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Abstract A theorem on error estimates for smooth nonlinear programming prob-
lems in Banach spaces is proved that can be used to derive optimal error estimates
for optimal control problems. This theorem is applied to a class of optimal control
problems for quasilinear elliptic equations. The state equation is approximated by a
finite element scheme, while different discretization methods are used for the control
functions. The distance of locally optimal controls to their discrete approximations is
estimated.
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1 Introduction

This paper has two main aims. First, we develop a general theory of error analysis
for smooth nonlinear programming problems in Banach spaces, which is applicable
in particular to optimal control problems. Second, as main application, we prove new
error estimates for optimal control problems governed by a class of quasilinear elliptic
equations.
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Roughly speaking, the following question stands behind our general theory: Let a
control problem be discretized by a finite element scheme, where the associated grid
has mesh size h. How large is the difference between a locally optimal control and its
numerical approximation, if the state equation is handled by a finite element method
and the controls are discretized appropriately?

In the last decade, the associated error analysis of optimal control problems for
partial differential equations (PDEs) has made considerable progress. This refers in
particular to the case of elliptic PDEs. Here, various error estimates are known that
can be used to quantify the discretization error for the optimal solution(s) of the con-
trol problem. For control-constrained elliptic problems, we mention only the early
papers for linear-quadratic elliptic control problems by Falk [15] and Geveci [16],
the discussion of semilinear elliptic control problems in [1, 7], error estimates for
Dirichlet boundary control problems in [8, 12], the concept of variational discretiza-
tion in [18], and the investigation of superconvergence in [20]. In the recent past,
state-constrained control problems received more attention. For instance, we refer to
recent contributions by [5, 13], or [14]. This list of papers could be extended; we refer
to the references in the survey paper [19].

Nevertheless, there are still important classes of optimal control problems, where
reliable a priori error estimates are desired but now yet proved. For instance, because
of intrinsic technical difficulties, the class of optimal control problems for quasilinear
elliptic equations was not yet considered. The optimal control of coupled systems of
quasilinear PDEs leads to additional difficulties.

We observed that very similar ideas are frequently repeated in any new contribu-
tion to this field. A general theorem on error estimates might save tremendous work
in future investigations on other types of control problems. Therefore, in the first part
of the paper, we provide a general tool for deriving error estimates for the optimal
control under control constraints. In the second part, our general analysis is applied
to an optimal control problem governed by a class of quasilinear elliptic PDEs. We
show the error estimates stated in [10] without proof. Our general result should also
be applicable to other classes of control problems, in particular if the state equation
is of parabolic type. It is needed that the partial differential equation under consid-
eration and its numerical approximation obey certain regularity properties of their
solutions.

We consider the following quasilinear optimal control problem (P),
min J (1) := / L(x,y,(x),u(x))dx,
a<ux)<p Qfora.e.x €,

(P)

where y, is the solution of the state equation

—div[a(x, y)Vy@)] + f(x, y(x)) =u(x) inQ

1.1
y(x)=0 onT. (-1

We began with the numerical analysis of (P) in [10], where we studied the finite ele-
ment approximation of (1.1), its linearization and its adjoint equation. Moreover, we
were able to prove that to any strict locally optimal control u there exists a sequence
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of locally optimal controls u;, of the associated discretized optimal control problem
that converges to u as the mesh size & tends to zero. Here, we will prove the error
estimates announced in [10].

The objective functional J of (P) will lead to the well-known two-norm discrep-
ancy: It is twice continuously Fréchet-differentiable in L°°(£2) but not in general in
L2(§2). On the other hand, we need a second-order sufficient optimality condition,
which can only be satisfied in the norm of L2(2). This difficulty complicates the
estimation of the error and requires the use of two norms.

With the following simpler functional, the two-norm discrepancy does not occur:

A 2
J(u) = / L(x, vy (x)) + Eu(x) dx. (1.2)
Q

It is twice continuously differentiable in L3(R).

2 A unified theory of error estimates
2.1 An abstract optimization problem and optimality conditions

Let Uy and U; be Banach and Hilbert spaces, respectively, endowed with the norms
|- lloc and || - |2. We assume that Uy, C U with continuous embedding. In particular,
the choice U, = Uj is possible. The latter case is of interest for problems, where the
two-norm discrepancy does not occur as for the functional (1.2).

We denote by /C a nonempty convex subset of Uy, that is closed in U,. Moreover,
an objective function J : Uy, —> R is given. With these quantities, we define the
abstract optimization problem

P) umelllé J(u).

For the well-posedness of the problem, we require the next assumption.

(A1) The function J satisfies the following properties:

If {ui}32, C K and ux — u in Uy, then J(u) < l}(gioléfl(uk). 2.1)

If K is unbounded in Uy and {ux}p, C K is a sequence with

luglls = +00,  then lim J (ui) = +00. 2.2
—00

Theorem 2.1 Under the assumptions above, (P) has at least one solution.

The proof is standard. In the case of nonconvex optimization, local solutions play
an important role. Under a local solution of (P) we understand an element u € C such
that, with some ¢ > 0, J(#) < J(u) holds forallu e CN{u € Uso : |1 — tt]|co < &}.
In this way, local optimality is understood in the sense of the topology of U. If the
strong inequality J(#) < J(u) is satisfied in this set for u # u, then the solution is
called a strict local solution.
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The next well known result provides first order optimality conditions in form of a
variational inequality.

Theorem 2.2 If u is a local solution of (P) and J is directionally differentiable at u,
both in the sense of U, then

J'(@)yw—u)>0 Vuek. (2.3)

Notice that any local solution of (P) in the U; sense is also a local solution in the
Uy sense. Therefore (2.3) holds also for local solutions of (P) in the U, sense.

In the sequel, we shall need stronger differentiability properties of J. Let us men-
tion here once and for all that first- and second-order differentiability of J and notions
as class C! or C? are always to be understood in the sense of the space Uyo. The same
refers to the approximation Jj, that will be defined later.

Next, we establish second order optimality conditions. To this end, we need some
further assumptions. Let us fix a point i € K as a reference element. In what follows,
By (u,r) and Bso(u, r) denote the open ball of radius r > 0 centered at u in U, and
Uxo, respectively.

(A2) There exists an open subset A C Uso covering KC, such that J : A —> R is of
class C2. Furthermore, there exist constants r > 0, M;, i = 1,2, such that it holds
forallv,vi,v2 € Usg and u € Bo(u,r)NK

|J (w)v| < Millvlla  and |J"(u)(vi, v2)| < Malvi|2]lv2]l2. (2.4)
For every &€ > 0 there exists § > 0 such that for all uy, us € Boo(it,7) and v € Uy

[ (ur) — T (u2)v| < €llvlla,

" (uy) — I (u2) 02| < ellv]3.

2.5)

llur —uzlloo <6

Finally, we assume that the quadratic form Q : v+ J"(i)v?, Q : Uy — Risa
Legendre form according to the definition below.

Remark 2.3 (i) For the objective functional J of (P), (A2) is satisfied in Uy, =
L>®(Q) and U, = L?($2) under appropriate differentiability and Lipschitz conditions
on L, cf. Sect. 4.2. This holds, because L = {u € L (Q) |a <u(x) < B a.e.in Q}is
bounded in L*°(2).

If K is unbounded, e.g. K = L°°(2), then the objective functional of (P) is too
general. In this case, (A2) can be verified if J has the particular form (1.2).

(i1) By the mean value theorem, the estimate (2.4) implies the upper inequality
of (2.5), if uy, up belong to By(it, r) N K. This follows from [J'(u1) — J'(uz)]v =
J" (@) (uy — up, v) with some i € [uy, uz].

By (2.4) and (2.5), the linear or bilinear forms J'(«) and J” (u) can be continu-
ously extended to U, or Uy x U, so that the expressions and estimates above make
also sense for v, v, v2 € U,. Condition (2.5) expresses the continuity of the map-
pings u +> J'(u) and u — J”(u) from Uy to the associated spaces of linear and
bilinear forms.
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Following Bonnans and Shapiro [2] or Bonnans and Zidani [3] we say that J” ()
is a Legendre form, if the following implications hold:

(i) If vg = v in U as k — oo, then J” (u)v? < liminfy_, oo J” (u)v7.
(i) If additionally limy_, o0 J” (u)v} = J”(u)v? holds, then [lv — vg > — 0.

We define the cones Sj of feasible directions and Cj; of critical directions by

Si={veUyx:v=A(u —iu) forsome A >0and u € K},
Ci=ch(S)N{veU,:J (u)v =0},

where cly(S;) denotes the closure of S; in U>. Now we can prove necessary second
order optimality conditions under a regularity assumption given in the next theorem.

Theorem 2.4 Let uu be a local solution of (P) in Uso. Assume that (A2) is satisfied
and that Cyi; = cl(Cy), where

CL;:{UES,;:J/(IZ)UZO}.
Then it holds J" (it)v? > 0 for all v € C;.

Proof Given v € Cy, we take a sequence {vx}72, C C; converging to v in U;. By
definition of C;, we have

v =A(up —u), upelkl, >0, J' (@) =0.

