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Abstract We consider the task of design optimization where the constraint is a state
equation that can only be solved by a typically rather slowly converging fixed point
solver. This process can be augmented by a corresponding adjoint solver and based
on the resulting approximate reduced derivatives also an optimization iteration which
actually changes the design. To coordinate the three iterative processes, we use an
exact penalty function of doubly augmented Lagrangian type. The main issue here is
how to derive a design space preconditioner for the approximated reduced gradient
which ensures a consistent reduction of the employed penalty function as well as sig-
nificant design corrections. Some numerical experiments for an alternating approach
where any combination and sequencing of steps are used to improve feasibility and
optimality done on a variant of the Bratu problem are presented.

Keywords Simultaneous analysis and design - Preconditioning - Augmented
Lagrangian - Exact penalty function - Global convergence

1 Introduction

Design optimization problems are distinguished from general nonlinear programming
problems (NLP) by the fact that the vector of variables is partitioned into a state
vector and design variables. For applications of this scenario in Computational Fluid
Dynamics (CFD), see for example [15, 16]. In this paper, we are interested in solving
a design optimization problem where the constraint is a state equation

P) r;liunf(y,u) s.t. c(y,u)=0.
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Here, y € Y denotes the state and u € U the design variable. For simplicity, we as-
sume that not only Y but also U and thus their Cartesian product X =Y x U are
Hilbert spaces. ¢ : X —> Y is called the state equation and f : X —> R the ob-
jective function. Besides, when Y and U have finite dimensions n = dim(Y) and
m = dim(U), their elements may be identified from coordinate vectors in R" and
R™ with respect to suitable Hilbert bases. This convention allows us to write duals as
transposed vectors and inner products as the usual scalar products in Euclidean space.
In addition, we suppose that non physical designs u or states y are indicated by a very
large value of the objective function f such that the optimization automatically stays
in a region where 1 and y have reasonable values.

Furthermore, we assume that the state c(y, u) = 0 can be transformed into a fixed
point equation y = G(y, u) where the Jacobian G, = dG/dy is supposed to have a
spectral radius p < 1 at all points of interest. Therefore, feasible solutions y = y(u)
can be computed from the iteration ygy1 = G (g, u).

In the literature, the problem of augmenting fixed point solvers for PDEs with
sensitivity and optimization has been already considered by various authors during
the last few years, see [9-12]. In [9], the author used One-Shot technique to solve a
constrained optimization problem. It is a technique that aims at attaining feasibility
and optimality simultaneously. Actually, within one step the primal, dual and design
variables are updated simultaneously. Moreover, employing Automatic Differentia-
tion (AD) this requires only one simultaneous evaluation of the function with normal
and adjoint derivatives. Based on a preconditioned design update, the focus in [9] was
to define a suitable preconditioner which ensures local convergence of the considered
coupled full step iteration. From the analysis of eigenvalues associated to the obtained
Jacobian, the author derived a preconditioner that corresponds to a necessary but not
sufficient condition to bound eigenvalues below 1 in modulus.

Deriving a preconditioner that ensures even local convergence of the coupled full
step iteration relative to the One-Shot technique has been proved to be quite difficult.
Instead of that, we studied in [13] the introduction of an exact penalty function of
doubly augmented Lagrangian type (see [18, 19]) which enables to coordinate the
coupled iteration in order to improve feasibility and optimality. This function is de-
fined from weighted primal and dual residuals added to the Lagrangian associated
to the constrained optimization problem (P). Here, we use the already introduced
penalty function in [13] and analyze an alternating approach which allows any com-
bination and sequencing of steps to improve primal, dual feasibility and optimality.
The paper is organized as follows: Section 2 is reserved to recall constructive con-
ditions on the choice of the weighting coefficients involved in the employed penalty
function and prove under reasonable assumptions that all its level sets are bounded.
We also describe in this section an economical computation of its gradient using
Automatic Differentiation (AD) tools, see [6, 7]. In Sect. 3, we derive a suitable pre-
conditioner, investigate its relation to the Hessian of the used penalty function with
respect to the design and define optimal weighting coefficients that are independent
of all linear transformation in the design space. Section 4 is devoted to establish an
algorithm summarizing the required steps while employing the alternating approach
and elaborate two backtracking line search procedures based on two slightly differ-
ent quadratic forms. The focus in Sect. 5 is to prove under reasonable assumptions
global convergence of the proposed optimization approach. Some numerical experi-
ments done on a variant of the Bratu problem are presented in Sect. 6.
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1.1 Problem statement

In this paper, we are interested in solving an equality constrained optimization prob-
lem that takes the form

(Pg) r;liunf(y,u) st. y=G@,u),

where we assume

f(y,u)=+o0, 0

lim
lIyl+lull—oc0

which implies that all level sets of the objective function f are bounded. In addition,
on some convex neighborhood M of a bounded level set of f, we assume that f,
G are C>! and a uniform contraction factor for the iteration function G with respect
to its first variable holds, i.e.

1Gy(y, w)| = IIGyT(y, wll<p<l
= GOy, u) — G2, wll < pllyr — y2Il. )

The above implication follows from the mean value theorem on any convex subdo-
main of Y. The key assumption here is that the spectral radius of Gy is less than one
which implies (2) for a suitable inner product norm that we will simply denote by ||.|.
Therefore, by Banach fixed point theorem, for fixed u the sequence yx4+1 = G (yx, u)
converges to a unique limit y* = y*(u). Furthermore, the Lagrangian associated to
the constrained optimization problem (P¢) is defined as follows:

Ly, . u)=f.w)+(GO.u) -y 5=N@y.5.u)—y'5,
where N is the shifted Lagrangian

N, y,u) = f(,u)+G(y,u)'y. A3)

As discussed in [10], ¥ does not need to be the exact adjoint of y but may represent
an approximation of it. Besides, according to the first order necessary condition (see
[1,2]) a KKT point (y*, y*, u*) of the problem (Pg) must satisfy

Y =GOu"u),

Sk * ok kT * kT * kT %

y —Ny(y » Y ,M) —fy(y ,M) +Gy(y ,M) ’ (4)
0=N(y*, 5, u") " = " u) " + Gu(y*,u*) T3,

Let F denote the feasible set: F := {(y,u) € M s.t. y = G(y,u)}. Then, as a
consequence of the contractivity assumption (2) and the Perturbation Lemma [20],
I — G, is an invertible matrix. Thus, the set F is a smooth manifold of dimension
dim(x) = m with tangent space spanned by the columns of

PR
zz[(’ G;’) G”] 5)
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Furthermore, in view of the second order necessary condition, the reduced Hessian

N,, N,
H=Z'N,Z whereNxxz[Nz; Njﬂ (6)

must be positive semi-definite at a local minimizer. In the remainder, we will make
the slightly stronger assumption that second order sufficiency is satisfied, i.e. H is
positive definite.

