u® coincide, except on a set M of measure (M) < ikh%. The
constants ¢y, cx, ¢ and k are independent of (x}, uj}) and N.

Remark 7 Similar results as in Corollary 6.2 can be found in [19] for the direct Euler
discretization of Mayer type problems with controllability index k (see Remark 3).

Table 1 Example (B)y: error discrete regularization with « = 10h

N 20 50 100 200 500
k=1: e 0.25 0.1 0.05 0.025 0.01

en/h 5 5 5 5 5
k=3: en 0.815 0.5551 0.4194 0.3202 0.2269

en/Vh 2212 2.045 1.947 1.873 1.801
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7 Numerical example

We illustrate the theoretical findings of Corollary 6.2 by approximating the solution
of (B), from Example 1.2 using discrete regularization:

Example 7.1 We choose o := 10h and define ey := |uj — u%||;. The numerical
results of solving (B); with the discrete regularization technique are displayed in
Table 1 and Fig. 1. They confirm the theoretical results of Corollary 6.2.

Remark 8 Figure 2 shows the solution of the direct Euler discretization of Exam-
ple (B)3. It seems like the optimal control has three switching points. As we can see in
Fig. 1 the combined regularization—discretization approach gives a better understand-
ing of the structure of the optimal control.

8 Conclusions

In this paper we proved error estimates for a combined regularization—discretization
approach for a class of optimal control problems with bang—bang solutions. We were
able to prove convergence of order O(h!'/**D) with respect to the controllability
index k for problems with mixed state-control-term in the cost functional under weaker
assumptions on the structure of the switching function than in [4,6,7].

Acknowledgments The author would like to thank the anonymous reviewers for their valuable comments.
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