Since u is a local minimum of (P), there exists € > 0 such that J(u) < J(u)
for any u € Boo(u,€) C Us. We can assume that € < r. Then, for 0 < p <
min{1/Ak, &/||vklleo}, the elements i + pvg belong to X N B (i1, €). The second
order Taylor expansion

2
0= J(@+po) = J @ = pJ @yvi + -0+ 0,000}

02
= 7J”(ﬁ + Op,ovk)v,%
leads to

J' @+ 0,000 =0 = J'(@wi = 11{% J"(@t + 6, pvr)v} = 0.
P

Finally, by (2.4), we arrive at J” (it)v? = limg_ o0 J " (i))v > 0. O

Remark 2.5 In control problems with constraints of type o < u(x) < B for x € X, we
have

>0 ifu(x)=«a
L;:{veLz(X):v(x)z <0 ifﬁ(x):ﬂ},
0 ifdx)#0
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where d € Uy is the Riesz representative of the derivative of J at ii, more precisely
J' (i) = f d(x)v(x)dx.
X

In this case, the regularity assumption of Theorem 2.4 holds with Uy, = L*°(X) and
U, = L2(X).

Indeed, for given v € Cj; set

. - 1 I
v (x) = 1fa<u(x)<a+z0rﬂ—z<u(x)<ﬁ,
Pi—k,4+k(v(x)) otherwise.

Let us check first that o < uy(x) = u(x) + prvr(x) < B, if 0 < py < min{l, g —
a)/k>. Ife.g. a < ii(x) < a + 1/k, then vi(x) = O so that the inequality above is
trivial. If u(x) = «, then 0 < prvr(x) < prk < B — a0, hence @ < uy(x) < B.

fa+1/k<u(x)<pB—1/k,then

11
u(x) + prve(x) = u(x) —pkk >a+ - — sk =a,

k k2
and
_ _ 1 1
u(x) + prvr(x) <ulx) +pek < g — X + ﬁk =B.

The upper bound B is handled analogously. Consequently, vy = p—lk(uk — u) be-
longs to Sj;.

On the other hand, it is obvious that |vg(x)| < |v(x)|. Hence, if d(x) # 0, then
v(x) = 0 and also vg(x) = 0. Consequently, vy € C; and vy — v in L2(X), which
proves that v € clp(Cj). Since v was taken arbitrarily in Cj;, we deduce that C; C
clp(C;). The converse inclusion is obvious.

Theorem 2.6 Suppose that assumption (A2) holds. Let u € K satisfy (2.3) and
J"(@v* >0 VYveC;)\ {0} (2.6)
Then, there exist € > 0 and § > 0 such that

8
J(ﬁ)+§||u—ﬁ||%§J(u) Yu € KN Boo (i, €). 2.7

Proof We argue by contradiction and assume that for any positive integer k there
exists u; € IC such that

B 1 _ 1 _
lug — it]co < % and J(u)+ﬂ||uk—u||%>J(uk). (2.8)

Setting px = |lux — ull2 and vy = (ux — u)/pr, we can assume that vy — v in Uy; if
necessary, we select a subsequence. Let us prove that v € Cj. From assumption (A2)
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and (2.3) we deduce
J' v = lim J' @), = lim pxJ (@) (ux — i) > 0.
k— o0 k— 00

To prove the opposite inequality, we use (2.8) and find

. .S+ prvg) — J (@) J(ug) — J(u)
J'(@)v = lim = lim 222
k—o00 Pk " k—oo Pk
1 1
hm ﬂlluk—ullz_c lim 2—||uk—u||oo_ lim m =0.

Thus we have that J/(z)v = 0. The first equality above follows from
J A+ prve) —J @) I (ug) — J(u)

Pk Pk
= J'(@vk + [J' (@ + O (ur — ) — J' (i) Jvg

= J' (i + O (e — i) vk

For arbitrary ¢ > 0, we deduce from (2.5) and (2.8) the existence of k, such that
LI (@ + 6 (ux — ) — J' @)k | <elluglla=¢ Vk > k.
Therefore, by (2.4),

i J (i + prvp) — J ()
m
k—o00 Pk
= lim J'(@)ve + lim [J' (i + 6 g — 1)) — J' (@) ]og = J' (D) v.
k—o00 k—o00

Next, we prove that v € clp(S;). From vg = (ug — )/ pr and uy, € IC, we conclude
v € S; C cla(S;). The set clr(Sj;) is closed and convex in Uj, hence v € cly(S;).
Thus, we obtain v € Cj.

Invoking again (2.8) and (2.3) we get by a Taylor expansion

p,f 1 2
% ﬁ“uk —ullz > J(ur) — J ()
p? o2
= J (i prop) — J (@) = prJ () vk + > X" @yvE + el = %[J/'(M)vk + el
where

ri = [ (@ + Ok prvi) — J" @) 1vf = [ (@1 + O (uye — i0)) — J" @)]v}
Therefore, it holds

1
J" @i +ry < 2

Once again, (2.5) and (2.8) imply |rx| — 0 when k — co. Then, the above inequality,
along with (2.4) and (2.6) leads to

1
0<J" @) < llmme”(u)vk < limsup J” (@)v; < limsup — =0,
k—o00 k—o00
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so that J”(L_t)v,% — J"(it)v? = 0. From (2.6), it follows v = 0. Finally, using that
J" (i) is a Legendre form, we get that vy — v = 0 in U,. This contradicts the fact
that ||vg|l2 = 1 for every k. O

Remark 2.7 Under the assumption (A2), the optimality condition (2.6) is equivalent
to the following one:

Jo >0 suchthat J”@@)v>>a|v||> VveCi. (2.9)

Indeed, it is obvious that (2.9) implies (2.6). We verify the converse implication
by contradiction. Suppose that (2.6) holds, but not (2.9). Then for any positive integer
k there exists an element v, € Cj; such that

1
J" @y < Envkn% Vk > 1.

Re-defining vg := vi/||vk |2 yields J” (ﬁ)v,f < % By taking a subsequence, denoted
in the same way, we can assume that vy — v weakly in U;. Since Cj is closed and
convex in Uy, v belongs to € Cj;. Moreover, J”(it) is a Legendre form. Therefore

(2.6) implies

1e=N.2 ES 1=y, 2 . 1e=N.2 . 1 _
0<J"()v* <liminf J" (u)vy <limsup J" (i)v; <limsup - =0.
h—0 h—0 h—0 k

Consequently, v =0and J" (ﬁ)v,% — 0 must hold and hence ||vg| — O contradicting
the fact that ||vg |2 = 1.

Remark 2.8 1If u € IC satisfies (2.7) and the regularity assumption Cj; = cl(C;) holds
true, then (2.9) is fulfilled by o = é. Indeed, by (2.7), u is a local solution to

inJ () — 2l — 3
min J(u) — =||lu — ul|5.
uelkl 2 2
In view of Theorem 2.4, the necessary second-order condition
J'@v? = s3>0 YveC;

must hold. Consequently, under the regularity condition above, inequality (2.6) holds
if and only if (2.7) is satisfied.

2.2 Approximation of (P)

Let 7 > 0 denote a small parameter. In applications to control problems, /4 is the
meshsize of a grid underlying a numerical approximation of (P). We consider a fam-
ily of problems (Py) approximating (P) when i — 0, which is characterized in some
sense by the parameter 4.

For any /& > 0, we consider a family of sets K;, with the following properties:
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(A3) Ky, C K is convex and closed in Uy. Moreover, for any u € K there exist elements
uy € Ky, such that |lu — up|l» > 0as h — 0.

We introduce a family of functionals Jj, : Us, —> R satisfying the following as-
sumptions.

(A4) All functions Jy, have the following properties:

If {uk},fil C Ky and uyp — uin Uy, then Jy(u) < lirgioréth(uk). (2.10)

If ICy, is unbounded in Uy, then the following properties hold:

If {ur}ps, C Ky and |luglly - +o00,k — oo,  then kll)rgo Jn(ug) = +o0.
@2.11)

If up € Ky Vh > 0 and ||up||2 — oo, then }}in}) Jn(up) = o00. (2.12)
—

We investigate the family of approximating control problems

(Pr) mi’ICI Jn(up).

up€lp

To guarantee that the family {(P})}, really approximates problem (P), we need a
further assumption.

(A5) Let {up}pn>o0 C K and u € K be given.
If up > uinU,, then gin}) J(up) = J(u); (2.13)
ifup ~uin Uy, then J(u) <liminf Jy,(up)
h—0

and Tim | (up) = J (up)| = 0. (2.14)

Remark 2.9 1f assumption (A1) is satisfied, then the property of weak lower semicon-
tinuity in (2.14) follows just from limy,_.¢ | J, (up) — J (uy)| = 0. Indeed, we obtain

liminf Jj, (up) = liminf J (up) + lim (Jp (up) — J (up)).
h—0 h—0 h—0
As the last expression tends to zero, we obtain from (A1)
liminf J = liminf J > J(u).
imin h(un) imin (up) = J(u)
As a consequence of assumption (AS5) the next result is deduced.