One can use the following coupled full step iteration, called One-Shot strategy, to
reach a KKT point of the problem (Pg) (see [5, 9, 11]):

Yk+1 = G(ykv Mk)v
Tt = Ny, Je ) T @)
w1 = g — By Ny (e, e u)

where By is the design space preconditioner which must be selected as a symmetric
positive definite m x m matrix. Moreover, the contractivity assumption (2) ensures
that the first equation of the coupled full step (7) converges p-linearly for fixed u.
Although the second equation exhibits a certain time-lag, it converges with the same
asymptotic R-factor (see [4, 12]). As far as the convergence of the coupled full step
iteration (7) is concerned, the aim is to define a design space preconditioner which in
turn influences the spectral radius of the coupled iteration (7) to stay below 1 and as
close as possible to p.

Furthermore, the asymptotic rate of convergence to a limit point (y*, y*, u™) of the
coupled full step iteration (7) is determined by the associated Jacobian which takes
the following 3 x 3 block form:

o OOk41s Vi1, Uk+1)
0 (Vs Yk» Ui) %, 7%.u*)
Gy 0 Gy
= Nyy G; Nyu ' ®)
_B_lNuy —B_IG;— I—B_lNuu

Actually, the local convergence of (7) is ensured by the condition p(J*) < 1 where
0(J*) denotes the spectral radius of the Jacobian J*. In [9], the author proved that
unless they happen to coincide with those of G, the eigenvalues of J* solve the
following nonlinear eigenvalues problem:

det[(A —1)B+ HAM)] =0, )

where

(10)

_ —1
HG)=Z(}) NuxZ()  and zmz[(“ (;y) Gu]

We find H = H(1) and Z = Z(1) where H and Z are the terms involved in the sec-
ond order optimality condition introduced in (5), (6). Furthermore, as discussed in
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[9], although the conditions B = BT = 0and B » %H (—1) ensure that eigenvalues
of J* stay less than 1, they are just necessary but not sufficient to exclude eigen-
values less than —1. In addition, no constructive condition to also bound complex
eigenvalues below 1 in modulus has been found. Therefore, deriving a design space
preconditioner which ensures even local convergence of the coupled full step iteration
(7) seems to be quite difficult. Here, we analyze the introduction of a penalty function
which enables to coordinate the coupled iteration in order to improve feasibility and
optimality.

2 Exact penalty function
2.1 Definition and constructive conditions

As introduced in [13], we aim to solve the equality constrained optimization problem
(Pg) by looking for descent on the penalty function of doubly augmented Lagrangian
type defined as follows:

B _ _ i i
SN G5, ' —FIP+NG, Fu) —Fy,

(1)
where the weighting coefficients o and 8 are strictly positive real numbers. In [13],

we proved that L¢ is an exact penalty function (see [3]) where the so-called corre-
spondence condition

LG, 5. 1) = 211Gy ) — 2
(y,y,u)_2|| ) =y~ +

aBAG | AGy > 1+ BNy, with AG,=1- Gy, (12)

holds. Actually, the inequality in (12) implies that all stationary points of the con-
strained optimization problem (Pg) are also stationary points of the penalty function
L and the Hessian of L at a stationary point of (Pg) is positive definite if and
only if the reduced Hessian H introduced in (6) is positive definite. Furthermore, we
proved that the step increment vector
Ay=G(y,u)—y
sy =] AY=Ny3.F) " = |, (13)
Au=—-B7'N,(y,5,u)"

associated to the coupled full step iteration (7) yields descent on L¢ for all large
positive preconditioner B where the slightly stronger condition

_ _ - 1
aBAGy >~ (1 + gzvyy)(AGy)—l (1 + gNyy) with AGy = Z(AG, + AG,T),
(14)
is satisfied. Therefore, the following choice for the weighting coefficients o and f:

Vap( —p) > 1+§9 where 6 = || Ny, ||, (15)
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ensures that both inequalities (12) and (14) are satisfied. That implies L¢ is an exact
penalty function on which the increment vector s yields descent for all sufficiently
large preconditioner B. In the remainder of this paper, we use the following notations:

Ay=G(y,u)—y, Ay=N,(y,y,u) —3j and 6
Au=—-B"'N,(y,5,u)".
2.2 Bounded level sets of L4

In order to establish later in this paper global convergence result, we need to prove
the following theorem which shows under some reasonable assumptions that all level
sets of the doubly augmented Lagrangian function L¢ are bounded.

Theorem 2.1 If f € CL1(Y x U), limjjy4juj—o0 f (¥, u) = +00 and
f

lim inf =5 >0, a7
Iyl oo [ Vy £1I
then, there exists always (c, B) fulfilling (15) such that
Ly, y,u) = +oo0. (18)

lim
Y1151+ llul—o00

Furthermore, if the limit in (17) is equal to infinity, the assertion (18) holds without
any additional restriction on («, B).

Proof Let fVT =V, f,c(y,u)=G(y,u) —y and AGy =1 — Gy. Then, from (11)
we obtain

_ o B _ _ _
Ly, 5wy =5cTe+ 2 = AGIH T, = AGIH + [ +c'§
= P5TAGAG, T+ (T AG, 5+ LT+ Bia
—5 y y y+(c _/3fy y )y+zc C+E||fy|| + f.