Lemma 2.10 Under assumptions (A1) and (AS) the following holds:

If {fuptnso CKandup — uin Uy, then }}in%) Jn(up) = Ju). (2.15)
—
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Proof We apply first (2.13) and then (2.14),

J() = lim J(up) = lim Jy(up) + im [J (up) — Jp(up)] = lim Jp(up). 0O
h—0 h—0 h—0 h—0

Next, we show that the problems (P},) approximate problem (). To this aim, we
introduce another assumption.

(A6) If{uk},‘:‘;1 CK, up — uin Uy, and J (ur) — J(u), then |\ux — ul|p — 0.

Theorem 2.11 Assume that (A1) and (A3)—(AS5) hold. Then, for all h > 0, the prob-
lem (Py) has at least one (global) solution uy,. Any sequence of solutions {iip}n=0
contains a subsequence, denoted for convenience in the same way, that converges
weakly in U; to a point u. Each of these weak limit points is a solution to (P). More-
over, limy_.o Jy,(up) = limy_.o J (up) = J (). Under assumption (A6), the conver-
gence uy — u is even strong in Us.

Proof First we prove that every problem (Pj,) has at least one solution. Thanks to
(A3), Ky, is not empty. Let {uy}72; C Kj, be a minimizing sequence of (P,). Assump-
tion (2.11) implies that {uz};2, is bounded in U;. Then, selecting a subsequence if
necessary, we can assume that uy — u;, weakly in U,. Since K, is convex and closed
in U by assumption (A3), it holds u, € j,. Finally, we conclude from (2.10) that u;,
is a solution of (Py,).

Next, we verify the boundedness {it5 };,~0 in Us. This is obvious if K is bounded
in Uy. If IC is unbounded, we fix an element u € K. Thanks to assumption (A3), there
exists a sequence {up}p-o with u, € Ky, such that up — u strongly in U;. From
(2.15) and the fact that uy, is a solution of (Py), we get

JnGin) < Jn(up) — J(w) = 3IM > 0such that J,(iiy) <M Vh> 0.

In view of (2.12), this implies that {it5 },~0 is bounded in U;. Therefore, there exist
subsequences weakly convergent in U, to points u. Let us prove that any of these
limit points is a solution of (P). First of all, u € K because {u;},~0 C K and K is
convex and closed in Us. Let i be a solution of (P) and consider a sequence {iij, }5~0,
with iy, € I, such that u, — # in Uj. Such a sequence exists thanks to (A3). Then,
(2.14), (2.15) and the fact that uy, is a solution of (Py) lead to

J () < liminf Jy (i) < limsup Jp, (up) <limsup Jj, (iip,)
h—0 h—0 h—0
=J)=inf(P) < J(u),
which proves that i is a solution of (P) and Jj, (i15,) — J (). From (2.14) we get
}}l_r)rb J(up) = }}g}l}) Jn(up) + ]}%[J(uh) — Jn(up)l = J@).

Finally, (A6) and the above equality yield the strong convergence ||u — up|, — 0. O

The reader might wonder if there is a reciprocal theorem to the previous one. More
precisely, we have proved that the solutions of (P}) converge to solutions of (P).
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Now, the question is: given a solution u# of (P), can it be approximated by solutions
of (Pp,)? The answer is yes assuming that « is the unique solution of (P) in a neigh-
borhood. Even more, the next theorem states that strict local solution of (P) can be
approximated by local solutions of (Py,).

Theorem 2.12 Under the assumptions (Al) and (A3)—(A6), if u is a strict local
solution of (P) in the sense of Uy, then there exists a sequence {up}p~0 such that uy,
is a local solution of (Py) and ||[u — up||» — 0.

Proof Since u is a strict local solution of (P), there exists & > 0 such that
J@@) < J(u) VYueKi\{u}, where KC={uck:|u—il,<e). (2.16)
Consider the problems

(P®)  min J(u) and (P;) min Jy(up),
uekCe up ek,

where K = K? N Kj,. From (2.16) we know that u is the unique solution of (P).
From assumption (A3) we obtain the existence of a sequence {uy},~0, with uy € Kp,
such that || — up|l2 — 0. Therefore, [t — uyll2 < e for all h < hg, hence u;, € K},
for every h < h,. Since ICf, is nonempty, bounded, convex and closed in U,, we can
deduce easily from (2.10) and (2.11) that (PZ) has at least one solution uj, for h < h,.
Then, applying Theorem 2.11 we deduce that ||u — i, |2 — 0. Therefore, there exists
ho > 0 such that ||u — uy|l2 < ¢ for h < hg. This implies that uj, is a local minimum
of (Py) for h < hg, which concludes the proof. Il

Remark 2.13 Often, Theorem 2.11 can be improved by deriving the convergence
|l — uplloo = O; see e.g. [1, 7, 10]. In such cases, Theorem 2.12 can be extended:
Any strict local solutions of (P) in the sense of Uy, can be approximated by local
solutions of (P},) in the sense of Uxo.

In the remainder of this section, {ii5};~0 will denote a sequence of local minima
of problems (Py) converging strongly in U3 to a local minimum u of (P); see Theo-
rems 2.11 and 2.12. Our next goal is to prove some error estimates for ||z — up||2. To
this end, we need extra hypotheses.

(A7) The functions Jy : A —> R are of class C', where A is the open set of Uso
introduced in assumption (A2). Furthermore, with a sequence g, — 0, it holds
I, ) = J @) up — )| < epllup —itlla, Yu,up) €K x Ky (2.17)
and
either ||lu — ip|loo — O,
or for any sequence {(uy, vi)}p2, C K x Uz with |luy — ull2 — 0,

if vi = v weakly in Uy = J" (u)v* < liminfy_, o0 J”(uk)v,%,

if vk — 0 weakly in Up = liminfy_ o0 J" (u)v} > A liminfy_, o [lox||3
(2.18)
with some A > 0.
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Theorem 2.14 Let the assumptions (A2), (A3) and (A7) be satisfied and let {up} >0
be a sequence of local solutions to (Py) converging strongly to u in U;. If the second-
order sufficiency condition (2.6) holds, then there exist C > 0 and ho > 0 such that

i — dinlly < Clef + 1@ — unll3 + J'@n — )] Yup €Ki, Yh < ho. (2.19)

Proof Since uy, is a local minimum of (Py) and Jj, is C I around i, we have
JpGp)(up —up) >0 Vuy € K. (2.20)
From this inequality we get
J () @ —ap) + [y @p) — J'Gp) 1@ — iip)
+ [y i) — I @)1 up — ) + J' @) (up, — i) = 0.
Taking u = uy, in (2.3) and adding the resulting inequality to the previous one we get
[ G@ap) — J"(@))a, — in)
< [, @@n) — J' @n)1(@ — i)
+ [y Gan) — I @), — @) + J' (@) up, — it).
We introduce an additional term
[J' (@an) — J' (@)) Gy, — it)
< [y G@n) — J' @n)1( — i)
A+ [y Gn) = I @) up — i) + 1" @n) — I @)1 up — ) 4 J' @) (up, — it).

We use (2.17) for the first and second term of the right-hand side of this inequality,
apply the mean value theorem to the third one and estimate the resulting term by
(2.4). In this way, we deduce from the above inequality

L (p) — J' ()] (ip — i)
<epllu —uplla +enllu —upll2 + Mallip — ill2lli — upll2
+ J' (i) (up, — ).
Since J is of class C2 in A, we have
(' Gan) — J' @) G — i) = J” (fi) G — i)
with some 7, in the segment [i,, i]. Hence, from the above two relations we get

J" (i) an — @) < en(lit — it ll2 + Nl — unll2)

+ Mollity — dll2llit — upll2 + J' @@, — ). (2.21)

From our assumptions ||it;, — it||2 — 0 as A — 0, hence also ||y, — it||; — O.
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Now, let us argue by contradiction. We suppose that (2.19) is false, then there
exists a subsequence {/h ]2, converging to 0, with uy, € KCy,, such that

llit = ne 13 > klej, + llit = un 13 + J' @) (up, — )],

or equivalently

2 -2 ’ = -
1 € up, — U J -
S h_k . + ” _hk _ “g + (’/_l)(uflk 2”) ) (222)
kol —aply i — i3 llu — in, 115

Since the three summands of the right hand side are nonnegative, (2.22) implies that
all of them converge to zero. Define _ _
v . I/Lhk —Uu
h i —m——————-
T Nlap, —alla
All vy, belong to the unit sphere, hence we can assume v, — v in U, with some
v € U,. Let us prove that v € Cy. It is clear that v, € S, hence v € cl(S;) be-
cause of the convexity of this set. It remains to prove that J'(i)v = 0. The optimality
conditions (2.3) imply that J'()v = limg— oo J'(it) vy, > 0. To prove the converse
inequality we use (2.4), (2.17) and (2.14) as follows

J'(@yv = lim J'(@)vy,
k— o0
= lim Jy (ip)vp, + Gm [J'Gap,) — Jp, G )op,
k—o00 k— 00

+ [J' (@) — T (i) op,.- (2.23)

lim
k— 00
The first limit above exists due to the weak convergence of vy, . We verify below that

the third and fourth limit exist, hence the second limit must exist as well. Indeed, by
assumption (2.17) we have for the third limit

lim |[J'(n,) — Jy, (n)lon | < lim ey [lvp, ]2 = lim gy, =0.
k— 00 k— o0 k— 00
Thanks to the mean value theorem and (2.4), we obtain for the fourth limit
lim [[J' @) — J'(p)]on, | < lim Mol — g |l2[lvn ll2 = 0.
k— 00 k— 00

In view of (2.23), this yields the inequality J'(#)v < limy_, J;lk (itp, ) vy, - Now, from
this inequality and using first (2.20), next (2.4) along with (2.17) and finally (2.22),
we obtain

J' () < kli)ngo T, g ) v,

1
= lim ——[J! (@ @)+ I G Gipe —
o llitn, —ﬁllz[ o ) (e = 10) =+ Ty, Gy (e = )]

< lim fJ}/, (I/_lhk)(l/lhk - 'Z)
k=00 |[itp, —ull2 "
lup, —ulla

< lim (M1 + ep,) — ——=0.
k=00 llitn, — ull2

@ Springer



186 E. Casas, F. Troltzsch

Let us show how (2.4) and (2.17) imply the last inequality. For any u € B (2, ) N KC,
see assumption (A7), and every v € Ua,

|5, @)v] < [J" @)v] + [, () = J'@)]v] < Mylvll2 + en, [lv]l2
= [My +ep]llv]2.