19)

Moreover, as AGy, is an invertible matrix, the right-hand side in (19) is a positive
quadratic form in y. Furthermore, we have

5L =3 AGyAG,  +c" —BfAG, .
Let y, be such that
_ra = _ - l -T -1 T _
5Ly, ¥, u) =0 &= y,= ﬂAGy AGy,  (BAGyf, —o).
Then, substituting y by y, in (19) leads to

1
Ly, ys,u) = %CTC - %CTAG))_TAGy_IC + fyAGy_IC-i— f
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Therefore, we have L*(y, y, u) > L%(y, y«, u) and thus

1
LYy, §.u) > %CT (1 - @AG},_TAGy”)c—i—fyAGy_lc—i—f. (20)

Since the couple (e, B) fulfills (15), we have I — (1/af)AG,~ T AG,~! > 0. Then,
the right-hand side in (20) is a positive quadratic form in ¢ which reaches its minimum
at ¢ = ¢* such that

1 1
c*=—&A_1AGy_TfyT where A =1 — EAGy_TAGy_l. Q1)

Furthermore, substituting ¢ by c, in the right-hand side of (20) leads to
L%y, y,u)> f — %fyAGyflA*AGy*TfVT. (22)
In addition, we have
HAGyTTATIAG, T AT < hmax (AT DI, AG, 1% (23)

Thus, using the Perturbation Lemma [20] and in view of (2), we find

_ 1 el - homax(A™1)
IAG, < — = f{AGTATIAG, T/ < AR 24
I—p (I-p)
Moreover, since for all v € R"\{0} we have
1
viAv=vTv— —UTAGy_TAGy_lv
af
S G pp—_— ©5)
- ap(l —p)? ’
where A is the symmetric matrix introduced in (21), then we obtain
Amin(A) > 1 !
T e -p)?
_ ap(l — p)*
= Amax(A4 l) = (26)

= ) >
Amin(A) ~ a1l —p)*—1
Therefore, using (24) and (26) to bound below the right-hand side in (22), we get
B

LGy, 5,u) > f — AR 27)
2@ —p2—1"""
Since (17) holds, let £ be such that
lim inf f 5= £>0.
Iyl+Hlull =00 [ £yl
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Then, for ¢ > O there exists || y|| + ||«|| sufficiently large for which we have

=)
— . (28
206 —e)@p(l—p)* = 1) Jo e

Furthermore, using large value for o and/or small value for 8, we can always find
(c, B) fulfilling the main condition (15) and such that

| B
— >
20— &) (@p(1—p)* = 1)

Hence, for ||y|| + || ¥|| + |lu|| = oo, we have either ||y|| + ||« || — oo and then accord-
ing to the assumption (1), we obtain from (28)

2 1 a =
NI =g—f = LOyw=|(l

0.

lim Ly, y,u) =00, (29)
Iy I3 [+l — o0

or |y|| and |lu| are bounded whereas ||y|| — oo. In this last case, since L% is a

positive quadratic form in y, then (29) holds. That ends the proof. g

Note that the assumption (17) requires that f grows quadratically or slower as a
function of ||y| + |lu#||. To give an impression about that, we consider the case where
f 1s a positive quadratic form

1
fx) = ExTFx +bx where FER™, FT =F =0, (b',x)e R".

Therefore, we have
. f(x) | x| Fx
lim = 5 =5 lim ——
lxll—>o0 IV f ()l 2 |xll—o0 || Fx||

- )&min(F) _ )\min(F)
TO2FI3 2w (F)

>0, (30)

where Amin (F) and Apmax (F) are respectively the smallest and the biggest eigenvalues
of the symmetric matrix F.

2.3 Computation of VL

It is a well known difficulty of using exact penalty functions that they increase the
level of required derivatives at least by one. In our case, the gradient N, has became
part of the employed exact penalty function L¢. Therefore, we have

VyL* =aAy " (Gy — 1)+ A3 (I + BNyy),
VLY = AT (Gy— D)+ Ay", 3D
Vul® = aAy Gy + BAT Nyy + Ny,

and thus VL involves vector derivatives as well as matrix derivatives where the com-
plexity of their computations may grow with respect to the dimension of «. To avoid
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that dependence, we propose an economical computation of VL using Automatic
Differentiation (AD) borrowing heavily from A. Griewank’s “Evaluating Derivatives,
Principles and Techniques of Algorithmic Differentiation” [7]. Actually, to compute
vector derivatives we can use the reverse mode of the package ADOL-C developed
at Dresden University of Technology [8]. However, we present two options to com-
pute terms in VL involving matrix derivatives namely Ay ' Ny, and Ay Ny,. The
first option consists on using one reverse sweep of Second Order Adjoint (SOA) by
employing some (AD) tools, like ADOL-C [7] that ensures a cost proportional to the
cost of (f, G) evaluation and independent of dimensions. Whereas the second option
consists on simply using the definition

d o _ _
E(Nx(y'FtAy’yvu)) = xy(y’)’s”)A% (32)
t=0

to approximate A yTny where x = (y, u). In fact, for ¢ # 0, we have

i} i} No(y +tAy, 5,u) T — No(y, 3,u) "
AFT Ny (v, o) = 2 20 t 2P Loy, (33)

and thus terms Ay ' Ny, and Aj ' Ny, can be approximated using (33).

3 Search for B

Here, we assume that the weighting coefficients «, 8 are chosen such that (15) holds
and focus on deriving a suitable design space preconditioner B which in turn influ-
ences the search direction s introduced in (13) to yield descent on the employed exact
penalty function L¢.

3.1 Explicit condition on B

In this subsection, we derive an explicit condition that leads to define a first choice
for the design space preconditioner. To this end, according to (11) we find

aAG] —I—BN,, 0
VL(y,y,u)=—Ms(y,y,u) where M = —1 BAG, 0, G4

-aG, —BN), B

s is the step increment vector introduced in (13) and AG, is the invertible matrix
defined in (12). Furthermore, since s' Ms = %ST(M + MT)s, we denote My the
symmetric matrix defined as follows:

1 anG, —-1-8n,, %G,
Ms = E(MT +M)=|—-1-8N,,  BAG, LN, |, (35)
T BnT
—-4G, —5N], B
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where AG y 1s the symmetric matrix given in (14). Therefore, we obtain
sTVLY = —s " Mgs. (36)

. L. . L.
Moreover, by rescaling u = B~ 2u with B2 is a Cholesky factor of B, we find a result
similar to (35) involving § and Mg where 5§ is obtained from the increment vector s

by replacing its third component Au = —B~'N, T by Ail = B2 Au= —B’gNu—r =
—N; . Whereas the matrix My is derived from Mg by substituting B with / and
all derivatives with respect to the design u with G; = GuB_%, N; = NuB_% and
Ny = Ny,,B_%. Thus, we get

anG,  —1-EN,, —2G;
Ms=|—-1-5N,,  pAG, BN, |. (37)
T BaT
_%Gﬁ _fNyﬁ 1
Note that M s is obtained from the matrix Mg as follows:
Ms = diag(I, I, B~T)Mgdiag(I, I, B~?). (38)

The aim now is to derive explicit conditions on B that ensure the positive definiteness
of the matrix M s which in view of (36) and (38) implies that the increment vector s
introduced in (13) yields descent on the exact penalty function L“. To this end, we
start by proving the following proposition:

Proposition 3.1 Let 0 = || Ny, || and Dc be the real 3 x 3 matrix defined by

a(l—p) —1-50 —5IGl
De=|-1-56 Bl—p) =GNl |- (39)
—41Gall —5INal 1

Then, we have for all (v, v2) € (R")? and v3 € R™,

T T
vy | w vl vl
vy | Mg| v |=]llval| Dc| llvall
U3 U3 lvsll llvsll

Proof Let (vi, v2) € (R")? and v3 € R™. In view of (37), we find

-
V] V]

Y _ T A T A~ T
v Mg | v2 | =av; AGyv) + Bvy AGyvy +v3 U3
U3 U3

- 2vir <I + gNy))Uz - avIrG,;v3 — ﬁv;—Ny;,m
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> AAmin(AG ) V1112 + BAmin(AG ) 021 + [lv3]|*

= 2[lvi {2l 5

—allvrflllvsllIGall = Bllvallllvs I Nyall,

1+n,

where Amin(AG y) is the smallest eigenvalue of the symmetric matrix AG y- Further-
more, from (14) and according to (2), we have

- 1
AGy=1-3(Gy+ Gy,") and |G,+G, | <2p.
Let A be an eigenvalue of AG y associated to an eigenvector v. Then,

_ 1
AMvll? = (AGyv) v = |v] - (G + Gy Hv)Tv

1
> (1 —51G,+ GyTn)nvu2 > (1—p)lvl?,

and thus Amin(AG y) > 1 — p. Moreover, using this last inequality to bound below the
right-hand side of (40) leads to

V1 T B V1
vy | Ms| v | =a=p)lvil*+ B0 = p)lvall + llvsll®
v3 v3
B
- 2||v1I||Iv2||<1 + 59
—allvi[llvsllllGzll — Bllvz vzl I Nyzll,
T
lurll lurll
= | llv2ll | Dc | llv2ll |
lvsll lvsll
where D¢ is the real 3 x 3 matrix introduced in (39). That ends the proof. O

Therefore, in view of Proposition 3.1 and according to (36), (38) the increment
vector s introduced in (13) yields descent on the exact penalty function L where
the matrix D¢ given in (39) is positive definite. In the remainder of this subsection,
we prove the following proposition which leads to an explicit condition on B that
ensures the positive definiteness of the matrix Dc¢:

Proposition 3.2 Let 0 = || Nyy|l and a, B be two weighting coefficients fulfilling (15).
If we have

va o VB (1+48)
(7”Gu”+7“NyM”) 5(1—,0)—0”3(17_10)1 (40)

then D¢ introduced in (39) is a positive definite matrix.
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Proof Leté=1+ g@ and D, d be such that

— - 2|Ga
D— a(l—p) 8 ’ de /32|| l '
-8 Bl —p) 5Nyl

Then, since @ and 8 satisfy (15), we find
det(D) = aB(1 — p)> — 8% > 0. 41)

As the trace of the matrix D is (1 — p)(«a + ) > 0, then in view of (41) we get D > 0.
Furthermore, by rewriting the matrix D¢ defined in (39) as

De = D —d]’

| —dT 1
we obtain
I ol p -d]|[1 D 'a D 0
|:dTD‘1 1M—dT 1}_0 1 }:{0 l—dTD‘ld]’
and thus,

Dc>0 <= 1—-d'D7'd>o. (42)

Furthermore, from a simple computation we find

D-1_ 1 B —p) )
~ det(D) b a(l—p) |’

which leads to

- (d-p 26
dTD leL G- 2 GalllIN-- N ) . 4
4det(D) Ol|| ’4” + 1—p ” u” ” yu” +.B|| yu” 43)

Hence, according to (43), the inequality 1 —d " D~'d > 0 is equivalent to

B

2G>+ ——11Galll Nyall + =Ny
4" 2(1—p) "N g
det(D) 82
<——={10-p)— ——. (44)
aB(l—p) aB(l—p)
Besides, we have
o 2 ﬁ 2
ZIIGaII +2(1—_IO)||GL7””Ny12”+Z”NyIZ”
2
o VB
=<§IIGQII+TIINW;II> + TG Nyall (45)
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where
_ 8 B _
S 2(l-p) 2 2(1-p)

I' < 0 follows from the main condition (15). Therefore, in view of (45) and since
I' < 0, we obtain

(6 —/ap(1 - p)) <0.

2
o 2 8 B 2 (Ve VB

Z”Gﬁ” + z(l—_p)llGﬁllllNyall + Z”Nyﬁ” < (T”Gﬁ” + TIINyaII . (46)
Thus, according to (42) and in view of (44), (46) a sufficient condition to ensure the
positive definiteness of the matrix D¢ is to fulfill the following inequality:

Ja VB ’ 52
— |Gz —||Nyi <(l—-p)— —. 47
(2 IGall + > [Nyall ) =1 —p) 2B =) 47
This is the announced condition in (40). O

Here, we aim to derive explicit conditions on B that ensure (40) and thus imply
the positive definiteness of the matrix D¢. To reach this goal, we start by writing

1
S Vel Gl + VBINyz ) < max{/a||G;l, JEuNyﬁu}

Then, using the Q R decomposition

G
(jgN ) — OR. (49)
yu

I\-)I'—

(48)

=| vl

2

we find
2

=|RB™Z|3=|RB'RT|]. (50)
2

(o)

As design corrections expressed by the third component of the increment vector s
introduced in (13) involve the inverse of the used preconditioner B, the aim is to
derive B~! as large as possible. Furthermore, the largest By ! for which |RBy ! R
is equal to some o > 0 is simply

1 1
RBy'RT =01 Bm:;RTRzi;mGIGu+ﬁNWTNW) (51)
Here, o must be chosen such that Proposition 3.2 applies, i.e.