We observe that J” (i1)v? < liminfy_ o0 J” ’(ﬁhk)vﬁk. Indeed, this is a consequence of
(2.18). The inequality is obvious if the second condition of (2.18) is fulfilled. Under
the first condition, we also have that || — i, ||ooc — 0. Because J” (i) : Uy x Uy —>
R is a Legendre form, we get from (2.5)

liminf J” (fip, )vi, = liminf [J” @)v}, + (J" (@p,) — J" (@) v} ]
k—o00 k k—00 k k
= liminf J" (@)v}, > J" (it)v?.
k—00 k
Combining this with (2.21) and (2.22), we obtain

J"@v? < liminf J” Gy, )v3, <limsup J” (iip, )vi
k=00 ¢ k—o00 k

. e u—up, |2
§l1m{ _ <1+II_ hf”)
k—oo | lup, —ull2 llitn, —ull2
i —uplla  J'@) (upy, — i)
+ My — - e — =0
llitn, — ull2 litn, —ullz

This inequality, the fact that v € Cj; and (2.6) imply that v = 0. Finally, (2.18) leads
to the contradiction. Indeed, under the first assumption of (2.18) and using again (2.5)
along with the fact that ||i — iip, [lco — 0, we have

lim J”@v;, = lim J" @y )vi, + Lim [J" (@) — J" Gip,)]vi
k—o0 ko k—oo k' ko0 k
= lim J" (i, )vi, =0.
k— o0 K
Thus, we have proved that J”(L?)U%k — 0 and vy, — 0 weakly in U,. Since J” (it)
is a Legendre quadratic form, we get |lvy,[l2 — 0, which contradicts the fact that
lva,ll2 =1 for every k.
Under the second assumption of (2.18), we achieve the contradiction by 0 >

liminfy_ o0 J”(ﬁhk)v,fk > Aliminfy— oo [log, 5= A > 0. O
3 Application to the optimal control problem (P)

3.1 Main assumptions and known results on the control-to-state mapping

We apply Theorem 2.14 on error estimates to the PDE constrained optimal control
problem (P). In this way, we derive the error estimates we have already announced
in [10] and illustrate the use of our abstract theory. We rely on the assumptions
(H1)—(H4) below.
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(H1) € is an open, convex and bounded subset of R, n =2 or 3, with boundary I"
of class 1. For n =2, Q is allowed to be polygonal instead of class C!:!.

In the next assumptions, Cys > 0 denotes a constant depending on a real bound
M > 0. We assume in (H2)—(H4) that such a constant Cj; exists. Although we might
use different constants for a, L, and f, we view C); as the maximum of all of them.

(H2) The function a : Q@ x R —> R is of cla_ss C? with respect to the second com-
ponent. For any M > 0, it holds for all x; € Q and |y|, |yi| <M,i=1,2,

2 -a
W(X,O)

>

j=1

<Cy VxeQ, 3.1

0 ) — 2% v
— (X2, — — X1,
ByJ 2, )2 3y1 1, )1

<Cu(x2—xil+Ily2—yD, Jj=0,12. (3.2)
Moreover, there exists ag > 0 such that

a(x,y)>ayp VxeQ, VyeR. (3.3)

(H3) The function f : Q2 x R — R is measurable with respect to the first variable
and twice differentiable with respect to the second. It obeys the following properties:

dp > n such that f(-,0) € LP(Q), 3.4
a
a‘—f(x,y)ZO forae. x € Q2, VyeR, 3.5
y
2 .
9/
Z —f(x,O) <(C, foraa xeQ
—| dy/
J=1
with some C > 0, and VM > 0 3Cy; > 0 such that 3.6)
2 f 32 f

= Culyr = 2| (3.7

B—yz(x’ 1) — W(X»YZ)

for almost all x €  and all |y|, |y1], |y2| < M.

(H4) The function L : Q2 x R x R — R is measurable with respect to the first
variable and twice differentiable with respect to the others. It fulfills the convexity
condition

92L
W(x,y,u)zA>0 fora.a.x € Q, Vy,u e R. 3.8)
u
Moreover
1 aL -
L(-,0,0) € L (£2), 8—(-,0, 0) e L (), (3.9)
y

VM > 0 3Cy > 0 such that
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JdL oL
—(x2,y,u) — —(x1, y,u)| < Cplxz — x1l, (3.10)
ou u

D3y L (¥, y2.u2) = DGy 1y Lx, v, )|
< Cum(ly2 = y1l + luz —u1l) (3.11)

for all x1, x» € Q, fora.e. x € Q, and all |y|, |y, |u|, lu;| <M,i =1,2, where p > n
is as in assumption (H3) and D oL denotes the second derivative of L with respect
to (y, u), i.e. the associated Hess1an matrix.

Remark 3.1 To simplify the presentation, the conditions (H3) and (H4) are required
slightly stronger than needed. Continuity of the second-order derivatives of f and L
with respect to y and u, uniform w.r. to x € 2, would suffice.

We used similar assumptions as (H1)—(H4) in our papers [9] and [10]. Preparing
our error analysis for locally optimal controls, we discussed in [9] second-order suffi-
cient optimality conditions. Consequently, we had to require associated second-order
derivatives. In [10], we did not need second-order derivatives of a and f, since our
focus was only on convergence of discretizations of the state equation and the adjoint
equation.

In (H1), we have now added the possibility of a convex and polygonal domain if
n = 2. Our assumptions are imposed to assure that the states and adjoint states belong
to WP () for p > n.

It follows from Theorem 3.2 below that for every u € L?(2), the state equation
(1.1) has a unique solution y, € H*(2) N Hol(Q). Moreover, for all bounded sets
B c L%(2), there exists a constant C > 0 such that

IIyM ”Hz(Q) < CB Yu e B. (312)
The control-to-state mapping G : L?(Q) — H} (Q)NH*(R), G : u > y, that assigns
to u the unique solution y of (1.1), is now well defined. We fix the control spaces
Uy := L*(Q), Uy := L®(Q), and ¥ := HO1 (Q) N H%(R) as the state space. Notice

that Y is continuously embedded in C ().
Let us define the set C of admissible controls by

K={uelL®(Q):a<u(x)<pforaa xec Q).
We write the integral functional of (P) as
F(y,u):= /;2 L(x,yx),u(x))dx.
Then the reduced objective functional J admits the form
J(u) = F(G(u),u)=/QL(x,yu(x),u(x))dx. (3.13)

Thanks to our assumptions, F is defined and twice continuously Fr_échet differen-
tiable on C(2) x L (L), but it is not in general differentiable on C(Q) x L*($2). In
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contrast to this, the objective functional (1.2) has better properties, if L(x, y,u) :=
0(x, y) + A/2u? satisfies the assumption (H4). This functional is of class C 2 even in
C(Q) x L%(2). Therefore, for (1.2) we can take U = Uy := L2().

Now we are able to relate the control problem (P) to the abstract optimization
problem (P). (P) can be written in the form

P lll.Il J u),
( ) MEIIC ( )

Theorem 3.2 (See [9]) For every g > n/2, the mapping G : L4(Q) — W>4(Q),
defined by G (u) = y,, is of class C*. For any v € L1(), the function z, = G'(u)v is
the unique solution in W>4(2) N Wol’q(Q) of the equation

. da a .
—dw[a(x, nOVet o, yuwyu} tEwoi=r g
z=0 onT.

Morveover, for any vy, vy € L9(QQ) the function z = G" (u)[vy, v2] is the unique solu-
tion in W24(Q) N Wol’q (2) of the following equation, where z,, = G’ (u)v;, i =1, 2:

. da aof
—div|a(x, y)Vz+ —x, y)zVyu | + 7= (x, yu)z
ay ay
32 f
= _a—yz(x’ yu)ZUIsz
. [ 0a 9%a .
=+ div 5()@ yu)(ZUIVZUZ + VZUIsz) + a_yz(-x’ }’u)Zmszv)’u in
z=0 onT.

(3.15)

We have n < 3, hence our mapping G is of class C> from U, to Y. For the next
theorem we recall that p was defined in (H3).

Theorem 3.3 (See [9]) The functional J : L*°(2) — R is of class C2. For every
u,v € L®°(Q) we have

oL
J’(M)v=/ (—(x,yu,u) +<pu>vdx, (3.16)
Q ou
where @, € Wg’ﬁ(Q) N WP (Q) is the unique solution of the adjoint equation
) da of oL }
—div[a(x, y) Vo] + — &, ) Vyu - Vo + == (X, y)o = — (x, yu, u)  in Q
dy ay dy

o=0 onT.
(3.17)
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With z,,, = G'(u)v;, i = 1,2, the second derivative J" is given by

B 8L 8°L
J (u)vivy = — (X, Yu, ”)Zv] v, + — (X, Yu, u)(zm V2 + 2y, V1)
Q

dy?2 dydu
2L 82
+ W(x, Yu> WV1V2 — wua—yz(x, Yu)Zv T,

da
— Vou [5(3@ Yu) (2 Vzu, + Vzy, 20,)
9%a
+ W(x, Yu)Zv Zu, VIu | dX. (3.18)

The property ¢, € W27 () is not explicitly mentioned in the associated proof. How-
ever, it follows as in the proof of [9, Thm. 2.11]. In the case of a locally optimal
control u, (3.16) and (2.3) amount to

oL - _
/ <E(x, ya(x),u(x)) + ga,;(x)) (u(x) —ux))dx>0 Vuelk. (3.19)
Q
A standard discussion of (3.19) yields the following projection result:

Theorem 3.4 (See [9]) If u is a local minimum of (P), then the equation
oL _ -
a(x,y(x),t)+¢(x):0 (3.20)

has a unique solution t = 5(x) for every x € Q. The function 5 : Q@ — R is Lipschitz
and u is related to 5 by the projection formula

i(x) =Py, g)(5(x)) = max{min{B, 5(x)}, a}. (3.21)
Consequently, also i is Lipschitz in Q.

In the particular case of (1.2), the projection formula (3.21) simplifies to
- 1 _
A(x) = Plop)f =590 1. (3.22)

3.2 Finite element discretization of (P)

For a numerical approximation of (P), we have to discretize the state equation and
in general also the set of control functions. First, we introduce the finite element
approximation of the quasilinear state equation of (P). To this aim, we consider a
family of regular triangulations {7}, }5¢ of Q, defined in the standard way, e.g. in [4].
In particular, this definition excludes the so-called hanging nodes. Moreover, this
triangulation is supposed to be regular and to satisfy an inverse assumption; see (i)
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below. Also for @ C R3, we shall speak of a triangulation, although we will have a
set of tetrahedra T'.

With each element T € 7, we associate two parameters p(7) and o (T'), where
o (T) denotes the diameter of the set T and o (T') is the diameter of the largest ball
contained in 7. Define the mesh size by

h :=max p(T).

TeTy
We suppose that the following standard regularity assumptions are satisfied.

(i) There exist two positive constants p and o such that

(1) _ h

p— 6’ . S p
o(T) p(T)
hold for all T € Ty and all & > 0.
(i) Define @25 = UTG% T, and let ©2;, and 'y, denote its interior and its boundary,

respectively. We assume that Q, is convex and that the vertices of 7;, placed on
the boundary I'j, are points of I'. From [21, estimate (5.2.19)] we know that

1Q\ Q| < Ch?. (3.23)
We will use piecewise linear approximations for the states, thus we set
Y ={yn € C(Q) | ynr € Py, forall T € T;, and y, =0o0n Q\ @},

where P is the space of polynomials of degree less or equal than 1.
The discrete version of the state equation is

Find y;, € Y}, such that, for all z;, € Y},

(3.24)
[aCe, yo(x))Vyn - Vzn + f(x, yp(x))znldx =/ uzpdx.

Qp Qp

By an application of the Brouwer fixed point theorem, we showed the existence of
at least one solution to this equation. To our surprise, we were not able to show
uniqueness of the solution. To our best knowledge, this is an open question until
now. Under the additional requirement of boundedness of a, we were able to show
uniqueness for sufficiently small 4. The situation is easier for semilinear elliptic state
equations (a(x, y) = a(x)) where the solution of (3.24) is unique, [1].

To set up the discretized problem, we define its objective functional by

Fh(yhvu)Z/Q L(x, yp(x),u(x))dx.
h

Remark 3.5 In what follows, we will derive various estimates of |[up — u|l;2(q,) for
functions uj,, u € K. We should notice that then ||u; — u|| 12(q,) —> 0 is equivalent to
llun —ull2(q) — O independently on how the functions u, uj, are defined on €2\ €2;,.

This follows immediately from [lu — up | ;2\, < Ch* for all uj, u € K.
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We also introduce a set Cj, C KC of discrete control functions u,. These functions
are only needed on €2, because the integral of Fj, is only evaluated there. However,
we need K, C K to apply the abstract theory. For this reason, discretized functions
uy, defined only on €2, can be extended arbitrarily to Q2 \ €2, such that the resulting
function belongs to /C. Later, in the context of error estimates, we will always set
up(x) =u(x) ae.in Q2 \ 25, where u is a fixed locally optimal reference control.

With these definitions, we consider the following family of discretized problems
depending on the mesh size 7 > 0:

Qn) min Frp(yn, up).
nsun) €Yy < Iy,

(Qp) is a discrete approximation of the optimal control problem (P). As yj, is possibly
not uniquely determined by u,, this problem does not yet fit in the abstract theory.
However, the discretized states are locally unique:

Theorem 3.6 (See [10, Thm. 3.2]) Suppose that n < p < p. Then there exist ho > 0,
pi > 0 and p5 > 0 such that, for any h < ho and any u in the closed ball B(u, pz) of
LP(Q), the equation (3.24) has a unique solution yy(u) in the closed ball B(y, p3)

of W(}’p (2). Moreover, there holds the estimate
Iye = 31 @)@y + hllye = 1@ i, < C@h (3.25)

To simplify the presentation, we shall use the same notation B(it, pz) and B(7, £5)
for the balls in LP(§2) and W!-P(2;,). This should not lead to confusion. Moreover,
as in this theorem, we shall denote the particular solution y; of (3.24) contained in
B()’), p5) by yn(u). Introducing a mapping Gy, : B(a, i) — é(j}, p3) by Gt u
v (1), we define the family of approximated functionals

Jn(u) := Fp(Gp(u), u)
and introduce the family of discretized problems

(Pn) min Jn(up).
upekCpNB(it, pi)

Theorem 3.7 Let u be a strict local solution of (P). Then there exists a sequence
{n, up)}n=o of local solutions to (Qy,) such that

lim {[lep — ullLr) + 10 — yallwir} =0 Vp<p
h—0
and limp_0 Fp(yp, un) = F(yg, u) = J(u), where y = yj.

Proof Consider the admissible set K:=Kn B(it, p;). It is clear that i is also a strict
local solution to

(P)  minJu).
uelkl
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This problem fits to our abstract theory by (P) := ( P). We consider now the approxi-
mated problem

(Py)  min Jy(w),

upeklp

where I&h := K, N B(it, pz). Later, we shall verify that all the assumptions (A1)—(A7)
are satisfied for (P), in particular for (f’), hence Theorem 2.11 is applicable: There
exists a sequence iy, of global solutions to (Py) that converges strongly in U to u.
Consequently, i, € B(it, pz/2) holds for all sufficiently small 2 > 0. Then u;, does
not touch the boundary of B(u, p;). It is easy to see that therefore (yy, u) is a local
solution to (Qy), since the restriction u € B(it, pz) is not active.

The convergence in ||ij — il 2y — O implies the convergence i, — u in all

spaces L7 (Q2), 1 < p < 0o, because l@h C K and K is bounded in L*°(£2), hence the
other statements follow immediately from (3.25). O

3.3 Finite element discretization of the adjoint equation

The discrete adjoint equation for (P) is the finite element version of the adjoint equa-
tion (3.17):

Find ¢, € Y}, such that, for all ¢y, € Yy,
da af
a(x, y)Veon - Vén + | — O, yn)Vyn - Von + ——(x, y)on |én | dx
Q dy dy

= | =, Yo, un)Pndx.
Qp 8)/

(3.26)
By [10, Thms. 4.1, 5.1], this equation has a unique solution for all sufficiently small
h > 0, see also Theorem 3.10. In view of the possible non-uniqueness of the solution
to the discrete state equation, we associated with u € B(it, p;) the locally unique state
yn(u). We insert yj, (1) for yj, in the discrete adjoint equation above; the associated
unique solution ¢y, is denoted by ¢, (1). Then the following result holds:

Lemma 3.8 (See [10]) For every pair u, v € KC with v € B(u, p;), there holds

1y = 30l 20 + 190 — W) 1120y < CR* + [l = V]l 12()). (B.27)
1Yu = yn g1,y + 1w —onWllg1 @, = Ch+ llu —vl2q), (3.28)
1y = yr) oo @y) + 19u — @r()lILe(@,) < Ch + llu — vl 2(q))- (3.29)
3.4 Necessary optimality conditions for (P)
The theory of first-order necessary conditions for (Py,) is similar to that of (P).
Theorem 3.9 (See [10]) For every h < hy, the functional Jy, : B(i, pz) N L*° () —

R is of class C', and its derivative is given by

oL
J/,(u)v:f (a—(x,yh(u),u)—i—(ph(u))vdx, (3.30)
Q u
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where @ (1) € Yy, is the unique solution of the adjoint state equation

0
/Q [a(x, Ya)Vop(u) - Vo + %(x, Ya@)Vyp) - Vo (Wfbh} dx
h

af
+/ ——(x, yn (u))@n (W) Py dx
Q ay

aL
=/ a—(x,)’h(u),M)Cbh dx Véu €Y. (3.31)
Q, 0y

From this expression for J'(u), we obtain first-order necessary optimality conditions
for the discretized problem. Let (y;, up,) € B(y, p3) X B(u, p;) be a local solution to
(Qp) in the sense of Uy, such that u;, belongs to B(u, p;/2). The existence of such
solutions follows from Theorem 3.7 for sufficiently small # > 0. Then uy is also a
local solution of (P,) in the sense of Uy, that does not touch the boundary of B(u, p;)
where Jj, (i) is well defined. Therefore, we are justified to apply the following result
on necessary optimality conditions that was proved in [10] for the problem (Py,).