2
o=1—p— g—iﬁl > 0. (52)

ap(l —p)
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Note that according to (48), all design space preconditioner B such that

B=B" = By=—(@G] Gu+ BNy Ny, (53)
implies that D¢ > 0 and thus the increment vector s yields descent on L¢.
3.2 Particular choice of weighting coefficients

In this subsection, we aim to define weighting coefficients «, g fulfilling (15) and
independent of all linear transformation in the design space. To this end, we assume
the rectangular matrix G, € R™" to be full column rank and denote C a Cholesky
factor such that G G, = CTC > 0. Let ¥ be the positive function defined for all o
and g satisfying (15) by

_ (1+58)°
w(a,ﬁ)—l—p—aﬁ(l_p)>0. (54)
Then, in view of (51) and (52) we have
C TByC™'= 1//(; ﬁ)c—T(cchC + BN, Nyu)C™, (55)
which leads to
T 1 _atgqp
IC™ BoC |l = ¢(a, B) := V@ p)’ (56)

where

q=1C""NJ,NyC 2= Ny, C™ T3

=-T.112
_ | Ny C U”z
0vel  ll3

”NyuZ”% _ ”NyuZ”%

0#z€U ||CTZ||§ 0#zeU ||GuTz||§

Here, the ratio ¢ quantifies the perturbation of the adjoint equation Ny = 0 caused by
a design variation z relative to that in the primal equation G — y = 0. Furthermore,
since the aim is to maximize the inverse of the used preconditioner in order to make
significant design corrections, we define optimal penalty weights as coefficients «,
which satisfy (15) and realize a minimum of the function ¢ occurring in (56).

Proposition 3.3 The function ¢ defined for all o and B fulfilling (15) by

a+qgp
Vi, B)’

o(a, B) = (58)
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where W > 0 introduced in (54) and q a real positive number, reaches its minimum

for

3 1+
= - and a=gq pU+ Zﬁ). (59)
V0% +3q(1—p)*+5 1-48
Proof See the appendix. g

In the case where g = 0, using the value of § introduced in (59), we get

o 9 1/1+3‘1(1—p)2—1
,/1+2‘2’(1—p)2+1 1+ 20 -p2+1
3q(1 — p)*

02(,/1+3q(1—p)2 +H1+ %0 -2+ 1)

And thus, substituting in « given in (59) 1 — (6/2)B by its value derived in (60), we
find

(60)

02801+ 5B)(/1+ 221 — )2+ D1+ 21— p)2+
o= 3= ) (61)

Therefore, setting ¢ = 0 in (61) and using 8 =2/6, we obtain

46

=— 62
(1-p)? ©

3.3 Suitable B and relation to V,,,, L“

Here, using By derived in (51) we define a suitable design space preconditioner B
and establish its relation to the Hessian of L with respect to the design. To this end,
we consider Au such that

rgiL?L“(y—i-Ay,y—i-Ay,u—i—Au). (63)
Using a quadratic approximation of L%, (63) is rewritten as
n&iunsTVL“ o, you) + %STVZL”(y, ¥, u)s, (64)
here s is the increment vector introduced in (13). Furthermore, (64) leads to

n&iun E(Au), (65)
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where E denotes the quadratic form introduced by
1
E(Au) = Au' (VL + ViuyL* Ay + V5L Ay) + EAuTVWL“Au
T a S S 1 T a
~Au' V,L (y—l—Ay,y—I—Ay,u)—I—EAu Vuu LY Au. (66)
Then, assuming V,,, L to be positive definite, the minimizer of E is given by

Au=—V 'Ly, 5, u)VyL*(y + Ay, 5 + A§, u). (67)

Since we use Au = —B_INJ, then assuming N,, > 0 we define a suitable design
space preconditioner B from (51) and (52) such that

1 1
B=Bo+—Nu = B=—(aG[Gy+pN/Ny+Nu).  (68)

Therefore, in view of (53) the increment vector s obtained using the preconditioner
B introduced in (68) yields descent on L“. In addition, we have B ~ V,,, L?. This
approximation turns to an equality at primal and dual feasibility. Besides, as L is an
exact penalty function, we have V2L¢ > 0 in a neighborhood of a local minimizer
and then in particular V,,,L* = B > 0.

3.4 BFGS update to an approximation of B

As the suitable preconditioner B derived in (68) involves matrix derivatives which
may be costly evaluated, numerically we use the BFGS method to update its ap-
proximation Hy rather than computing it for each iteration. Therefore, in view of the
relation B ~ V,,,, L established in the previous subsection, we employ

BAu=V, Ly, y,u+ Au) — V,L(y, y,u), (69)
as a secant equation in the update of Hy namely
Hiw1 R = Auy. - where Ry := Vi L (Y, Yk, uk + Aug) — Vi L (i, Yk, ug). (70)
However, we have to ensure the curvature condition
Ry Auy > 0. (71)

One could enforce (71) by imposing restrictions on the line search procedure [17].
Actually, imposing to the step multiplier » to satisfy the second Wolfe’s condition

Aug "V L (g, ¥, ug + nAug) > c2Aug ' Vi L(yi, i, ux)  where
¢ €10, 1], (72)

leads to

Aug " R > (c2 — D Aug " Vi L* (i, Jk, ). (73)
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And thus, since Hy > 0 and Auy = —HV, L*(yk, Yk, ux), the right-hand side in
(73) is positive which implies (71). A simpler procedure could be to skip the update
whenever (71) does not hold by either setting Hy to identity or to the previous
iterate Hy. Provided (71) holds, we use

Hip1 = — rkAukRkT)Hk(I — rkRkAukT) + rkAukAukT where
1

=— 74
R " Aug 74)

Tk

4 Alternating approach

In view of the secant equation (70), one sees that each BFGS update of Hy needs to
make a pure design step (step with fixed primal and dual variables) in order to com-
pute the coefficient Ry. That leads to achieve the minimization of the employed exact
penalty function L¢ using some alternating between pure design and pure feasibility
steps.

For several applications such as shape optimization for example, design correc-
tions may be costly evaluated especially where each design update implies a modi-
fication of the geometry which requires to remesh and update the data structure (see
[15, 16]). Therefore, the Alternating approach could be more convenient for such
kind of applications since it saves the optimization cost namely by accepting only sig-
nificant design corrections otherwise, we continue to improve feasibility with fixed
design. Actually, we accept a design correction only if

Au'V,L9 <0 and tAu'V,LY <Ay V,L+ Ay V5L, (75)

where T €]0, 1] is a percent which may be fixed by the user. We suppose there exists
B such that for all iteration £ we have

B(y.y,u) < By <B forall (y,y,u) €N, (76)
where A is a level set of L. And thus | By|| is finite for all iterations. Here, we
present an algorithm describing the Alternating approach.