Theorem 3.10 (See [10]) Let (3, ity) € B(3, py) x B(i1, pa) be a local solution of
(Qn). Then there exists a unique solution ¢y, in Yy, of

_ _ da B _ _
/ [a(x, TV Vo + 2 TV wm} dx
h

of _ .
~I—/ — (X, Yn)@ndn dx
h

Q, 9y
oL _

= — (X, Yn, up)@p dxVey € Yy (3.32)

Qp 8)’
such that
oL _ _ _
/ (E(x’ Vi, Up) +§0h)(uh —ip)dx >0 VYup € Ky. (3.33)
Qh

From (3.33), we derive again projection formulas for uy, if Cj, is the set (4.3) of
functions being piecewise constant in €2; or the variational discretization I = IC
is applied. In the case of the variational discretization K, = K, proceeding as in
Theorem 3.4, we deduce from (3.33) that

iip (x) =P g (Gn(x)) Vx Q. (3.34)

Here, 55, (x) is the unique solution ¢ of the equation

oL
3y I D+ op(x) =0 Vx ey, (3.35)

In the case of the integral functional (1.2), this formula admits the form
_ 1_
up(x) =Ppa,p) N (x) ), (3.36)
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hence u), is a piecewise linear function, although it was formally not discretized.
For piecewise constant control functions, formula (3.33) yields

Uniy =Pla.p1Gn,) VYT €Ty, (3.37)

where sj, is the unique real number satisfying the equation

oL
f(a—(x,ﬁh(X),§h|T)+¢h(x)> dx =0. (3.38)
T u

For piecewise linear controls, we do not have an analogous projection formula.

4 Error estimates for the problem (P)
4.1 Control discretization and error estimate for (P)

We shall verify the general assumptions (A1)—(A7) for our quasilinear control prob-
lem (P) so that Theorem 2.14 provides a general tool for deriving error estimates.
To apply it, the three different terms in the right-hand side of (2.19) must be chosen
appropriately.

Once and for all, we select a fixed locally optimal reference control i € K. The
treatment of the first term in (2.19) is fairly clear: To estimate 8%, an error analysis
of the state equation is needed. The two other terms, |u, — u ||2 and J' (i) (uy, — it)
need special strategies to arrive at optimal error estimates. In particular, they depend
on how the control functions u are discretized. We explain associated methods and
their consequences below. Let us notice already here that, within the framework of
the abstract theory, we have to work in /C, and K instead of Kj and /C, respectively.

4.1.1 Variational discretization of controls

If a control u € K is not discretized, we set kCj, = KC. Then uq, is to be inserted in Jj,.
We extend uj to 2\ 5, by up(x) :=u(x) on Q\ . In this case, a discretization
of the control enters only implicitely by the necessary optimality conditions. The dis-
cretized adjoint state ¢y, is a piecewise linear function. If K = K and the simplified
functional (1.2) is considered, the discretized optimal control u;, of (Pj) satisfies the
projection formula (3.36). Then, with ¢, also the associated control iy is piecewise
linear on €25. This strategy is called variational discretization, cf. Hinze [18].

For the more general objective functional of (P), the projection formula (3.34) has
to be used instead. In this case, the associated discretized control u; is not neces-
sarily piecewise linear and has a more complicated structure. Then the variational
discretization is only of limited value. Nevertheless, the following result holds:

Theorem 4.1 (Variational discretization, L?-estimate) Assume that (H1)—(H4) are
satisfied. Let u be a strict locally optimal control of (P) that fulfills the second-
order sufficient optimality condition (2.6) and suppose that K, = K. Let further
{(yn, un)} be a sequence of locally optimal solutions for (Qy,) that converges strongly
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in WhP(Q) x LP(Q) to (y, ) and exists according to Theorem 2.12. Then there is
some constant C > 0 not depending on h such that

litn —itll;2(,) < Ch*  Yh>0. (4.1)

Proof We can apply Theorem 2.14, since all needed assumptions are satisfied. In
(2.19), we set uy, := u. Then only the term a,zl does not vanish and we obtain instantly
the error estimate

lun —ull2(q,) < Céen- (4.2)

In (4.21) we will show &, = Ch?, hence (2.19) yields the result. O
4.1.2 Piecewise constant control approximation

We assumed in (H1) that 2 is convex with smooth boundary to obtain the needed
regularity of i. For formal reasons, we must specify the discretized controls uj also
in Q\ 5. We define

Kn ={up € K:up(x) =ur € Rin each triangle 7,

up(x) = il (x) Yx € Q\ Qn). 4.3)

Notice that we do not need the values of uy, in Q \ €25; Fj, and the discretized equa-
tions are only considered in €2;,. It does not matter that we do not know # in advance.
For (P), the derivative J'(iz) is obtained by (3.30). We write it in the form

J (u = / d(x)u(x)dx,
Q
where the reduced gradient d € L2(Q) is given by

- oL
d(x) = E(X’ y(x), u(x)) + ¢(x). 4.4

For error estimates, we apply Theorem 2.14. Again, we have to define the function u;,
in (2.19) in the right way. With piecewise constant controls, we proceed as follows:
On any triangle T’ € 7, we define uy, as the piecewise constant interpolate

1
up(x) ;= m /T u(x)dx VxeT, VT €7y, 4.5)

Notice that we have set uy, (x) = u(x) for all x € Q \ .

In view of (3.27), we can select &, = Ch? in Theorem 2.14. For piecewise con-
stant control approximation, we cannot fully benefit from this. Even ¢, = Ch would
guarantee the error estimate below.

In the next proofs, we denote by 7y C 7 the set of all triangles 7', which contain
at least one zero x7 of d. Notice that we need continuity of d to make this definition
correct. In all other triangles, d is by continuity either everywhere positive or every-
where negative. The set 7y will be essential for deriving optimal error estimates.
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Theorem 4.2 (Piecewise constant controls, L2-estimate) Assume (H1)—(H4), let a
locally optimal control u of (P) satisfy the second-order sufficient conditions (2.6).
Define the admissible set K, by (4.3). Let further uy, be a sequence of locally optimal
(piecewise constant) solutions to (Qy) that converges strongly in L*(Q) to i. Then
there is some constant C > 0 not depending on h such that

lan — il 2q,) < Ch VYh>0. (4.6)

Proof By Theorem 3.3, the adjoint state @ belongs to W27 (), since the right-hand
side of the adjoint equation (3.17) belongs to LP(2). Therefore, ¢ belongs even to
C(2). Theorem 3.4 yields that i is Lipschitz, hence d is also Lipschitz. Notice
that assumption (3.10) implies that L is Lipschitz with respect to x. The projection
formula ensures in particular i € H 1(€2), hence it holds

lun —ullp2(q) = Ch, 4.7)

cf. Ciarlet [11]. Consider first the triangles T ¢ 7o. Here, d is either positive or nega-
tive in T. If d(x) > 0 in T then a.e. we have ii(x) = . This follows from a standard
pointwise discussion of (3.19), see e.g. [22, Lemma 2.2.6].

By the construction (4.5), it then also holds up(x) =a Vx € T. If d(x) < 0 a.e.
in T, we obtain accordingly uj (x) = B Vx € T. In either case, we have

/ dx)(ip(x) —i(x)dx =0 VT ¢7Tp.
T
In each T e 7y, there exists x7 such that d (x7) = 0. We estimate

@) — ity =Y /TJ(X)(uh(x)—ﬁ(X))dx

TeTy

=> /T (d(x) = d () (up (x) — i (x)) dx

TeTy

<Lh Z /T lup(x) —u(x)|dx < Chllu, — b_t||Lz(Q) < Ch? 4.8)
TeTy

where L is the Lipschitz constant of d; we used the inequality (4.7).