Begin
Initialize yo, yo, uo, Ho=1, T and €. Set k = 0.
Repeat

e Compute Ayg, Ay using (17) and then VL (y, Yk, ug).
e Compute o from (52) and set Auy = —o Hy Ny, (Y, Yk, uk)T.
e Test: > If (75) holds, do a pure design step:

o Compute the stepsize multiplier np and do

Yk+1 = Yk
Yi+1 = Yk,
Ugt] = ug +npAug.
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o Compute V,, L*(yk, Yk, ux + Auy) and update Ry from (70).
o Test: -If (71) holds, update Hy using (74).
-Else, set Hy+1 = H.
> Else, do a pure feasibility step:

o Compute the stepsize multiplier nr and do

Yk+1 =Yk +nr Ay,

Vk+1= Yk +nrAYk,

U1 = Ug.

until (|| Ay |12 + BI AT + [ Aug||* < &)
End
4.1 Line search procedures

On the basis of the suitable preconditioner B derived in (68), we expect full step
convergence near a local minimizer of L¢. However, we need to apply a line search
procedure in order to enforce convergence in the earlier stage of iterations. Here, we
use two backtracking line search procedures based on two slightly different quadratic
forms. Actually, the first procedure consists in applying a standard backtracking line
search on a conventional quadratic interpolation of L¢ (see [1, 2]). Whereas the sec-
ond procedure uses a quadratic form that does not require the computation of VL
which may save the calculation cost.

4.1.1 First procedure, parabolic backtracking

Let Q be a conventional quadratic interpolation of the exact penalty function L¢

Q) =&n* +&m+£& fornel0,nl,

where 7. is a strictly positive real number and
& = L (yk, Yk, ur),
£1 = VL (k. 5k, ur) ' sk <0, (7

1 _ -
&= F(La(yk + ne Ak, Yk + 1Ak, uk + e Aug) — E1ne — o).
c

Here, & < 0 is implied by the fact that the increment vector s introduced in (13)
yields descent on L“ since By satisfies (76). Then, we apply a standard backtracking
line search procedure on the quadratic form Q in order to compute the step multiplier.

4.1.2 Second procedure, vector interpolation

The second procedure uses a slightly different quadratic form based on linear inter-
polations of primal and dual residuals with a conventional quadratic interpolation of
the unpenalized Lagrangian.
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We start with a tentative step multiplier . > 0 which enables to go from the base
point (yk, Yk, uy) to the current one (yx + neAyk, Yk + neAYk, ur + neAug). Let
Py, Dy and P/, D} denote the primal, dual residuals at the base and current points.
Therefore, we have Py = G (yk, ux) — yx, Dk = Ny(Vk, Yk uk)T — yx and

P{ = G (yk + ne Ayi, ug + neAug) — (yk + ne Aye),

Djc = Ny(yk + e Ay, Yk + 0e AVk, uk + e Aug) — (Y + 1 AJi).

Besides, we denote P, D the linear interpolations of the primal and dual residuals
n n

P(n) =P+ n—(PkC — Py), D(n) = Dy + n—(DZ — Dy) forn €0, n.].
C C

For the unpenalized Lagrangian N(y, y,u) — ¥y, we use a convential parabolic
interpolation g based on the initial descent and two function values. Thus, ¢(n) =
vznz + v1n + vo where the coefficients vy, v; and v, satisfy

v = q(0) = N (k. k. ) — F Yk
q(nc) = N(yk + ncAyi, Yie + ne Ak, uk + neAug)
= Gk + 1 AT " Ok + 1e Ay, (78)
V1 =¢"(0) = VN (k. e ur) sk — AV e — 5 Ayi
=2A%, Ay + Ny (e, Ji ui) Aug.

Then, we use the quadratic form
Aoy % 2 B 2
Q(n)—EIIP(n)IlerEIID(n)II2+q(n), (79)

as an approximation of the exact penalty function L in [0, n.]. Let n* be such that

*

}’]:

& (Pf = P P+ £(Df — DY) Dy + vy

(80)
S|P = Pell3 + L1 Df = Dill3 + 202

Here, n* is the stationary point of the quadratic form Q introduced in (79) multiplied
by the sign of its second order term. We accept 1, as a step multiplier if n* does not
deviate too much from it. More specifically, we accept . only if n* > %nc which

actually ensures Q(nc) < 0(0) and thus
Lk + e Ak, Vi + e AVi, ug +neAug) < L (i, Vi, k).

Aslongas n* > %nc is violated, we set 1, = sign(n™) max{0.2|n.|, min{0.8|n.|, |7*|}}
and recompute n* from (80). For the acceptance of the initial step multiplier n, = 1,
we also require n* < %nc. Failing this, 7, is once increased to n. = ™ and then al-
ways reduced until the main condition n* > %nc is fulfilled. We summarize this line
search procedure by the following algorithm:
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Begin
1 e set 5. < 1 and compute n*.
2 o if Z—L > %, set 5. < n* and compute n*.
3e > if I- > 2, goto End.
> else: set 1, < sign(n™) max{0.2|n.|, min{0.8|n.|, |n*|}}.
compute n* and goto 3.
End

Here, we investigate whether the established line search procedure always terminates.
To this end, using twice the Hopital theorem we find

ape T ape T
at P+ Bt D+
. * : Ne Vh
hglon - hin() AP 0 Dy o % ’
e e |0l||—3,7€ I3+ Bll7- 12 +4q (n¢)]

VL (Y, Yo ur)
— im : Yk yk‘ M(c) Sk 81

o P¢ D :
10 ol G113 + Bl 5L 115 + 22

where s; is the increment vector s introduced in (13) evaluated at the base point
(Yk» Yk, ui). Furthermore, in view of (76), si yields descent on the exact penalty func-
tion L* which implies

VL (i, yr ux) sk <O.

Therefore, the limit in (81) is either + infinity or a strictly positive real number. In
both cases, Z > % finishes always by be fulfilled and thus the line search procedure
terminates always.

c

5 Global convergence

In this section, we prove under reasonable assumptions global convergence of the
proposed optimization approach. In [14], a similar coupled iteration is shown to con-
verge globally for SQP cases where the cross term, Ny, in our notation, vanishes. Let
(30, Yo, ug) denote a starting iterate and N the level set of L defined by

No :={(y,y,u) suchthat L“(y, y,u) < L(yo, Yo, uo)} (82)

Provided Theorem 2.1 applies and the line search procedure ensures a monotonic
decrease of the doubly augmented Lagrangian L%, all iterates during the optimization
process lie in the bounded level set N of L¢.

Let AV be a level set of L% and y be the angle between the steepest descent
—VL%(y,y,u) and the search direction s(y, y,u) for (y,y,u) € N. In the follow-
ing proposition, we prove that the angle y is always bounded away from 7 /2:
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Proposition 5.1 If Theorem 2.1 applies and N, > 0, then there exists C > 0 such
that

sTVLA _
>C>0 forall(y,y,u)eN, (83)

cosy =————
=T vLas) T

where s is the step increment vector computed with the preconditioner B introduced
in (68).
Proof According to (36), we have sTVL* = —sT Mgs which leads to

sTVLe sTMs s Mgs

VLA ~ VLA “IVLIs] &4
[ Msi sl sl

cosy =
Furthermore, as N, > 0, the preconditioner B derived in (68) fulfills (53) which
implies that Mg > 0. Therefore, we have

0 < Amin(Ms)|ls)|? < s Mgs, (85)

where Amin(My) is the smallest eigenvalue of the symmetric matrix Mg introduced
in (35). Then, from (84) and (85) we find

Amin(M)Is1I> _ Amin(Ms)
cosy = >
VL5 M|l

Since Theorem 2.1 applies, all level sets of L4 are bounded. Therefore, in view of the
already mentioned smoothness assumptions on f and G, the application that given
(y,y,u) in a level set N of L% associate Amin(Ms)/||M] is a continuous function
on the compact set V. Then, it reaches a minimum C > 0 and thus we obtain

Amin (M,
M>C>0, Y(y,y,u)eN. -

cosy > >
IM]2

Note that the alternating approach namely the partitioning into pure design and
pure feasibility steps does not affect the gradient relatedness result given in (83).
Actually, we employ a pure design step only if (75) holds and thus

_ T a T a
—AMTVML“ . Ty Au'V,L . 1 s' VL -
(I+7) IVLA N Aull — (I +7) VLA s

Furthermore, we use a pure feasibility step if T Au ' V, L? > AyTVyL“ + A)'/TVyL“
which leads to

T
—(Ay'V, L%+ Ay V5109 > — TvLe.
(Ay VyL®+ Ay V5L%) > (1+r)s

In addition, since Theorem 2.1 applies all level sets of the continuous function
L? are bounded which implies that L“ is bounded below. Therefore, using the well
known effectiveness of the line search procedure based on a standard backtracking
[1] and the gradient relatedness result established in Proposition 5.1, we obtain

lim VLY (yx, Yk, ux)|l = 0.
k— 00
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6 Numerical experiments

In this section, we present numerical experiments done on the Bratu problem

Ay(x)4+e¥® =0  x=(x1,x) €[0,1]?,
y(0,x2)=y(l,x2) x2€[0,1],
y(x1,0) =sin(2wx;) x1 €0, 1],
y(xr, 1) =ulxy) x1 €[0, 1].

(86)

It is a periodic problem with respect to the horizontal coordinate x; and has Dirichlet
boundary conditions on the lower and upper edge of the unit square. The function u
is viewed as a boundary control that can be varied to minimize the objective function

1 1
f(y,u):/ (8X2y(x1,1)—4—cos(2nx1))2dx1+)/f (u2+u’2)dx.
0 0

The control = design u is set initially to the constant 2.0. We use y = 1.0E-03 and
T =0.20. As far as the discretization of the problem (86) is concerned, we consider a
five points central difference scheme with a mesh size /. Since the nonlinearities oc-
cur only on the diagonal, we implement Jacobi’s method to obtain the basic iteration
function G(y, u).

To solve numerically the minimization problem, we use during the optimization
process power iterations to compute the spectral radius py, of the matrix Ny, and
PG} of G;—Gy. Then, we update 6 = py, and p = \/@ . Furthermore, we update
the ratio g introduced in (57) from

INy (ks Fes ke + Aur) — Ny (v, i, ur) |13 }

qk ZmaX{Qk—l,
I1G (i, ug + Aug) — G (g, up) |3

and the values of «, B as established in (59), then o using (52). Here, we set
& = 1.0E-04, start from the same initial state values and aim to study the behav-
ior with respect to the mesh size & of the number of iterations Nop; needed to solve
the optimization problem: run using the alternating approach until to obtain

@G (v, ur) — yll3 + BINy Ok, Je, ur) — i ll3 + | Augl|3 < &

relative to the number of iterations N required to reach feasibility: run with fixed u
until to get

G (v, ) — yiell3 + 1Ny ks Fe, ) — Fell3 < e

We carried out numerical experiments for a mesh size 4 taking values between 1/8 =
0.125 and 1/18 = 0.055. The behaviors with respect to & of Nopt, N are given in
Fig. 1 and of the ratio R = Nop /Ny in Fig. 2.

Numerical experiments presented in Fig. 1 show that the number of iterations
Nopt needed to solve the optimization problem is always bounded by a reasonable
factor (here 4.6 at maximum) times the number of iterations Ny required to reach
feasibility: bounded retardation. Although both numbers grow while decreasing the
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Number of iterations with respect to the mesh size

5000
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4500

i Optimization: Nopt
4000
3500

Number of iterations
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a
o
g

T T T T
0.05 0.06 0.07 0.08 0.09 0.10 0.11 0.12 0.13

mesh size h

Fig. 1 Number of iterations with respect to the mesh size i

mesh size h, the ratio R = Nop /Ny in Fig. 2 seems reaching some limit slightly
bigger than 2 for small values of 4.

In the case of our smooth doubly augmented Lagrangian L¢, the two line search
procedures determine step multipliers that are numerically almost undistinguishable.
Nevertheless, the line search procedure based on vector interpolations does not re-
quire the computation of VL* which could be more convenient in the case of a sin-
gular merit function.