Now we apply Theorem 2.14 and use (3.27), (4.7) and (4.8). These estimates show
that all three terms appearing in the right-hand side of (2.19) have at least the order /2,
hence

i+ lun — 72, + J' @y — i) < Ch>.
Now (2.19) yields [lup — ull ;2(q) < Ch as it was claimed in the theorem. O
This estimate is optimal, since the order of the LZ-approximation of a function
by step functions is not in general better than 4. However, as it is observed numeri-

cally, the error ||y, — yllL>(g,) for the state function has often a higher order. This
phenomenon was first observed in [7] and explained analytically by [20].
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Our last result leads directly to an associated maximum-norm estimate.

Theorem 4.3 (Piecewise constant controls, L*°-estimate) Under the assumptions of
Theorem 4.2, there is a constant C > 0 not depending on h such that

lun —ullLo@,) <Ch Vh=>0. (4.9)
Proof From Lemma 3.8, estimate (3.29) and Theorem 4.2, we get

llpa — ‘Ph(’/_‘h)”(j(g}w <Ch.

Subtracting (3.21) and (3.37), we obtain a.e. on each triangle T’
|it(x) — ity (X)] = |Plo, g1 (5 (x) — Pa, 1) | < |5(x) = Sy |

1 _ _ _
=< X{llfpﬁ —on(up) Loy, +clly — yn@n)llLoo )}

< c{llga — @i, Loy + @i, — ©n@n) |l Loo ()
+ lya — ya, Iz + 1ya, — ya@n) Loy} (4.10)
< clh+ i — ipll 2] < Ch. @.11)

The second inequality follows with some effort by an application of the mean value
theorem in (3.38) and a Taylor expansion of L(x, y;(x), sp,;) with respect to the
second and third variable. Moreover, Lemma 3.8, the Lipschitz continuity of y;, ¢;,
L(x,y,u),and of s with respect to x, and the convexity condition of (H4) are needed.
In the last line, we applied Theorem 4.2. For details we refer to [10, p. 29]. Il

4.1.3 Piecewise linear control approximation

This type of approximation is frequently used in numerical computations, since its
implementation is fairly easy. We adopt the notation d and 7y from above. We define

Kn={uek:ureP;forall T €Ty and u|q\q, = it}. (4.12)
To apply Theorem 2.14, we use the function

i Vx € Q
wpy = Ty = { (_”h")(x) TR (4.13)
u(x) Vx e Q\ Qp,

where 7, : C(Q) — C(Qy,) associates to u € C() its standard piecewise linear in-
terpolate on Q2. It holds that ||u — Hpullcg,) — 0. if u is continuous on .

In general, we expect a better approximation of u by piecewise linear functions
than by piecewise constant controls. However, without further assumptions, the im-
provement is only marginal.

Theorem 4.4 (Piecewise linear controls, low order L2-estimate) Assume that it is a
local solution to (P) that satisfies the second-order sufficient condition (2.6). Let the
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assumptions (H1)—(H4) be satisfied and K, be the set defined in (4.12). If {u} is a se-
quence of locally optimal piecewise linear controls to (Qp) with |up — ull12(q,) = 0,
then ||12h - I/_l”LZ(Qh) = O(h), ie.

N S

Proof We proceed similarly as in the proof of the last theorem, but we define now
up = Mpu asin (4.13). If T ¢ 7, then again either u(x) =« or u(x) = B holds in T
so that u; (x) = IMyup(x) = u(x) holds in 7. Now we estimate

') (up — i) =y foz(X)(uh(x)—ﬁ(X))dx

TeT)

=> /T (d(x) — d(&r)) (up(x) — i(x)) dx

TeT

<Lh Z/mhﬁ(x)—ﬁ(x)mx
T

TeT,
< Ch|[Tyii — itl| 12, = o(h?)
in view of the Lipschitz continuity of d and the estimate
1Ty = el 2, = 0(h) (4.15)

foru e Whr(Q), p > n, cf. Brenner and Scott [4]. In Theorem 2.14 we have to deal

with the terms si, [|up — ﬁ||iz(9h), and J'(it)(u, — u). For g, the finite element

analysis yields again &, < Ch?. By (4.15), the second term is of the order o(h?),
while the last one was shown above to have the order o(h2).

All three terms appearing in the right-hand side of (2.19) were confirmed to have
the order o(h?), hence &7 + |luj — ﬁ||iz(9h) + J' (@) (up, — it) = o(h?) so that (2.19)
yields [|up — il 2(q,) = o(h) as it was claimed in the theorem. O

In numerical tests with piecewise linear control approximation, often the higher
order h3/? of approximation is observed. The reason is that the boundary of the active
set of i often has zero measure.

Theorem 4.5 (Piecewise linear controls, optimal L?-estimate) Suppose in addition
to the assumptions of Theorem 4.4 that L(x, y, u) =[(x, y) + (A/2)u® and the mea-
sure of the set T, formed by the union of all triangles T € T, where d is not identically
zero but vanishes in a subset of T of positive measure, can be estimated by

|7:| < Ch.

Then there exists some constant C > 0 not depending on h such that

liin —iill 2, < Ch?  Vh > 0. (4.16)

@ Springer



200 E. Casas, F. Troltzsch

Proof We decompose 7j, in three families of triangles

T, ={T €7}, :1d(x)| > 0 fora.a. xeT},
T ={T €T;,:d(x)=0forall x € T},
B=Tpy\(hUD).
If T €7y, theneitheru(x) =a Vx € T oru(x) = B Vx € T, therefore it (x) — up(x) =

0inT.If T € 75, then it(x) = —(1/A)@(x) for every x € T, hence u|r € H?(T) and
we have the interpolation error

- 20 = C 20 =
Il — Mh||L2(T) <Ch ”"‘”Hz(T) = Xh ||(P||H2(T)-
Finally, in 73 it holds
> /T i = upl® dx < Ch*illgon g, D |T1=Ch*illgo. g\l < Ch°.
TeT; TeT;
From these estimates we infer
it — il 2q,) < CHY2.

It remains to estimate J' (i) (1, —it). This follows from the above remarks and the fact
that u and uy, coincide in Q2 \ €. In each T € 73 there exists x7 such that d(x7) =0,
hence

T @)y —iy ="y | di—up)dx

TeT r
=Y /(3(x)—f7(xr))(ﬁ(X)—uh(x))dx
TeTs r
1/2
<Lgh ) / li —up|dx < Lgh Jm(/ |a—uh|2dx)
TeTs T TeTs T
1/2 1/2
st ir1) (X [1a-wia)
TeT3 TeT3 r

< P —upl 2,

<Ch. O
4.2 Verification of the assumptions (A1)—(A7)
Finally, we verify the assumptions (A1)-(A7) for the quasilinear optimal control
problem (P). This is a fairly technical task, characteristic for problems with quasi-

linear equations. The verification would be much easier for the semilinear elliptic
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problems. In either case, the discussion of error estimates would be much longer
without our general Theorem 2.14.

We recall our choice Uso = LAOO(Q), Uy = LZ(Q). Notice that we must verify the
assumptions for the sets K and Kj, instead of I and Ky, respectively.

(A1): By Theorem 3.2 and the uniform boundedness of K, all possible states y, obey
with some C > 0

lyu()|<C VxeQ, Yuek.

The mapping u + v, is in particular continuous from L?(2) to HOI(Q), see The-
orem 3.2. Let now u; — u in L*($2). The embedding of L*() in W~ 1P(Q) is
compact for all p > 1,if n =2, and for all 1 < p < 6 for n = 3. Therefore, we have
up — u in W17 (Q) and Theorem 2.3 of [9] ensures Yup = Yu in wWhr(Q) c C(Q).
We split

/L(x,yuk,uk)dx=/L(x,yu,uk)dx
Q Q
—l—/ (L(x,yuk,uk)—L(x,yu,uk)) dx.
Q

By the uniform boundedness of y,,, y,, — Y, in C(S2) and the Lipschitz property
(3.11), the second integral tends to zero. Thanks to condition (3.8), the mapping u +—
L(x,y,u) is convex.

liminf/ L(x, yu,,ur)dx =liminf/ L(x, yy,ux)dx
k—oo Jq k—oo Jq

> / L(x,y,,u)dx.
Q

The functional above is defined on K, but not in general on Lz(Q). In view of this,
general results on lower semicontinuity of convex and continuous functionals defined
on the whole space are not directly applicable. Therefore, to obtain the property of
lower semicontinuity above, we apply the Mazur theorem and select a sequence of
convex combinations of the u; that converges strongly to u. Notice that also the
convex combinations belong to K. Then the property follows by the convexity of
ur> L(x,y,u).

(A2): Here, we take A = L*°(2) and select any fixed real number r > 0. It follows
from Theorem 3.2 and assumptions (H4) on L that J is of class C2 in L®°(2). The
first-order derivative J'(u) is given by (3.16). We estimate

, aL
vl = | |70 yus u) +@u|lv]dx.
Q au
The inequality |J'(u)v| < c||v|| 12(s) follows immediately, since y,, u, and ¢, are all
bounded and measurable. The boundedness of ¢, is obtained from Theorem 3.3.

To discuss J”(u), we employ its representation (3.18). The functions z,, =
G’ (u)v; were introduced in Theorem 3.2. Thanks to X C L™ (£2), the functions y,
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and ¢, belong to W27 () C C!(2). Therefore, they and their gradients are bounded
and measurable. The linear mappings v; = z,, and v; — Vz,, are continuous from
L%(Q) to L2()", as the reader may verify with Theorem 3.2. Therefore, the second
part of (2.4) is easy to confirm. Let us consider the most difficult term in (3.18),

da da
/S;'vﬁou 5(96 yu)Zvl Vzvz dx <ol W25 (Q) a_y(xs Yu) ”Zvl ||L2(Q) ”sz ”Hol Q)

o0
It is clear that this term can be estimated against [[vi || .2q) V21l L2(q)-
Next, we verify (2.5).

Lemma 4.6 Under the assumptions (H1)—(H4), the objective functional J of problem
(P) obeys the estimates

|(J (1) = I (w2))v] < C(r)lur — ualle@) vl L2 (4.17)
|(J" (1) = J" (u2))[v1, v2l|
< C)llur —uzlleo@ lvill 2@ llvall 2 (4.18)

for all u; € Boo(u,r), v,v; € LX(Q), if r > 0 is sufficiently small. The constant
C(r) > 0 does not depend on u;, v, and v;.

Proof Thanks to the representations of J' and J”, it is sufficient to verify
l9u, — urllw2r) < C)llur —uzllLe@) VYui € KN Boo(u, r). (4.19)
Write for short ¢; :=¢,; and y; :==y,,, i =1,2; then
. da af
—div[a(x, yD(V(p1 — @2) ] + 5()6’ yOVy1-Vipr —¢2) + @(x, yD(@1 —¢2)
. da da
= —div[(a(x, y2) —a(x, y))Ver ] + 5()6’ y2)Vy2 — @(x, yDVyi |- Voo
of of
+ |:_(-x7 yz) - 5()‘.’ yl)i|(/72

dy

The right-hand side can be estimated in L”(2) by [lu2 — u1llLr(q), cf. [10, (4.22)-
(4.24)]. Now the W2 P (2)-estimate (4.19) follows from regularity results by [17] for
smooth domains. O

It remains to show that J” () is a Legendre form. To this aim, we select a sequence
vr = v in L2(), k — oo, and consider (3.18) with v; = vy 1= vy

J”(u)v,%zf az—L(x,yu,u)zz +282—L(x,yu,u)zvkvk
ol 9?2 Ve T 9ydu

—V(/) 2—( Yy )(Z V7 )+—( )2 Vy
M .x, .x,
u ay u Vk Uk 32 Yu vk u
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32 3°L
_ %a_y];(x’ yu)z%k + m(x, Vus u)v,%} dx. (4.20)

The mapping v — z, is linear and continuous, hence also weakly continuous, thus
Zy, — Zy in HZ(Q). The embedding of Hz(Q) into C(Q)N H(} (2) is compact, hence
Zu, = Zp in C(Q) and Vz,, — Vz, in L?(2). Therefore, all expressions above ex-
cept the last one tend to the terms associated with the limit v. By the convexity con-
dition of (H4), it holds g‘%(yc, Yu, ) = A a.e. in Q; therefore the integral of the last
term is lower semicontinuous. Altogether, we obtain

liminf J" (u)v > J" (u)v.
k—o00

If, in addition, J” (u)v; — J” (u)v, then it follows

2 32L 2
A”vk_UHLZ(Q) = W(x’ yuvu)(vk_v) dx
Q

32L 32L
:/ W(x,yu,u)v,%dx—i—/ W(x,yu,u)vzdx
Q Q

2/’8L( ) J
W X, Yy, WUV dX.

By our additional assumption, the first integral tends to the value of the second one.
The same holds true for the third one by weak convergence. Therefore, the right-hand
side converges to zero. This implies [|vk — v||2(q) — 0, hence J "(u) is a Legendre
form and all requirements of (A2) are confirmed.

(A3): For our 3 cases of control discretization, this approximation condition is satis-
fied. This is trivial for the variational discretization. Moreover, any function u € XC can
be approximated by step functions uj, via the projection (4.5) (insert # := u there); it
holds u;, — u in L2(S2) and uy, € K, for sufficiently small 2 > 0.

For piecewise linear control discretization, we mention that W7 () is dense in
L%(). To any fixed u € K and & > 0 there exists u, € W7 () such that |lu —
uell;2(q) < €/2. The function e (x) 1= Py, gjus (x) belongs to whr(Q) N K and
satisfies

lu(x) — it (x)| = [P, g1u(x) — Ppo gue (x)] < lu(x) —us(x)|  in 2

so that also [lu — #ell;2(q) < £/2. The function u, ; := Ipi, belongs to K, and it
holds [|&te — ue nll;2(q) < &/2 for all sufficiently small 4 > 0. By the triangle inequal-
ity, we have |lu — u, j, ||Lz(9) < ¢ for all h < ho(¢e) and this finally confirms (A3).

(A4): Take, as in (A4), uy € K, N B(i, p;) with uy — u in L2(2); we write for short
Yk = Y (ux). We have to show the lower semicontinuity property

Ty () < liminf Jj, (ug)
k— 00

for each fixed & > 0. The sequence {u;} is bounded in L°°(£2), hence also {y} in
the finite-dimensional space Yj. Consequently, there exists a subsequence of {yi}
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denoted in the same way that converges strongly in HO1 (2) to some yp, € Yp,. Thisis a
solution to the discretized quasilinear equation associated with u € B(ii, pz). By local
uniqueness, we have y, = y;, (1), hence all such subsequences converge to the same
limit y, (u) so that ||y, (ur) — yan W)l 12(q,) — 0. The sequence {y;(ui)} is bounded
in L°°(£2). Now the lower semicontinuity of Jj can be verified as the one of J.
Since our set /C is bounded, the second requirement of (A4) need not be verified.

(A5): The condition (2.13) follows immediately from J(u) = F(G(u),u) and the
continuity of the mapping G : L>(Q) — H?*(Q).
Let us show that |J; (u;) — J (up)| — 0 as h — 0. Indeed, we obtain
[Jn(up) — J (up)l

S/ IL(x,yh(Mh),uh)—L(X,yuh,uh)ldx-l-/ |L(x, Yu,,un)ldx
Q Q\Q2p

< Cllynun) — yu, L) +/ |[L(x,0,0)|dx + ch®> = 0ash — 0.
Q

\ 2

This follows from the finite element estimate (3.24), since all u;, are bounded, by
Lemma 3.8 also ||y, || > () and, in view of the estimate (3.26), also ||yx (un) || Lo (@)
Notice that || L(-,0,0)[| ;1 @ 0 as h — 0. Now the semicontinuity requirement
(2.14) is obtained by Remark 2.9, because (A1) has already been confirmed.

(A6): Assume that uy — u, u; € K. We write y; := y,, and split
T ) — T @) =/Q<L<x,yk,uk> — L(x, y,w) dx
= fQ (L(x, yk,ux) — L(x, y,ux)) dx
+/Q<L(x,y,uk)—L<x,y,u>> dx

oL
=/ (L(x, ye,ux) — L(x, y, ur)) dx+/ 3—(x,y,u)(uk—u)dx
Q Q ou

1 11

+1f PL ey uo) s — wd
5 ) 2 x, v, ug)(uy —u)” dx

ur

with some ug € [uy, u] . Assume J(ux) — J(u) as in (A6). Then the left-hand side
and the integrals I, II converge to zero (cf. the verification of (AS) above), hence also
the integral II1. By the convexity condition in (H4), we deduce [ux — ull;2(q) — 0.

(A7): In view of the possible non-uniqueness of the discrete state yj, we restricted
the discussion of (A1)—(A7) to the set K=KnB (u, pz)- This is compatible with our
needs, since we perform a local analysis around u. The set K is also a convex and
closed set of L°°(2). Therefore, our theory is applicable to this set instead of . Let
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us confirm first (2.17). We obtain

0400 = S s )
5/ ‘(ph(u) — o Cx ), 0)
Qp u

- oL -
Iuh—uldx+/ @u+ ——(x, yu, w)) lup —uldx
Q\Qp

ou

aL
- _()C, )’uvu)
ou

and, by Lemma 3.8,
lon () = @ull 2, + Iy @) — yull2Q,) < Ch?.

Therefore, the integral on 2, can be estimated by ch?||u, — | 12()- The integral
on 2\ €2 cannot be handled this way, but it vanishes. Notice that uj (x) = i(x) was
assumed a.e. on 2 \ 2, for the types of control discretization we consider. Therefore,
(2.17) is satisfied with

e(h) = Ch>. 4.21)

The confirmation of (2.18) is more delicate. It was shown in [10] that, under our
assumptions on (P), the convergence u;, — u in L%(2) implies i, — u in L*°(),
provided that the controls are not discretized (variational discretization) or taken as
piecewise constant functions. This follows from the available projection formulas for
uy. The situation is more difficult for piecewise linear control approximation. Then
(2.18) needs the discussion of J” (uk)v,% for weakly converging sequences {vi}. In

. . 2
(3.18) there is one delicate term, namely fQ ?;7%()51 Vur» uk)v,% dx. Here, we cannot

really control the convergence of v,%. It was shown in [6, pp. 149-150] by Egorov’s
theorem that condition (2.18) is satisfied for piecewise linear control approximation.
In [6], the equation was semilinear but this method does not depend on the particular
type of the equation.
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