7 Conclusion

In this paper, we considered the task of design optimization where the constraint
is a state that can be transformed into a contractive fixed point equation. We used
the Lagrangian of the optimization problem to append the primal iteration with dual
and preconditioned design iterations. To coordinate the three iterative processes, we
employed an exact penalty function of doubly augmented Lagrangian type. We de-
rived a suitable design space preconditioner which ensures consistent reduction of
the used penalty function. We established an optimization approach that allows any
combination and sequencing of steps to improve feasibility and optimality. Then, we
proved under reasonable assumptions global convergence of the proposed approach.
Numerical experiments done on a variant of the Bratu problem show that the number
of iterations needed to solve the optimization problem is always bounded by a rea-
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Nopt/Nf with respect to the mesh size h

T
0.05 0.06 0.07 0.08 0.09 0.10 0.11 0.12 0.13

mesh size h

Fig. 2 Retardation factor with respect to the mesh size &

sonable factor times the required number of iterations to reach feasibility (bounded
retardation).

Appendix

Here, we establish the proof of Proposition 3.3.

Proof Let ¢ be the function defined for all & and g fulfilling (15) by

3 (1+5p)*
W(W,ﬂ)—l—P—m >
and ¢ be such that
a+qp
,B) = . 87
@la, B) V@ f) (87)

Then, from (87) we have

a1 —p)2 =1+ 9822 +qb)
aB(1— p)¥2(a, B) ’

o _
a(a, B) =
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% 0 b) qap(l—p)* = (1+58)Qq+ 1 - 5%
—(a, B) = .
ap ap(l = p)y2(a, B)

(83)
And thus, a stationary point (&, 8) of ¢ fulfills

2
ap(l—p)* — (1 + %) (2+qé> =0,
2 o
(89)

0 0
gaB(l— p)* — (1 + 5;‘3) <2q + (1 — 5/3)%) =0.

Furthermore, from multiplying the first equation in (89) by ¢ then identifying terms
with the second equation, we obtain

1+ 28) (2442 ) =29+ (1-95)2 90
() ()
Moreover, multiplying (90) by « leads to
2 (1-38)a —aopa— 21+ 55) =0 o1
5 SB )" —q0Ba—q 5B )=0.

The discriminant of the quadratic polynomial in « derived in (91) is A = 4b* >
0. That implies (91) has two roots. Then, assuming 1 — % B > 0, those roots have
apposite signs where the positive of them is given by

L BU+5P)

. (92)
(1-58)
Substituting « in the first equation of (89) by its value derived in (92) implies
2, PN
qg(l1—p) + B +68—-3=0. (93)

Since the discriminant of the polynomial (93) is A = 402 4 3q(1 — p)?) > 0, then

(93) has two roots which have opposite signs. Moreover, the positive root is such that
0

VP3¢ —p2 - 3 |

gl-pP+% VO +3q(1-pP+5

The value of 8 derived in (94) fulfills the assumption used earlier in this proof namely
1-— %,B > 0. Actually, we have

(94)

1-Zp=1- ) -0, 95)

214350 =p2+7)
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Besides, using (93) and in view of (95) we find

2 2
1(1 - 9—;32) n 3(1 - Qﬂ) —(1-pf = L(l - 9—;82) <(-p2

q 4 q 2 q 4
(96)

Then, employing the value of « derived in (92) and in view of (96), we get
2 2 0 22
2(1+2ﬂ) 98’ <1+Qﬁ> R
(1-58  (1-2p (1—=p)

Hence, (97) implies that & and g derived in (92), (94) fulfill the main condition (15). It
remains to identify the nature of the stationary point («, ). To this end, we compute
the Hessian of ¢. Then, we have

af =qp

2y 20y dy  (1+58)7
" Tare ™ Ga a7 " o

Since ¥ > 0 and according to (98), we find

82
Ja

2y 3 ( Ly + (o +gpB)
_ o

Furthermore, from a simple computation and in view of (95) we obtain

S

> 0. (99)

)

2
3 1- % p2 32 -2
W_1Zil gowa T2 (100)
B ap(l—p) = ap’(1—p)
Moreover, in view of (100) we get
92y oy 20+ 128
- 22— =——7—2 " <0, 101
g o T AP+ 20 = = s (101)
which implies,
2~V e +af1+2955) + 29 (%) la + qf)
— > 0. (102)
B> U
In addition, we have
Pp VG — gl +aBl - a5 — 20 5w — SEla +qB)) 103)
0Bda Y ’
Besides, since ad;gfx ——é%,it follows that
2083 Y Ay
3%¢ _qlﬂ (gg——)“‘zw—ﬁm[“‘i‘qm' (104)

Boa e

@ Springer



Reduced quasi-Newton method for simultaneous design and optimization 547

Therefore, using (99), (102) and (104) we obtain

82<p 82<p 82<p 2
da2 92 080

G
=22 ka1 (Lo + Skt ap))

Boy oy
-yt (aﬁ‘f‘—) ) (105)

and thus, we find
82(p 82<p 82g0 2
da? 92 B0

30Ty (gf _1/f
=2u S 8/32( v+ [ +61/3]>

2 2
2 W(M) Yl + 81

da ) op2
—yt zﬁ%az_er <5a¢+ w) (106)
« oa0p2 1 \aop '

Furthermore, usmg and derlved in (98), (100) we get

B v w 20+ 5p)

— . 107
@ 9f " a  w-p) on
Y
Then, employing W given in (100) and in view of (107), we obtain
B2y %y 4q*(1+5B)? By oy
a da 02 014,32(1 —,0)2 o dp

Therefore, according to (108) the third term in the right-hand side of (106) vanishes
and thus, we have

829 9%¢ 9%¢ 2

da? 382 080

30 7Y (qf _W
=2« o 8,1‘32( ¥+ +q,3])

9 2 2
—2qpy° ( ’f) aﬂf[ o +qpl. (109)
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Hence, as from (98) we have 9 - 0 and in view of (100), %%/2’ < 0, then according

do
to (109) we find

82§0 aZ(p 82(,0 2

Thus, (99) and (102) imply that the trace of the Hessian of ¢ is a strictly positive
real number. Furthermore, from (110) it follows that its determinant is also a strictly
positive real number. Therefore, the Hessian of ¢ is positive definite and thus the
couple (o, B) derived in (92), (94) realises its minimum. That ends the proof. O
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